Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

Serdica

Bulgariacae mathematicae
publicationes

Cepauka

beiirapcko MareMaTu4ecKo
CIIKCaHue

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic reprints.
Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to third party websites are prohibited.

For further information on
Serdica Bulgaricae Mathematicae Publicationes
and its new series Serdica Mathematical Journal
visit the website of the journal http://www.math.bas.bg/~serdica
or contact: Editorial Office
Serdica Mathematical Journal
Institute of Mathematics and Informatics
Bulgarian Academy of Sciences
Telephone: (+359-2)9792818, FAX:(+359-2)971-36-49
e-mail: serdica@math.bas.bg



SIMPLE GROUPS OF ORDER 2*.3.5.¢"

KEROPE B. TCHAKERIAN

The aimn of the paper is to give a characterization of certain finite simple groups by
means of their order. The main result is as follows.

Let G be a simple group of order 2¢.3.5.¢% ¢ prime. Then G is isomorphic to one
of the groups Lg(5), Lo(9), Ly (11), Ls{16), Lo(31). and Uy(2).

1. Introduction. In the last ten years considerable progress has been
made in classifying finite simple groups whose orders are divisible by exactly
three distinct primes. Because of the joint work of a number of persons it
seems that these groups are close to classification. On the other hand, from
the group order point of view, only special cases of simple groups of order
divisible by more than three primes have been settled. The purpose of this
paper is to prove a result in this direction. More precisely, the following theo-
rem is obtained.

Main theorem. Let G be a simple group of order 2¢.3.5.¢° q prime.
Then G is isomorphic to one of the groups L.(5), Lo(9), L(11), L16), Lg(31),
and U (2).

The simple groups of the order considered here arose naturally in the
course of investigation on finite groups admitting a maximal subgroup iso-
morphic to A, the alternating group of degree 5. An application of the pre-
sent result to the determination of a particular class of such groups is given
in [24].

T]he bulk of our proof is the component case. The theory of both simple
groups of component type and simple groups of low 2-local 3-rank is the
object of intensive study. Nevertheless, it seems, at leas! to author’s know-
ledge, that the present result cannot be deduced from the collection of results
so far published.

The organization of the proof of the Main theorem is as follows. In Sec-
tion 2 we list a number of known preliminary results, mostly modular cha-
racter-theoretic, which are repeatedly used in the proof, as well as prove two
elementary arithmetical facts which are necessary to determine the block struc-
ture of G. Section 3 imposes initial restrictions on G and, in particular, shows
that if (G is not one of the groups listed in Main theorem, it must be of com-
ponent type. Section 4 is preparatory and establishes further odd-local pro-
perties of a minimal counterexample to Main theorem. Section 5 completes
the prooi by showing such a counterexample is necessarily of non-component
type and thus contradicting Section 3.

2. Notation and preliminary results. Notation used in this paper is fair-
ly standard and follows [12]. In addition, Syl,(G) denotes the set of all Sylow
p-subgroups of ( and B(p) the principal p-block of (. Character means an
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ordinary irreducible complex character. Notation like B(3) -- (1, 64, 65) means
that B(3) consists of three characters of degrees 1,64 and 65. If NV is an in-
teger, »,(/V) denotes the exponent of the exact power of the prime p which
divides N. A group element is called p-regular if its order is prime to p and
p-singular in the contrary case. V(/) and C(f) always stand for the norma-
lizer, respectively centralizer, of a subgroup /7 in the whole group. A group
is said to be of non-component type if its 2-local subgroups are all 2-con-
strained, and of component type otherwise. Finally, we shall freely use the
so-called bar convention for homomorphic images.

We now list a number of preliminary results which are needed for the
proof of the Main theorem. In all of them (G denotes a finite simple group
and p a prime divisor of G .

Lemma 2.1. Let P¢Syl, (G) and |P —p. Then B(p) consists of
r— MPy: C(P) nonexeptional characters y;, 1-—i-~r, and of an exceptional
family of s=(p-—1)/r algebraically conjugate characters ), 1--i—s, all of
the same degree z,. There are signs é;—= +1, 8= +1, such that z;—z,(1)=24,,
szo=d,(mod p); i~ 1,...,r. Furthermore, for every p-singular element x in

G xdx) 04 1 —i<r, and for every p-regular element x z\)(x)= —3d, X dx,(X),
k=1
V=i . Finally, the so-called degree equation for B(p) holds (|4])

,
Y 6,z, +8p2, 0.
k=1

LLemma 2.2 ([5]). A character y belongs to B(p) iff
G: Clx) | z(x)/x(1)= G: C(x) ! (mod w)

for every x¢G; here w is an appropriate prime ideal divisor of p.

