Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

PLISKA

STUDIA MATHEMATICA

CINANCKA

MATEMATUYECKU
CTYAUU

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic reprints.
Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to third party websites are prohibited.

For further information on
Pliska Studia Mathematica
visit the website of the journal http://www.math.bas.bg/~pliska/
or contact: Editorial Office
Pliska Studia Mathematica
Institute of Mathematics and Informatics
Bulgarian Academy of Sciences
Telephone: (+359-2)9792818, FAX:(+359-2)971-36-49
e-mail: pliska@math.bas.bg



PLISKA
Pliska Stud. Math. 30 (2019), 55-70 STUDIA MATHEMATICA

MODIFIED FVK MODEL
G. Del Corso, V. Georgiev

This paper considers a generalization of Foppl-von Karman model for elastic

plate depending on a parameter . We prove global well posedness for the
Cauchy problem with small initial data and o = 1 via Strichartz estimate for
vibrating plate and Riesz transform. We generalize this result to a perturbed
version of the original case (o = 2) with the use of Yukawa potential.

1. Introduction

Our starting point is elastic plate model discussed in [9]. The model is based
on two works [10] and [11] and for this is named Féppl-von Kérman (FvK here-
after). We begin with a slightly more general variational formulation than the
one proposed in [12], so we can introduce the following modified action func-
tional involving vertical amplitude of the deformation v(¢,x) and the Airy stress
function u(t, z), where z € Q with Q being open domain in R? with sufficiently
regular boundary 0f2.

(1) A(u,v) = %//IXQ (\&U\Z — A+ |(—A)7 2t + u{v,v}) dxdt

where {f, g} is the quadratic form
(2) {£,0} =Q(V’,V’9) = > qapdifdlg.

laf=[8|=2
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A typical choice of the quadratic form (@ is the following one
(3) Q(VQf, VQQ) f g 1 22fa§1 — 201,25 fOry2,9-
The corresponding Euler - Lagrange equations give the system

OPv + A%v = {v,u}

(4) 1
(=8)7u= 5 {v,0}

Remark 1.1. (Energy) Multiplying the first equation of (4) by dyv and the
second by dyu, after integration we use the relations

/R2 w(t, z){u,v}(t, z)dz :/ u(t, z){w,v}(t, z)dx

]RQ

as well as

/R28tv(t,x){u,v}(t,m)dm = %/N u(t, z)0{v,v}(t, z)dx
= 2idt . u(t, x){v,v}(t, x)dx — %/W{%U}(t,w)@tu(t,x)dx

1d

= - — 0’/2
5 (t x){v, v}, x)dx + th/ |(— (t,z)|>dx

obtain that the energy given by

) B(t) = Bl 0)(0) = 51000 ey + 5 1800 3 e~

_% /RQ U(t’ Jf){v, 'U}(tv g;‘)dl‘ o %H(_A)U/2u(t)”%2(RQ)

is a conserved quantity.

In the first part of this work we study the case ¢ = 1 obtaining a result of
global well posedness for small initial data via Strichartz estimates for vibrating
plate and the properties of Riesz Transform.

In the second part we generalize the result to a perturbed version of the
case o0 = 2, the original problem in [11], obtaining again a result of global well
posedness for small initial data.
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2. Caseoc =1

In this section we prove a result of global well-posedness for small initial data
using a contraction theorem argument. We first reduce the system (4) to a
nonlocal scalar plate equation and introduce the Strichartz estimate for plate
equation that we will use in the proof.

2.1. Reduction to nonlocal scalar plate equation

Using the second equation in the FvK system (4) we find

u=g(-8) .}

so the system (4) is reduced to the scalar FvK equation
1

(6) O+ 8% = L {o, (~A) v, v}}.

with nonlocal cubic nonlinearity term.

Remark 2.1. We can further obtain the conservation of the energy expressed
only in the term of v, i.e.

