Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

Serdica

Bulgariacae mathematicae
publicationes

Cepauka

beiirapcko MareMaTu4ecKo
CIIKCaHue

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic reprints.
Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to third party websites are prohibited.

For further information on
Serdica Bulgaricae Mathematicae Publicationes
and its new series Serdica Mathematical Journal
visit the website of the journal http://www.math.bas.bg/~serdica
or contact: Editorial Office
Serdica Mathematical Journal
Institute of Mathematics and Informatics
Bulgarian Academy of Sciences
Telephone: (+359-2)9792818, FAX:(+359-2)971-36-49
e-mail: serdica@math.bas.bg



SELECTION AND FACTORIZATION THEOREMS
FOR SET-VALUED MAPPINGS

STOYAN 1. NEDEV

A unified method for proving selection and factorization theorems for set-valued mappings
is presented. Some elements of this method were announced in the papers of Nedev and
Coban (1974), Nedev (1975) and Coban and Valov (1975).

Applications are made in general dimension theory and some extension theorems of
Hanner-Dowker type are obtained.

A number of selection theorems appeared in the literature beginning with
the E. Michael's paper [12]. These theorems were obtained by different auth-
ors with various methods. Moreover, as it was pointed out by the author in
[18], that the proois of some of these theorems were erroneous and this has
not been recognized for a long time (see [16]).

Here we give a unified approach to this topic. Some elements of such an
approach were announced by S. Nedev and M. Coban in [19], where the
great closeness between the problems of finding a selection and finding a fac-
torization for given set-valued carrier was pointed out as well In this paper
selection and factorization theorems are obtained by the same method. The
key role is played by the notion of carrier having the selection-factorization
property (abbr.-s. f. p. carriers). Selection and factorization theorems are prov-
ed for s. f.p. carriers and then in the yet known cases it is shown by simple
verification that the corresponding carrier is s. f. p. one.

In order to make the exposition of our method self-contained and to give
the reader the possibility to compare easily this method with other ones, we
present here the proofs or outlines of proofs of a number of known results.
As a rule these proofs are completely or partially modified, simplified or ge-
neralized, so that a form is given to them, which is, according to our opinion,
more convenient for our purposes.

1. Some definitions and preliminary resuits. If A is a set then |A is
the cardinality of A. If X is a topological space and Ac X, then [A] and (A4)
stand for the closure and the interior of A, respectively. If ¢ is a collection
of subsets of X, then the order Ord (g, A) is the smallest cardinal number ¢
such that for every point x¢tA we have 1> {M¢p x¢M} . In the case when
Ord (p, A)<Re @ is called point-finite on A. The collection ¢ is called locally-
finite [1] if for every x¢X there exists a neighbourhood Ox of x which inter-
sects no more than finitely many elements of @; ¢ is called discrete if
for every x¢ X there is a neighbourhood of x intersecting at most one ele-
ment of ¢.

The dimension dim X of the space X is the smallest integer n=—1 such
that every finite open covering of X has an open refinement whose order on
X is not greater than n-+2. The space is called r-pointwise-r’-paracompact if
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every open covering w of X with o <t and Ord(w, X) -7’ has an open lo-
cally finite refinement. The z"-pointwise- z*-paracompact spaces are said to be
r-paracompact. (r© means the smallest cardinal number, which is greater thanrt.)
The spaces which are :-paracompact for every ¢ are called paracompact [5].
We shall use also the notation cc-pointwise-co-paracompact space instead of
paracompact space. In a similar sense the symbol oc will appear in some other
notations.

The space X is called z-collectionwise normal if X' is a 7 ,-space and
every discrete collection ¢ of closed subsetsof X with ¢ - 7z can be separat-
ed by an open discrete collection y={V,| Ftp| (i.e. Fc Ve for every Fig).
The 2-collectionwise normal spaces are called normal. It is easily seen that
every normal space is N,-collectionwise normal one. cc-collectionwise normal
spaces are called collectionwise normal [3].

Lemmal (S. Lefshetz [10]). Let X be a normal space and
w=\U, atA} be a point-finite open covering of X. Then there is an open
covering y -V, «A} of X, which is an index-closure refinement of w, i.e.
|V.]cU., for everyv atcA.

Outline of the proof. Let 7 be the topology of X. Denote by I
the family of all couples (A4, f") where A’c A and f': A" — T is a mapping
with the properties:

D) [f(w]c U, for every atA’;

2) X=(U{/(«) acA)U(ULU, acA\A)).

We partially order 9){ in the obvious manner. Every simple ordered subset
of M has an obvious upper bound and hence, by Kuratowski — Zorn’s lemma,
9 has a maximal element (A, f,). It is not difficult to check that A4,=A4,
which completes the proof.

Recall now the definition of partition of unity. Let X be a topological
space. A collection ¢ of continuous functions from X to the non-negative
reals is called partition of unity on X if X{f(x) fep}=1 for every xtX. If w
is a covering of X and ¢ is a partition of unity on X, then, by definition, ¢
is subordinated to « if every f in ¢ vanished outside some U in w.

Lemma 2 ([11]). Every open locally finite covering w of a normal
space X has a partition of unity subordinated to it.

Proof. Let w—{U, atA} and let y={V. atA} be an open index-closure
refinement of w (see lemma 1). Using the Urysohn’s lemma, for every acA
we construct a continuous function g,:X — [0, 1] such that g.(V.])=1 and
(XU, =0. Next define g(x)==3{g.(x) atA} and f.,(x)=g.(x)/g(x) for every
x¢ X and atA. The collection @-—={f., acA} is the required partition of unity.

Lemma 3 (M. R. Mather, [7]; see [17]). If the partition of unity ¢ on
a topological space X is subordinated to the covering w of X, then o has a
locally finite open refinement.

Proof. For every i=1, 2,... and every fte define V;;{xEX‘f(x)>i—‘}.
Let us show that the family {V/‘ fep) is locally finite for everyi-1, 2, ...

Take an arbitrary x,X and let [ f, ..., f,]C¢ be such that E;.'Z,f,(xo)\) 1 —i.
Define Ox, - {xcX X7, fy(x)>1—i-'}. It is obvious now that J& frr ooy fa)
implies Ox,N Vi~ #. Thus {V} feo} is a locally finite collection. Next we
put Pl {xeX | f(x) -(+41)i 2%, G={xeX f(x)>(@+1)i~%), Pr= U{P}| fep} and
Gi = UlG, fep) for every fcp and i=1, 2,... . Then V] and Gj are open,
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Gic Pic V] for every fep and i=1, 2,... and X= U{G, |i=], .. }. Define
now U, V} and U} - V;’\(Plu ... UPiy) for every ftop and i-2,3,.
The collection y —{U}| feg, i =1, 2,...} is a locally finite open covering of X,

which refines w. In fact, if x¢X then xeL, o where 7/, =min {i x(V' for some
f€p}. Moreover, if x¢G, and O; is a nelghbourhood of x mtersectmg at most

initely many members of {Vi fegp then G,NO;N ...NO, is a neighbour-
hood of x, which intersects only finitely many elements of y. This completes
the proof.

The collection ¢ of subsets of a topological space X is called closure-
preserving if [U{F Fco'}]= U{[F]| Fte’'} for every subcollection ¢’ of ¢; the
collection ¢ is called hereditarily-closure preserving if every collection y of
the form w={Hg|Fcp}, where HeCF for every Fte, is closure preserving.
Note that every locally finite collection of sets is hereditarily closure preserv-
ing. Yet, every closed, point-finite and closure preserving collection is
locally finite.

Lemma 4. Let the covering o of a topological space X has a refine-
ment y with some of the following properties:

1. y is a (closed or open) locally finite collection;

2.y is a (closed or open) (hereditarily) closure-preserving collection;

3. Ord (y, X)=n.

Then w has an index-refinement with the same property.
Proof. For every /¢y fix a Urtw such that I'c Ur and define H,= U {l¢y
Up— U} for every U in . Then the covering {H, Utw} is the required one.

Lemma 5. Let t>Ro and v =R, be cardinal numbers and X be a T,-
space. [f every open covering oj X with » <t and Ord (w, X)—t" has a
closed closure preserving refinement, then X is normal and t-pointwise-t'-
paracompact.

Proof (the idea is taken from E. Michael's proof in [13]). First of all
let us show that X is normal. Let F, and F, be disjoint closed subsets of X.
By lemma 4 there is a closed covering {P,, P,} which is an index-refinement
of the covering {X\F,, X\ F,). Define U, =X\ P, and U,—=X\ P, Then
UnU,- g, FrcU, FycU, and both U, and U, are open sets. So X is
normal.

Let now w—={U, atA} be an open covering of X such that o|<tz and
Ord (w, X) 1. We assume that 4 is a well-ordered set and define by induc-
tion a sequence {u;—{F |acA}, i =1, 2,...} of closed closure-preserving co-
verings u; of X such that:

1. PPcU, for every atA and i1, 2

2. Pflﬂ/){‘ g if f>a and j>i.

We begin with «, {P,'.‘uGA}, which is a closed closure-preserving index-
refinement of o existing by the assumption and by lemma 4. Assume now
that u,, w, ..., u, have already been constructed. Define Ur+'=U,
NUP, B<a, i 1,2,..., n} for every atA. Let us see that {U"*! atA} is
an open covering of X. Suppose x¢X and let a, —min{atA x¢U,}. Obviously,
x¢Un+t Then for w,.: we take a closure preserving index-refinement of

x
(Ut ac). So the sequence |(w; i=1, 2,...} is well constructed.
a \ §
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Now for every i and atA we put V=P N\(U{P|B+a))U(UIPL j
—i—2}) and define »'={V! acA, i=1,2,...}. We are going to show that
y' is an open covering of X with |y |<z and Ord (/, X)=§, Fix x¢X and
let a; = min;| a(A'xCP“ for every i. Define ¢,=min{e, i=1,2,...} and
k=min{i a,=a,. Then erk“ In fact, xePk whence, by 2., x{Pi+! for
B>a,. Also xgPit! for f<la, by the definition of a,. Finally x({Pl for j= k—1
again by the definition of «,. So, xévk:‘ and ' is a covering. The openness
of ' and the inequality |y’ /<<r are obvious. To show that Ord(y, X)=g§, it
is sufficient to remark that the collections {V’ at A} are disjoint ones, be-
cause if x¢ Vik then xgV/ for j=k+2 and peA (here k is the same as was
defined above). Therefore, by the assumption of the lemma, there is a
closed closure-preserving index—refinement {Q lacA, i=1,2,...} of y. Since
X is a normal space there are open sets I°; and @; in X such that Q,c 7
c[llcGic[G]cV,, where Q;=uU{Q! atA} and V- -U{Vi|acA} for every
i—=1, 2,....Now we define W!=V!'NnG, and W/ =V NG\ U{{l}] j=i—1}
for every atA and i=2, 3,... . In order to finish the proof it is sufficient to
show that y={W'’ acA,i—1,2,...} is an open locally-finite covering of X. For,
let xcX and let i,—min{i x¢G,}. Then xcV% for some atA and x{(/7] for all
J<lip. So xcWh. The local-finiteness of y may be seen as follows. First we re-
mark that the collection y,—{W?’ atA} is discrete for every i In fact, if x¢[G;),

then O,=X\JU;] is a neighbourhood of x which intersects no element of y,;
in the case x¢[G;] we have x¢V? for some afA and then O,=V("‘ is a neigh-

bourhood of x, which intersects no element of y; except W. Finally for x¢X
let iy be such that x¢I;. Then I'; nOqu ... NO;_is a neighbourhood

of x intersecting at most t, lements of ».

