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QUASILINEAR DEGENERATE ELLIPTIC-PARABOLIC
EQUATIONS OF SECOND ORDER

GEORGI I. COBANOV

The first boundary value problem is studied for a class of quasilinear second order par-
tial differential equations with nonnegative characteristic form. Existence and uniqueness theo-
rems for classical (i. e. at least two times differentiable) solutions are proved, the hypotheses
for the equations, as well as the results obtained being quite naturally arising analogues of
the linear case.

In the present paper the first boundary value problem is studied for the
following class of second-order quasilinear equations:

(h L(w) = a’(x,u)u, -+ a'(x, wyu, —a(x, u)u = f(x)
with
(2) a’(x, ¥)5:5-0

(subscripts are used to denote diiferentiation and summation convention is' ac-
cepted where (x, y)¢ G| —M, M|, G denotes a region in R"and M is a positive
c onstant.

The correct formulation of the boundary value problem for the linear
equation

(3) L(u) = a(x)u;;+ a'(x)u, —a(x)u—f(x)
with
(4) a(x):57 0

is given in [1]. Namely let according to [I] GCR" be a regiun with a piece
wise smooth boundary 2, which is divided into three parts X, &, and X3 n
the following manner: Y, is the set of points x¢X with a/(x),(x)(x)>0
(where »,(x) denotes the i-th component of the unit exterior normal at a point
x¢X) and Y, and Y, are the subsets of X :,, for which &(x)>>0 and
b(x) -0 respectively with b(x) (a'(x) — a‘/(.\'))», . Then the first boundary
value problem for (3) is that of finding a solution with given values on
S, U, only.

Taking into account the linear case let us assume that the boundary of
the region ¢ in which we study the equation (1) is piecewise smooth and
J0G - S, U S, where

(5) S.') {’\‘ E ()(}' alf(’\', )’)V;(x)"/(x)>0, ,V( [ - M: M”'
(6) S = {xedU:a(x, ywi(xp,(x)=0, ye[—M, M]};
if
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(7) b(x, y)=(a‘(x, y)—a’/(x, y).(x),
let S=5,US,, where

8) Si={x€S:b(x, ¥)=0, ye[—M, M]},
9) S, =1x € S:0(x, ¥) >0, ye[—M, M]}.

The crucial assumptions made in the present paper are:

(i) a(x,y) in (1)is very large positive compared to f(x), to the other coei-
ficients and their derivatives up to second order, including the derivatives of
a(x, y) as well;

(ii) the equation (1) is defined in (or can be extended to) a larger region
(0’ 5, the characteristic form of the extended equation being also nonnega-
tive. The assumption (i) is widely used in the linear case (3), cf. [2—6].

We shall first prove the existence and the uniqueness of the solution of
(1) for a region G with dG- §;; next, using the technique of extension of the
equation (1) to a larger region as in the linear case [2 5], we study the case
dG -~ S, US,US; with some additional assumptions concerning the disposition
of the sets §, S, and S, on dG. In a previous article [7] we have studied the
case JG - S..

The proof of the main result (theorem 1) is carried out by a combined
version of the methods of elliptic regularisation and the method of succesfive
iterations; all the necessary a priori estimations are made by the aid of modi-
fications of the well-known method of Bernstein[8].

The following traditional notations are accepted. If f(x) and g(x, y) are
differentiable functions with domains in R" and R"*! respectively, let by definition

D f(x)=0 (X1« . oy Xn)/OX(r. .. Oxpn,
Da+pg(x, y)=0 +7G(X,, . . ., Xny Y)/Ox. . . 0x"n Oy?,

where « (a,,..,a,) is an ordered ~n-tuple of nonnegative intgers and
a X' a,. If kis nonnegative integer and f(x) is & times continuously dif-

ferentiable in ©, let f ., —max; f(x) and

(10) f Do A

2
(.'k(sw Cco)

The following inequalities are frequently used:
(11) abl< a” /p+ b%/q(p, ¢>0, 1/p+1/g=1),
(12) 2ab <oa*+ b (6>0)

and (E’,V pa ) N 3“\"_:](1;{.
The next three propositions concerning the operator (3) are repeat-
edly used: )
. A variant of the maximum principle: let the operator (3) with
(4) be defined in QcR" and a(x) -0 in Q; then for every function u¢ C¥Q)
NC(2), L(u) 0, resp. L(u)-0, in Qand u|,,--0, resp. u 5o -0, imply u=0,
resp. u -0, in © [9; 11].
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2. An estimate due to Fichera: let the operator (3) with (4) be
defined in a region GC R" with a piecewise smooth boundary, a(x)>0 in G,
a’ ¢ C2U), @’ ¢ C'(U), acC°(G); then for every function u¢C*(U)NC'(U), such
that L(u) is bounded in G and u y,u-, =0, the inequality max, u -sups L(u)/a
holds [1, (V)]

3. An inequality concerning the leading part of the operator (3)
with (4): let a”¢ C¥R") be bounded in R"; then for every function u¢C*R")
the inequality

(13) (@(x)u, (%)) (C(n) sup o -2 Da”’ ) @/(x)u, () (x)

holds, where C(n) is a constant depending on n only [5].