Lemma 2.3 (|23; 6]). If the character y liesin B(p) then so does every
algebraically conjugate of z. .

Lemma 2.4 ([10)). If x is a character of degree p",n>0, then y is not
in B(p).

Lpe mma 2.5 ([2)). If the character y belongs to B(p) and x is rational,
then z(1) =p"(p—1), where n=vy(x(1))-

Lemma 26 ([10; 23)). If x is any p-singular clement in G then
Sx(V)z(x) 0, where the sum is taken over all characters in B(p) (block-sec-
tion orthogonality).

Lemma 27 ([4; 23). If »(1G) 1, g%#p is a prime divisor of G ,and
there is no element of order pq in U, then, in the notation of Lemma 2.1,
Y82, = 0(mod ¢°), where the sum is over all characters in B(p)\B(q) and
=, occurs at most once; here b v,(| G|) (block separation condition).

Lemma 28 (|9, p. 717)). Let P¢ Syl, (G) and P'=p. If the character y
is in B(p) then 3(\) divides | G: C(P)|.

Lemma 2.9 ([6)). Let x be a p-clement in G and y is an element in
Op(C(x)). Then for every character y in B(p)., x(xy)=z(X).

Lemma 2.10 ([5)). If Pt Syl,(G) and C(P)(Z P, then B(p) is the only
p-block of full defect.

Lemma 211 ([19)). /f G has a character of degree p", n -0, then
C(P)YC P for Pc Syl,((h).

Lemma 212 ([12, Lemma 4.3.1]). /f xcG and y is a character of U
such that (1G: C(x)!, (1))~ 1, then x(x)—=0.
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Lemma 2.13. If x is an element in G and y is a character of G, then
2(x)=x(x,)(mod w), where x, is the p-regular part of x and w is as in
Lemma 2.2. Moreover, if xis an involution, then x(x)=x(1) (mod 4).

Prooi. This is perhaps well-known. However, we note about the second
part of the lemma that as G is simple, any involution of G has an even number
of eigenvalues equal to I, which yields the congruence.

Lemma 2.14. If G has a character of degree p then »,(|G|)=1.

Proof (cf. [12, p. 171]). Let Pe¢ Syl,(G) and x be the character of de-
gree p. Consider the restriction of y on A. Since G is simple and (1) is prime,
it is easily seen that P is Abelian. Then Lemma 2.12 implies that y vanishes
on P# Now (x p, 1p) shows that ' P| must divide x(1), that is, | P'=p.

Lemma 2.15 ([12, Theorem 4.7.13)). If z is a character of G of p-de-
fect zero then y wanishes on all p-singular elements of G.

Lemma 2.16 ({20]). /f G has a character of degree n whick is rational,
then

v | ]
Vo G)T;fgo sip—1))

Finally, we need two simple arithmetical lemmas.

Lemma 2.17. Let x and y be positive integers greater than 1 and of
the form 2.5 .p% p prime >3, 0se<1. If 14+x=y then either x=4,y=5
or x--64, y--65 or one of x, y is equal to p.

Proof. Clearly x and y are mutually prime and we are led to three
possibilities.

If x or y is 5¢, then x-4, y—=>5.

If x or y is 2% we have 2¢=5¢.p*+1. ¢=0 yields, as well-known, =1
as p=+3. So x or y is p. Let e=1. Then 22=4-1 (mod 5) which implies a is
even and then 22=1 (mod 3) yields 2*=5.pf—1. Further, 2¢=1 (mod 5)
shows a is not divisible by 4 whence a=2(2y+1). Now 5.pf=222r+D) 4]
= (2 +1—2r+14.1)(227+14-2741+1). The two factors are mutually prime which
forces 22+1 —927+141=5. Thus, =1, a=3, and hence x=064, y=65.

If x or y is p#, we have pf=>5¢.2¢41. Assume f>>1 whence e=1 and
a>1. If g is even, p#=1 (mod 3) shows we have pf=5.2«—1 which in turn
yields p#=—1 (mod 4), an impossibility. So 8 is odd and we have 5.2¢=(p-F1).
(p#~'+ ---+p+1). The second factor is odd and hence must be 1. This gives
B=1, a contradiction.