Lemma 6 (S. Nedev [17]). Let X' be a closed subset of a r-collec-
tionwise normal space X and let o be a collection of open subsets of X,
which covers X' and is such that |w|=t and Ord (o, X)=R, Then there
exists a locally finite (in X) collection of open subsets of X which covers
X' too and is a closure-refinement of .

Proof. Put X ={xtX | Ord (o, {x})=n+1}. It is obvious that X'= U > X
and that X’ is closed for every n=1, 2,.... Now put F,=XnU for every
Utw. Then {F},|Utw} is a discrete collection of closed subsets of X. More-
over, {F}|Utw} =|w =7 By the r-collectionwise normality there is a discrete
collection {V}| Utw} of open subsets of X such that Fj,c V}c[V}]cU for
every Utw. Define W, = U{V/, Utw}. We have W, > U{F},|Utw}-—X|, whence
there is an open set G,c X such that X]c G,c[G|c W,. Now for every n
we put A,={U,,..., Uo"|i+j implies U, ! -Uj. Define F} - U,
rWUQH(X\W) for every (U,, U,)¢A,. It is not difficult to check that {7 |

(U,, U,)cA,} is a discrete collectlon of closed subsets of X. Consequently
there is a discrete collection {V} U (U,, U,)cA,} of open subsets of X

such that Fu,c Ve C[V},U]CU,nU for each (U,, U)tA, Define W,
= U{Vi,, \(Ul. U,)eA Then X,c W, U W, whence there is an open subset
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G, of X such that X;U[G,|cG,c|G)c W,uW, Next we put Fy v, =Un
NU;N U N(XN(W, U Wy)) for every (U, U, Us)A; and remark that {Fouw,
(U,, Uy, Uy)¢A,} is a closed discrete collection and so on.

Let now A= (U A, and let G be an open subset of X such that X"
cGclGlc Uz, G, For every atA, a=U, U, ...,U, we define V,—G
NViu . . .v- Then y={V, acA} is the required collection. In fact, it is ob-

n

vious that y covers X’ and refines ® so that we must only show that y is
locally finite in X. Let x¢X. In the case x¢tX\[(] the last set is a neighbour-
hood of x intersecting no element of y. If x¢[(], then x¢G, for some n and
G, is a neighbourhood of x intersecting no elements of the collections
{Va atA;} for i>n. But the collections {V, atA,} are discrete ones and con-
sequently for every i/ there is a neighbourhood O, of x which intersects at
most one element of {V, |atA;}. Thus, the neighbourhood G,NO, N O,N ...NO,
of x intersects al most n elements of .

We will see in the following that the property of the r-collectionwise
normal spaces which is formulated in lemma 6 characterizes the z-collection-
wise normality. By this reason we introduce the concept of rz-pointwise-7’-col-
lectionwise normality in the following manner: a 7,-space X will be called
r-pointwise-7’-collectionwise normal iff for every closed set Fc X and every
collection @ of open subsets of X, which covers F and is such that o /<=t
and Ord (w, F)=7, there is a locally-finite (in X) collection of open subsets
of X which covers F too and is a closure-refinement of w. Moreover, it is
clear what we mean when we say that X is r-pointwise-r’-collectionwise nor-
mal at a fixed closed subset F.

Lemma 7. Let F be a closed subset of a normal space X and let for
every open collection w, which covers F and is such that Ord (v, F)<v and
lw <t there is a closed closure-preserving covering {P, Utw} of X for
which FNPyclU whatever Utw is. Then X is t-pointwise-t'-collectionwise
normal at F.

The proof is almost a repetition of the proof of lemma 5. Namely, we
define by induction a sequence {u,={P} |Utw} i=1,2,...} of closed closure-
preserving coverings u, of X such that

1. FNPj,cU for every Utw and i=1, 2,...

2. (FNP)N(FNP|)=¢g for j>i and V>U (we assume that w is well-
ordered). Next we define y'={V} Utw, i1, 2,...} as in lemma 5 and see
in the same way that y’ covers F and is such that ' <r and Ord (¥, F)= N,
Take a closed closure-preserving covering {Qi | Utw,i=1,2,...} of X cor-

’

responding to ' (according to the assumption of the lemma) and put
Q=Ul{FNQ, Utw} and V,=u{UNV}, Utw}. By the normality of X
there are open sets /7 and G; such that Q,CI c|lilcGc|G]c V; for every

i—=1,2,.... Moreover, there is an open set G such that FcGcldlc
U{li i=1,2,... ). Finally we define W, =UnGn VNG, and W;,=UNG

nvin G,-\u{[l‘,]i‘jgiﬁl} for every U(m i=2,3,... Put yp= {W‘ Utw,
i-1,2,...}. Obviously y covers F and refines w. The local-finiteness of »

at the points in X"\ [(] is obvious and at the points of [G] can be seen as
in lemma 5.
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Lemma 8. Let X be a normal space and o¢—={F, F,, ..., F,} and
w={U,, Uy ..., Uy} be finite collections of subsets of X such that U, is
open, F; is closed and F;c U, for every i=1, 2,..., n. Then there is a col-

lection y={V,, V,, ..., Va.} of open subsets of X such that F,c V,cU; for
every i=1, 2,..., n and Ord(y, X)=Ord(p, X). (Moreover: ns_|[V;]+ &
implies N3_\F,+ @ whatever iy, iy, ..., is) )

This lemma is largely known, easy and useful.

Proof. Define y,—{//c.X H is a common part of some number of ele-
ments of ¢}. Put W, =X\ U{Hty, HNF,= #} and take an open set V| such
that /i c Vic[V ]JcW,nU,. Next put F=[V}], F;=F, for i=2, 3,..., n and
o' ={F,, F,,..., F}. Obviously njﬂF‘fj# implies ﬂ;=lF,-j:f:p’ whatever

iy, igy ..., is. Define y,—={Hc X H is a common part of some number of ele-
ments of ¢'}. Put Wy=X\ U{Hty,| HNF,= #}, take an open set V, such
that F,c V,c[V,]Jc Won U, and go on by induction.

Corollary 1. If every finite open covering w of a normal space X
has a closed finite refinement ¢ with Ord (p, X)—n+2 then dim X—n.

Lemma 9 (M. Katetov [9]). Let w be an open covering of a space
X. If X has a hereditarily-closure-preserving closed covering u whose every
element has dim<=n and intersects only a finite number of elements of o
then w has an open refinement y with Ord (y, X)=n-+2.

Proof (taken from [7]). Let us arrange the elements of x in a trans-
finite sequence F, Fy,..., F, ..., a=¢& of type s+1 and let o={U;| stS}.
For every a=-& we define by means of transfinite induction a family
w,=1{F.; sc¢S} consisting of closed subsets of X and satisfying the conditions

1. F,sCF, for every s¢S;

2. Ord ({(Us\ U {Fss B<<a})|seS}, F))=n-+2 for every 1<a;

3. The family {(U,\ U {Fs;s B=a})|scS} is an open covering of X.

Let us suppose either that the families wu, satisfying 1-—3 have already
been defined for a<<a, or that «,—0. To begin with we shall show that

4. U{(UNU{F. s a<ay)) scSt=X.

This formula is evidently valid if a,—=0. Let us suppose, therefore, that a,>0
and let us suppose that there is a point

S5, Xe XN U{(Us\ U {F.s a<ay})| seS}).

Let Us, U, ..., U,‘r be all elements of w containing x. By virtue of 5 there
exists an a(i)<<a, for every ik such that x¢F.u),s. It follows, however, that
for a=max{a(l),..., a(k)} we have xfu{(U\ U{Fss B=a}) s¢S} contrary
to 3. Thus, formula 4 is proved. Since x is hereditarily-closure-preserving we
infer that the covering {(Us\ U{F.s|a<a,})|scS} is open (if a,==0 this is ob-
vious). Since dim F, - n, there exists an open covering »={V;|stS} of the
space F, such that Ord(», F,)=n+2 and V,c F, N (Us\ U{F.s| a<a,}). Let
/4‘,0:{&“,}565{, where F, s=(Fo,N[UN U{F.;|a<a,})\ Vs. Since F, N(U,
NU{Fusla=ag))=Fa N(Us\U{F.s|a<ag)\Fu.s = Vs and FaN(Us\U{F.;|a
=ap))C FeN(Us\ U |F,; a=p}) holds for B<a, we infer that 1. and 2. are
valid for a—a, We have also F, N(U{(UN\ U{F.s a-—=a,})|s€S))= U{F, n(Us
NU{F.s | a=a,}) | s¢S}=U{V; | s¢S}=F,, so that F,cC U{(U\U{F.s ' «
=a,)) s€S}, which, together with 4 and 1 for a—a, prove that 3 is valid for
a=a, because the set U{F,; a=a,} is closed by virtue of 1 and by the fact
that u is hereditarily closure-preserving. We may assume, therefore, that the
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family u, has already been defined for «=& Conditions 2 and 3 imply, in
view of the equality U{F. a=£&}=X, that the family {(Us\ U{F.s a=¢&}) s¢S}
is the required refinement.

Corollary 2. If thespace X has a closed hereditarily-closure-preserv-
ing (or locally finite) covering whose every element has dim=n, then
dim X=n.

Theorem 1 (C. H. Dowker [23]). /f w is a locally finite open co-
vering of a space X with dim X=n, then o has an open refinement y with
Ord(y, X)=n-+2.

Proof (R. Engelking). Let w-—{U, scS}. Denote by A the family of
all non-empty finite subsets of S and for any «cA let F,=(Nn{Us) sta])
N(N{(X\Us) sta}). Then the families u={F, atA} and o satisfy the assump-
tions of lemma 9.

Lemma 10. Let X be a normal space and F,, F,, ... be a sequence
of closed subsets of X with dimF,<n; for every i—1,2,...If w is a lo-
cally finite open covering of X, then there is a sequence w, w,, ... of open
locally finite coverings of X such that

1. Wy=w;

2. w;1 is an index-closure-refinement of w; for every i=0,1, 2,...;

3. Ord (wg, Fi)=n,+2 for i=k.

Proof. The collection {UNF; Utw} is a locally finite open covering of
Fy so that, by theorem | and lemma 4, there is a collection y,={I", Utw) of
open subsets of /, which covers F,, is an index-refinement of {UN F, Utw)}
and is such that Ord(y,, F)=n,+2. Let I'y=F,n Gy, where Gy is an open
subset of X for every Utw. Now put V= (G,NU)U(UN\F,) for every Utw
and o;={V,|Utow}. Obviously | is an open index-refinement of » and
Ord (w,, F\)=n,+2. We take w, to be an open index-closure-refinement of
w,. Next we finish the proof by induction.

Example 1 (T. Przimusinski [21]). For every cardinal number
T No there exists a zero-dimensional, perfectly normal, pointwise-paracom-
pact, r-collectionwise normal (hence rx-paracompact) space which is not v+-
collectionwise normal.

(Recall that the space X is called pointwise-paracompact iff every open
covering of X has an open point-finite refinement; a space X is called per-
fectly normal if it is a normal space whose every closed subset is a UGj-set
in it (i. e. every closed set is a common part of countably many open sets).)