Throughout this paper, unless the contrary is explicitly mentioned, we
shall assume that:

a) 2 is a bounded region in R" with a boundary d¢{ which is locally de-
fined in the form ¢(x,,..., x,)—0 with grade * 0 and is of the class C¢ i. e.
@ is of the class C*.

b) the coeificients of the leading part of the operator (1) with (2) are
defined in ' ><[—M, M|, where ©'>, M>0 and are at least four times con-
tinuously differentiable in their domain, 02 - 8§; and

(14) a'’/(x, )y (X)q j(x)- 4a,>0 (a,—= constant)
on JOX[—M, M). )
c) the remaining coefficients are defined and at least four times conti-
nuously differentiable in Qx| M, M| and
(15) alx,y)a,tclx,y),
where a, is a positive constant and c(x,y)- 0 in Q[—M, M|.
If ueC¥(), let by definition D*u = max ,_, Dwu c() (k1,2,3),and for

(16) m, -max , o o0l Deteqi)|, |Detral, |\ Datee |
(a+p Kk k 01,2 3), let

(17) Cuw)y=m 1+ D),

(18) Cyu)m,+ D+ D'u?)+m, D,

(19) Cyw)  my(1 4 D'u + D'u?+ |D'u?)+ my|D*u(1+ D'u)+m, D%u.
We shall first study the operators
(20) L. (v, u)— edu+a/(x, vu,;+ a(x, vu, —alx, vu,
where 1 denotes the laplace operator, v ¢ C4(2), v ,...«,)"(M, e>0 and find a

priori estimates (lemmas 1 - 3) for the solutions and their derivatives up to
second order of the boundary value problem

(21) L, (v, u)=f(x)
in £ and
(22) U op — 0
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with some additional boundedness assumptions about the functions z. The exist-

ence and uniqueness of solutions u¢ C4«) follow from the well known theo-
rem of Schauder [10, p. 235] taking into account the hypotheses a) — c) and

the assumption ¢ C4Q).
Lemma 1. /f u is a solution of the boundary wvalue problem (21),
(22), then

(23) u Ic @) = ao_l f"’C-uu'
Proof. For A=a;"|f c.n,» (21 (15) and (20) imply
L (v, tu—id)=+f+ai=— f|.,, +ai=0.

From +u—4,,-0, the above inequality and the maximum principle it follows
+u—i-0 in O i.e (23). B
Let s¢0« and V. be a neighbourhood of f in ©, such that

- dg O¢ _
a'’(x, y) 5% ;;;:I =2a,

holds for (x, y)¢ V:x|—M, M]. The existence of such a neighbourhood follows
from (14). Since grad ¢ + 0 we may suppose (may be with a change of numera-
tion) that d¢ 'dx, 0. Now without loss of generality we may suppose that the
image of V. by the transformation

(24) Ve=Xp R=1,..., n—1, t=q¢(xy..., Xn)
contains the set {(y, )¢ R":2i-} yi+12<4, t--0j.

Let (¥, ..., ya1) be a twice continuously differentiable function,
satisfying
(25) O=y-1
and

1 forly <1

26 =
(26) ) {Ofory >2.

Since 0 is a compact set, there exists a finite number of functions ¢
such that the inverse images of the sets {{y <1, £=0} by the transiormations
(24) cover 0. In what follows we shall denote by ¢ whichever of these fun-
ctions and by K a constant that majorizes the derivatives up to third order
of the transformations (24) and their inverse transformations. Let x denote a

constant such that
(27) Oy/dyy Sx, 0%/0y, 0y —=x kI1=1,..., n—1.

By means of the transformations (24) the equations (21) take the form
(28) L (viu) = Au,+ 2A%u,,+ AMuy + B*u, + Bu,—Cu=F( y, 1),

where
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A a’y YT EG i '2(1“,

A* a'*y it epr ki],. o, n—1
(29) A¥ (If"f#ﬂ)i_e | Rl—=1,..., n—1
B :a”’/ 1/+alq]1 %8—'-1‘/
B* = a* k=1,...,n—1
C —a
and ¢/ denotes the Kronecker symbol. We shall consider also the operator
(30) M. (v;u)= Auy+ 2A%u,, + A*u,, + B*u, + Bu,.
Obviousy
(31) L(v;u)=M.(v;u)—Cu.

Further we shall need the value of the operator (30) for functions of
the form

(32) w(y,t)=exp|—yt-+py(y))

where ; and y are positive constants and ¢ is defined by (26). Now (29), (30)
and (32) imply

M. (v;w)=w{Ay* — (A" byu+ By — (AX By + A¥ By + B By}
wlyHaw,q j+eqq ) — (@ 0¥ ) B+ g, 4-edg -atq )
(a* + e\ W B wrpi+ Buyy) + @ By,

where the summation is carried out from 1 to n with respect to / and j and
from 1 to n—1 with respect to £ and /. The first equality (29) implies the
existence of a constant y,(g) such that y () implies

(33) /l71,( TyW) a,wy
Elementary calculations show that (33) holds for instance when

yo  max la; (@K - e0% ) py bt aly g telg Haly,

Fag 1 (ak - ed, N By it Byg) + a¥Byr
or because of (27), (15) and (16) with ¢ sufficiently small, when
(34) .(B) m,,uJ"'-’(xﬁvkl)[Kn;‘""'(ﬂ+])’—(n D]|+8
oy Koy W(n2xp--n? - n- 1) Fmga gV [(n—1)22202 - (n—1)%p +(n — 1)=6 + )12,
We shall make use of the identities

(35) L(vsuw)—ul (v,w)+wl(v;u)+a/(nwy+uw,) +auw
and
(36) L(v;u™)y NuN-VL(v;u)+(N -DauV-+- NN - THu™ 28, (u)

for every integer NV -2, where by definition
(37) S.(u)y=a"’u,y;+ euu,; .
The identity (36) is proved by induction, using (35).
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As it is easily seen (for instance by straightening the boundary of ( and
reflexions as in [11, § 4.8] or [12, § 8.1]), a function v¢C%2) can be ex-

tended to a function v¢ C%R") in such a manner, that
(38) V| ey =%V,
where the constant x», depends on the boundary of € only.

