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A GENERALIZATION OF TIMAN’S THEOREM
FOR APPROXIMATION OF FUNCTIONS
BY ALGEBRAIC POLYNOMIALS

DIMITAR G. DIMITROV, VASIL A. POPOV

Estimates are given for the local Hausdorff approximation with a parameter of a given conti-
nous function in the interval [—I1, 1] by means of algebraic polynomials. These estimations in the
boundary case lead to the well-known Timan estimation for approximation of continuous func-
tions with algebraic polynomials. On the other hand from this estimations follows the universal
Sendov’s estimation for the approximation of bounded function in Hansdorff metric.

We shall denote by r(f, g; a) the Hausdorfi distance with a parameter a
between the functions f and g bounded in the interval [—I, 1} Concerning
the definition and the fundamental properties of the Hausdorff distance be-
tween functions see [2]; [3]. Let us only recall that if f and g are continuous
functions in the interval A=[—1, 1], then the Hausdorff distance with para-
meter @, >0, between them is defined by

r(f, g; a)=max{max min max {a'|x—y, f(x)—g(y) '},
x€4 y€4 €4

max min max {a~! x—y|, f(y)—-g(x)[}}
X€4 yEd
A basic result of the theory of approximation of functions with respect
to the Hausdorff distance is the universal estimate, obtained by Bl. Sendov [4).
Let H, be the set of all algebraic polynomials of degree n. The best Hausdorff
approximation with parameter a>0 of a bounded in the interval 4 function f
is defined by E, (f; a)=inf {r(f, p; a):p € Hy}.
The above mentioned result of Sendov asserts that

(1) E,(f; )=0 (n"'Inn).

This theorem will be improved if one takes into account the Nikolski's
effect: the approximation by algebraic polynomials is better at the ends of
the interval than in its middle.

. If we define the Hausdorff deviation at the point x € 4 with parameter
a y

f(x)—g(x) ,=max {max maxja'|x—y, f(x)—gW)}

YEa

min max{a !/ x-y, f(y)—&(X) }}

YEd

then the following result holds [5].
Theorem A. Let f be a continous function in the interval 4. An ab-
solute constant ¢ (M) exists, depending only of M = max ¢, f(x), such that
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10 D. G. DIMITROV, V. A. POPOV

for ewvery natural number n there exists such an algebraical polynomial
Pn € Hy, that for every x ¢ A we have

(2) ) —pa(x) ,=c(M){n—'"J1 —x2In n+(n—'In n)2}.

Timan’s theorem states (1]: if f is a continuous function in A, then for
every natural number n there exists an algebraic polynomial p,¢ H,, such
that for every x¢ A we have

(3) f(X)—pa(x) = o (f; "W 1—x2+n"2),

where w(f; 6) = max «_y—s|f(x)—f(y), x,y€4, is the modulus of conti-

nuity of the function f in the interval A, while ¢’ is an absolute constant.
It is easy to see that for a— O the Hausdorff deviation with parameter

a at the point x tends to the absolute value of the difference between the

continuous functions f and g

(4) f(x)—8(X) la— | f(X)—g (X) .

a0

Timan’s theorem does not follow directly from estimation (2). The prob-
lem arises to obtain such an estimation for the Hauscorff approximation
with parameter « by means of algebraic polynomials, so that Timan’s estima-
tion be a consequence of it when a— 0.

Theorem |. Let [ be a continuous function in the interval [—1, 1]. For
each natural number n and each a, 0<<a=1, there exists an algebraic poly-
nomial P,,,.¢ H, such that for every x ¢ [—1, 1] the following inequality
holds

5) f(X) =Py, a(x) a=co(f; 4, (x) A1 +ad{(x) @ (f; Am (X))}

where A, (xX)=m 'J1—x2+m 2 m=n /In (e+a n?), while ¢ is an absolute
constant.
As becomes immediately obvious, for every a>0 we have

f(X) =P, a(X) [a=Co(f; Am(X),/{1+adt (X)@ (f; dpm (X))}
=cdm(X)/a=c'(NT—x* i1 In n+(n—'In n)?) /a,

i. e. the result (2) (as well as (1)) follows from the result (5). Besides, if we
let « — 0, owing to the unifrom boundedness of P, ., we can choose a uni-
formly convergent subsequence P,., P, tends uniformly in [—1, 1] to some
P, ¢ Hy a;— 0, and hence, from (5) and (4), when a, — 0 we obtain Timan’s
estimation (3).

Let us note that a generalization for the Hausdorff distance with a para-
meter of Jackson’s theorem in the case of approximation by trigonometrical
polynomials and entire functions of exponential type (similar to theorem 1) was
obtained in [3]. But theorem | cannot be obtained from this generalization.

The method we employ for proving theorem | is analogous to that in (3],
applying, however, the corresponding modifications resulting from Nikolski’s
effect in the algebraical case.

