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BEST CUBATURE FORMULAS
BORISLAV D. BOJANOV

Approximate cubature formulas for double integrals that use the values of the integ-
rand f(x, v) and its (¢, l)-partial derivatives, (/=0,1, ..,r—1; [=0,1,..., s—1) at the
vertices of a given rectangular domain 0 are considered. A formula with best estimation

of the error in the class W;“(D). 1<"g=co is given. The case ¢=2 is studied in detail.

1. Introduction. Let 2 be a given lunction class and L(f) a functional
defined on Q. Suppose 7(f) is an information available about every func-
tion from Q. Let S be the set of all admissible methods of approximate
evaluation of L(f) using the information 7(f) only. Denote by S(f) the
approximate value of L(f) given by the method S. A problem of practical
interest is to construct a method S* ¢ & for which

sup | L(f)—S*(f)|= inf_sup [L(f)—S(f) .
s€w ICRAL

The method S* is called best for the class £ relative to the information 77 f).

The above statement of the optimization problem seems to be most

natural. A. Sard [1] and. S. M. Nikolski [2] initiated a study of best

approximation in a sense which is included in the above general formulation.

But they derive their formulas under some constraints on the set & (for

example, linearity of S, exactness for polynomial classes). A complete solu-
b

tion of the problem is given in [3]and [4] for the functional L(f)—:ff(x)dx

and special types of information. The papers [5] and [6] treat the case

L(f)=f(x), where x is a fixed point.
The purpose of this paper is to construct the best method of approxi-

mation of the integral
I(f)=fff(x,y)dxdy, D—|a, a+h]x<[b, b+ k|
D

relative to the information
(1) (f00(a, b), £ at-h, b), f-D(a, b+ k), [“D(ath, b+ k)
(i=0,1,...,r—1;1-0,1,...,8s 1)} ‘

The integrand f is assumed to be from the class W, (D), 1-.¢— co. It is
the class of all differentiable functions f(x, y) with absolutely continuous
(r—1,10), (i, s—1) and (r 1,s—1) derivatives and such that
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|
|

q
[ -0,1,...,5s—1. Here ‘-|‘Lq denotes the norm:

{[[pl|-7dxdy}'a.

2. Preliminaries. An elegant and useful lemma due to S. A. Smoljak
[7] (for the proof see also [8]) allows us to search or the best method S*
among the linear methods. Let © be a convex centrally symmetrical subset
of a linear metric space. Suppose that L(f) is linear and 7(f)={L,(f), Lao(f),
ooy Ly(f)) where L(f), (k=1,2,...,N) are linear functionals defined on
0. Denote by 2, the set {f¢Q; L(f)—0,(k=1,2,...,N)}.

Lemma 1. (S. A. Smoljak). /fsup {L(f):fcQ,}<co then there exist
numbers D, (k- 1,2,...,N) such that

y 2 << f(r,l) ! .
FO 1= 1, | e, S 1, | e =1

for O,l,..'.,r——l.

N
sup | L(f)— X D,Li(f)|= inf sup | L(f)—S(f) .
few k=1 SeS Jeo

It follows by the proof of the above lemma that
(2) R(T)=int sup| K f)—XT= sup ECh):

i
Se
The quantity R(7) is called the best error’s estimate in the class Q.
Let us remind the Taylor formula with integral remainder to which we
shall refer repeatedly in the sequel:

r—1 s—1

. Y NV (x—a) )
(3) f(x.}’) ‘:, ,{}, (\’i !‘” - '(’yl_gl'f("”(a, b)

i=0 =)
s

r—1 y Sy

—a¥ . _Y

L1 V-9 f(y _ o)y 1ft5(a, 'v)dv—{—( 1y (y-b)
b =0

R o '—i ' ! p— —— ’
(s 1).;:—(') i! r l)!l (]

S x y
[e—wrpenwbint i, [ f (x—uy = (y— by f"Nu, v)dude.