Let z¢C*R"), x=1 in a neighbourhood of © and supp yrc . Now if
|V oy <M then z(x)a'/(x, v) satisfies the hypothesis 3 from above and (13),
(18), (37) and (54) imply the inequality

(39) (dik a’(x, v);j )2 =x,Co(V)a (X, V)l je €Ul
= %,C(v) 2 Sux)
k=1

in ©, where the constant x, depends on the boundary of £, the distance bet-

ween 0 and 0¢’, and n only.
Lemma 2. Let the constant a, be such that the set V' of the functions

ve CHQ) with », v/, <M, satisfying
(40) 2a,>3 +2(n-+1)C\(v)

be non empty. Then the first derivatives of the solutions u=u(v, &) of the
boundary wvalue problem (21), (22) are uniformly bounded in © for v¢ %

and £>0. o
Proof. We shall first estimate the derivatives on the boundary. Let u

be a solution of the boundary value proplem (21), (22) and let us consider
the function w, f| Ct(mexp[—;',t%—ﬂ‘wl in the region 0<{<fg,7;'y. Lemma 1

(25), (26) and e# >1-+p, >0, at f,—ag" imply
f ) :tu;é; j C.() +aofl‘ :C‘u!) < f ll(."\.-.')‘,ran

hence the maximum of the functions @, *u on the boundary is attained for
t-0, y=1. Let

(‘“) 71 }'n(ao“) +‘a‘—,_‘ 2(2” m/a,) 2.
Now (31), (28), lemma 1 and (16) imply
(42) M,(v; +u)=F+Cu

» fC‘\“) Hmot a")a‘-’il 'fl () =(2+mu"au) lf Ciw)*
From (33), (34), (41) and (42) it follows
M, (v;w, +u) agw,? +F+Cu>0

since the minimum of the function @, is 1l * The maximum principle now
implies, that the maximum of the functions w,+u# in the region under consi-
deration is attained on its boundary, whence
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o | - Ou
e (@ L) =0 Sy e 5 g =0

Therefore (40) implies
(43) 0u/ot <y, % f | e, =271 f | coer

on the set r=0, y= 1. Since (22) implies du/oy,—o=0, k=1,..., n—1, (43)

now implies
(44) Julox; - 27K |f Co0)? !

-1,...,n

on the inverse image of the set {(y,7):/=0, w(y)—=1} by the transformation

(24). Since these sets cover d©, (44) holds on 0%, i. e.

(45) ‘()u‘ (),\', Q== 2;’1,'\) f :C;(!' )s i— 1, RN (2

Let for any positive integer
n
(46) Pm—= X uim.
k=1

From (36) it follows

(47) L(v;P™) 2mum—'L(viu,) -+ (2m r1)aP”'+2m(2m—l)u'-;'“—”S!(ug)_

By differentiation with respect to x,(£- 1,..., n) (12) implies
(48) L(ving fo—aiu;—aiu;-a,u,
here and below line denoting total derivatives, for instance

oa  oda oy da  Oa
-+

e ox, Tovox, ox, Toy r

From (11) with p=2m, g - 2m/(2m—1) and (17) follow

n
(49) 2m faim=t X fim o (2m—1)Pm™,
k=1
(50) 2m al uim'u, s(],(v)[ /Eu u;m+(2m—NHu;™u, —2mnC (v)P™,
1) 2mauy" e - C(v) X w4 (2m— Duim,
k=1

nC (o)yu*™ -+ (2m—1)Cy(v)Pm™.
At last (12), (18) and (39) imply

n
(52) 2m wmtal iy - m Xu2me D (3l - dal uy)?)

S 'mPm . m,mxz().,(v)ui"""’ S.(uy),

Now (47) — (52) imply
(53) L(v; Py mi22m 1) —dne,Co(v)u2 =8 (up) + {(2m—1)a,
—[mo=t s 2m 1 2mn - 2m— VC (@) P —nC (vt —X D= f

la

Lemma 1 and (40) imply

)
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5 2m < 2m
(54) nC(vwm= f P

From (40) follows, that if =1, then
(55) 22m —1)—nx,Co(v)>0

and the coefficient of /™ in (53) is nonnegative for all sufficiently large m.
Now (53)—(55) imply

(56) L(@;Pm=— S Dof .
a =1 -2
Let 2n=max{a;'S .-y D f ?C’j:m, n(2Ky)™ f é’j’(;)}.

From (46), (45) and (56) now follow L (v;P"—i,)=0 in Q and P™ i, 50=0-
The maximum principle together with the last two inequalities imply P™-/,, in

0, whence
2m 2m

2m
/ - o (y—12m N " —
ou/dx, —\Pm<\/im—max {a; '"afl D flleeoy Vn2Ksy, f P

Since this holds for all sufficiently large values of m, taking limits for
m— oo one obtains

(57) ou/oxy, —max | 2‘., D*flcnys 2Knf @}
§| D"f C,“_T)‘*QK}’I f c(2)? kfl,..., n.

Since the right hand side does not depend on @ and e the proof of lemma 2
is completed.
Lemma 3. Let the constant a, be such that the set V'’ of the functions

vECYQ) With x 0l <M and D'o <Z . D*fl 5 2K |f o,
satisfying

(58) a,>1-+(4n+2)Cy(v)+(2n%, 202+ n+1)Cy(v)

be non-empty. Then the second derivatives of the solutions u—u(v:e) of the

boundary wvalue problem (21), (22) are uniformly bounded in © for wv¢ V"
and £ 0.

Proof. Let
— S .
(59) Q= Xuy,
If S.(Q) ~E7,1 S, (ux) then (36) with NV-—=2 implies
(60) L. (v;Q)—2uyul, (v;u,)+aQ+2S, (Q).