BO)0) = B (5(-8) w0)0) ()

so that after integration by parts we get
(7) / u(t, ) {v, v}t w)de = — [ Au(t,z)(=A)"Ho,v}(t,2)dz =
R2 R2
2 [ 1-8)Pulta)Pdo = =5 [ (-8 0,0} 0,0) Pda
R2 2 Jr2

and hence
1 2 1 2
(8) E()(t) = 51100 (t) L2 g2y + 51 A0(1) 122y +

1 ~A)V2 L0 z)|2dx
+3 [ I8 2 o)
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2.2. Strichartz estimates for vibrating plate
Definition 2.1. [6] The pair (q,r) is admissible if

1 1 1
2 < < -4 - = - 2
fqarfoovq"i'r 9’ (qu);é( 700)

Proposition 2.2. [6] Let I C R, (¢,7) and (G, 7) admissible pairs and s € R,
then:
1A

€4 00| zayipenr < 0ol

eztA

A

U1 S ||111HHS_2

LIS

t
/ A (s)ds

0

S IE

5! s -
q s—2,7/
LoV Lrwe=s

The two formulas

G 4 eI Gn(tA) A eitA
cos(tA) = 2 A %A

show that proposition (2.2) could be applied to obtain the following estimate

/t sin((t — S)A)F(u)(s)ds
0

) R

SIE

g ~
q ‘)[7572,7“/
L‘}M‘Is,r EI

In the proof of (2.3) we will also use the estimate

Psin((t — s)A) Psin((t — s)A)
/0 TF(S)dS /0 TF(S)dS

LW s:2 LIW s

(10) ‘
S HFHL‘;,WSf?,F/

that follows directly from proposition 2.2 observing that both (r, q) and (7, q) are
admissible and that the right side of (10) does not depend from the left side, so
both terms can be upper bounded by the same value.
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2.3. GWP for FvK with small initial data
Theorem 2.3. Given (vg,v1) € H? x £? small enough, the Cauchy problem

Ofv+ A = % {v,(=A) " {v,v}}

v(0, ) = vo(x)
(0, ) = v1(x)

with (t,z) € I x Q where Q being open domain in R? with sufficiently regular
boundary 02 has an unique solution for every I C R.

Proof. In this proof we use a contraction theorem argument.
By Duhamel’s formula [12] we can rewrite the problem in the following integral
form

(11) v = cos(tA)vg + SinXA)vl + /0 MF(U)(S)CZS

and define the map

A

We want to control the norm of T'(v), for the first two terms on the right side of
(11) follow directly from Strichartz estimates for elastic plate (proposition 2.2)
for small initial data:

(12) T(v)(t) = cos(tA)vg + SinXA)vl + /0 MF(U)(S)CZS

sin(tA)
A

S Mol s
LIWsr

U1

llcos (A )voll gayirsr S llvoll 7= »

For the nonlinear term we can still use the Strichartz estimate but we could
choose admissible parameters ¢, 7 and s to obtain a good estimate. We put s = 2

and:
«
(13) L2+ T\, 202+a)
= - r = —
« 44+«

with « € (0,00) to preserve Strichartz admissibility condition in proposition 2.2,
obtaining the following inequality

Esin((t — s)A)
/0 TF(S)dS

. SHFH e 2(240)
LIHT LpToL AFa
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and, for the equation (10),

‘ /Ot sin((t = $)8) 1 oo,

A
< o
< HFHQ%%CQ(‘EI;)

/ sin((t — S)A)F(s)ds
0

(14) L°H?

Thanks to the Strichartz estimate we just need to study the norm of the nonlinear
term F' instead the whole integral.

The reason of this preliminary result with ¢ = 1 is that we can use Riesz
Transform to simplify the problem to study this integral. From [4], [5], we could
define the Riesz Transform as R; with the property that d,u = R, Du and dyu =
Ry,Du, where D := /—A. These transforms are invariant in the norm ||-[| sz
(with (q,7) # (2,00)) so we could write the nonlinear part as

{v {v v}} =

(15) = 82’08;(—A)71 {v,v} + 852185(—A)*1 {v,v} = 20,y vy (—A) 1 {v, v}
= RZD*vR; {v,v} + R.D*vR} {v,v} — 2R, Ry D*vR, R, {v,v}
but
{v,v} = 8211852} + 85’08%0 — 20,005y v
(16)
= R:D*vR.D*v + R, D*vR.D*v — 2R, RyD*vR, R, D*v

and, by substituting (16) in (15), we obtain:

{v,(=A)""{v,v}} = R2D*vR. R.D*vR;D*v + R;D*vR, R, D*vR;D*v

— 2R} D*vR. R, R,D*vR, R,D*v + R, D*vR} R, D*vR; D*v
(17)  + R;D*vR.R.D*vR;D*v — 2R, D*vR. R, R, D*vR, R, D*v

— 2R, RyD*vR, RyR;D*vR, D*v — 2R, RyD*vR, Ry R, D*v R, D*v

+ 4R, R,D*vR, R, R, R,D*vR,R,D*v
By the property of subadditivity of norms, we could also write

I{o, (=2)" {v,0}} o oo S | BED*v R R D*v Ry D? R

UHL;?'LF
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where on the right of this inequality there are all the terms of (17).