3. Main result. Denote by U, (¢;|a, f]) the polynomial of best 7, ap-
proximation of the function zero in the interval [a, 8], among the polyno-
mials of the type #”4-a,t" '+ -- - +4-am Similarly, let U,,(u, v; D) denote
the polynomial of best [, approximation of the function zero in D by po-
lynomials of the type

r—1 s—1
B ; v ,
(@+h—uy (bt+k—v°+ _\_, _: ag(a+h—u) (b+k—v).
i—(—ol:()
In addition, put
(/mp(t)=Ump(f; [‘_lu ll)’ ljmnp(t’ ‘) Umnp(l f, 1—z; lO, ll\lO, ll).

The main result of this paper is
Theorem 1. The cubature formula
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r—1 s—1
S [(—1y K'Y k1 .1 ;
1N~ 2 { st '(i+’1)T('2) (WS (a, b+ k)

=0 =0

o U_(‘-‘P—l_”(_ ])ff!'.l)f(a’ b)]
(—1y &'F! (h

i+1 . . L )
+OV () W T e by 0)— UG (- 1)1 a, b))
hi+lkl+|

U:;;i——l, S—l—l)(O, O)f(i'l)(a%-h,b—}-k)+U,(;;i_l':_l 71)(0, l)j{i.l)(a + h,b)

rost o
+ U:;p—i—'.s-l- l)(l' O)f(i.l)(a’ b+ k)_U};;’AlJ—I—”(l' l)f({.l)(a, b)]}

is best method of approximation of I(f) in the class W (D) relative ¢
the information (1). The error R(T) of the best method ,-sq( ) relative fto

r—1

R(T)= (k’/2):+l/p(E’p‘/sl)zhiH (i+1)1

s—1

F(h[2) V8 (Fpp/rt) TRV + 1)1+ (R/2)S+12 (h)2y+10 E,

=)
where Eyp~| Up(®) 1,0 Evp— | Usd) 1,0 By | Unhti) o,

Proof. It is easily seen that the space W’ (D) satisfi :
of the lemma 1. So does the set ¢(D) tes the assumptions

W={fe W (D):f""(a, b)=0, (i=0,1,...,r—1; 1—=0, |

Then, using (2), we can write

Py

yeery S—1))

r-1s—1

. . i \T\" ’
(@) R(T)~ jnt sup [(f)—2 2 (Auf"Na, b+ k)+Bifi(a + h, b)

i=0 =)
+ CufUa+h, b+ k),

where A, B and C denote the matrices {A,), (B . s
formula (3), taking into account that f¢ Wi, “w}e {ca;llt}:ul‘:i?g \Cal. By Taylor's

r—1 bk

(5) 1=t [ [ PER i g

i=0
a+h

4
N pt
T (R l)l)f ((@+-h—uy/r1) frixu, b) du

+[,f (/rt shXa+h—uy(d+ k—vypiraxu, v) du do,
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a+h

fi(athy )~ (1 r—i—1)Y) [ (@th—uy—=1 00 (u, b)du,

b+k

fib(a, b+k)y=(1/s—1— l)!)f (b+k—ovy ! fi9)(a, v)dy,

a+h
fUdath, b+k)y=(/(r—i— 1)!)f (a@+h—uy—— 0 (u, b+k)du

b+k

+ (U fs—1— l)z)f (b+k— vy~ fés) (a+h, ©) dv
1]

—ff(l/((r—i—1)!(s—1—1)!))(a+h—. i (b4 k—o)y S u, v)du do.
D

For brevity, denote the last double integral by Ji;. A careful multiple inte-
gration by parts in the first two terms shows that

1
v

féa+h, b+ k)= 2_ (W=/(j—D ) fU(a, b+k)

J=t
s—1
+ N~ D) f4) (a+h, b)—Ju.
j::l

When these quantities are substituted in (4) the following expression for
R(T) is obtained after some simple manipulation.
1 b+ k

- / '{-ﬂ + i . i,s)/
R(T)= }Efcg}‘é {(I/s!)l.:0 (A1) + 1)) f &(A; v)f“)a, v)dv

a+h

s—1
1 /r) /1) [ giB: w) feu, bydu
=0 a

+(1/(r!s !))ffgn (C; u, v) f\"Nu, v)dudv} 3
D

where
s~1
i+1)!s!
£4A;0)= (b'i'k—v)‘_fd\'zu" (s_ult—n))%h’ﬁ (0+k—o)y——,
(+D!r!

r-1
gB;u) (a+h—uy— 3By @-h—uy—i-,

ot (r—i=1)1 44 +1
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r—1 s—1 )
’\ﬁ STC” r!s!(a+h—u)’-“'(b+k—v)

s—I1—1
C(r—i—N)!(s—1-1)!