By differentiation with respect to x, and x;, &, /- 1,..., n, (21) implies
(61) L (vium)=fu—aun—a) up—a uy
—ak Uy — A, — ALl ar Qg A,
Now (12), (18) and (39) imply
(62) 2 un(@y Ui+ @ty = 40nx2,Co(v)S, (Q)+0-'1Q.
From (17), (18) and (12) with =1 follow
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214
(63) 2 futhy = Z D f2 I +Q,
« —2 )
(64) 2 aif ugup - 2n°C,(0)Q,
(65) 2 uplalu,t+aiu,,) —~4nC\(v)Q,
(b6) 2 up al,u; —nCy(v)Q-+n?Cy(v)P,
(67) 2ula,u +aw,) —-2C,(v)Q+2nC \(v)P,
(68) 2 uyanu| -Cy(v)Q+ n?Cy(v)u?

where P P! in (66) and (67), cf. (46). From (60)—(68) follows
L, (v,Q) (2—40nx.C,(v))S, (Q)
“Hay—17"1'—=80-22n+-1)C(v) —(2n? +n-+1)Cy(D)}Q

(n2Cy(v) +2nC (u)}P—n*Cy(vu®— = D f 2( )
a=2 2

From this inequality with d=12nx,C,(v), (53) with 6=2 /nx,C,(v), m—1 and
L (viu®) (a, O~ fl .., follows
L (v,u?t P+Q) la,—1-22n+1)C (v)—(2nx3-+2n2+n+ 1)Cy(v)}Q
+Hla,—1 - (4n+1)Cy(v)—(nx,)2-+-n?)C,(v)}| P

+1a,—1-—nC(v)—n?Cy(v)ju’— fl':riv.’(u) ’

Since the coefficients of u?, P and Q are nonnegative according to (58), the
maximum principle and the above inequality, as in the proof of lemma 2, imply

(69) u?+ P-Q -maxa;,"' f 3”(5,), maxgo(u’ -+ P+ Q)|

~ay' f] ::'m) L maxso(u? + P+ Q).

Now (69), (22), (45) and (46) with m -1 imply
(70) w+PQ a,’ fi_,‘”‘ L4nK2y?  f ‘é“w ~max,,Q.

Let us estimate the second derivatives on the boundary. To this end le
(71) q (max,,Q)"?
and w,=exp[— .t + pgp] in the region O<¢t< f,y/y,, where g, is such that
(72) e >4 0u/0ym, m-1,...,n—1

in the region under consideration. Obviously the following considerations take’
place in a neighbourhood of arbitrary boundary point, straightened by means
of the transformations (24). Lemma 2 implies that (72) holds for instance if

‘73) ['.2 ln (2 1 K f cyoy ! 2,1;.‘,(‘)',‘ c) )'

Let us consider the functions w,+ou/dy,, m 1,..., n—1. By differenti-
ation with respect to y,, m 1,..., n—2, (28) implies
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7 , aar o 0A% 0A |
(74' L{, (‘U.du dyﬂl) = —Ti\': uk[—z a;\'m- ukt_d)'”; u”
dB* 0B acC oF
— - S —u -+ - — ——
oy oy, u,+a},m Bty m 1...,n—-1.

It is easily seen that

0A*dy,, <M (n, m,, K)(1+ D'v)
=Mu,m, K)1+ f .., +2Ky flew))— M

where the constant M, does not depend on w¢ V"’ and &>0. Similar inequali-
ties hold also for the derivatives of the remaining coefficients, i. e.

M, max|{dA¥/0yy, 0A%/0Ym, 0A/dy,, 0B:|dy,, 0B/dy,,, 0C/0Ym |-
Now (74) and the last inequality imply
n—1 n—

~ 1
L.(v;0u0y,) =M{ X u,+2 3 up +|u,
k=1 k=1

n—1
X utud - uli KU f e, (R 1)PRM(@PEQ K f
k1 o oadit N9
From (70), (71) and the above inequality follows
(75) L (v;0udy,) —(n-12KMqg-—K{n-12M]| f clin

+a57' 2 fliexa, +2n Ky, |f 0(1})}-
For brevity let
T(f) = K{(n+12M[ag"? f e, 2K fl oo 1+ f oy )
From (31), (33) and (75) it follows that if

(76) 7o volBo) - ((my+ay) a,)! 2+'l61'3[(n+ 1 )2KMlq+ T‘f“l %
then
(77) L, (v;w,+0u/0ym) =0, m=1,...,n=1

since the minimum of the function w, is equal to 1. Similarly as in the proof
of lemma 2,(72) and (77) imply that the maximum of the functions @w,=+0u/0ym
(m-1,..., n—1)is attained on that part of the boundary, where £=0, y(y)=—1.
Again as in the proof lemma 2 one obtains

(78) 0%/ Qymot — y, e m—1,...,n—1,

for £-=0, y(y) —=1. The equation (28), the first of the equalities (29), (78)'
(43) and

(79) 0/ 09,0Vt t=0 = O |0, t—0=|t=0=0 Ryl=1,...,n—1
imply
(80) u/0t o - (2a) N [y t2mory [l 2(n—1)myy, e%).