Proof. For every cardinal number 6=:+ let Y, be the discrete space
with | ¥, |~6 and denote by 3¢ the family of all coverings £ of Y . consist-

ing of disjoint elements and such that |k|=_r. For every k¢ fix a function
fark 2% Yiyand let ga:Y . — Ya be defined by gu(x)=/a(F) iff x¢Fck. The
diagonal mapping g-{g,|ke¥X} is a homeomorphic embedding of Y . into
Y=I{¥ . |hek} so that we can identify ¥ . with g(¥ ;)C Y. Let X be the

topological space defined as follows: the points of X are just the points of
Y; the set UcY is open in X iff U=VNW, where V is open in Y and
Wc P\Y ..

In order to prove the r-collectionwise normality of X let {F,|acA} be a
discrete family of closed sets in X with A <r. The covering k,={F.NnY 4,
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(Y N U{F.|acA}) acA} belongs to & and the sets U,==.'(fa(F.NY ),
where atA and m, : Y — Y, is the projection, are open and disjoint in X and
F.nY ;cU, The sets V, -(UNU{F; BcA, B+=a})uF, are also open and
disjoint in X and F,c V..

In order to show that X is not z"-collectionwise normal we remark that
the collection of points of Y . is discrete in X and has cardinality «+. If

there is an open disjoint collection in X, which separates the points of Y .,

then there is an open disjoint collection y in Y with y|=7*. But this is im-
possible because Y is a product whose all factors are spaces of density —z.
(Let us recall that the set Z'cZ is said to be dense in the space Z if
[Z'|=Z; density d(Z) of the space Z is, by definition, the smallest cardinal number
4 such that there is a dense subset Z’ in Z with 2’ =4i) It is known that
a product whose all factors are spaces of density r contains no disjoint open
collections of cardinality -7*. This fact is an obvious consequence from the
following theorem of Hewitt-Marczewski-Pondiczery :

If A =2 and for every atA the space X, has density =x, then
d(l{ X, atA})<rt.

To finish the proof we assume that Y,={a « is a cardinal number, a<<6}
and that fi(y)=0 whenever k={{y}, ¥ .\ {y}} for some y¢Y .. Next consi-
der X={x=|x, ke®}cY|x,#+0 for all but finitely many k} and define X"

Y < 0lU((XNY o)x({1, 27, ..., n~,...}) with the topology induced by
X<({o, 1, 2= ..., n',..}). Now X’ satisfies all our requirements.

Remark 1. Since every paracompact space is collectionwise normal, the
case r=yx, of example 1 shows that the words “locally finite” in theorem 1
cannot be replaced by the words “point finite”.

Remark 2. In the case 2" -2¢ one can modify (by the aid of Hewitt-
Marczewski-Pondiczery’s theorem mentioned above) the construction of the
space X and obtain a r-collectionwise normal space with d(Z)=r, which is
not rvt-collectionwise normal (see [24]). The converse is also true: if
2*">27, then every r-collectionwise normal space of density 7 is collection-

wise normal.
2. Special spaces and collections of subsets. We recall that Y, stands

for the discrete space of cardinality . The product Yf*o of countably many
copies of Y, will be denoted by B(r) and named the Baire space of weight
TR, The space B(r) will be considered in the metric p, determined by the
condition that p(y', y?) 2% if y} -y for every j—1,2,..., k—1 and
Yy iyl where y'={yi, yi, ...}, i=1, 2. It is easily seen that p induces the
initial product topology on B(r) and that p is non-archimedean, i. e. that
p(x, y)  max{p(x, z), p(z y)} for all x, y, 2¢B(r). The following known lemma
shows that every subspace of B(r) has dim 0.

Lemma 1. If the topology of a space X is induced by a nonarchime-
dean metric ¢ then dim X- 0.

Proof. At first we remark that if ¢ >0 then O,(x)NO,(y)+ ¢ im-
plies O,(x)>O,(y) whatever x, y¢X are. Now let w be an open covering of
X. We are going to show that «» has an open disjoint refinement. To begin
with, define the collection y, as follows: Viy, iff there are x¢.X and Utw such
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that V= 0O,(x)c U. Next define the collection y, as follows: Vgy, iff 1) V in-
tersects no element of y, and 2) there are x¢X and Utw such that
V= Oz_l(x)ch'. And so on: suppose y,..., y, have already been defined

and then define y,., as follows: V¢y,., iff 1) V intersects no element of y,
for i<n and 2) there are x¢X and Utw such that V:OQ_,.(x)CU. Put

y= U 7. Obviously, y is a disjoint collection of open subsets of X and y
refines w. To finish the proof it is sufficient to show that y covers X. So let
xt¢X and let Utw be such that x¢U. There is a positive integer & such that
O __(x)cU. There are two possibilities:

a) 02_4.(x) intersects no element of y, for i=k. Then xEO2_.(x)€yk+;;
b) There is a Viy;, for some i=1, 2,..., k such that Vn 02_k(x):‘: Z.
Then x€O _x(x)c V and this completes the proof.

We now introduce the following notations: R stands for the reals; /,(z)
is a Banach space of weight =x,, namely [,(x)={y:7T — R|Z{ y(f)| tcT}<oo}
with the norm 'y =Z3X{ y(f)| |#7}, where T is some set of cardinality z;
H(zr) is the generalized Hilbert space of weight N, namely H(zx)={y:T
— R X{y2(t) | tcT }<<oo with the norm |y 2=X{ y2(¢) | ¢cT}.

Let now (Y, 0) be a metric space. We shall use the notations: F(Y)
—={FcY|F is a non-void complete subspace of Y}, F.(Y)={Fe¢F(Y)| every
open covering of F has an open refinement of cardinality less than z}:
F(Y) is defined as follows: F/(¥)-F,(Y) in the case when the metric space

Y is not complete and F'(Y)=F.(Y)u{Y] otherwise. For ﬁxo()’) and &' (Y)
0
we shall use the following special notations: rTRO(Y)= °(Y) and t’f"x (Y)=c'(Y).
0

In the cases when Y is in addition a linear topological space and is consider-
ed as such a space we shall assume that every element of F(Y)F«(Y), FAY))
is convex.

Finally, if AcY, then O,A={xtX there is an ytA such that g(y, x)<le}
(we have already used this notation in the previous sections).

3. S.f.p. carriers. If X' and Y are sets, then every mapping @: X — 2V
(2 being the set of all subsets of Y) is called set-valued carrier (or mapping)
of X into Y. For every subset M of Y we denote:

&—'(M) = {x(X | D(x)N M+ &)

Let now X and Y be topological spaces. The carrier @: X — 2% is called
lower semi-continuous -abbr. l.s.c. (or upper semi-continuous—abbr. u.s.c.)
if @-1(M) is an open (closed) subset of X for every open (closed) subset M
of Y. Also, @ is l.s.c. (u.s.c.) at the point x¢X iff for every open set U in
Y such that &(x)Nn U+ g (P(x)cU) there is a neighbourhood O, of x in X
such that &(y)NU-+ g (P(y)cU) for every yeO,. It is clear that ¥ is L s.c,
(u.s.c.) iff it is L. s.c. (u.s.c.) at every point xcX.

Let X be a normal space and (Y, o) be a metric space. We shall say
that the carrier @:X — F(Y) has the selectinn-factorization property, or brief-
ly, is s. f. p., iff for every closed subset F of X and every locally-finite col-
lection » of open subsets of Y such that @—'(y)={@—(U) U¢y} covers F,
there is an open locally finite (in F) covering of F which refines &—(y)
(see [19]).
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First of all we prove the following important assertion.

Lemma 1. (M. Coban, V. Valov [4]). Let X be a normal space,
(Y, o) be a metric space of weight v and &:X — F(Y) be s.f.p. Then there
exist:

a) a sequence {(y,—{V" atA,} | n=1, 2,...} of open locally finite cover-

ings y, of Y; :
b) a sequence {w,—{U" €A, in=1,2,...} of open locally finite cover-
ings w, of X;
c) a sequence |gn=1{fu atA,} n=1, 2,...} of partitions of unity on X;
d) a sequence {mn, n=1, 2,...} of mappings n,: Ansr — A, such that:

1. Ur—f-X(0, 1)), [Un)c &—X(V') for every n and a€A,,

2. Ur=y{Us*! | Ben a)} for every n and atA,,

3. Vr=u{Ve! g (a)) for every n and atAp,

4. fur(X)=2{ fo.nt1(x) Bex; (a)} for every n and acA, xcX,

5. diam (V*)<<2~" for every n and agAp,

6. | A, — 1 for every n.

Proof. We fix a sequence {y,={W7%|gcB,} n=1, 2,...} of open locally
finite coverings of ¥ such that diam(W?%)<<2-" for every n and B¢B,. Since
& is s.f.p., there exists, according to lemmas 1.1 and 1.4, a locally finite open
covering {G} p¢B,} of X which is an index-closure refinement of the covering
{@~(W)) BeB,). According to lemma 1.2 there is a partition of unity
{€s | BeB,}, index-subordinated to {G] p¢B,}. Now we put A =8B, V! W!and
fa=8a for every atA, and define U!=f (0, 1)c G'c [G]c@~' (V!). Next
for every a¢A, we consider the collection y.—{V.N W} p¢B,}. Since & iss.f.p.
there is a locally finite (in [U!]) open covering {5 B¢B,} of [U]] which is an
index-closure-refinement of @—(y,). Therefore there is a partition of unity
(8u2 BEByy on [U!], which is index-subordinated to {G2, p¢B,}. Now put
A,—=A, X B, and define n,: A, - A, to be the projection onto the first factor.
For every i=(x, f)cAy define fig(X)=/fu(x).&up(x) it x€G2, and fi5(x)=0
otherwise. Finally define U2=/_X(0, 1]) for every acA, and this finishes the
second step of our indication. Since the next steps are now obvious, the
lemma is proved.

Lemma 2 ([19]). /n the conditions of lemma 1 let, in addition, F,, F,,
w..y Fy, ... be a sequence of closed subsets of X such that dimF, -ny for
every k=1, 2,... . Then there is a sequence {up={H"* acAx}|k=1, 2,...}
of closed locally finite coverings m, of X such that:

7y H*cC U* for every k and atA,

8) H:o U{H*! | Ben ()} for every k and atAy,

9) Ord (ux, Fi)=-n,+2 for every i-—k.

Proof. Let »,={G'|acA,} be an open index-closure-refinement of w,
such that Ord(»,, F,)<-n,+2 (see lemma 1.10). Let {I'! atA,} be an index-
closure open refinement of »,. Define u,~{[ZI]|«€A:} so that H!=[I"!]. Now
consider the covering »,—{U?N 17"} lacAs} and let »,={G? acA,} be an open
index-refinement of », with Ord (v,, F,)--n,+2 and Ord (v, F,)=n,-2 (again

2
lemma 1.10). Let {/?|a¢A,} be an open index-closure-refinement of », and de-
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fine uy={[I"?]| acA,},i. e. H?=[I"?] for a¢A,. The next step is to consider the
covering {USNI? = atAg} and so on, by induction.

Lemma 3 (K. Fort [8]). Let @®;:X — c(Y) be L s.c. where (Y,e) s
a complete metric space and let ®,(x)C Oy—1(D;11(x)) and Py 1(x)C O.—i(D,(X))
for every x¢X and i=1, 2,... . Let us define the carrier D: X — 2V by the
formula

(*) D(x)={yeY|y=limy; where y®,(x) and o(y; yi+1)=2"" for i=1,2,...}.

