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MICROLOCAL PARAMETRIX FOR THE CAUCHY PROBLEM
FOR HYPERBOLIC SYMMETRIC SYSTEMS WITH SYMPLECTIC
MULTIPLE CHARACTERISTICS 1

VALERY H. COVACEV

In the present paper a hyperbolic system P with a principal symbol of a diagonal form
is considered. Its determinant is (r—¢&)"(z+¢£)™. A microlocal parametrix for the Cauchy
problem for P at the point (x9, 0, &, 0), where $0>0,is constructed.

1. Introduction. The construction of microlocal parametrices and the pro-
pagation of singularities for hyperbolic operators with characteristics of vari-
able multiplicity is an active area of current research. In these problems the
geometry of the characteristic set

I={(x, &) e THX)\0:det p(x, §)=0},
where p(x, &) is the principal symbol of the pseudo-differential operator(yvDO).
is essential. o

The set of double characteristics is defined by 3y={(x, &¢2:
d.(det p(x, £))=0}. When det p(x, &)=p\(x, &) pix, &) with dp,, dp, linearly
independent we have 3,={p,(x, §)=pix, §)=0}.

In local coordinates (x, &) we define the Poisson bracket {f, g} by

h e e ———— ————
{f' g}A = (—05,' ox; ox; 057

J

The involutive case { p;, po}=0 on X, has been considered by Uhlmann
[1] for a scalar operator. In [2] UhImann studies operators with multiple
involutive characteristics, i.e. with a principal symbol pfpl, k=>1,1>1,
{ p1, p2}=0, when p, :'Pz:0~

Nosmas [3] studies the Cauchy problem for a class of uniformly sym-
metrizable hyperbolic systems with involutive characteristics of not necessa-
rily constant multiplicity.

The symplectic case, when { P, p2}+0 on 3 has been investigated by
Melrose [4], Alinhac [5], [vrii [6], [7], Petkov [8], etc.

In a more general context Horman der [9] considers the case, when the
symplectic form has a constant rank on X, In contrast with this Lascar
[11] studies a case, when the rank of the symplectic form is not constant
on 2.

In the present paper our attention is restricted to a (n,+ny)x(n,+ny)
system which has the following form

( (D'_thl) ,"l 0 0 Bl‘.’
P(x, t, D,, D))= 0 (D'+th.)ln,)+( By 0 )(X- t, D,)
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in a conic neighbaurhood 7" of (x°,0, & 0)¢ T*R"+)\0, &>0. Here (x,£)
denotes a point in 7*R"), £¢Ri. [/, is the identity (n,x<n,) matrix, x=1, 2.
B, By, are classical y Do of order 0 in the tangential variables depending
smoothly on ¢ near ¢£—0. We have {r—f&, r+25}=25>0 if I' is small

enough.
Let I" be a closed cone in 7*R")»\ 0. Denote by 2,(R") the space of dis-

tributions with wave front sets contained in 7.

Our main result is the following:

Theorem 1. There exists a conic neighbourhood I' of (x° &°) and an
operator E : 2 (RHNE' RN —2'(R* 1) such that for every feZ (R)NE'(RY)
we have PEf¢C=(R*"), y,Ef—f¢ C=(R"), where y, denotes the trace on t=0.

In the forthcoming paper [12] we shall reduce a system L whose princi-
pal part has the form

( (Di—ia(x, &, D) 1, 0 )
0 (Di—is(x, t. DM,

with {r—4,, t—4,}%0 in a point of multiple characteristics to the simple micro-
local form of P mentioned above. This enables us to construct a micro-
local parametrix for L and obtain results concerning the propagation of singu-
larities.

The plan of this paper is as follows. In section 2 we carry out,in a for-
mal way, the construction of the parametrix £. Our approach was suggested
by the method of Gautesen and Ludwig [13], Kucherenko [15], for
construction of asymptotic solutions. The reader may also see Ludwig and
Granoff [14]. In section 3 we carry out the asymptotic summation of the
obtained symbols. In section 4 we obtain some estimates which we have used
in section 3. We study the asymptotic behaviour of the integrals

_,(.f )exp {£i(s?—s2+ ... +(—1)y""'s2)}ds, .. . dSy,

with A(4, m)={(Sy, Spr .., SpER™:0<=5,<Sma= ... =s,=4} which is of in-

dependent interest.
2. Construction of the Parametrix. Consider the operator

a (Dl_thl) lnl Bm(x, t, Dx)
~\ Bulx, t, Dy) (Di+tD )1,

acting on distributions whose wave front sets are contained in a small conic
neighbourhood 7" of (x°, 0, &, 0). Let I'=XxI',, X3x° I",3& be a conic
neighbourhood of (x° &), xCCa, [’ (the projection of I on R™), I'Ca:l. Re-
member that §&>0. We suppose that /", is so small that infs & >0.