Since (78) and (80) hold in vicinity of the images of every boundary point of 2,
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n—1 n—1 n—1
(81) g-K(YS uy 23 )0+ K (2 4 u,) e

k=1 E—1 k=1
and (43), (78) —(81) imply

0—=q-2K(n—1)(1 +m,/2a,)y, €+ K[2y, +(14+2myp,) 2a0) [ ¢y -

Now (73), (76) and the last inequality imply 0--¢-— AJg+ B, where
(82’ A 2["(’1?— 1 )(1 —m, 2“1!)[2+Kl f Cr) +2K71 f C‘(!T)]\/?Mlya" ’
(83) B=2K(n2— 1)1+ my/2a,)[2-+-K | | ¢z,

L2Kyy i NzaBa) N (my - ag) jag+N T (f) )
l—[([2}’2‘1’“(1 + 2”1071,“00] If ci)*

Elementary calculations show that 0-—¢ -A\q-- B implies the following inequa-
ity for ¢:

(84) 0=q=B+4(A?+ AYA?+4B)/2= A%+ 2B.

Since A and B do not depend on v and & the uniform boundedness of the
second derivatives is thus proved. More precisely (59), (69)-(71) and
(84) imply

(85) D =+ P+Q)?<=max{a;"? f ray N Kl f ey +A2+2B)
<az | fl'c @, +2VR K| f| oy + A 2B
Remark 1. The inequalities (57) and (85) may be written also in the form
(86) D'(u)f:;max{ﬁl_‘yiD“f car M fllea )

E;Dﬂf cay Tl ey

(87) D =+ P+ Q) ?=max{a;'? || f Cripy Ma T u3 \/(i:, a,)
' :alT] | f Co(0) F""2'*’:“3\[‘iu—/(;t;

respectively, where the constants uy;, u, anl u; depend on m,, m,, m, a, K,
f and a,, but do not increase with a, and ar: independent from v¢ V" and e.
Remark 2. In view of our further aims let us emphasize, that because
of (34) with 8, -a,! and 4, defined by (73), from (41), (76), (82) and (83)
follows, that for large a,(a, -1) the constants «, and u, may be written in
the form ,u,=/4,','\/ao, /1,=.u.;/\/uo, where 4 and u, do not increase with a,.
Theorem 1. If the operator (1) with (2) and the region ©2C R" satisfy
the hypotheses a) — c) and the function f¢C*(L2) and the constant a, from
(15) satisfy the inequalities
(88) a,>2+(12n+6)m, [1+ 71., D f| cay Tl / o)

|al=
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+max {V12n°, 9nx, 4 12n24-12n 46} {m(a;"? f| Cooy T Mo+ 13 Va,ag)

i -i-u( . =1 | D°f C'1!_’)+”1 f c (l.)))’}
and
(89) "lao—l fI Cf'ts?)<M’
then the boundary wvalue problem
(90) L(u)y=f
in 2 and
o1 4 o0=0

has a classical solution.

Remark 3. The inequalities (88), (89) show, that for any given f¢ C4Q)
the boundary value problem (90), (91) has a classical solution, provided the
constant a, is sufficiently large, see remark 1.

Proof of theorem 1. Let {¢}  be a sequence of real numbers with

(92) 0<e,.1=¢, r=1,2,..
and
(93) lim &, —0.

Lemma 1 and (89) imply, that a sequence of functions {x,}>>  mav be defined.

satisfying the following conditions: #,=0 anjd provided (20), u,.; denotes the
unique solution of the boundary value prob em

(94) L, (a;u.1)f

in © and

(95) u,100=0.

More precisely lemma 1 implies the inequalities

(96) 12, |y =% |f oy y=1,2,.

and (89) imply, that the equation (94) is meaningful; the existence and the
uniqueness of the solution or the boundery value problem follows from the
well-known theorem of Schauder [10]. Lemma 2 implies the inequalities

(97) ’Dl u, - = X Daf Co(!))'*'.u! If‘lo-(p)

a|==1
(»-0,1,..-). Indeed (88) and (89) imply the validity of lemma 2 for v=0, i. e.
(97) holds for »=1. Let (97) hold for some ». Now (88), (89), (17) and (96)
imply that the set V'’ is non empty and that (40) holds for v—u,, i. e. the
hypotheses of lemma 2 are satisfied for this ». Hence (57), (86) imply (97) for
u=u, . Similarily applying lemma 3 one proves the validity of the inequalities

(98) D2u, | <2+ P4 Q)" =7 f| oyt 1o+ 13N @/t
v=0,1,..., where P,—=27_ (du,/0x,) and Q,—27 ,_ (0%,/0x,0x,)*



218 G. 1. COBANOV

Further on the proof of theorem 1 is based on the next two lemmas.
Lemma 4. The third derivatives of the functions u,, v-1,2,..., are

uniformly bounded in €.
Proofi. Let

(99) R~ X (0w, 0xs0x0xm)>.

kI m—1

For the sake of brevity we shall put u,=u, u, =7, &,—¢ for all ». If S,(R)
=3 S. (Urim), then (36) with N -2 implies

= kIm=1

(100) L (v; R 2upm L. (05 tirm) + 282 (R,) +akR,.

By differentiation with respect to x,, x;, and x, (&, [, m-1,...,n) (21) implies

(101) L, (0} Wkim) ~frim—@¥ Ui jim— Q1 Wijem — @i Wijut— @ 5t Wijm— @i Wi

Y U — A Uitm— @ Wik — Qo Wikt — @ om Uiy — @t Wy — A U — @ kem W1

@ U @ U+ Aoy Wy — Qe Uy~ Qo W Qg U+ A Ug - At U

Now (12) (39) and (18) imply

(102) 2wy (@ 11, jim+ @Y Uy s+ At 1 yat) | == 9802, Co (0) S, (R) 407 R,

From (12) and (17)—(19) follow

(103) D Upim (A Uyt Al Uy + A Uy m) | =607 Co(DIR,,

(104) 2 Ui (@ i + AL U+ A tl)) 61 C (D) R,,

(105) 2 Upim (@il + Al U+ Aem 1) |30 Co (V) Ry 4302 Cy (v) Q,,

(106) 2 | tpim (@ Ui + Qrligm + @, gr) — 3C, (V)R +3nCy (V) Q,,
(107) 2 | Upim (Ant Um + A Ui+ Qum ) |-~ 3C, (V) R, +3n? Cy (v) P,
(108) 2 Upim @m0y 12 Ca (DR, + 1P mi ' Cy(v) Q,,
(109) 2 Uptm Aim tt; o nCo (VY R, 13 ' Cy(v) P,
(110) 2 Upim Quimtt - M3 Ca (V)R +1Pms ' Co () uy,