To study each terms on the right we use the generalized Hélder inequality
and obtain (here in case of the first term)

(18) |7z D*o Ry Ry D*v Ry D0 Lo
S HR?EDQUHDHLH ‘RzR?EDZUHDDLTQ ‘RZDQUHL%L%
S HD2UHDI1LT1 ‘D2UHLQQU“2 ’D2UHLQ3LT3

where the last inequality is given by Riesz Transform’s property [5]. Notice that
every terms on the right of (17) have the same structure, this lead to the following

(19) [1£(v) < | p?

|D*

HC?ILF’ UH[}HL’“I UHL‘I2£’“2 ‘DQUHDI?,LTS

The last problem that must be solved to complete the proof is to control if
exists (g;,7;) that satisfy admissibility request. We could easily give an example
of admissible quadruple but we want find the more general set of all admissible
elements with the assumption that (g1,71) = (00,2) and (g3,73) = (g2,72):

IF@ g g S 1D oo 100 s

that must satisfy the following

( 1 2

_+_

q1 q2
2
r

1

2

(20) ?

P2

AU

1
7

1
7

1 1 3
7
1 r2
q1

1

1
+T‘1 5
1
2
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where the first two rows follow from Hélder’s condition, the third is the condi-
tion of admissibility for Strichartz estimate and the last two are chosen to obtain
also on the right side the same norm. Notice that the fourth equation is always
fulfilled with the choice (q1,71) = (00, 2) and that the third could be obtained by
the first summed to the second.

We've already given in (13) a description of ¢,# in function of a parameter
k € (0,2), we want to write also g, 79 with that parameter to obtain the explicit
range of k that could be used. Solving (20) we obtain

1 1+a
e 22+ a)
1 4+« 1
ro 42+a) 4
. . S » 1 1 1
Notice that we want to keep valid the admissibility condition, so —, — < 3 and
qz T2

this leads to @ > —1 ; a > —2 that is less restrictive then o > 0.
This mean that for every a € (0, 00) we could find a solution of the system in the
form that we want.

To complete the proof we can define the norm

3
o]l x = Z HDQUHL‘IJL’“J' = HDQHLOOH +2 HDZHL@LQ
j=1

and the problem could be seen as a fix point one T'(v) = v with 7" defined in (12).
From the previous steps we obtain:

Ty < Ce,  +Cvl%

small initial data

and then, if T'(vg) = vg41,

2 2
IT(vks1) = T(oe)llx < Cmax {Jonsaly s Ioel - llowss = oellx

and then T : B(Cie) — B(Cie) with C; = 2C and ¢ small enough. For contrac-
tion theorem, then 3!v € B(C¢) such that v = T'(v) and this complete the proof
of GWP for our Cauchy problem. O
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As said during the proof, another way to solve the problem of the parameters
in Holder inequality (20) is to give an explicit solution. We have to remember
that, for inequality (14), a good choice of « is really near to 0, so we can obtain

1 1
a control over the norm on the interval — + — = 5 for ¢ € (24 €,00). Choosing

q T
22+¢)

Gg=24+candr = we obtain that, for € small enough

3(2+¢)
(11:%:(13:17_’_5
6(2+¢)
T = 7T =T = —
! 2 s 4+¢

is an admissible choice for (19). Notice that this solution is not contained in the
open set described above.

3. A generalized result

We want to generalize the result obtained in previous sections. To do that we
take the problem described by the following equation

(21) (€~ D)D)= {v,0}

that is the one obtained from (1) choosing ¢ = 2 and perturbing the first
term with a [ that grants regularity.

By formally inverting the operator (£ — A) we obtain

(22) (8= (€= o (§o0}) =¥ g o)

With Y the Yukawa (or Bessel) potential [5].
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3.1. Study of Yukawa potential
We need to study the term on the right of (22) and so we write the explicit form
of Y, that is a radial function, and move to polar coordinate

ix

23 _ > " ip|x|cos(9)d9) P d
%) /0 (/0 ‘ r+ 2
S

P
— [ P _ap,
| utolel) o

where Jy(p|z|) is a Bessel function [1] because Bessel functions .J,, admit an

explicit integral form [§]
wdn(2) = i_”/ €059 cos(nh)do
0

and so -
Toplal) = - [ el ag
™ Jo

We want to obtain some upper bounds to Y (x) in £P with appropriate p, to
do that we use an explicit way to write our integral in terms of modified Bessel’s
functions.