The lemma is proved.

Lemma 2.18. The solutions to the Diophantine equation

(*) 3y . 31131+ 8,. 392/ +38,. 3°92%13' = 63,
where
o) 1< 31130 =9,, 1< 3%2/= 8, 1 <392*13' =83 (mod 5),

and &,,9,, 03— +1; 0S¢, &, e3=1; i,{=5, are —-3.1343.243.26=63, —13?
~3.284+-28--63, and 3.13°—3.27—3.2'1 - 63.

Proof. Assume first that />0. Then reduction of (+) modulo 13 implies
8q.3"2/=—2 (mod 13). If &0 this becomes 2/~!'=—4, (mod 13) and hence j
is odd, while (++) yields 2/=4é, (mod 5) and we reech a contradiction. So
& 1. Then 2/*'=—-¢, (mod 5) by (++), and also 3.2-'=-—4, (mod 13) by
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the above, that is, 223~ 4, (mod 13). But the latter congruence is inconsis-
tent with the former for both 4, +1.

Thus, /- 0 and hence k>0 by (s=). Suppose one of j and k is 1. Let
k1. Then e;- 1, 83— 1 by (##) and (x) becomes 6,.3"13/49,.322/- 57. It is
easily checked that j 1 is not possible. So j>1 and we obtain 4,.3" 1
(mod 4). Now & -0 yields &,--0 and also 4, | whence 13’—1 (mod 5) so
that i -4 and 0,.2/ = — 28504, an absurd. Thus ¢ -1 and hence e, =1,4d,— 1.
Then 137! - —1 (mod 5) yields i=1 or 5 and 4,-2/- 19+4-13". This is pos-
sible only for i—=1, giving the first solution of ().

Let now j, & 2. If ¢, 0, reduction of (+) modulo 4 implies 4,  —1 and
hence (++) produces i—2. This leads to 8. 3%22/4-8,.3%2¢ =23 29.Now j - k=2
is not possible and then j (or £) must be 3 which yields the second solution of (%)

Finally, if & 1, we have as above &,=1,i 3, and () reads 0y.3%2/
+0,.332% 27 51. Here j, k cannot both be =6, since the left side of the
equation would be greater than the right one. Thus, we may take j=7 which
leads to the third solution of (). The lemma is proved.

3. Proof of Main theorem. Initial reduction. Let ¢ be a simple group
of order 22.3.5.q°% g prime. If g=5, results of Brauer [8] and Herzog
(18] vield G=A;, Ag or U,(2). So we may suppose throughoutq 7 and b >0.

Lemma 3.1. Either G~1L,(11), L.(16) or Ly31), or g 13 and B(3)
'.*-(i. (34, \;5).

Proof. lLet P¢Syl,(G). Since G is simple, NV(P)=4=C(/’) by Burnside’s
well-known theorem [12, Theorem 7.4.3] so that A(P): C(/)|=2. Lemma 2.1
implies that B(3) consists of three characters, of degrees I, x,y, and the de-
oree equation is 1 +-x—y 0. As x and y are prime to 3 and greater than I,
l.emma 2.17 yields the possibilities for B(3).

The characters in AB(3) are the only ones of their degrees in B(3) and so
they are rational by Lemma 23. If B(3)=(1,4,5) then Lemma 2.16 yields
b=0, a contradiction.

Assume now that B(3) contains a character of degree ¢. Then 6 -1 by
LLemma 2.14.1f ¢ 17 a result of Brauer and Tuan shows that U=/,(q), ¢ 2"+ 1
or G>Ly(q— 1), ¢ 1 27([10]). Comparing orders we have GU=>Ly3l) or
G~L.(16). If q<17 then the degree equation for B(3) shows ¢ 7 or Il
In the first case Lemma 2.16 yields a-11. In the second case (i has a ra-
tional character of degree 1! and a result of Feit [11, Section 8.3] implies
that G has a subgroup of index 11 or 12. Then G is contained in the sym-
metric group S,, so that a<10. In both cases G <10° and M. Hall’s list
[16] gives G=Ly(11).

We note that in the above paragraph one could as well quote the result
announced in [1].

Thus, to prove Main theorem, we must establish the following result.

Theorem 1. There exists no simple group of order 2°.3.5.13°
with b ().

lLemma 3.2. If Gis a simple group of order 2°.3.5.13% b0, then G
is of component type.