Zrs(Ciu,v)=(a+h—u) (b+k—v)— —

=0 =0

Now applying Hoélder's inequality we get

+ 1/p r—1
(6) R(T) igfﬁ, ([ 2:(A; v) f’dt!) N+ 1)
"\ i—0
1/p s—1
+1nf (f lg(B;u) "du) Zk"’(lw‘»l)!
-0

p
+inf r,ls, (f[ 2,5(C; u, v) l'dudv)
c E\Y,

Let us define the function F(x,y) by the formula (3) with
F@ba, b) 0, (@-0,1,...,r—15 [-0,1,...,5—1),
Fib(a,v) || g (A; 0) ‘L | gs(A; v)lPlasign g (A v),
F@h(u, b) g (B;u) | Z, | g,(B; u) »lasign g, (B; u),
Frs)(u, v) — gs(C;u, v) Lp(C, u, v)|signg, (C; u, v).

Clearly, F¢ W. It is easily verified with the aid of the function F that the
mequallty in (6) turns into equality for 1<<g=oa. An e-process, as for
example in [2, p. 19, p. 27] shows that the equality holds for ¢- 1, too. So

bk 1p r—1
RT) |, (f Um(v;lb.b‘rkl)"dv) TR (1))
b =0

a+h 1p s—1
+ ,.l! ([ |Upp(u;[a, a+ k) ”du) :le L+ 1)
a

=0

1 1/p
+,-—v'§'| (f! Ur:p(u)v; D) ”dudv)

After the transformations u  ht/2+(2a+h)/2, v ke/2-1(2b+k)/2 for the
single integrals and 2 a-+th, v b+ kr for the double one, we obtain

r-1

R(T) (k"Q)t+!/p(E’pv's!)_\?hl'l i+

{==0)

s—1

F ()Y + P(E i 1) SR L+ 1)1+ (k/2) ' #(h, 2 +VPE,,,.

I=0
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Our aim is to find a method S* with an error equal to R(7). By lemma 1,

we have R(7)= inf sup |/(f)—S(f) -
SeSrew D)
) r—l1 :ajl h”’l kl+l ‘
Let, for convenience SO(f):f:f:J (iﬁ)'!(t+1)!f("l’(a' b).
It is easy to see that the method S§,—S8—S5, belongs to € iff S¢&. Then
we can write
(7 R(T)— int  sup [ 1(/)—=So(f)—S:(f) -

S €S sew (D)
Let P(f) be an abitrary polynomial of degree not greater than m—1. Aifter
a repeated integration by parts we get

A m—1 )
®) [Py smdt= 3 (— 1m0 pm D () ) — PO @) S ).

Now, suppose that Q(f,7) is a polynomial of degree (r—1,s—1) with res-
pect to the variable ¢, respectively r. Applying twice the above formula we
can verify that

a+hbd+k
(9) [ f Q(t, ©) fr9(t, T)at dr
a b
r—1 s—1
. ‘V \i(__ l)_hr—l—i{Q(r—i—l.s—l—-l)(a +‘h,b+k)f‘i'l) (a+ h, b+k)
=0 =0

— QU—i—ls—i=1) (a, b+ k) fU0 (a, b+ k)— Qi1 s—=Wa+h, b) f“ (a+h, b)
+ QU—i—1.s—1=N(q, b) f@0(a, b)}. '
Thus, the methods

(10) S({P:-l.i}:;(l)s {Pr—1. ‘l';l‘!- Qr-1.5-13f)

r—1 o+ k 1 =t gl o

1 N AT ; . Ntk

ﬁl(mvf Pysi@fon (@, ooy ST [ Prss @ fe0 @, by d
i=0 ’ =) a

+7 !‘s [ .IDfQ"‘-’—' (u, ©) f"*(u, v) dudv

belong to the class & if the polynomials Ps_1i(8), Pra(t), Qr—15-1 (¢, 7),
@=0,1,...,7—1; 1=0,1,...,5= 1) are of degree, respectively s—1, r—1
and (r—1,s—1). Then, from (7)