(111) 2 tnmfuum| X DSy R

Now (100)—(111) imply
L, (v; R) ~(2—99mx, Ca(v)SUR,) +{@g— 1+ (ny 1?4+, 1+ ny) Cy (V) —871
—(6n2+43n4-3)C(v)—(bn-+3)C (V)] R, —(3n°Cy(v) +3nC\(v) +n'ny ' Cy(v)Q,
—(3n2Cyv) + iy, \Cy0)P, — ning 'Co(vyul — X | D f Ly, -

a =3

From here with & -2/9nx,C(v) and », n, ny a, 6n°Cy(v) follows
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L. (v;R)={a,/2—1—(9nxy/2+6n%+6n-+-3)Cy(v) —(6n+3)Cy(v) R,
—ay'6n>Ci(v)(u? -+ P, +Q,) —(3nCs(v) +3nC(v))Q,—3n?Cy(v)P,— X | D~ f .
s )

a =

From (19) with v —u,_; and (99) follows Cg(v)“: 2mlR, _+ M,, where the con-
stant M, does not depend on » according to (97) and (98). From (88) follows
that the coefficient of R, is nonnegative, whence

L. (v; R)——a;"'(12n°m} max R,_y max (#*+ P, + Q,) — M;),
where the constant M, does not depend on » according to (97), (98). The ma-
ximum principle and the last inequality imply
(112) R, ~a;*12n® mimax (u? -+ P, + Q,) max R, 1+ Msa;'+max,oR,.
From (88) follows
(113) a2>12m8m3 (ay "2 f 1 oo+ o+ gV ag/ag).
Now (98), (112) and (113) imply
114) max R, —aR, 1+ My/a,+maxxR,,
where 0<~«<~1. We shall estimate max,,R,. Let
(115) r, —(max,,R,)"?
and w, exp[ ysf+ By in the region 0<<f<Cf3 y7 'y, where e/ > 1+ 0%,/0y,0y; ,

r, s—1,...,n—1. According to (97), (98) 83 may be determined independently
of ». By differentiation with respect to y, vy, (r,s=1,...,n—1) (29) implies

L. (v; uy y)  F A Uy — AL 1 — 2 A% tpe— AT Upt — Ay sy — Ay g
A :{ Up— 2:455 Uge— Aps urt—‘B: Upr *Bfuks—B: u,, —-B, Usi—
‘B:s ll,..—B,s uy —{»—é_, u,+ Cr u,+C,, u.
Lemmas 1 -3 and the last equality imply

(116) L, (vsuy ) =M, D?u, |+ M,

where the constants M, and M, do not depend on ». Now (114) and (115) imply
(117) | D, | —\aR, _+VMs/ag+r,.

From (116), (117) follows

(118) L (v; iy y)!- “MaR, 1+ M,r,+M,,

where the constant M, does uot depend on ». If
va 70 (Ba) H((my+ag)/ag)*+a= 12 (MyaR,_1+ Myr,+ My)'7,

then (31), (33) and (118) imply L, (v;w;+u, ,)-—0 since the minimum of w,
is equal to 1. Similarily as in the proof of lemmas 2 and 3 one obtains
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1
(119) dPuldy, dys 0t —y;es—M; VaR, | + Mg\r, + M,,

with £=0, =1, where the constants M;—M, do not depend on ». By differen-
tiation with respect to y, (r—=1,..., n—1) (28) implies

(120) Axt Uptr + 2A% Uppt + A U, B* u,, + B u,,—-C u,
—F,— A w245 uy—A, u,—Biu,—B,u, +C,u.

From

(121) d%u/dy, dy,0y, i—o=0,

(119), (120) and (29) it follows

4
(123) d’u dy, ot? ,_,o';114,0\’(1/—?,*,¥M,,\/r,+M,,.
Similarly by differentiation with respect 1o ¢ and substituting (119) and (122),
(28) implies
4
(123) Bu/ot’ —g=MzaR, 1+ M, \r,+M,;

4
and (119), (121)—(123) imply r,— M,oR,_1 + My:\r, + M,., where none of the
constants M,,— M, depend on ». From the last inequality, similarly to (84),
follows

4
(124) P My 2Myg+2M VR, 1.
Now (114), (115) and (124) imply

max R, ~amax R,_+ M gJmaxR,_; + My,

Since none of the constants in this inequality depends on », the uniform
boundedness of the third derivatives is thus established.
Indeed, if for a sequence of numbers [a,}~ , the inequality

r=1
(125) 0-a,.—aa, tpJa,+y 0<a<l; B, y>0

holds, then this sequence is bounded. In order to prove this statement let & be

a real solution of the equation x -ax+gyx +y (x>0); such a solution exists
since a<1. For every x & the inequality

(]26) ax +ByVx +y<x
holds and for every x -& the inequality
(127) X ax-tBJx +y

holds. We shall show that a,--max|{s a,} (» -1,2,...). For»—1 this statement
is obviously true. Let it hold for some ». Now either

(128) a, &
or
(129) f<a, s a,
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holds. Since the function ax- fyx-y (x>0)increases monotonously,(128),(125)
and (127) imply

a,.1=aa,+p\a,+y=ai+p\i+y=§&
and (129), (125) and (126) imply
a,.1=aa,+B\a,+y<a,=a,.