Proof. Assume false so that all 2-local subgroups of (; are 2-constrained.
lLemma 3.1 shows that (G has a character of degree 64.

2¢ x, (in Thompson’s terminology) by a well-known old result [12, Theo-
rem 7.6.1). If 2¢n,, then [22] is applicable and implies G L,(f), Lq(3), Uy(3),
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Uy(4), A;, M, J, or J,. This contradicts the order of G. Thus 2¢ny|Jm, and
hence for every involution i of G O(C(i))=1 by a theorem of Gorenstein-
Goldschmidt [14, p. 74]. Another result of Gorenstein [13] then yields 2¢a,.

Thus, all 2-local subgroups of G are 2-constrained and 2¢x,. Now a theo-
rem of Wales |26] tells us that every nonprincipal 2-block of G has defect
zero. Since the character of degree 64 cannot lie in B(2) by Lemma 2.4, this
implies a= 6.

Now Sylow’s theorems yield a unique possibility for the number of Sylow
13-subgroups of @G, namely, 40. But this is impossible by a theorem of
M. Hall [15]. This contradiction proves the lemma.

4, Odd-local structure of a minimal counterexample to theorem 1. In
this section we shall derive further properties of a minimal possible simple
group of order 27.2.5.13% b>0. They will be needed in the next section
for the proof of Theorem 1.

Throughout this section G is a counterexample to Theorem 1 of least
possible order. It follows from the preceding section that G is of component
type and B(3)=(1, 64, 65).

Lemma 4.1. Let = be an element of order 3, i an involution in G, and
% @ nonnrincipal character in B(3). Then

G| Cl) (x(1)—x(0)*=2°.5.13.| C(0) N,

Where N(i) is a positive integer. Furthermore, 29 <yx(1)— (i) <96.

Proof. This is a group order formula cue to Brauer [7, Section IX]
an((il applicable here in view of the simplicity of G, Lemma 2.1, and B(3)
=(1, 64, 65).

Lemn%a 4.2. Every proper simple section of G is isomorphic to Ag.

Proof. This follows from the minimality of ¢, nonexistence of simple
groups of orders 2¢.5.137 [25] and 2/.3.13/ [18,, and the fact that A; is the
omy simple group of order 27.3.5 [8].

Lemma 4.3. G has no element of order 15.

Proof. This follows from Lemma 2.8 as there is a character of degree
65 in B(3).

Lemma 44. A subgroup of G +¢s nonsolvable iff its order is divi-
sible by 15.

Proof. This follows from Lemmas 4.2 and 4.3 and the existence of Hall
Subgroups of every possible order in a solvable group, as any group of order

Is cyclic.

Lemma 4.5. B(5)=(1,2%27.3,211.3,3.139).

Proof. The character of degree 64 is rational and Lemma 2.16 yields
b<5. Since G has no element of order 15 by Lemma 4.3, we may apply 3—5
block separation (Lemma 2.7). Thus, the characters of degrees 1 and 64 are
In B(5), while that of degree 65 is not by Lemma 2.1. If R¢Syls(G) and
N(R): C(R) —2, then the degree equation for B(5) is ' —64+2z=0 which is
Impossible, as z—63 does not divide G . Therefore N(R): C(R)| =4 and the
degree equation is oi the form 1—64--8,2,+0.,2,+ 83230 07 8,2, 4 9,2,+ 3323 = 63.

ere §,= -1, z;>1,z,=4¢, (mod 5); i=1,2,3. We can cbviously suppose z,
0dd and then, as z, cannot be 3, 2z, not divisible by 13. Now Lemma 2.18
Yields the possibilities for B(5).

The first one is immediately rejected, since the chamcter of degree 6 is

fational and then Lemma 2.16 gives & 0, a contradiction.
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Ii the second case of Lemma 2.18 holds, G has a rational character of
degree 24 and Lemma 2.16 shows that & -2. Ii G has no element of order 39,
we may apply 3- 13 block separation. The character of degree 65 is not in
B(13) by Lemma 2.5and we have 1+-64=—0 (mod 13%), that is, - 1, a contra-
diction. Thus, let x be an element of order 39. Apply now block-section ortho-
oonality (Lemma 2.6). Since the principal character belongs to B(13), there
must be a mnonprincipal character, gz, in B(13) such that z,(1) is odd and
7.(x)-0. The latter condition implies that x,(1) is prime to 3. Moreover, as
» -2, a theorem of Brauer [3, Theorem 3] shows z,(1) is not divisible by 13.
Eventually, z,(1) 5. Now Lemma 2.11 implies that a Sylow 5-subgroup of G
is seli-centralizing and then Lemma 4.4 yields the centralizer of every invo-
lution in G is solvable and hence 2-constrained. Equivalently, every 2-local
subgroup of G is 2-constrained [13]. This contradicts Lemma 3.2 and so proves
the present lemma.