Then: 1) ®: X— &(Y) and 2) @ is l.s.c.

Proof. In order to prove that &(x) is a non-empty compact subset of
Y for every x¢X, we consider the product Z=1l{®,(x)|i=1, 2,...}, which is
compact according to the famous Tychonoff theorem. Let Z;c Z be such that
F={Yy Vorevovys Yoo €Z; i 0(Vp Yer1)=2"% for k=1, 2,..., i. It is clear
that Z; is a non-empty closed subset of Z for every i. We put Z,=nxz Z
and remark that Z, is non-empty compact too. Now define a mapping
f:Z,— Y by the formula: f(z)=Ilimy; where z2={y,, y,, ...}. It is not diffi-

=00

cult to check that f is a continuous mapping and that &(x)=f(Z,). Thus &(x)
is a non-void compact.

In order to prove that & is l.s.c. we take a point x,X and an open
subset U of Y such that &(xo)NU==g. Take y(P(x,)NU and denote
e=0(yo, YN\ U). According to the definition, y,=Ilimy?, where y%®{x,) and

i—00

o(y° y!.\)=2" for every i. Therefore there is an i, such that o(y, y7)<e2™!
and .‘.:;;iu2—f<52—'. Since @&;, is l.s.c., there is a neighbourhood O,, of x,
such that x¢O,, implies @; (x)NO,,—1y,=% #. For such an x take y; ¢®;(x)
N O, -1y, Obviously there is a sequence {y,|i=1, 2,...} such that y£®i(x)
and o(yi, Yi+1)=2"f for i=1, 2,... . Let y=limy, Then, by the definition,

yed(x) and moreover o( Yo, ¥)<=o( Vo yiu)+9()”:,.°°y)<£2'"l+E;l"2""<£ so that
D(x)NUF &.

Lemma 4. (S. Nedev [18]). Let ®;: X — c(Y) be u.s.c., where (Y, 0)
is a complete metric space and let D;1\(x)C O, _(P{x)) for every x¢X and
i=1,2,.... Let us define ®:X — 2V by the formula () (see lemma 3).
Then 1) ©: X — c(Y) and 2) @ is u.s.c.

Moreover, if x¢X is such that |Dix) = n holds for infinitely many va-
lues of the index i,then &(x)|-=n holds too (this is obvious).

Proof. Having done the proof of lemma 3 we have only to prove that
@ is u.s. c. First of all we shall prove the following.

Let x¢X and let U be an open subset of VY such that &(x)c U. Then
there is an i, such that @,(x)cU for every i i,

Suppose that this is not the case and denote 3e—g(®(x), X\ U). Remark
that ¢>0 because of the compactness of @(x). Our assumption gives us that
for every i there is a j;>>i such that @, (x)\ O, (®(x))-- . Take i, so large
that X7z 2-/<e and such that @i (X)\ O3(D(x))+ Z. Then for every i>i, we
have @,(x)\ O.(P(x))=+ #. In fact, let i>i, and take y,t®D;(x)\ Ogp(P(x)).
Then, by induction beginning with y; and going down we select y,c@a(x) for
i<=k-j, such that o(y,, Ve+1)=2* After this we have o(@(x), yi)=o(D(x),y,:)
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—o(yy, y) =3e-2 " =27 . 2771>3c— ¢ 2. Now define the sets
Ziw R=1,2,..., In Z (see the proof of lemma 3) as follows: 2={y, y,, ...,
Viy - J6Zip At o( Yy Yis1) =277 for i=1, 2,..., ioc+k and ;. 4Dy, x(x)
N0, (®(x)) where ne=e+I0¥*2=/ It is obvious again that Z is a non-void
closed subset of Z and that Z,kDZ, o+ for every k=1, 2,. Consequent-
ly there is z={y, y,...Jeny Zix But if y—=limy, then y({O,(d)(x)) (be-

cause that y,£0,(P(x)) for i>iy) and this contradicts to y¢®d(x).

Now we are able to prove that & is u.s.c. Let x, be a point in .X" and
{/ be an open subset of Y such that &(x,)c/. We take / so large that
e271>2—42-=1+ ... and that ®,(x,)C O, (P(x,)) (see the previous para-
graph). Since &; is u.s.c. there is a neighbourhood Ox, of x, such that
xtOx, implies @{(x)C O , 1(P(x,)). For such an x let ycd(x). According to
the definition y=1im,,. y,, where y,(fl),-(x) and o(yj yj+1)=2"7 for every j.
Therefore, ¢(P(Xo), ¥) o(P(Xo), V) +e(Yi Y)<e27'+ 17 27/<e. Thus, @(x)
C O,(P(x,)c U for every xtOx,, i.e. @ is u.s.c. at x,.

Lemma 5. Let X be r-pointwise-r’-paracompact space where >N, and

~Ro and Y be a metric space of weight <i. Then every l.s.c. :X
— 9 .(Y) is s. f.p.

Proof. Let F be a closed subset of X and y be a locally finite collec-
tion of open subsets of Y such that @—'(y)={® YU) Uty} covers F. Consi-
der the covering w=® (y)U{X\F|. We have o <<r and Ord(w, X)= 1
fact, |w <z since |y <<r. The inequality Ord(w, X)-—7 follows from the fact
that &(x)¢F,(Y) for every x¢cX. Namely, since y is locally finite, every yid(x)
has a neighbourhood Oy intersecting only a finite number of elements of .
Since P(x)c7.(Y) the covering [0, y¢®(x)} has a refinement of cardinality
<7 so that &(x) intersects less than ¢ elements of y. Thus, Ord (w, X)-<¢’
and consequently o has an open locally finite refinement «’ because of the
r-pointwise-r’-paracompactness of X. Hence {VNF| Viw'} is a locally finite
open covering of F which refines @—'(y).

Lemma 6. Let X be a t-pointwise-r’-collectionwise normal space where
>R, and v R, and let 'Y be a metric space of weight <. Then every
Ls.c. :X > (Y)is s.f.p.

Proof. Let F be a closed subset of X and y be a locally finite collec-
tion of epen subsets of ¥ such that &~'(y) - {®- l(U) Uty} covers F. Fix an
Uyey such that U, + g and denote /[ = F\(D—‘(Uo) It is clear that if xeF
then @(x) - Y so that @(x)F(Y) for every x¢F,. Hence Ord (@ \(y), F,)-
(see the proof of lemma 5). According to the defmmon of r-pointwise- t-col-
lectionwise normality there is a locally finite collection w of open subsets of
X, which refines @ '(y) and covers F,. Define o'~ wuU{® (/). Then
{(VNF Via'} is a locally finite open covering of refining &~'(y).

4. Selection theorems. The carrier w:.X — 27 is called a selection for
the carrier ®@: X — 2Y iff y(x)c @(x) for every x¢X.

Proposition 1. Let &: X — F(Y) be s.f. p. carrier, where X is a nor-
mal space and Y is a metric space. Then there exist an u.s.c. carrier
y: X > ce(Y) and a l.s.c. carrier o: X — e(Y) such that o(x)cy(x)c d(x)
for every x¢X.
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Proof. Let {w,={U"|atA,} n=1, 2,...} and {y,={V"|atA,}|n=1,2,...}
be as in lemma 3.1. Fix a point y’cV” for every n and atA, Define y;: X
— &(Y) and ¢,: X — e(Y), where ¥ is the completion of ¥, by the formulas:
yi(x)={y" x€[U!]} and @,(x)={y’ xcU!} for every i=1, 2,... . Then the fol-
lowing holds:

1) g (x)Cyi(x)C Oz_f(sb(x)) in Y for every xtX and i=1, 2,... In fact,
let yicy,;(x). Then x¢[Ulc @~ (V) so that &(x)n Vi= g. Take yed(x)n V7.
Then o(y!, &(x))=o(y!, y)=diam (V)<<2—.

2) y; is u.s.c.since O/= X\ U{[U!] x¢[U!]} is a neighbourhood of x
with the property: y,(2)Cy,(x) for every 2¢O}

3) @; is L.s.c. since Ofi=N{U!| x¢U!} is a neighbourhood of x such
that ¢,(x)Cg,(2) for every 2z¢O7.

4) yii1(x)C Op—lyy(x)). In fact, let y'*'¢y;. (x). This implies x¢[Ui+1]
clUf, () whence yi eyilx). Thuse(yi!, wlx)=o(y'F', ¥, ) =diam(V! )<2—.

5) @1+1(X)C O, (@,(x)) and @,(x)C O, (¢ 1(x)). The first of these inclu-
sions is proved in 4). For the second let y’¢g;(x). Then x¢Ui= U{ULH Y Ben ()}
so that xEU:;' for some p¢a;(a)c A;yy. Therefore y;*‘é¢i+1(x) and hence
oy @, (X)) =e(yi, yi)=diam (V)<2—% (recall that yi*leVitic u{Vittly
tr=1(a)} = V7).

Define now y: X — 27 and ¢:X — 27 by the formulas:

w(x)ﬁ{yef’ y=limy,, o(y; Yi1)=2"", yitywdx) for i=1,2...} and

cp(x):{ye}7 y:‘}imyi, (Vi Yit1)=274, yikp,(x) for i=1,2,...}

Making use of the lemmas 3.3 and 3.4 we obtain that ¢ and y have all re-
quired properties.

Proposition 2 (see [19, prop. 2]). Let X be a normal space, Y be a
metric space and F,, F,, ... be a sequence of closed subsets of X such that
dim Fa- ny for k=1, 2,... . Then every s.f.p. carrier ®: X — F(Y) has an
u.s. c. selection y:X— c(Y) such that w(x)|=n,+1 for every xcFp, k=1,2,...

Proof. We return now to lemma 3.2 where a sequence {uz={/7* atAs}|
k=1, 2,...} is constructed. Let y/ be as in the proof of proposition 1 and
define y,: X — 27 by the formula wi(x)—{y! xe¢H'} for every x¢X and i=1,
2,... . Next put y(x)={ye¥ y=Ilimiey: yiy(x), &y yir1)=2"" for i=1,
2,...} for every x¢X. Lemma 3.4 shows that y: X — @(Y) is the required se-
lection.

Proposition 3. Let X be a normal space, Y be a closed convex sub-
set of a Banach space and ®:X— F(Y) be s.f.p. Then © has a continuous
single-valued selection.

Proof. Let {fulacA, i=1,2,...} and {y,={Vi|acA}|i=1,2,...} beas
in lemma 3.1. Pick an y‘¢V! for every atA; and i1, 2,..., and put f(x)
=X{fu(x)y! | acA;} for every x¢X and i=1,2,... . Then f,: X — Y is a con-
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tinuous mapping because of the local-finiteness of the system {/'((0, 1)) acA,}
for every i=1, 2,. Moreover,

1) f,(x)(Oz ‘(di(x)) for every xc.X. In fact, if f,.,(x)*O then d(x)N Vi &
so that o(y!, &(x))—diam(V?)<2—" Hence 1) holds by the convexnt) of
O,_(®(x)) (remember that now @(x) is convex),

2) fis1(x)E0,_(f:(x)) for every x¢X and every i=1, 2,.... In fact| fi,(x)

Fi)| = | Z{ faunr(X)YF | atAip1 ) — I fa(X)y:| acAif] = \‘{fﬁ.i+l(x)y£.+’:ﬁEAx#l}
= S pin1(x) | BeaT @)yl a€ A | = Z{(E founr(x)| Y —yil | Bear (@)} | agA;}
L2708 fpi1(X) | BeAip1} =27 Thus f=Ilim;,.f; exxsts is a continuous map-
ping and f(x)¢P(x) for every xcX.