Now the last two inequalities imply a,.;=max {§, a,}. B
Lemma 5. The sequence {u,};-, is uniformly convergent in (.
Proof. From (94) follows

(130) L., (u;u,.0)—L (4,-1;8)=0,r=12,...
From (21) it follows
(131) L., (u;u)—L (@-asu)=L, ., (4;d.—u,)

+ (&, 1—-8,) Au,+(a (x, u,)—a"’ (x, u,—)) 0*u,/0x; 0x;
+(a' (x, u,)—a’ (x, u,—1)) ou,/dx;—(a(x,u,)—a(x,u,1))u,
»—1,2,... . The mean value theorem and (16) imply

(132) a'/(x,u,) a’/(x,u,—1)| 0%,/0x;0%;|=m, 0%, 0x;0x; |u,—u, |,

(133) a (x,u,)—a' (x,u,1) ou,/ox;|=my ou/ox,  'u,—u, .|
(134) a(x,u,)—a(x,u, ) |, =my u, | u,—u, .

Now (130)—(134) and (98) imply

(135) L., (a;0.,—u)=(—&.0)n Da,|

+m|(n2+n+I)lu(uz'%_Pv_%QV)l/Q u,—u, (:c(?))
<{a;'2| f CA,““-{-.N._,+‘u3‘/a;)rao}[m,(n+l) U, —ty—1 oo+ R (ev—er 1))
From (95) it follows

(136) (- 1—11,) lop—O.

Similarly as in the proof of lemma 1, (135), (136) and the maximum prin-
ciple imply

U—8, | oS a1t (a;'? f ooy T e
+ gy \/au ‘n-n) m, (ﬂ+ l)} [(8_, €4 l) m, + ’ u, —u,— C‘(u)"

The series X, (4, —u, ;) is uniformly convergent. Indeed the above
inequality implies
U, 1— |oui ~a((e,—e&, 1)/ m-+ U.““.—H‘C.(;;)),
where 0<a< 1 according to (88). Let a sequence of numbers {a,}~ , be given,
such that
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(137) 0-—-a,.1—a(a,+b,), (6,=0)

where O<“a<C1 and the series 2> b, is convergent. Then the series 2= a, is
also convergent. Indeed (137) implies by induction

(138) O<=a, , u’a,—}—.g'u"‘l_"b,.
i=1

The series with a general term «* @, +2>-1a" """ b, is convergent, since it is
the sum of a convergent geometric series and the product of the convergent
series N, _; b, with a convergent geometric series. Now the convergency of
the series >, a, follows from (138). The convergency of X, (u,—u,) fol-
lows now for a, u, —U, 1 (o and (e, —e,.1)/m,, the convergency of 2= b,
following from (92) (93). This accomplishes the proof of lemma 5.
Completion of the proof of theorem 1. The Arzeli—Ascoli
theorem and lemmas 14 imply, that a subsequence {u, |~ = of the sequence

Y =1

{u )=  may be chosen, which is uniformly convergent in ( together with its
derivatives up to second order. Let

(139) u ‘l‘l_r'nwu,“.

Then

(140) lim du, /Ox;—-oujox; i—1,...,n

and

(141) limd%u, /0x,0x;-0%u/0x,0x;, i,j~1,...,n,

Lemma 5 implies that the sequence {u, —.j> , is uniformly convergent also
and lim“,mu,rl —u. Taking limits in the equalities

L., (u,,“_l;u,”)f-f w—1,2,...,

one concludes from (20) and (94) that u satisfies in ¢ equation (1) and from
(95) that # ,, 0. This accomplishes the proof of theorem 1.
Let us note that (139)—(141), (98) and (10) imply the inequality

(142) U S5 | oy + s N @/ ao.

Theorem 2. Under the conditions of theorem 1 the boundary value
problem (90), (Y1) has exactly one solution.

Proof. Let u be the solution of the boundary value problem (90), (91),
constructed in theorem 1, and let v be an arbitrary solution of the same

problem. Then

(143) L(u)—L(v)=0
in £ and
(144) (#—2) |on 0.

Now (1), (143), (144), w —u—7v and



QUASILINEAR DEGENERATE ELLIPTIC-PARABOLIC EQUATIONS 293

D(x)— — (@ (x, u)— a¥(x, V)u,,—(@ (X, u)—a (x, v) u,+(a(x, u)—a (x, v))u

imply
a’ (x, v)w;;+a' (x, v) w;,—a (x, v)w==P(x)

and @ s,=0. The maximum principle, applied to the last two equalities as in
lemma 1, implies

(145) W oy =@, ' max; D(x) .

Calculations, similar to those in the proof of lemma 5, together with the mean
value theorem and (142) imply

(146) | D L.a”_.-gm,(rﬂf 1)(110‘” f C(oy T g \/007;)) W ey
Now (145), (146) imply

[(1—m(n+a;\a;'? f C_,M-hu._,fzrm/_au'a;)] W || oy, =0.

According to (88) the first term jn the left hand side of the above inequality
is positive, whence |w g 0. This accomplishes the proof of theorem 2.

Remark 4. The assumptions for four times continuous differentiability of
the coefficients and the right hand side of the operator (1) are too strong. The
same results remain valid under the assumption that the coefficients and the
right hand side are only two times differentiable, the second derivatives being
Lipschitz continuous. In this case however the proofs are to be carried out by
approximating the coefficients and the right hand side with sequences of suf-
ficiently smooth functions, whose derivatives up to third order are uniformly
bounded. Since the corresponding considerations increase the dead load of the
construction in a purely technical aspect, we shall not discuss this more gene-
ral case here.