Lemma 4.6. Let T be a 13-subgroup of G of order at most 13 If an
element o of order 5 normalizes T then o centralizes T.

Proof. o acts on T/®(T) which is elementary Abelian of order at most 13%.
Ience its automorphism group is GL(n, 13). Since 'GL(n, 13) is prime fo 5
for n 3, it follows that o induces the trivial automorphism on T'o(T) and
hence on 7 by a theorem of Burnside [12, Theorem 5.1. 4].

Lemma 4.7. Every proper subgroup of G is 13-constrained.

Proof. Assume false and let / be a counterexample. By considering
1 O,5(H) we may suppose Oy /1) 1. Put T=0,,(H), C- TCy T),and C--C|T;
then C+1. It is well-known from the theory of non-constrained groups (or
easily verified) that O 4(C) Ow{C) 1. Let now K be a minimal nontrivial
normal subgroup of C. Then K must be a nonabelian simple group and hence

K=~A, by Lemma 4.2. But this contradicts the condition O3(C)=1, proving
the lemma.

Lemma 48. 4 b -5.

Proof. We have already seen that 3- & .5 so that we have only to
prove b 3. Assume false and let & be an element of order 3 in G. Now the
formula in Lemma 4.1 yields »,( C(x)) is even. If » (| C(x) ) O, G has no
element of order 39 and again 3 -13 block separation (see Lemma 4.5) implies
b 1, an impossibility. Thus, »;y ( C(=) )=2. Let T ¢ Syly4(C(=)),.0 € Syl (),
and TCQ.

We shall first show that Q is Abelian. For, if not, Q is not contained in
C(T), that is, T¢Syly, €(T)), and 13-constraint of C(7) (Lemma 4.7) means
C(T) TXOC(TY). \s O C(T)) O,3(MT)) and QCV(7), Q normalizes
OwAC(T)). But a¢ O C(T)) and by the Frattini argument ( normalizes and
hence centralizes a subgroup of order 3 in Ou(C(T)). This contradicts
v, ( C()|)=2 and this shows that Q is Abelian.

Furlher, C.Q)—-¢. Indeed, otherwise there is an involution / in (), as Q
cannot centralize an element of order 3 or 5 by Lemma 2.8 (which actually
<hows G has no elenent of order 65). Using block-section orthogonality we
can construct, as in Lemma 4.5, a character, x,, of degree 65 in B(13). Here,
2.(1) must be divisble by exactly the first power of 13, and also by 5, as
the arguments in _emma 4.5 show. Since y,(i) is an integer and |G: C(/)| is
prime to 13 Dby assumption, Lemma 2.2 reduces to x(/)/z,(1) 1 (mod 13).
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So x(¢) is a non-zero muitiple of 13 and the congruence forces z,(i) =65 z,(1),
which is impossible for a simple group. This proves C(Q)=Q.

Let now y be the character of degree 65 in B(3). 1 is not in B(13), as

already mentioned, and B(13) is the only 13-block of full defect, as C(Q)—=Q
(Lemma 2.10). So x belongs to a 13-block whose defect group, D), is of order
132 Further, O,(C(D)) D [5] so that Q is not normal in C(D). If now x¢ D~
and O3(C(x))- 1, we must have (Q=0,4C(x)) by the 13-constraint and hence
Q is normal in C(x) D C(D), a contradiction. Thus, O13(C(x))= Oy(C(x)) (by the
above) 1. Let £ be a minimal nontrivial normal 2-subgroup of C(x). E is
elementary Abelian and Q Co(E) is a nontrivial automorphism group of E.
This yields at once E|—=212¢ ¢>(). This is, however, impossible.
j For, let ; be the character of degree 64 in AB(3). Then s is in B(13), as ¢
IS of full 13-defect. Now for every i in E¥,i¢ O13(C(x)) and we have, because
of Lemmas 2.13 and 2.9,64—=7(1) = z(x)-=¢(ix) = () (mod 13), as ¢ is rational.
Lemma 2.13 also implies (/) =¢(1) =0 (mod 4). Thus, (/) = 12 (mod 52). Since
—~32< (/)35 by Lemma 4.1, we have eventually -(i) 12 for every i in F+.
Now (5| & 1;) shows ' E <4. This contradicts the above paragraph and com-
Pletes the proof of the lemma.