From [8] (pag. 95, rel. (51)) we can use the following formula

o /Ooo Ju(bt)(#% + 22) "t dt = (b/2)Y PV, (b2) /T (v)

if Re(2v —1/2) > Re(u) > —1; Re(z) >0

If we specialize 24 in our case (i.e. © =0 and v = 1) we obtain

(25) [ el dp = Ka(lalv)

and the conditions 24 are always fulfilled because

Re(3/2) > Re(0) > —1; Re(z) >0
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this means that we could study Ky(x), the modified Bessel function, instead
of Y(x).

We subdivide the problem in two parts, x < 1 and = > 1. From [8] (pag. 86
rel. 7), specialized per v = 0 we obtain for large variable

1 [M—-1 1
(26) KO(Z) =e 7 (%) 2 [Z Cm(2z)72m + O(‘Z|M)] S ‘Z|7§efz

m=0

with
_ I(1/2+4+m)
“m T T1/2 —m)

For the neighborhood of the origin, instead, we obtain ([8], pag. 9 rel. (38))

(27) Ko() = Io(=) (2 + > (Z)° %

with ([8], pag. 5 rel. (13))

o0

0= (3)" T

n=0

and then Ky(z) <In(z/2) for z < 1.
By the combination of the two previous results (26) and (27) we obtain

In(|z|v/Z) = gln(m) it e<1

05 Y@ =Kolevm ]
x| "del7Ive it x>1

and then Y(z) € £ (i.e. ||V poop1 < Cy).

Remark 3.1. We could obtain the same result of (28) in another less evident
way. We could use the result of [2] to link the study of Ky with the study of the
free covariance that in our case (i.e. d =2, m =1 and y = 0, see rel. 7.2.2 pag.
162 [2])is

C(x) = Ko(lz)

Notice that for the free covariance we have the following propositions that lead
again to (28).
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Proposition 3.1. [2] For x bounded away from 0
C(z) S |z|~2e 1
For |z| in a neighborhood of zero

C(z) ~ —In(ja])

3.2. GWP for generalized case
With the result of the previous section we’re ready to prove the GWP theorem
for the perturbed ¢ = 2 problem.

Theorem 3.2. Given (vg,v1) € H? x £? small enough, the Cauchy problem
(020 + A% = {v,u}

(€~ A)-A)u = {v,0)
0(0,) = wo(a)

(29)

0(0, ) = vy1(x)
with (t,x) € I x Q where Q being open domain in R? with sufficiently reqular

boundary 02 has an unique solution for every I C R and for every £ # 0.

Proof. This proof is similar to the one of the previous GWP theorem 2.3.
As seen in (22) we take the second equation and obtain the formal solution

w= (—A)! <y ; % {v,v})

and substituting this in the first one of (29) we obtain

Otu+ A%u = F(u) == % {v,(=A)"1 (Y * {v,0})}

We can write again the iteration with the Duhamel’s formula

T()(t) = cos(tA)vy + szA)m + /O MF(U)(S)@
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And for Strichartz estimates for VP (14) we obtain the usual upper bound of the
three terms, in particular we have to control the norm of || F|| .4 7

This is the only difference between the two proofs, notice that as in (15) we
can write

{0, (=A) N Y * {v,0})} = 92002(—A) 1Y = {v,v})+

+ 0002 (—A) (Y # {v,v}) — 204y 005y (—A) TN (Y * {v,v})
= R2D*0R2(Y = {v,v}) + Ry D*vR.(Y * {v,v})—

— 2R, RyD*vR, R, (Y * {v,v})

We can study this norm with the generalized Holder inequality obtaining (in the
case of the first term, the others are the same)

HRiD%R;(Y * {v,v} < ||R:D?