Proof of theorem 1. Let f be a continuous function in the interval
[—I, 1] and s>0 be a natural number. Let us set m—4s. For such m we
construct the function f,, in the following way: -
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We set: X;j= —cosia/m, i=0,..., m,
M, —max {f(x):x€[xy, Xy} mi=min {f(x):x€ [xy;, Xgup4])y i=0,...,5—1
my X €[Xgy, Xga) i=0,...,5—1;
Fn() = M;, x € X4t Xggs), i=0,..., s—1;

linear and continuous in the
other subintervals |x,, x;4,].

The following inequality holds
(6) F(X)—f (%) la==8a2min {a— A, (X), @ (f; Am(X))}-

Really, if the point x € [xy, X 4], O=i=s—1, then by construction

M= [ (X) =My, [ (X4i)=Mi, [ (X4i10) =My

Whereby we get successively
) () —=fn(X) =@ (f; | Xu—Xaasn |)
and for every x there exist points y. and 2., ¥« 2« € [X4, X414), such that
®) f(X)=fm (W) [m(X)=f(2x), X—Yx = Xy—Xau+1) ) X—2x|= Xy— Xa+1)-

Let x—=cost, then ¢ ¢ [4i a/m, 4(i+1)a/m]. We have (¢t —4(2i+1)n/2m
chey |X—Xa+1) =) cos (4ix/m)—cos (4(i+1)a/m)

@ - 2sin st b | gy (20007 ) )

=5 sint cos (M —t)+costsin (w‘_t)’
m m o~
| |

2%

:m—"( sint%+;—)$if(\/l—x"+;l-)=8n’ A,, (%).

From (7)—(9) and the definition of the Hausdorff difference with a para-
meter a at the point x we obtain (6).

For the function f, (cosf) we construct the modified Jackson’s ope-
rator

Un, (s )= tim r | fn (€08 (6+0)) wm, - () it

where vy, ,(f)=((sin 30 mt/2) /sin ¢/2)*", m, r=2 are positive integers and norm-
ing factor u. , is defined by the condition

Wm, r } Wm,r(u)da-': ¢

Upm, » is an even trigonometrical polynomial of the order <30mr. We
have:

[ St NS i \ Y
(10) 0<imr < (27 (oo Jat < () /4
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We shall estimate now
f (X)—=Unm, (fp s arc cos x) .

For each fixed x¢[—1, 1] we set x=cos¢{ f¢|0, 2a], 2, (x) = [—cos(¢
—1/2m), —cos(t+1/2m)|, when £—1/2m<C0 we set O, (x)=[—1, —cos (¢
+~1/2m)], when £+1/2m=2x we set Q,(x)=[ —cos({—1/2m), 1]. Let us men-
tion that for the length /(£,,(x)) of the interval ©,, (x) we have

U2, (x)~ 2sintsinl2m| <=m—'\I—x2 if £—1/2m-0, t+12m=2x,

(11)
(2, (x)= 1 -cosl/m|=12m? if t—1/2m<0 or t+1/2m>2n.

For every y¢ Q,,(x) we have

min ) {fm (Z) Afm (X)}/:fm (y)_fﬂl(x)§ze?a(xx){fm (Z)_fm (x)}

Z€ 0 (¥
From here, using the definition of the operator U, ,, we obtain
1/2m
U‘;"i? : m (2)—frm (x)} = l‘m.r“{ (fm (cos (u+1t))—f, (cos O)) ym, (u)du
= max {fm (Z) *fm (X)}
z€Q, (¥

Since f,, is a continuous function it follows from the above inequalities
that there exists y,.¢ 2, (x) such that

S (9~ Fon ()= tim s [ (f (08 (04 £)) (05 ) ymr () it

or, expressed in a different way
(12) Sm (Vx) —Unm,, (arc cos x) | <@ (x),
where

O =ttmr | S T (€08 4+ 0)—f, (€OSE) | yims (1) dt ) -

—n 1/2m

We shall estimate now ¢ (x). First of all we must estimate | f,,(cos (u+1))
—fm(cosf)| by means of the modulus of continuity of f. By the construction
of the finction f,, we have

S (cOst)y=f(cos (t+b, (£)) ), fm(cos(t+u))=f(cos (t+u-+b,(¢ un)),

where 10, (8)|<=4n/m, | by (L, u) =4n/m.
Consequently

Sm(cos (£+u))—f, (cost)|= f(cos(t+0,))—f (cos (£+u-+by)

—w(f; cos(t+8,)—cos(t+u-+8y) | )=2w(f;|sin <t+ ‘—‘iei“-'—) sin 400 | )

(13)

2

<8 (f; (V= + 5+ ) (54 )
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Therefore

: y- s ik 1
Pm (x) =16 Tm,r f’/;mw(f; (\/1 —Xx24+ ‘uTI = T) (%‘*‘ ;) Ym,r (u) du.
Since u=1/2m, 2u=1/m, we have

7 ()=167um, T o fi (VI=32 +3- 03 ) vmr @) du

(14) <167 ums | {w (f; 3 T=%* ) +o (f; %u’)} wmr () dut

= 167’/‘17:.?'21{ Sem w (f, L _X2) +‘2‘2£ u*m?* o (f, mia)} Ym,r () du.