Lemma 4.9. G has elements of orders 39 and 65. B(13) contains cha-
racters of degrees 3.13% and 5.13'; k, [ positive integers.

Prooi. We have already shown how to prove the existence of elements
of order 39 and characters of degree 5.13' in B(13).

The character of degree 3.13% in B(5) (Lemma 4.5) is rational (Lemma 2.3)
and hence does not belong to AB(13) (Lemma 2.5). Ii G has no element of
order 65,513 block separation yields the unique possibility —3.13% 1--26

-3.27-3.211— 0 (mod 13%) or &-3 which is not possible by Lemma 4.8.

Thus, G has elements of order 65. Now, using block-section orthogonality
and Lemma 2.4, one can construct characters of degree 3.13* in B(13) in the
Same way as for those of degree 5.13/ (cf. Lemma 4.5).

. Lemma 4.10. If Q¢Sy!,,(G) then CIQCT Q. If x¢ ZAQ) then C(x)
Is prime to 15.

Proof. Assume ((x) contains an element, z, of order 3. Let y, be a cha-
racter of degree 3.13% in B(13); such a character does exist by the preceding
lemma. Since (y,(1), G: C(x)))—=1, Lemma 2.12 tells us z,(x)-0. Then Lemma 2.2
Implies (= yx,(x)/z,(1)= 1 (mod w). This contradiction proves that C(x) pos-
Sesses no elements of order 3.

Similarly, using a character of degree 5.13 in B(13), one proves that C(x)
Possesses no elements of order 5.

Now, if C(Q)C Q, then there must be an involution, i, in C(Q). Put i in
the formula of Lemma 4.1. Since »,4(2(1)— x(i))— 1, this yields »,5( Cla) )=b 1.

the centralizer of some elment of order 3 contains a maximal subgroup of
and hence contains a central element of Q. This is impossible by the above
and completes the proof of the lemma.

Lemma 4.11. If o is an element of order 5 in G, then v, (| Clg) )= 1.

Proof. Let 7¢Syl,,(C(g)). Lemma 49 shows thal T =13. Let x¢ 7
ad y be the character of degree 65 in B(3). Lemma 2.13 implies z(x)=0
(moq 13) and also 0--y(px)= z(x) (mod 5) as x is of 5-defect 0 (Lemma 2.15).
Thus, 2(x)=0 (mod 65), whence x(x)=0 for every x in 7¥. Now (»,, 1,)
Shows g 13.
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Lemma 4.12. The centralizer of every nontrivial 13-subgroup in G is
solvable.

Proof. It is sufficient to prove the statement for a subgroup T of
order 13. Assume it is not true. Set C=—C(T); thus |C| is a multiple of 15
by Lemma 4.4. Let D—0,33(C) so that D=03(C)U, U¢Syls(D). Assume
that |2 is prime to 5. C—DN¢(U) by the Frattini argument and then there
is an element ¢ of order 5 in Ng(U). Thus, ¢ normalizes U and centralizes
T- U|=13* as otherwise 7 is in the centre of a Sylow 13-subgroup of a
and Lemma 4.10 shows C is solvable. Hence U/7T" <13 and then o centra-
lizes U/T (see Lemma 4.6). So o stabilizes the normal series U> T2O1 and
[12, Lemma 5.3.2] implies that ¢ centralizes U. However, this contradicts the
13-constraint of C. Therefore, 5 divides |D| and consequently 3 also divides
D, as in the contrary case [ and C/D would be solvalbe, yielding solvabili-
ty of C.

Thus, we have shown there is an element, x, of order 3 in 0, that is, in
O:1x(C). Furthermore, Lemmas 4.10 and 2.10 together imply that the character,
¢, of degree 3.27 trom B(5) is in B(13). As ¢ is rational and vanishes on all
3-singular elements, Lemma 2.9 yields 3.27=¢(1)={(x)==¢{(7x)=0 (mod 13)
for x¢ T+, an absurd. The lemma is proved.

5. G is of non-component type. In view of Lemma 3.2, the proof of
Theorem | will be completed once we have shown the following result.