Theorem 1 (see [18]). The following properties of a T,-space X are
equivalent .

a) X is normal and t-pointwise- v'-paracompact where t>R, and v - Ro;

b) every l. s. c. carrier ®: X — F.,(Y) where Y is a closed convex
subset of a Banach space of weight w(Y)<tr admits a selection ;

c) every l. s. c. carrier ®: X — F.(l,(7")), where v"<x admits a selec-
tion (in b) and c) “selection” means continuous single-valued selection).

Remark 1. In the case r-=yx, the implication c) —a) remains true if we
replace /,(z”’) by R.

Proof. a)—»b) follows immediately by proposition 3 and lemma 3.5;
b) — ¢) is obvious;

c)-~a). We repeat the Michael's proof[12, 3.2”(b) — (a)].

To show that X is r-pointwise- ’-paracompact it is sufficient, by lemma
1.3, to show that every open covering o of X, such that o <r and Ord
(w, X) =7, has a partition of unity subordinated to it. Let Y=/,(v")={y: v —~ R
Z{yu) ucwj<oo} and let C={ycY y(UU)=0 for all Utw and X{yU)|
Ucw} =1}. Clearly C is a closed convex subset of Y. Now, for x¢.X, let &(x)=
Cn{ye Y| y(U)=0 for all Ut such that x ¢ U). Clearly &(x) may be considered
as a subspace of /[ (v"”), where ""'=[{U]|x¢ UEw} whence @(x)¢F.(Y). We
will now show that @ is I. s. c. and we will then apply condition c¢) to prove
our result.

Let us first of all show that for every y¢C and £>0 there exists an
V'€ C such that |y —y'|[<<e and y'(U)>0 for only finitely many U¢w. To find
such a y¥ we need only pick U, U,, ..., U€w such that y(U,)>0 for all i
and y(U )+ (U,)+ -+ - +y(Ux)=0>1-¢/2 and then define y' ¢ C by y'(U)=0
for UE{U,,U,, ..., U}, y(U)=p(U;) for i-23,...,n and y' (U, -yU,)
+(1—=0). Clearly |y-—y  =2(1—d)<e and, therefore, y’ satisfies all our re-
quirements.

Next we will show that @ is I. s. c. Let x,¢ X and the open set G of V
is such that I"(x,)N G+ #. Take y¢ D(x,)N G and let O,yc . Define y’ and

U, U, ...,U, as in the previous paragraph. Since y(U,)>0 fori-=1,2,..., n,
it follows from the definition of @ that x,c¢U, for i=1,2,...,n, and hence
Ox,—~ U, NnU,N nU,. is a neighbourhood of x,. It also followq from the

denmtlon of & that V' ed(x) for every x¢Ox, so that & isl s. c. at x,.

By assumption c) there now exists a selection f for @. For each U¢w
define f,: X— R by fy(x)==f(x)(U). It now follows immediately from the
definitions that {f,| U¢w} is a partition of unity on .X and this partition is
subordinated to @ since f,, vanishes outside of U for every UJ¢w. Thus, X is
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r-pointwise-r’-paracompact. It remains to show that X is normal. Let F, and
F, be disjoint closed subsets of X. Define @: X— ©¢(R) by setting P(x)={i}
if x¢F;, i-0,1, and @(x)=|0,1] otherwise. By assumption c) there exists a
selection f for @. Define Uy=f"1(—co, 1/2) and U;=f"'(1/2, + o). Obviously
U, and U, are disjoint open subset of X such that F,c U, and FycU,;. This
completes the proof.

Theorem 2. The following properties of a T,-space X are equivalent:

a) X is r-pointwise- v'-collectionwise normal (x>Xo ¥ =R0)3

b) every [l.s.c. carrier @®: X—F!(Y), where Y is a closed convex
subset of a Banach space of weight o(Y )<z, admits a selection ;

c) every l. s. c¢. carrier &: X— 5:,(11(:")) where v <t admits a selec-
tion (“selection” means single-valued continuous selection).

Proof. a)—b). This follows immediately by proposition 3 and lemma 3.6;
b)—c) is obvious;

c)—a). Let F be a closed subset of X and w be an open in X cover-
ing of F such that |w|=1¢"<:¢ and Ord(w, F)<v¢. Let Y=[(")={y:
o—R Z{{yU)| Utw)<co} and detine C as in the proof that c)—a) in
theorem 1. Define @: X — &.(Y) as follows: @(x)=VY if x¢ X\ F and @(x)
={yeC|y(U)=0 for all Ut w such that x¢ U} for x¢F. As in the previous
proof we see that &(x)¢F,(Y) for every x¢F. Next we will show that & is
l. s. c. Let x,¢ X and the open set G in Y be such that &(x,)Nn G== Z. In the
case Xo€ X\ F we define Ox,—= X\ F and in the case x,¢F we define Ox,
as in the previous proof. Thus @ is I. s. c. By assumption c) there exists a
selection f for @. For every U€w and x¢X we put f,(x)= f(x)(U)!|. Then
we have X {f,(x)|Ucw}= f(x)| for every x¢.X and hence X {f,(x) Uctw!=1
for every x¢F. Consequently (by the continuity of the norm ||-||) there is a
neighbourhood OF of F in X such that [OF|c U{U U¢w} and || f(x)|=1/2
for every x¢ OF. For x¢ OF define gy(x)=fy(x)/ f(x) . Obviously, the family
{gy Utw} is partition of unity on OF. Define W, ={x¢ OF g, (x)>0} for
every U¢w. It follows that the partition of unity {g, U¢€ )} is subordinated
to the covering {Wy U¢w} of OF. By lemmas 1.3 and 1.4 there is a locally
finite open covering {Gy U¢w} of OF, which is an index-refinement of
{Wu|U € w}. By the normality of X (see the previous proof) there is an open
set G such that Fc Gc[G]c OF. Finally we define Vy=UnNGN Gy for every
U¢w. The collection y={Vy|U¢w} is an open locally finite (in X) covering
of F which refines w.

Theorem 3. The following properties of a T,-space X are equivalent:

a) X is normal and x-pointwise- v'-paracompact where 1 >R, and v'=R,;

b) for every [.s. c. carrier ®: X — F AY), where Y is a metric space
of weight w(Y )<t there areanu. s.c.y: X—c(Y)andal.s.c.o: X —c(Y)
such that ¢(x)Cy(x)c P(x) for every x¢ X;

c) every l. s. c. carrier ®: X — F.(Y,n), where v"<r admits an u. s. c.
selection y: X — F(Yer).

Proof. a)-—b) follows immediately by proposition | and lemma 3.5;
b) - ¢) is obvious;

c) — a). Let @ be an open covering of X with @ |=1"<r and Ord (w, X)=7".
Our purpose is to show that w has a closed closure-preserving refinement
and then use lemma 1.5. Identify Y., with @ and define @: X — & (w) by
setting &(x)={U x¢c¢U¢w} for every x¢ X. @ is l. s. c. since o is open and

20 Cn. Cepanna, 4
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D(x)€ T (w) since Ord(w, X') -7. By assumption c) there is an u. s. c. selec-
tion y: X — F(w) for &. Denote Fy—=yY(U) for every U ¢ w. Obviously Fy
is a closed subset of X and Fyc U for every U ¢ w. Moreover, the collection
{Fu|U¢w} is a covering for X (also obvious) and is a closure-preserving one
because every subset of Y, is closed.

Theorem 4. The following properties of a T ,-space are equivalent:

a) X is r-pointwise- 1'-collectionwise normal where ™R, ' Ro;

b) for every . s. c. @:X—F.AY), where Y is a metric space of weight
<1, there exist an u. s. ¢c. w:X—¢c(Y) and an . s. c.qo: X— (YY) such
that o(x)Cy(x)c d(x) for every x¢ X,

c) every l. s. ¢. ¥: X— F.(Y.), where v'<t, has an u. s. c- selection
Y X——a .'?(Y,l/).

Proof. That a)—b) follows by proposition | and lemma 3.6; that b) — c)
is obvious.

c) —a). Let F be a closed subset of X and w be a collection of open
subsets of X covering F and such that o |=7"<t and Ord (w, X)—7". We will
show that there is a closed closure-preserving covering u of X such that the
collection {HNF H¢u) refines o and then we shall use lemma 1.7. In order
to do this we identify Y, with « and define @: X— F(w) by setting @(x)
={U xcU¢tw) for every x¢F and &(x)=w for every x¢ X\ F. It is ob-
vious now that & is I. s. c. and hence, by c), it has an u. s. c. selection .
Therefore, the covering w={y Y(U) U ¢ w} satisfies all our requirements (see
the proof of the previous theorem).

Theorem 5. Let X be a T,-space and F, F,,...,F,, ... be a sequence
of closed subsets of X. Then the following a), b), c¢) are equivalent:

a) X is normal and t-pointwise- v'-paracompact, where 1>R,, 7 =R, and
dim Fx ny, for every k=1,2,...;

b) every l. s. c. v: X—F (YY), where Y is a metric space of weight <z,
has an u. s. c. selection y: X -—¢(Y) such that w(x)| —nxg+1 for. every
xX€F,k-1,2,...

c) every l. s. c. b: X—F(Y,»), where V' <z, has an u. s. c. selection
w: X > F(Y,r) such that w(x) —nx+1 for every x¢F,, k=1,2,...;

Proof. That a) —~b) follows from proposition 2 and lemma 3.5; that
b —c¢) is obvious.

c) —a). Having the theorem 3 proven we have only to show that dimF,-—-»,
for every £ 1,2,.... Fix £ and let {V,, V,, ..., V,} be a finite open cover-
ing of F,. Forevery i, i=1,2,...,n, there isan open subset {/, of X such that
V,==F,n U,. Therefore w—={X\F,, U, U, ..., U,} is an open covering of X.
We identify Y, with w and define @ : X — ¢(w) by setting &(x) -{U x¢U¢cw}
for every x¢.X. It is clear that @ is I.s. c. and by c) there is an u. s. c.
w: X->C(w) which is a selection for @ and is such that (x) - 7,41 for
every x¢ F,. Put P=y='(U) ) Fa for every i=1,2,...,n It follows that
w-—{Py, Py, ..., P, is a closed index-refinement of {V, V,,..., V,} with Ord
(u, F,) - ng+2. Thus, by corollary 1.1, dimF, - n,.

In the same way we obtain the following theorem.

Theorem 6. Let X be a T -space and F,F,, ..., Fy, ... bea sequence
of closed subsets of X. Then the following a), b), c) are equivalent :

a) X is r-pointwise-r'-collectionwise normal where 1>y, v R, and
dim F, —nx for every k=1,2,...;
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b) every L. s. c. &: X—F.(Y), where Y is a metric space of weight
w(Y)<z, has an u. s. c. selection y: X— &(Y) such that |y(x)|<n,+1 for
every x¢F,, k=1,2,...;

c) every l. s. c. @: X—»S',:(Y,u), where v'<r, has an u. s. c. selection
y: X—F(Y,) such that y(x)!=nx+1 for every x¢F,, k=1,2,...