m

Using (10) and the definition of yw,, we obtain from (14) (r=2)

p(x)<4x (sﬁ)zr—ll;{n{ dum w (f; V?)-%——%é u? m? w(f: ,,':?)} -(::%2,—

P ( g;m)'”" {IOmw (: ‘/T‘z)u—””—i- 25m? w (f; m%)u—"“} i

where ¢; is an absolute constant.
Since =*/30=1/3=1/e, we obtain

(15) @ (xX)=c,e ¥ w (f; '/T__ﬂ+—l—)=cle—2'w(f; A (X))-

m m?2

From (12) and (15) we obtain that for every x ¢ [—1, 1] there exists y,
such that

(16) fm (V)= Unm,-(arccos x)| =c, e ¥ w (f; Vi ;x2+—m17), Vx € Qp(X),

and ¢, is an absolute constant.
From (11) it follows that

Vi—x2

a7) e—x|= Vo2 4 o < A (%),

On the other hand, since y. ¢ 2, (x), we have
fm (X) "fm ()’X)l = Ifm (COS t) & fm ((COS(t—ru)) ’

where |u -=1/2m. Using (13) we obtain that
(18) o () —F (32) | =870 (£ (\/l_:xz"*'—?"—)ml);s:i?nw(f; 4, (%)),
From (16) and (18) it follows (r—>2)

| fon (X) —Unm,(arc cos x) | =32aw (f; 4y (X)) + 17 o (f; dpm (X))
(19)
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“cqw (f; d,(x)).
The inequalities (16), (17) and (19) give us

,min  max {% Xy, |Uny,(arc cos x)—f,, (¥)| }
(20)
~min {an(f; L’lm (x))y max {a_l 4, (X), €y e—?rw(f; A, (x))}}:(l)(x' m, r),

where ¢, and ¢, are absolute constants.
This is an estimation for the deviation of Unm, from f,. Now we shall obtain
an estimation for the deviation of f, from U, For the purpose we shall es-

timate the difference between f, and U, at the points 2z, =arccos (2:'2;'1)_:5,
i—=1,...,m—1.
Since
f m (—cos (——(2[2;,”-" +u)) =f,.(—cos(g%i)) for \u|=1/2m,

we obtain immidiately

fm(2:)—Unm,(arc cos z;) | =@, (21
or, using (15)
(21) | £ (20)—Unm,(arccos z;) | ¢, e o (ft A, (%), i=1,..., m—1.

Since f,, is monotone in the interval [z, z,4,], i=1,..., m—2, and Un,
is a continuous function, we see that for every x¢ [z, 2.4,] there exists
O € [2;, 2;41) such that (x=cos¢, by=cos(¢+u), u =1/m)
Ji=x2 1
Tm Tm?

X—by = 2 sin (tJ—%)sin %‘g =4, (x),
(22)
S (X)=Umr (fr; arccosty)|=c, e ¥ o (f; dm (X))
For x belonging to one of the two end intervals [—I, 2,] and [z,—,, 1] we
have f, (X)=fm(2)) Of fm(X)=fn(Zm_,) and (22) is also fulfilled with ;=2 ;.
From (22) and (19) we obtain, analogically of (20)

(23) yl:?iﬂl ”max[% lx—yl, if,,, (x)—Upm, (arc cosy)j}gdi(x, m, r).

The inequaiities (20) and (23) give us
(24) o (X)—Unm,(arc cos x) |, = P (x, m, r).

Let us set now ,,_7[7‘"@5‘2—_", "?)—l, m= 4 [ﬁ%]([aldenotes the integer part
of a), and let n be so large that [I-ig—rj>l (remember that a=1). Then r=2,

m=4s, 30 rm—=n, consequently [/, ,(arc cos x) is an algebraic polynomial of
n-th degree. On the other hand,
@ (x, m, r)=min{cqw(f; Am (X)), max{a=' 4, (x), ¢, e o (f; Am(X))}}
" — w H lm )
(25) -min {C.w(f 3 dm(x)), max {a ' 4,, (%), e-t‘"':a(fir,.fix-l}}
< cymin {a—t A, (x), o (F; 4, (X))
where ¢, is an absolute constant. ,
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From (6), (24) and (25) we obtain

26) F(x) =Uppr (X) |« = f(X)—Fm (%) |a+ | (X) —Unm,r (arc cos x) ,

(A () ‘ 0 (5 A (%))
< m (™) o (f;4 <2, 2Uidmx)
=6 """{ kY "'(x))} et (9 o (f, 4y (1)

Here m—4 [n/lQOll“_("_;"fﬂ”. n is so large that [n/120 [EL‘%‘E“"_Z)]J

‘1, Un,, is algebraic polynomial of n-th degree, ¢, is an absolute constant.
Obviously if we increase the constant ¢, we can obtain from (26) that
for every natural number n there exists P, ¢ A, such that for every x¢[—1, 1]
we have
o (f; Ay (X))

_ <
f(X)—Pn(x) a=c WO TR Y

Ji=xz 1

where A, (x)= s L

Theorem | is proved.

m=n/In(e+2n?) and ¢ is an absolute constant.
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