Theorem 2. If G is a minimal counterexample to Theorem 1 then G
is of non-component type.

This last section is devoted to the proof of Theorem 2. In what follows
we continue to assume that G is a minimal counterexample to Theorem 1.

Lemma 5.1. Let H be a proper non 2-constrained 2-local subgroup
of G of largest possible order.

(iy H is a maximal 2-local subgroup of G;

(i) H=MV), V=0.H), and O(H)=0(H);

(iii)y There is a characteristic subgroup, L, of H such that H H/O(H)
has the following properties: |V, L|- 1, L'=L, Z(L)| 2, L/ Z(Ly=A;, and L
~SLy(5) or A;.

Proof. Assume HCH,, where £, is a proper 2-local subgroup of G. The
maximal choice of A implies that £/, is 2-constrained. An immediate conse-
quence of a theorem of Gorenstein [13, Theorem 4] tells us that every 2-local
subgroup in #, is also 2-constrained. This is not the case for /7 and thus
proves (i). Now the first statement of (ii) is obvious, and the second follows
from the fact that O(/7) is solvable (here easily verified) while /7/O(/1) must not be.

(iif) collects well-known properties of non 2-constrained groups, see [14],
together with Lemma 4.2 and results of Schur on perfect central extensions
of L,(5) [21].

We now fix the notation of this lemma. In addition, = and ¢ will denote
two arbitrary elements of L of orders 3 and 5, respectively. As shows the
next lemma, we can remove the bars in Lemma 5.1. Then, the various parts
of Lemma 5.1 will be freely used throughout this section without any further
comment.

Lemma 52. O(/)=1.

Proof. Assume false. Then O(H) is a nontrivial 13-group.

If O(H) =13% take an involution, i, in V.[V,L]C VN O(H)=1 yields
L C C(i). Consider once again the formula in Lemma 4.1, with z(1)=65. Now
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65— x(i) is prime to 13. For, otherwise we have 65-—x({) divisible by 5.13 as
5 divides 'C(i) but not C(w)|. So x()--0, incompatible with Lemma 2.13.
Thus, 65— (i) is prime to 13 and, since O(/7) centralizes i. the formula yields
| C(=) is dividible by 13 We reach a contradiction to Lemma 4.10.

Thus, | O(H) -=13% Now ¢ centralizes O(/) by Lemma 4.6. It follows
from Lemma 4.11 that | O(H) =13. C(O(f)) is solvable by Lemma 4.12 and
N(O(H))/C(O(H)) is cyclic. Consequently N(O(H)) is solvable and hence so
does H, since HC NM(O(/)). This is a contradiction proving the lemma.

Lemma 53. Cy(L)--V and HV S,

Prooi.  Cu(L), is prime to 15 as Z(L) is a 2-group; it is also prime to
13, since the centralizer of every nonidentity 13-element is solvable Dby
Lemma 4.12. Thus, C,(L) is a normal 2-subgroup in /7 and hence C,(L)=V.

Assume now that an element x¢ A\ V acts trivially on L/Z(L). Then
lx, L] Z(L) so that [L, x, L]=[x, L, L]--1. Now the Three-subgroup lemma
yields [/, L, x] -1, or [L,x]--1 as L’ [. This is impossible by the above pa-
ragraph and hence /7/V acts nontrivially on L Z(L)~ As. Then //V C Aut(A4;)~S;.

Lemma 5.4. V is of rank at most two.

Proof. Let ¥ be an involution in V and x the character of degree, say,
65 in B(3). Lemma 2.13 implies x(#) =x(#7) - —1(mod 3). Similarly, (¥
= (%) -0 (mod 5). Furthermore, z(#) =1 (mod 4), again by Lemma 2.13.Thus,
2(¥)=5 (mod 60). Since - 31=yx(#)- 36 by Lemma 4.1, we bave 7(®#)=5 for,
every involution # in V. Let now W be an elementary Abelian subgroup in
V. Then (i|w, 1) shows 60 —0 (mod W) or W/ 4.

lLemma 5.5. V¢Syl, (C0)).

Proof. Suppose V& Syl,(Cl(e)). Then there is a subgroup W in C(g) with
W: v 2. Now V is normal in W and hence W C N(V)=H. Then Lemma
5.3 implies that W/V is a subgroup of order 2 in S.. But W centralizes o,
while S, has no element of order 2 centralizing an element of order 5. This
contradiction proves the lemma.