Corollary 1. Let © be an infinite cardinal number. Then a T,-space X
is vt-pointwise-R,-collectionwise normal if and only if X is t-collectionwise
normal.

Proof. The “if” part is proved in lemma 1.6, so we have to prove the
“only if” part. Let X be rt-pointwise-y,-collectionwise normal and let ¢ be a
discrete collection of closed subsets of X, such that |¢p|=¢<7. We consider
Hr)={y: ¢ >R | Z{ Y F)| Fc p}<c}. For every F¢g let yo¢ H(x') be such
that yu{(F)=1 and yg(F)=0 for every F'=F, F'tep. Now we define
@: X— C'(H(¥)) by setting &(x)={yg} for every x¢Fce and &(x)= H(¢') for
every x¢ XN\ U{F|Fecq}. It is easily seen that @ is L s. c. Therefore, by b)
of theorem 2, @ admits a continuous selection, say f. Since H(z') is a metric
space and since | ye—yr || =2 for every F'=F, F, F' ¢, there is a discrete
collection {Of|F¢q@} of open subsets of H(z') such that yr¢ Of for every
F¢ . It is now obvious that {/~%(Of) F¢e} is a discrete collection of open
subsets of X such that Fcf—(OF) for every F¢o.

Theorem 7. The following properties of a T,-space X are equivalent :

a) X is v-collectionwise normal where T=R,;

b) every continuous mapping f: F—Y, where F is a closed subset of
X and Y is a closed convex subset of a Banach space with o(Y)<rt has a
continuous extension on X ;

c) every continuous mapping f: F— H(x) where F is a closed subset of

" X, has a continuous extension on X (i. e. there is a continuous mapping
f: X — H(z) such that f(x)~f(x) for every x¢F).

Proof. a)—b). We define 1. s. c. @: X— ¢&'(Y) by setting &(x)={ f(x)}
for every x¢F and Llﬂ(x) =Y for every x¢ X\ F. By corollary 1 and theorem 4,
& has a selection f which is the required extension; b)-—c) is obvious and
for ¢) —a) one can see the proof of corollary 1.

Teorem 8 ([18]). The following properties of T,-space X are equi-
valent :

a) X is w-collectionwise normal for some t=Ro;

b) every continuous mapping f: F—Y, where F is a closed subset of
X and Y is a complete_metric space of weight <z, has a set-valued exten-
sions f,: X—~c(Y) and f,: X—c(Y) such that fy is u. s. c. f, is L s. c.
and [,(x)cf(x) for every x¢X;

c) every continuous mapping f: F—Y,, where F is a closed subset of X,
has an u. s. c. extension f: X— F(Y).

Theorem 9 (|18)]). Let X be a r-collectionwise normal space and
F,,F, ..., Fu... be a sequence of closed subsets of X such that dim Fy<n,
for every k- 1,2,... Then every continuous mapping f: F~Y, where F is a
closed subset of X and Y is a complete meiric space of weight <x, has an
u. s. c. extension f: X —~c(Y) such that |f(x)|<n,+1 for every x¢F, and
every k—-1,2,....

The proofs of the above theorems are left to the reader.



308 S. 1. NEDEV

5. Factorization theorems.

Theorem | (S. Nedev, M. Coban [19)). Let ©@: X — F(Y) bes. f. p.,
where X is a normal space and Y is a metric space of weight 1. Then
there are:

a) a metric space Z of weight w(Z) ~1Ro;

b) a continuous mapping f: X—Z and

c) an L. s. c. carrier @: Z—C(Y), such that ¢(f(x))C ®(x) for every
x¢ X: moreover, if F is a closed Gs-set in X, then one may assume that
f(F) is a closed subset of Z.

Proof. We remember the lemma 1.l. For every n-1,2, ..., define a
pseudo-metric g,(x, y) on X by setting ou(x, ¥)=2{ fun(x)—fan(y) la€ A, tor
every x, y¢X. Next define o(x, y)=23{es(X, ¥)27"|In=1,2,...}+ g(x) -2y,
where g is a continuous function g: X—[0,1] such that g='(0)=F. It is clear
that o is a continuous pseudo-metric on X. Now for Z we take the quotient
set X/o with the topology induced by the metric ¢; for f we take the na-
tural projection f: X— X/¢=Z. To define the carrier ¢: Z— ¢(Y) we pick an
y e V7 oand put gu(2)={y" z¢f(U")} tor every z¢Z and every n—1,2,... .
Next we define W(Z)Z{yE Y V- limi—"wyi’ 0()’1-)’:’4—1)"’42*", yiETi (Z), l=1,
2,...} for every z¢Z Our purpose is to make use of lemma 3.3 so we
have to check that the conditions of that lemma are fulfilled. But this
is not difficult to be done if we take in consideration that f(U) is an open
subset of Z, that /='(f(U.)- U. for every at¢A, and n--1,2,... and the
proof of proposition 4.1. Therefore, ¢ is a l. s. c. carrier such that ¢(f(x))C @(x)
for every x¢X. Finnally we have to show that w(Z) iR, Let A=

U{A, n1,2,...}. Obviously, | A -tR,. We define a mapping p: Z--1,(/A)
by setting p(2)(a)- f.(x), where x is an arbitrary point in f~!(z) for every
2¢Z, ac A,cAand n -1,2,... .1t is almost obvious now that p is an iso-"

metrical embedding and this completes the proof.

In the situation described in theorem 1 we shall say (see [19]) that the
triple (Z, f, @) constitutes an l. s. c. weak-factorization for &, conserving the
word “factorization” for the case where 4(f(x)) - ®(x) for every x¢ X. After
the proof of theorem 1 it is almost obvious that the following conditions as-
sure the existence of an l. s. c. factorization for @ (see [19]):

1) @ !(y) is a locally finite collection in X for every open locally finite
collection y in Y.

2) @ '(U) is an open F,-set in X for every open subset U/ of Y.

In order to exploit the single-valuedness of f in theorem 1, we consider
the following theorem.

Theorem 2(B. A. Passynkov, A. Zareloua, see [2]). Let f: XV
be a continuous mapping of a normal space X into a metric space Y of
weight w(Y)-+ and let F,F, ..., F, ... be a sequence of closed subsets
of X such that dim Fx n, for every k=1,2,.... Then there are:

a) a metric space Z of weight w(Z) -,

b) continuous mappings g: X - Z and h: Z—Y;

c) a sequence P,, P, ..., P, ... of closed subsets of Z such that

1) f(x)— h(g(x)) for every x¢ X;

2) g(Fx)c P, and dim Py -n, for every k 1,2,...

Outline of the proof. In fact we will consider an outline of the
Arkhangelskii method [2], which is the best method of proving of factorization
theorems. We need the following lemma.
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Lemma 1. Let w be a locally finite open covering of a normal space X.
Then there are locally finite open coverings y and 8 of X such that:

)y =|lo R |6 =< ®Ros

2) y is a star-refinement of w;

3) every element of o intersects only finitely many elements of 7.

Let us give the definition of the concept of star-refinement. If y is a col-
lection of subsets of a set X, then, by definition, St(x,»)= U{U xeU¢y}
(the star of a point x with respect to y) for every x¢ X. The collection y is
said to be a star-refinement of a collection » if for every x¢.X there is an
U¢w such that St(x, y)cU.

Proof of the lemma 1. We identify V', withw and define an L s. c.
carrier @: X—C(w) by setting &(x)={U | xe¢U¢€w} for every x€X. From the
local-finiteness of @ we infer that @ is s. f. p., whence, by theorem 1, @ has
an . s. c. weak-factorization (Z, f, ¢). We consider the open covering
w'={g~(U) Utw} of Z. Since Z is a metric space of weight — o R, there
are open locally finite coverings »’ and & of Z such that ;’ is a star-refine-
ment of ' and every element of o' intersects finitely many elements of »'.
Now we define the required y and & by setting y=f—'(»') and d— f—'(¢').

Proof of theorem 2. The previous lemma 1 and lemma 1.10 permit us
to construct by induction a sequence {w; i=1,2,...} of open locally finite
coverings of X such that

1) w, is a closure-refinement of f—'(y)), where y; is an open locally finite
covering of ¥ with diam(V)<2— for every V¢y;;

2) w, , is a star-refinement of w, such that every element of w, , inter-
sects only finitely many elements of w;;

3) Ord (w,, F,)=n,+2 for i=k.

We begin with @, and 4,, where o, and 4, are locally finite open cover-

ings of X such that | is a star-refinement of f~'(y;) and every element of
4, meets only finitely many elements of w; and o] —tRa 7R Applying
lemma 1.10 we take o, to be an index-closure-refinement of ] such that
Ord (w,, F,)=n,+2; next we consider the covering Uy ) Aoy NS, ={UNV
NW Utcf\(r) VEw, Wed,} and let o, and 8, be constructed according to
lemma 1 with respect to f~!(y,)Aw, A\é,. Again applying lemma 1.10 we take
wg to be an index-closure-refinement of w) such that Ord(w,, F)=n,+2 for
k=1,2 and so on. Thus, the sequence {w, i—1,2,...} is well constructed.
Next we define a semi-metric d on X in the following manner:

1 EStes e
d(x,y)=12"" if  yeSt(x, w)\St(x,, ),
0 it yen{St(x,m) i—1,2,...},

for every x,y¢X. By 2) we have that ii d(x,y)<e and d(y,2)<e then
d(x, z)<2¢ for every >0 so that, according to the known metrization results,
there is a pseudo-metric ¢ on X such that d(x, y)se(x, y)=4d(x, y) for every
x,y¢X. Now define Z to be the quotient set Z=X/p equipped with the
metric-topology induced by ¢ and let g: X+ Z be the natural projection.
Put V, ({z¢Z|g~(2)ec U}) for every U ¢ w,; and every i=1, 2,... . Then the
collection B={i,—~{V, Utw,}|i -1,2,...} is a o-locally finite base for Z
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with B =<iR, so that w(Z)=wx,=r (if 7 is a finite number, then the theorem
is obvious). It is easily seen that f(g—'(2)) is a single point in Y for every
2¢Z so that the mapping 2: Z— Y for which f=hog, is well determined.
Let us check the continuity of 4. Fix an arbitrary point z,¢Z and denote
Yo=h(zy). 1f ¢ is a given positive number then there is an »n such that
St (Yo, 72) < O.(¥,)- Take x, € g7'(2,) and choose U, € w, such that St (x,, @, ) U,
Now we will show that A(O,—.—2(20))C O.(y,) (and O, n_2(2,)< V). To do
this it is sufficient to show that g—!(z)c U, for every 2¢O, , »(2,) and that
f(U)c O.(y,). The latter is almost obvious, namely, there is a W€y, such
that U, f~(W).Hence y, ¢ f(U,) € W St(yo, 74) € O.(¥o). Letnow z¢ O, _, 2(2,),
For evLe/ry xcg(2) we have d(x, x,)=o(x, xX,)<27"? so that x¢St(x,
)< U

Now, to finish the proof, we have only to construct the closed sets
P,, k=1,2,.... For this purpose we define Pl={z¢ Z|0Ord (4, 2)=n,+2} for
every &, j=1,2,... . Obviously, every such P. is a closed subset of Z and
g(F,) c Pi for every j=k, k+1,... It remains to show that dim Py=dim Fx=n,
for every k, where Pp— N jP{. Considering the metric space P, for a fixed

wn+1

k we define 2;={VNPr VEcij for i=k,k+1,... . Then the sequence
{Alli=k,k+1,...} of open locally finite coverings of P, has the properties
I) 4;,, is a (star) refinement of 1, for every i—=£k, k41,...;

II) Ord (P, 2)<n,+2 for every i=k, k+1,...;

IIl) diam (W)<2—/+* for every W¢4; and i=k, k+4-1,...