R(T)=inf sup [I(f)—Sf)=S(f).

s 1S
JEW, (D)
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But /(f)—S,(f) is equal to the righthand side of (5), if wrs
the above in%quality becomes 8 50 B I Sl T,

R(T)- inf sup
:Ps_l»i;r {P’”I.l}r Qf—l.s—-l fE€ W’;S(D)
b+k

1 ’\_—: hi N s (7 is
(b+k —0)*—Ps_1,i(0)) fNa, v)dv
b

L
s.’-—o(1+l)!

s—1 a+h
1 ~ l+1
+ L S @ty Pei@) /o0 @, b) du

rt & {I+n!

Further, by Holder’s inequality

b+k

r—1
R(T)= inf s‘, N+ l)l)(f
Ps 1y 77 i=0 4

lp
b+ k—v)— Ps—1,(v) f’d'v)

a+h

s—1 1/p
+ inf r‘,_\_(k"',’(l+l)!(f (@t+h—u)y—~P, 1.(u) ﬂdu)

Prray " " 1=0

. 1 E \p

+ inf (f/‘(aw—h—u)’(b tk—v)y — Qr—1s1(1, V) ”dud'u) :
- D

From the definitions of the polynomials U,,(¢; [a, a-+ k]), Us,(¢; b, b+ k]) and
T,p(t, v; D) it follows that

i=0

| b+ kR 1/p r—1
R(T)gs!(bf | Usp (v |6, b+ E]) r'd'v) Zhi+ll'(i+l)!

a+h

+rl!(.[

a

1
+ l ( [f Unp(U.v;D)V’dudv) /P.
D

1/p s—1

U, (u;|a, a+ h])"du) Sk‘”/([ 1)1

=0

r!'s!
It remains to observe that

k )J +1/p

bk \p
( [ Usp(v; [b, b+ k] l’dv) =(3 E,,
b
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" . 1"_ h\r+1p
(f Usp(usla, at i) rda) (%) ""E,,,

1
(ff' U’-"P(uv v, D) pdlld‘v) » =hr+”’ ks+ I/pE'SP.
D

Finally,
r—1 s—1
R(T)=(Esp/s!) (k/2y+10 R+ 1) 14 (Erp/r )R/ 2y +1_STRIH1(1 4 1)1
=) 1=0

e ks VP (Esp/(r! s1))—=R(T).
The last relation shows that the method
(1) S*( )= So( )+ SUPs—1.ih {Prri}p Qrors—13f)
with
P, . (u)=(a+h—uy—(—1Y(U,pu;la, at+h]), 1=0,1,...,5s—1,
P yi(v)=(b+k—vy—(—1)Usp(v; [b,6+k]), i=0,1,...,r—1,
P51 (u, v)=(a+h—u)y (b+k—v)—Usp(u, v; D),

is the best one. In what follows we shall find a more explicit form of the
best method S*. First, we observe that

U™ "w; (b, b+ k)= (k/2T' UG ™" (2v/k— (26 + k)/k,
(12) UY% u; |a, a+ k)= (R/2¥H U~ (2u/h—(2a+ h)/h),
U(';;i—l.s—l—l)(u' 0 D) =(_ l)r+:—l—1 h1+lkl+| Ug;l-— l.s—l—l)((a + h —U)/’l,
(b+k—v)/k).

Now, (8) and the above relations give

b+k

(13) ;‘-,f (b+k—vy —(—1YUsp (v |6, b+K]) f* 9 (a,v)dv

> (- == () T Usra, bk

) r‘~

s—I—1

—(=» (,+-,~,.k‘+'—(—l):(-«) U (=)0 (@, b))

1

s—1
3 e, w,.-( (g ) U (= 1) f40 (a, )

.-! (t+1!