Now applying theorems 1 and 2 we are in a position to study boundary
value problems for the operator (1) for regions with 0Q=S; contrary to theo-
rem 1. We shall use technique, similar to that used in [2; 4] in the linear case
for continuation of the coefficients of (1) in a larger region.

Theorem 3. Let GC R" be a region with a piecewise smooth boundary
and let there exist regions £ and ' in R", satisfying the following hypo-
theses :

A) Oc .

B) The coefficients of the operator (1) and the right hand side of (1)
are defined and four times continuously differentiable in ' <[—M, M| and

(147) al’ (x, ¥) §5-0 (FE€R, (x, y) €2 X [—M, M)).
C) The boundary 09 is at least of the class C° and
a’(x,y) v, (x)rv; (x)>0, x€0dQ, ye[—M, M|,

where »(x) (v (X), ..., (X)) is an unit exterior normal vector at 02.

D) All interior points with respect to 0G of S, and S, are interior points
of © and the remaining boundary points of U are boundary points of Q :
in particularity S,c 0%, for the definition of S;—S; ¢f. (5)—(9).
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E) The components ©,(2-—1,...,1) of 2\ U do not have simultaneously
interior points of S, and S, on their boundaries.

F) The function f¢C*(£2) and the constant a, from (15) are such that
provided (15) and (16), the inequalities

’ S3
\1 -
53 G S3 ) Sy
il
Fig. 1 Fig. 2a Fig. 2b
(148) ae>2+(12n+6Ym[1+ X Do f e 1 f o)

a =1

+max {V1213, 9nwe,+ 1202+ 12n+ 6} {m (ag"* | [ ||+ o+ 1@ ay)

2
+m2 ‘}"0( 2"1 D“f ‘(“uﬁ;)_*_.ul | / L‘n(!,,)y}
and ay'x, f ;,:%;,<M hold, where the constants 1, w, wy o, =, and z, are
connected with the operator (1) and with the region © as in theorem 1 and
f(x)=0 on those components (2;, which contain on their boundaries interior
points of S,.

Then the boundary value problem Lu) - f in Gand u sus,—0 has exact-
Ly one classical solution.

Remark 5. The conditions of theorem 3 are satisfied for instance when
the coefficients of (1) are defined in a region (' O(, the sets §, S, and S,
are mutually disjoint (Fig. 1) or intersect on “edges” of the region G (Fig. 2,
a and b) (cf. [4] for the linear case) and a, is a sufficiently large positive
constant. The last situation naturally arises when we consider parabolic quasili-
near equations in cylindrical regions.

Proof of theorem 3. From A) — C) it follows, that the hypotheses
a) — c) of theorem 1 are satisfied and from F) it follows that (88) and (89)
hold, i. e. all the hypotheses of theorem 1 are satisfied. Hence the boundary
value problem L(u)=f in € and u ', 0 has exactly one classical solution.
Since Gc ©, then L(u) f in G and S,c 0 implies u 5, 0. It remains to prove
that u 's,—0. We shall accomplish this as in [4] or [7]. Let the component (2,
contain on its boundary interior points of &, Then F) implies that f 0O in
@, and by twofold integration by parts we obtain

(149) 0 [ fudx -~ [ L(u)udx= [ (@uu,+(2a+ a;i—a;)) u*/2)dx
0 2 5



QUASILINEAR DEGENERATE ELLIPTIC-PARABOLIC EQUATIONS 225

Ja/u; u vds—

o0,

1. .
2 ‘_’4‘ (a—a'/) u?v; ds.
052,

The surface integrals in (149) are nonpositive. Indeed, since JdQ, is a subset
of the boundary of ©\ G and the last is contained in 02 UG, 02, may be
decomposed as /" U /", where /" =002n0%; and I'"=0Q;\I'/. Now D) and
E) imply that /'”cS,. From u s,=0 follows, that the surface integrals on I7
vanish, i. e. it remains to prove that ' )

- n Vo
(150) a7/ uur;ds+ 5 [(@ -aY)u’», ds--0.
! r

r;

From (6) follow

(151) a'’(x, y)ry(x)=0, i-1,...,n
and '
(152) a’/(x, y)r;(x)=0, j 1,...,n

on S. Now (151) implies that the first integral in (150) vanishes. From (152)
by differentiation with respect to y one obtains a”(x, y)»:(x)-0, j-1,..., n
Since », in (150) are the components of the exterior for £, normal, i. e. of the
nterior for G normal, (7) and (9) imply

.; ,l;(a’ - a;f) voutds- 0.
)

Since u is a solution of the boundary value problem Lu) f in 2 and a 4,0
obtained by application of theorem 1, (142) and (148) imply the inequality
(2a + a{—al))/2=1. From (147) follows a“uu;= 0. Now (149) and (150) imply
[ u?dx -0, i. e. u O in 2, whence in particularity follows that u s.—0.

The uniqueness oi the solution thus obtained now follows as in the proof
of theorem 2, by using Fichera estimation, instead of lemma 1.

In the special case 902 S, theorem 3 is a slight improvement of the
result in [7], as it is easily seen by extending the equation in a sufficiently
large region (2 and taking advantage of the fact that in this case we dispose
of the constant a,; see remark 2.

Let us note also, that since the results obtained do depend not on the
dimensions of the regions considered, but on their “shape” only, these results
may be used for the study of the Cauchy problem in unbounded regions [7; 13].

The problem discussed in the present paper was suggested by T. Gen-
chev. It is a pleasure for the author to express here his most sincere thanks.
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