UHE‘HU“I |R32/(Y s {v,0})]|

S D[ oy ooy 1Y 5 {0, 0} oo o

)Hcé’ﬁ’ L9272

Now we can apply Young’s inequality obtaining

1Y s {v, o) oz pra < Y Ml poor - ({0, 0}l 2oz oo

but we proved in (28) that Y| ;1 < Cy constant. Notice also that, for (16),

[{v, v}l az ora < HDQUHL%U3 ‘D%chcu
Withl:i—i-l, iZi—i-i,andso
q2 q3 qs T2 r3 T4
HRﬁD%Rz(Y* {”’”})Hcé/ﬁ/ S Gy HDQUHL‘HD"I ‘D2UH£‘13£T3 ‘D%chcm
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like before we have to control that the norms found on the right side are still
admissible

(1 1 1 1 1 1
S =—F—=—+—+—
q q1 Q92 q 493 44
1 1 1 1 1 1
—=—+—=—4—4+=
T T1 T9 T1 T3 T4
L. 1.3
ql 71/_2
L1 1
@ 2
11 1
g3 T3 2
1,11
Lgr 14 2

but if we choose r3 = 14 ; g3 = g4 this is exactly the same as the condition in
(20) and we have already proved that exists a quadruple that solve this problem.

For subadditivity of norm and because all the terms in (30) have the same
structure we obtain again

2
“Hmscr;a

1l o o S (D[] o o |92
With this upper bound for ||F|| we can finish the proof in the same way as the
Theorem 2.3. 0O

Acknowledgement

V. Georgiev was supported in part by Project 2017 “Problemi stazionari e di
evoluzione nelle equazioni di campo nonlineari” of INDAM, GNAMPA - Gruppo
Nazionale per I’Analisi Matematica, la Probabilita e le loro Applicazioni, by
Institute of Mathematics and Informatics, Bulgarian Academy of Sciences and
Top Global University Project, Waseda University, by the University of Pisa,
Project PRA 2018 49 and project “Dinamica di equazioni nonlineari dispersive”,
“Fondazione di Sardegna”, 2016.



1]

[11]

[12]

Modified FvK model 69

REFERENCES

G. N. WATSON. A treatise on the theory of Bessel functions. Reprint of
the second (1944) edition. Cambridge Mathematical Library. Cambridge,
Cambridge University Press, 1995.

J. GLimMM, A. JAFFE. Quantum Physics. A Functional Integral Point of
View. Springers Science & Business Media, 2012.

H. CARTAN. Elementary theory of analytic functions of one or several com-
plex variables. Translated from the French. Reprint of the 1973 edition. New
York, Dover Publications, Inc., 1995.

L. GRAFAKOS. Classical Fourier Analysis, 2nd edition. Graduate Texts in
Mathematics vol. 249.New York, Springer, 2008.

L. GRAFAKOS. Modern Fourier Analysis, 2nd edition. Graduate Texts in
Mathematics vol. 250. New York, Springer, 2009.

E. CorDERO, D. Zucco. Strichartz estimates for the vibrating plate equa-
tion. J. Fvol. Equ. 11, 4 (2011), 827-845.

M. KEEL AND T. TAo0. Endpoint Strichartz estimates. Amer. J. Math.
120, 5 (1998), 955-980.

A. ERDELYI, W. MAGNUS, F. OBERHETTINGER, F. G. TricoMI. Higher
Transcendental Functions. New York-Toronto-London, McGraw-Hill Book
Company, Inc., 1953.

L. D. LanDpAu, E. M. LirsuIiTz. Theory of elasticity. Course of Theoretical
Physics Vol. 7. London-Paris-Frankfurt, Pergamon Press; Reading, Mass.,
Addison-Wesley Publishing Co., Inc., 1959.

A. FOPPL. Vorlesungen tiber technische Mechanik. Leipzig, B. G. Teubner,
1907.

T. KARMAN. Festigkeitsproblem im Maschinenbau. Encyk. D. Math. Wiss.
4, (1910), 311-385.

G. DURING, C. JOSSERAND, S. RICA. Wave turbulence theory of elastic
plates. Physica D. Nonlinear Phenomena 347, (2017), 42-73.



70 G. Del Corso, V. Georgiev

G. Del Corso

Dipartimento di Matematica Universita di Pisa
Largo B. Pontecorvo 5, 56100 Pisa, Italy
e-mail: giulio.pisa@virgilio.it

V. Georgiev

Dipartimento di Matematica, Universita di Pisa

Largo B. Pontecorvo 5, 56100 Pisa, Italy

and

Faculty of Science and Engineering, Waseda University
3-4-1, Okubo, Shinjuku-ku, Tokyo 169-8555, Japan
and

Institute of Mathematics and Informatics—BAS

Acad. G. Bonchev Str., Block 8, 1113 Sofia, Bulgaria
e-mail: georgiev@dm.unipi.it



	Page 1