Thus, dim P,~n, accorping to known results of dimension theory (see,
for instance, P. Vopenka [22]).

Theorem 3. Let X be a Ty-space and F,, Fy, F,,... be a sequence of
closed subsets of X. Then following a), b), c) are equivalent:

a) X is w-collectionwise normal with v Ry, F, is a Usset in X and
dim Fp=ny for every k—1,2,...;

b) every . s. c. carrier ®: X— ¢'(Y), where Y is a metric space of
weight =t has an u. s. c. weak-factorization (Z, f, y) such that f(F,) is a closed
subset of Z with Fy=f~\(f(F,)) and |y( f(x))|=ns+ 1 for every x¢ Fp k=1,2,

Proof. That b)—a) follows immediately by theorem 4.6 because w,f
is an u. s. c. selection for @. So let us prove that a)->b). By theorem 1 we
have an 1. s. c. weak-factorization (Z,, g, ¢) for @ such that g(F,) is a closed
subset of Z, with F,— g—'(g(F,)). Therefore, by theorem 2 there are a) a metric
space Z with w(Z)—-w(Z,), b) continuous mapping f: X—Z and h: Z— Z,
and c) a sequence P, P, ... of closed subsets of Z, such that g(x)=~A(f(x))
for every x¢ X, f(F,)c P, and dimP,—=n, for every k=1,2,... . Moreover,
f(F,)—h—\(g(F,)) is a closed subset of Z with F,-f~'(f(F,)). Now, obviously,
the carrier goh: Z-— ¢(Y)is L s. c. and, consequently, according to theorem 4.5
(or 4.6) it has an u. s. c. selection y: Z-— (YY) such that y(2) <ng+1 for
every z¢P,, k=1,2,..., and hence (Z, f, ) is the required u. s. c. weak-
factorization.

It is clear that, in the same way, one can obtain some other factorization
theorems analogous to theorem 3. Theorem 3 was especially formulated be-
cause we shall need it in 7.



SELECTION AND FACTORIZATION THEOREMS 311

6. Some properties of the dimension dim. In this section we list some
known results from the general dimension theory. A part of them is needed
in the last section and another part permits us to show by a corresponding
example that the expression u. s. c., appearing in condition c) of theorems 4.5
and 4.6 cannot be replaced, in general, by l. s. c. The results of the dimen-
sion theory are listed here, as a rule, without proofs, put in some cases, which
seem to be more convenient, we exploit the occasion to demonstrate that the
selection and factorization methods are applicable also in the dimension theory
and we give some proofs, based on the theory developed above.

Theorem 1 (known as countable-sum theorem). /f X is a normal space
and X= Ui.\F; where F; is a closed subset of X with dim F,—n for every
i=1,2,..., then dim X—<n.

Proof. To prove this theorem it is sufficient to consider the following
two particular cases of theorem 4.5 (or 4.6).

(A) The following properties of a 7,-space X are equivalent:

a) X is normal and dim X —<n;

b) every L. s. c. @: X — @’(Yxo) has an u. s. c. selection y: X — ﬁ()’xo),

such that [y(x) —n+1 for every x¢ X,

(B) Let X be a Ty-space and Fy, F,,... be a sequence of closed sub-
sets of X. Then the following c) and d) are equivalent:

¢) X is normal and dim F,—n for every i—1,2,...;

d) every L. s. c. &: X— C‘”(YRO) has an u. s. c. selection y: X—\-rT(YxO)

such that wy(x) ——n-+1 for every x¢ U= iFu

Now, by the assumption of theorem 1, ¢) holds. Consequently, c)— d)
— (since X= U;=1F;)—=b)—a) and this is just the conclusion of theorem 1.

This proof of theorem 1 is somewhat attractive, but in fact one may
prove the theorem in a simpler manner. Namely, let w={U,, U, ..., U,} be a
finite open covering of X. Using the lemma 1.10 we construct a sequence
i={V5j=1,2,...,k}|i=1,2,...} of open coverings of X with the follow-
ing properties:

1) yy—o and y;;1 is an idnex-closure-refinement of y, for i=2,3,...;

2) Ord (8;, F;) —n+2 whenever i—j.

Finally we put AH;—n{[V;] i—1,2,...} for every j—1,2,...,k and re-

mark that «—{H,, H,, ..., Hy} covers X and is a closed index-refinement of
o such that Ord (u, X)=n-+2. Thus, corollary 1.2 finishes the proof (due to
J. Chaber).

Another known result we are able to obtain here (and we shall need
in 7) is the following one:

Theorem 2 (C. H. Dowker [23]). Let F be a closed subset of a
normal space X such that dimF--n and dim H--n for every closed subset
Hc XN\ F. Then dim X—n.

Prootf. Let w={U, U, ...,U,} be a finite open covering of X. There
is a collection u  {F,, F,, ..., F,} of closed subsets of F such that u covers
F, u is an index-refinement of @ and Ord(u, F)-<n+2. By Lemma 1.8 there
is a collection y- {V,, V,, ..., V,} of open subsets of X such that F,c V,cU;,
for every i=1,2,...,k and Ord(y, X)--n+2. Let V=uU{V,li=1,2,..., k}.
By the normality of X there is a closed Gyset A in X such that FcHc V.
Define U, ~U,\H for every i=1,2,...,k and consider the collection
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o ={Vy, Vay..., V& Ui, Us, ..., U, which is an open covering of X. Re-
mark that X\ /- U{H, i=1,2,...}, where /1, is a closed subset of X, H,c X\ F
for every i=1,2,... . So, by the assumption, dim //;=<n. Now we identify Y.,
with o’ and define I. s. c. @: X — &(Yy,)=C(w’) by setting &(x)={W|x¢ Wo'}
for every x¢.X. Note that |®(x)|=n-+1 for every x¢ /. By theorem 4.6
(or 4.5) @ has an u. s. c. selection y: X — &(w’) such that yx)|=r+1 for
every x¢ /1, i=1,2,.... Thus, w(x)|==n+1 for every x¢JX, whence the
collection »={y~ (W) We¢w'} is a closed index-refinement of «’, which co-
vers X and is such that Ord (», X)=n+ 2.

Theorem 3. Let X be a metric space of weight v and let F\,F,,... be a
sequence of closed subsets of X such that dimF,<n, for k—=1,2,... Then

there are: a subset M of B(r) and a perfect mapping f: M S X such that
fNx)|- n,+1 for every x¢F, and k=1,2,...

Here “/ is a perfect mapping” means, as usually, that f is continuous,
f~Yx) is a compact subset of M for every x¢ X and the image of any closed
subset of M under f is a closed subset of X.

In order to prove this theorem we need the following known result.

Theorem 4. Let X be a (complete) metric space of weight v. Then
there are: a (closed) subset M, of B(x) and a continuous compact open map-
ping g: M, =X

Here “open” means that the image of any open subset of M; under f is
an open subset of X and “compact” means that f~'(x) is a compact subset
of M, for every x¢ X.

Proof. Consider a sequence {w; i=1,2,...} of open locally finite co-
verings of X such that diam (U)<<2— for every U¢€wy,i=1,2,... . Next we
identify w; with a suitable subset of Y, (note that w; =< for every i=1,2,..))

so that ¥ Il{w,[i—1,2,...} is a subspace of B(r) - ¥YNo, Define
M, = {y:(U,. Uy oooyUp ..)e Y there is a point x¢ X such that x enfle,,}

and let g: M;— X be defined by the formula g(y)=ng U, for every
y=U, U, ..., U, ...)eM,. The uniform continuity of g is obvious. In fact,
it y,y"€¢M, and p(y,y")<2="<U;=U; for every i=1,2,...n, hence
&Y 8(Y")€Un=U, cw, so that o(g(y), g(y")=diam (Un) <2~

Let us show that g—'(x) is a closed subset of ¥ whatever x¢ X is. Let
yDe g\ (x) for every i=1,2,...and let limi o y®=y=U,, Usy...,U, ... )EY.
For an arbitrary »n there is an i such that p(y, y/)<2—", whence U,= Uy x

Now we are able to show that g—!(x) is a compact subset of M, for
every x¢X. Denote Y, (x)={U x¢U¢tw, for every n=1,2,... and let
V(x)=11{Yy(x)|n=1,2,...}. Obviously ¥(x) is a compact subset of } such
that Y(x)Dg !(x). Thus, g~ '(x) is compact. Finally we have to see that g is.
an open mapping, but this is almost obvious. In fact, if y=(U,, U, ..., U,,...) ¢ M,
and x-=g(y), theng(O,—» ¥))2 Ni-1l/;) x and this completes the proof (remark
that if X is complete then one can extend g, by the uniform continuity, over
M,)).
[ I])Let us now prove theorem 3. We take M, and g as in theorem 4 and
consider the carrier @: X — ©(M,) defined by the formula: @(x)=g'(x) for
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everv x ¢ X. The openness of g implies that @ is 1. s. c¢. Thus, by theorem 4.5
(or 4.6) there is an u. s. c. selection y: X — &(M,) for @ snch that |y(x) =na+1
for every x¢Fy k=1,2,... We define M= U{y(x)| x¢ X} and f=g/M. The
circumstance that y is u. s. c. implies that f is a closed mapping and this
completes the proof.

Now let us recall the concept of another dimension-type invariant, namely
the concept of the large inductive dimension Ind X, defined in the usual manner:

1) Ind X=—1 iff X=&;

2) Ind X< n iff for every couple (F,U) such that F is a closed subset
of X and U is an open neighbourhood of F in X there is an open subset V
of X with the properties: a) Fc Vc[V]cU and b) Ind (Fr(V))=n—1, where,
by definition, Fr(V)=[V]\ (V).

In the sequel we shall need the following known results:

Lemma 2. For a normal space X, dim X=0 iff Ind X=0.

Lemma 3. dim X<Ind X for every normal space X.

Theorem 5 (K. Morita, K. Nagami, see [I15]). Let X and Y be

normal spaces with Ind X=0 and let f: X %Y be a perfect mappiug such
that f~\y) =n-+1 for every yc¢Y. Then Ind Y=n.

Theorem 6 (M. Katetov [9]). dim X=Ind X for every metric space X.

Proof. That dim X<Ind X follows from lemma 3. That Ind X=dim X
follows from theorem 5, the particular case when F,=X for every £=1,2,...
of theorem 3 and lemma 2.

Theorem 7 (K. Nagami and K. Morita, see [15]). Let X and Y be

metric spaces, dim X<=n and f: X ¥ be a perfect mapping such that
f~Wy) =k for every y¢Y. Then dimY=n.

Theorem 8. Let X be a metric space and let dim X<=n. Then
X= UiwA; where dim A,=<0 for every i=0,1,2,...,n.

Proof. By the particular case when F,=X for k=1,2,..., of theorem 3

we have a subset M of B(r) and a perfect mapping f: Mm»X, such that
[ f~Y(x)|=n-+1 for every x¢X. Define A;={x€¢X f~!(x) =i+1} fori=0,]1,
2,...,n. By theorem 7 dim A;<0 for every i=0,1,2,..., n Since X= U{4, |{
=0,1,2,...,n} the theorem is proved.