Lemma 5.6. If 9¢Q(Z(V)) then C(H¥) = H.

Proof. 2,(#(V)) is an elementary Abclian normal subgroup in /7 of order
at most 4 so that ¢ has at most 3 conjugates in /4. Since x centralizes #, it
remains | H: C,(#) =2. In particuler, C,(:#) is normal in A.

Further, C(#) is not 2-constrained. For, in the contrary case Neo(V) s
also 2-constrained by the result of Gorenstein already quoted in Lemma 5.1.
But then C,(9)=HnN CWH) - N)(V) is 2-constrained. As Chy,, is normal in H,
it is clear that O,(C,(#))=V and O(Cy(®)) C O(H)=1. It follows V D Ccpif V)
by the 2-constraint. This is obviously impossible as L C Cy(#).

Thus, C(9) is not 2-constrained and then the maximality of / yields
H| - C(9)|. Hence ' C(#): Cp(#) | 2 so that Cp(d) is normal in C(#). There-
fore, C(9)C M(V)=H.

Lemma 5.7. Vis cyclic of order at most 4.

Proof. Let C ~C(o). Lemma 4.11 shows that C s divisible by exactly
the first power of 13. If O,(C)=1, any |3-element in C normalizes and hence
centralizes ,(Z(0,(C))), which is of order at most 4 (Lemma 5.4). But
94(Z(0,(C))) is a normal subgroup in V¢ Syl,(C) (Lemma 5.5) and so has a
nontrivial intersection with Z(V). This contradicts Lemma 56 as | F is prime
to 13 (Lemma 5.3). Thus, O,(C)=1. As C={p)x D, where D is solvable, it
follows 0,4(C) -0,(D)=1. Now C(0(C)) is normal in V' and, as
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Cy(0,5(C)) N Z(V) must be trivial, we have C,(O,5(C))= 1. Hence VC Aut (O 5(C)),
the latter group being cyclic of order 12. This proves the lemma.

Lemma 58. |V =2.

Proof. Let S;¢Syl,(C(x)) with §, DV and set W=Ns(V).

Let now i/ in Lemma 4.1 be a central involution of G. Then the formula
yields »,(|C(n) )=a—6, as »,(x(1)—x({))==6. The existence of a character of
degree 3.2!! (in B(5)) shows a=1! and hence | S| =25

We now proceed as in Lemma 5.5. So Wc H and W/V is a 2-subgroup
of §; centralizing an element of order 3. This is possible only if | W/V|=2
and then |W|=8 (Lemma 5.7). This shows, together with the above para-
graph, that W is properly contained in S; and W: V|=2.

Thus, there is an element, x, in VS(W/)\W 'such that x2?¢ W. Then
(V*nV)yx=v*nV*—-VnV* Ii v is the involution in V (Lemma 5.7), C(v)
=N(V)=H and, as x¢ //, we must have VN V*=1. Now VV*C W, l VV"!

VESW §8 which is possible only if V =2,

Lemma 5.9. G is not of con:ponent type.

Prooif. We have so far seen H=C(v), {(v)=V=0y(H), and H/V=A; or
Sg- We must actually have H/ V=5, since otherwise W=V in Lenma 5.8, as
Ag has no element of order 6. Then V¢ Syl,(C(x)) which is impossible (see
Lemma 5.8). Consider H,={v)L.H,=SL.(5) or Z,X Ag and |H: Fl;|=2.

Suppose first that HISSL (5). Then v is the only involution in Sl € Syly (H)),
as Sylow 2 subgroups of SL.(5) are quaternion. If now 2z is a central involu-
tion of G lyirg in S¢Syl,(H), F shows that z==v and so z¢S\S,;. Thus
S§=8,X{z). But then S/(w) is elementary Abelian which is not the
case for ;.

Therefore, H,=Z,< A;. Now S, ¢ Syly(H,) is elementary Abelian of order 8.
Since the four-subgroups in A are self-centralizing and S cannot be Abelian,
we have C(8,)=C,4(S,)=S,. Now a result of Harada [17, Theorem 2| im-
plies that G has sectional 2-rank at most 4 and then a theorem of Goren-
stein and Harada [27] yields the possibilities for G. All these are incom-
patible with the order of G, giving the final contradiction.

This proves the lemma and thus completes the proof of Theorem 2, The-
orem 1, and Main theorem.
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