_U(.I —— l)(l)/(’.“(a' b+k)].
Similarly
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a+h

an L[ @rhar (1)U, @ila atmD) SO0 (@, b)du
r—1 r—1

- D) D E@b)+ 7y S (= 1) (kf2)
=9 Ti=0

XU (= 1) f40 (a, )~ Usp™ V(1) [0 (at b, b)),

To calculate the double integral in (10) we apply (9) and the last relation
from (12). An easy computation gives

15 oty [ [t by @ b 0F — Upep 0,93 D) 9 (1, v) dudo
D

rls!
r—1 s—1
jSU(f)_?!]is T ‘:6 ‘_\jhiﬂ—lkl—u{u(’;—p—l» l.s—l—l)(o’ 0)]‘(:.1)((1 + h, b+k)
i=0 =0

_ U1, 0) 4 (a, b+R)— Uty 0, 1) £ a -+ k, b)
+US, ) £, b))

Now, the insertion of (13), (14) and (15) in (10) together with (11) completes

the proof of the theorem.
3. A Special case. In this section we consider in details the function

class W5 (D). In that case the polynomials Up.(x) reduce to the well-known
Legendre polynomials on [—1, 1].
We shall make use of the following result, proved by E. Schats in [9]
Lemma 2

Upsg (%, ¥) = x" Usy (3 [0, 1]+ y°Urs (x5 [0, 1)) —Upa(x5 [0, 1)Usq (35 [0, 1))
As an immediate consequence of theorem 1, we have the following result
Theorem 2. The cubature formula

r—1 s—1

‘ { 7 S
> gy A M (i-{»-l)(li—l_)

I(NH~2 2 Griytasnt (2 (25 | (D 4D (a+h, b)
s () (i)
(YLD (@, b+ R)+(— D) [ED (@t hy b+R)+f D (a, b))
is a best method of approximation of the integral / . ff (x, y)dxdy for the
D

class W5(D) relative to the information (1). Here

“ g _l,_ l/'I’ 2T (r1P2 2 2 25 (s 1)2\2
R”)_(\""’-PIKQSH)) l( (2r)! ) 2r+l+2s+|((25,]‘)

REPRSIA SR ’(2‘(;!)‘-’)'—’ 12
(2’1-1)(23-{-])((2})!) “@2s)! } p
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Proof. Clearly, Us(y; [0, 1)=Us; (2y—1)/25, Ua(x; [0,1)=U,»(2x
—1)/27. Since

(r—l 1)(1) Qi+ 1('+1),( ) (1+l)

Fo (o) | (5

ST D= (= 2

1)

we get by lemma 2

(%))
U 0,0) =(— 1+ e T (l';l) (l;sl)
i+1)\141

' (.+1)/(.~2;1)}’

.- { (z+1) (l+1)j
b5 ()

(z+l)'(l+l)' ) 2r 2s
1+1 +1 :+1 l+l

It remains to insert these values in theorem 1 to get the result. In order
to find R(T) we have to calculate E,y, Es; and E,s. By definition

S—

1
2s
L+1

Fo

s!r!
(z+l)'(l+l)'

l

U101, 0= (—1)'+

—i—1,s—1—1) L i+
U:.C?‘ 4 (00 1)‘(_]) (l+l)’(l+l)' 2r

.

(
rrst o

i

i

U::—-l 1,8—1— I)(I 1)

r
1]

1 1/2 2*(r 1
E,, :{ f Ufz(t)dt} :~(§’,—i’f‘ (2/2+ 1))
—1

Similarly

Eny =5t @/2s+1))'7,

[ [Vt paxay= [ [(xUn(yi 10, 1)y Untxi 0.1
0 0 0

—U,2(x; [0, 1) Usa (¥ 10, 1])P’dxdy.

From the orthogonality of Upm,(£;[0, 1]) to the polynomials of degrce m 1
or less we have

E,,_{2,+,b[u,2<y 10, 1Dy + 55 fufz(x 0, 1)
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1 1 1/2
- f Urxx;5 [0, ll)dxf UrA y5 [0, ll)dy} :
0 0

1

1 1
But [ Ua(t: [0, 1dt= g, | Una(dt, m—1,2,...
0 —1

An elementary calculation completes the proof of the theorem.

o
e w0 »

gl

® N & o

T 0
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