Theorems 1 and 6 permit to obtain the following modification of theorem 3
(the proof is somewhat technical and we omit it).

Theorem 9 (K. Morita [14]). Let X be a metric space of weight t
and A, A, ... be a sequence of (not necessarily closed) subsets of X such
that dim A;<0 for every i=1,2,.... Then there are a subset M of B(r)

and a perfect mapping f: M2 X such that |[f~Y(x)|=n for every x¢A,
and every n=1,2,...

Theorems 8 and 9 give

Theorem 10. Let X be a metric space and X' be a (not necessarily
closed) subset of X with dim X"<=n. Then there are a subset M of B(x) and

a perfect mapping f: M= X such that |f~Y(x) =n+1 forevery x¢X'.
Theorems 3 and 10 give
Theorem 11. Let X and Y be metric spaces, X' a (not necessarily
closed) subset of X with dim X' =n. Then every l. s. ¢. &: X— F(Y) has
an u. s. c. selection y: X— C(Y) such that |y(x) =n+1 for x¢ X'
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Proof. Let M and f be as in theorem 10 and consider ¢: M — F(}),
defined by the formula @ =®of. By theorem 3 (since dim M=0), there is
a single-valued selection g: M — Y for . Define y: X— (YY) by setting
w=gof . It is obvious that y satisfies all our requirements.

Example 1. Let X be the closed unit interval. By theorem 4 there are
a (closed) subset M of B(x, and a continuous open compact mapping

f: M2 X, Define & : X — (M) by the formula @ = f~'. Obviously, @ is I. s. c.
Thus, by theorem 3, there is an u. s. c. sezlection y: X — (M) for & such
that yw(x) =1 for every rational point x¢ X. But & has not an L s. c. selec-
tion with the same property (i. e. to bz single-valued on the set of rational
points). Really, suppose @: X — C(M)is an L. s. c. selection for @ with | p(x) =1

for every rational x¢X and let w={U, U, ...,U,} be an open covering
of X, which has not a disjoint open refinement. Denote M, = U{p(x)|x ¢ X}
and V;=f"1U)nNnM, for every i=1,2,...,n Then {V|,V, ..., V,} is an

open coveriug of M,. Therefore, because dim M, =0, there is a disjoint open
covering {W,, W,, ..., W,} of M, such that W,cV, for i=1,2,..., n. Thus,
y={p~ (W), o= (Wp), ..., (W)} is an open refinement of w with Ord (y, Q) =2,
where Q is the set of rationals in X. But this implies that y is disjoint (note
that Q is dense in X)), which is a contradiction.

7. Hannerization. We begin with the following definition.

Let 3¢ be a class of topological spaces. For a given space Y we shall
say that Y is an absolute-extensor — AE (or absolute-neighbourhood ex-
tensor — ANE) [in co-dim R] with respect to 3 iff every continuous mapping
f: F—Y, where F is a closed subset of a member X of € [such that
dim (AN F)=k| has a continuous extension over X (over a neighbourhood
OF of F in X).

Theorem 1 (S. Nedev, M. Coban, [20]). Let the metrizable space Y
of weight v be an AE (ANE) [in co-dim k] with respect to the class of all
{no more than n-dimensional} metric spaces of weight —<t. Then Y is a such
extensor with respect to the class of all {no more than n-dimensional}
v-collectionwise normal, perfectly normal spaces. If, in addition, Y is Cech
complete (i. e. if the topology of Y is induced by some complete metric),
then Y is such extensor with respect to the class of all {no more than
n-dimensional} r-collectionwise normal spaces.

Proof. Consider a contiruous mapping g: F-— Y, where F is a closed
subset of a space X, the latter belonging to the corresponding class. Define
the I. s. c. @: X— (YY) by setting @(x)={f(x)} for every x¢Fand &(x)=Y
for every x¢ X\ F (here ¥ Y if YV is complete and Y is a completion of ¥
otherwise). By theorem 5.3, @ has an u. s. c. weak-factorization (Z, g, y). Put
H=z¢Z||y(2)|=1}. It is easily seen that /7 is a Gj-subset of Z. Namely,
take (/,(2) to be a neighbourhood of z such that y(f)c O, .(y(2))for every
te Un(2) (U,(2) exists by the upper-semi-continuity of y) and let U, {Ux(2) | z ¢ H}
for n-1,2,... . Then H—nN,.U,and U, is openin Z for everyn—1,2,....
Thus, g='(H) is a Us-subset of X such that Fcg (/). There exists, there-
fore, a closed Ujs-subset F, of X such that Fc F,cg~'(H) (we use the norma-
lity of X). Thus, X\ F, - UF;, where F, is a closed subset of X [and
dim F;— k| for every i -1,2,... According to theorem 5.3 the mapping g has
a factorization (Z, g,, #) such that P=g,(F,) is a closed subset of Z, F,
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=87'(&.(F,)) [and dim(Z \P)=k by the countable-sum theorem]. Note that
in the case when X is perfectly normal we take Fo=F. Now yoh: P— Y is
a continuous mapping having, by the hypothesis of the theorem, an extension,
say k. Then ko g, is the required extension.

Theorem 2. If the {no more than n-dimensional} metrizable space Y
is ANE in co-dim zero with respect to the class of all {no more than n-di-
mensional} paracompact spaces, then Y is Cech-complete.

Proof (see C.H.Dowker [6]). Let ¥ be a completion of Y. We define a
new topological space X by introducing a new topology on Y in the follow-
ing manner: a subset {J of ) is declared to be open in X iff U=VUW,
where V' is open in Y and Wc Y\ Y. First of all we show that X is collec-
tionwise normal. Let {F, at¢ A} be a discrete collection of closed subsets of X.
Then {YNF, a¢ A} is a discrete (in Y) collection of closed subsets of Y, so
that there is a disjoint collection {W, a¢ A} of open subsets of Y with
YNnF,c W, for every a¢ A. Let V, be an open subset of ¥ such that W,=Yn V,
for every a¢ A. The collection {V, a¢ A} is also disjoint (remember that Y is
dence in ¥). Now put U,—(V,U(F.\Y)\ U{F; B€A, B-a). It is clear that
{U. a¢ A} is a disjoint collection of open subsets of X such that F,cU, for
every a¢ A. Thus, X is collectionwise normal. Next let us show that X is
paracompact. Let w be an open covering of X. The collection o'={UNY |U €}
is an open covering of Y and let y'=-{W,, U¢w) be a locally finite (in Y)
open index-refinement of «'. We have W,=Yn V, for some open V, in Y
and let Gy,=UnV, for every U¢w. Thus, y"={G,; Ut} is a collection of
open subsets of X, which covers Y and is such that Ord(y"”, Y)=No- There-
fore, by lemma 1.6, there is a locally finite (in X) collection y={I"y, Ut w.}
of open subsets of X such that y covers Y and refines . Hence the collec-
tion yuU{{x} x¢ X\ U{/'y|U¢€w}} is an open locally finite refinement of w.
Thus, X is paracompact. {Moreover, if dim Y- n then dim X=#n by theorem 6.2}.
Now, by the hypothesis, the identity mapping of ¥ can be extended over a
neighbourhood OY of Y in X, so that we have a continuous mapping f: OY — Y

such that f(y) y for every y¢ Y. Let o be the metric on ¥ and consider the
function ¢ : Oy — [0, 4 oco) defined by the formula ¢(x)=g(x, f(x)) for every
x¢OY. Obviously, ¢ is continuous and Y=¢—'(0) so that ¥ is a Gssubset
of OY. By the definition of X we infer then that Y is a G,subset of ¥, which
completes the proof.

Theorem 3. If a metrizable space Y is an ANE with respect to the
class of all 0-dimensional perfectly normal v-paracompact spaces, then
w(Y )=t

Proof (see C. H. Dowker [6]). Suppose that w(Y)=r+ and let { y. atc A}
be a discrete collection of poinls in ¥ with A =t¢*. Now remember the 0-di-
mensional, perfectly normal, r-paracompact space X, which was constructed in
example 1.1, and which contains a discrete collection of points {x, a¢ A} with
the properties: 1) [x, a¢ A}|=t* and 2) there is no disjoint collection
{U. atc A} of open subsets of X such that x,¢ U, for every ag A.

There is an obvious one-to-one continuous mapping between the sets
X' {x. acA} and V' ~{y, ac A}, say f: X’ Y. Under the assumption of

the theorem, / has a continuous extension f: OX’— Y. But Y is a metric
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space and, therefore, there is a disjoint collection {V, a¢ A} of open subsets
of Y such that y, ¢ V, for every a¢ A. Hence {7—'(V,,);aEA} is a disjoint collec-
tion of open subsets of X such that x,=f"!(y.)€¢f~(V.) for every acA,
which is a contradiction.

8. Some remarks and open questions.

1. The presented proof of theorem 1.1 was kindly communicated to the
author by R. Engelking in a private letter after that the existence of an
analogous proof (somewhat more complicated in details (see [20])) was announc-
ed by the author in [19].

2. The lemma 3.1 is characteristic for all the carriers @: X — F(Y) such
that: a) X is normal and ¥ is a metric space and b) there are an u. s. c.
y: X—e(Y) and an 1. s. ¢ ¢: X —>e(Y) such that p(x)Cy(x)cD(x) for
every x¢X.

In [19] we called such a couple (¢, y) a Michael couple of carriers, su-
bordinated to the carrier @.

Question 1. Is every carrier @ having a Michael’s couple subordinated
to it s. f. p.?

3. One can find an excellent discussion of the continuous selection prob-
lem in Michael’s paper [12]. In fact all the results and examples in [12]
(except the proof of Theorem 3.2" a) —b) which is not correct) are funda-
mental for the selection theory and it is obvious that here we have exploited
a great number of Michael’s ideas.

Our next question 2 regards the theorem 3.1"” in [12] which charac-
terizes the perfect-normality by means of selections. Namely, is the carrier &
in b) and c) of Theorem 3.1’” in [12] s. f. p.?

An easy exercise is the following assertion.

The following properties of a 7,-space .X are equivalent:

a) X is perfectly normal;

b) every I. s. c. #: X —L(R) has a continuous single-valued selection;

c) every l.s. c. @: X— L(R) has an u. s. c. set-valued selection.

Here L(R)={{0}, {1}, (0, + o)} (a three-element collection).

4. Question 3. In [12] the problem of extension of a partial single-
valuad selection is discussed. What about extension of a partial set-valued
selection and especially in the case when dimension type restrictions are con-
sidered ?

5. Does the inversion of theorem 4.9 hold? At least in the case when X
is metric space and Fy=X and n,=n for k=1,2,... (Smirnov’s problem)?

6. The factorization method by which theorem 7.1 is proved allows to
obtain various theorems of this type (see, for instance, [20]). The method men-
tioned above, together with [18; proposition 1] yields some refinements of

theorems 4.8 and 4.9, for instance one may assert that yf~,(x)|<xo in theo-
rem 8 and f(x) <R, in theorem 4.9 hold for every x¢ X and if dim(X\ F)

~n, n>0, then |f,(x) ==n+1 holds for every x¢ X in theorem 4.8. Moreover,
the completeness of Y is not necessary in the case when F is Gyset in X
‘(see again Question 4).
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