Our aim is to determine an operator £ :D,2(R")N&'(R")—2'(R*+!) such
that for every f€2,(R")NE'(R") we have

(1) PEfeC=(R**1),  y.Ef —fe C=(R").
Consider a sequence of phase functions
oy(x 6 ) eAxs 8 E), (X, 8 &5 ), (X G S T ...,

5 Cn. Cepanxa, ku. 1
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Py &3 T e T @ G E5 Th e T,
which are solutions of the following Cauchy problems:
{(D —tD ), =0, {(D,+thl)¢9=0
@1 t=0=(x, &), @2 (=0 =(X, &),
[ (D,—tD.)g" =0 { (D;+tDy )V =0
lof) . =wa( X 1n &), o), = ou(x, 7 &),
{ (D, —tDy)p™ =0
P, =X, 1, E Ty Ty,
{(D (+ D, )pi™ =

P i =P T 3 T T

................

We can easily see that the solutions of these Cauchy problems are

2
fp,,=(""1)“+l-é—$1+<x, E))
g =( g AR () O 8, x=1,2; m=1,2,3,...

Suppose that we have already constructed an operator E": 2,(R") N &'(R™)
—2'(R*+1) such that for every f¢ 2, (R")N&'(R") we have

2) PEfeC=R™Y),  yEf—f=Rf,

where R is a classical wDO of order —1. This will be denoted further as
R¢CL-'(R". Then the operator /d+R is elliptic. Denoting by (/d+R)™" a
properly supported parametrix for /d+ R, the operator E=FE(/d+R)™" will sa-

tisfy (1).
We try to find the operator E, satisfying (2), as a sum of two Fourier

integral operators (FIO): E = EI+E,,
. (%, £, 8 -
Eufix y=(mr [ e eln t ot x=1.2

with

oo 4
N . , i(—1" —
elx b~ X ocAx bt 2 S P il (X b & r)dn+
J=0 o

w0 expli— DRt e (1) (x££ e 4

J=0  A(t, m)

Here by ™ we have denoted (ry, 1 ..., v,), dt'™=dr, dry...dr,, ¢/,

.. are (n,+ ny) < (n,+ ny)-matrices depending smoothly on x, ¢, r""> and ho-
mogeneous of degree —j in & Sometimes we shall write



MICROLOCAL PARAMETRIX FOR HYPERBOLIC SYMMETRIC SYSTEMS I 67

[ ¢ c—7
7 ;11 x; 12
c /= e . s
* ( c/ c 7/ )
%321 %322 |
where ¢ 7, ¢/, ¢ % ¢4 are matrices of dimension (n,Xn,), (n,X<n2),

(ngxny), (n,)(ng) and similarly for ¢/ . Up to now it is not clear whether

these asymptotic sums have any sense. The form of the parametrix was sug-
gested by [13; 15].
Applying the operator P to an arbitrary member of these sums we obtain

iwim’(.r. tgs ™

R Aty m) € CopLx b &5 v™)de™ | f(§)ds)
AL, m
" lq(m (x t (m b
——i P ST (x4, £ £ dmD)dem—Y | f(&)ds

R7 4(¢, m—1)

(m) .
+ f f e'wn (xo t "" (A +P)c( (x, s s 5 r(”'))dl(m) .f(é)d‘:

R™ 4, m)
with
= [0 0 7 %Al 0 3 [ (Di—tD )1, 0 ~
A‘—< 0 251, ) A’—( 0 0 ) P—( 0 (D:+th.)’m.)+B

and B is defined by

0 B
m)*(x, , &) rlm) = g—itx, ,)(B" 12 ){el(x Vet (%, t, &; dm))

< S( s Lol o BT 9. Dieghn g em)
B

=0 0$|¢I5v al E"HC‘ 0

Therefore
PEfix. )=(2)y [ et 0gy(x, 1 fe)ds
FQuy [ et gx, & Ot
with
gix. b &y~ = S {A.+ P)c-f(x t, §)—icyl,_(x. t &5 6}
oo t
- ;.'\:o d[ £ "{(A +P)c(';,/_(x.t Ei ) —icgl, (x b &5 L v)}dr

Foot T1 exp{— DR (=1 A Bl (85 w)

J==0 4(f, m)

—idel e (X 8 &5 8, dm))dem L



68 V. H. COVACEV

Moreover Ef(x,0) =(2x) " Jre € 9(ey(x, 0, §)+ey(x, 0, ENf(E)E Since  ey(x,
0, 5)+esx, 0, ~I2 (e /(x 0, £)+cy/(x, 0, &), we must have

(3) c(x, 0, &) +cYx, 0, &)=1n n,

which implies the second condition of (2).

In order to determine ¢/, ¢,”, ¢/ . ¢/, we equate to O the coefficients
at like powers of |&| in the asymptotic expansion of each integral in g
and g:

i) We start with

)

| is of the form

Therefore ¢

and similarly

0 0 \
0 0 ¢ . ¢ : 0 0
0 0 . (m)1;11 (m)1;12 0 a 9
Cy ( 0 0 ) C‘m”-—( 0 0 » L(m)2 0 , m ~1,..,3,...

€21 €222 (m12 2 Cmy2;22

ii) The terms in g, which do not contain the integration over r, yield

0 0 C_l+ (Df_th.)ln. B??"‘" 3 ’:) c(l):ll c(l);l2
0 25/, ) By(x. t,5) (De+tD )L, J\ 0 0

'—t'(oo 00 )(.V, t.f;t)=0.
Chza 222
This equality and (3) lead to
{ (Df tD"l) 1; n= {(D tD"l 112 =0
9.,(x, 0, &)= In.- c0,4x, 0, &)=0
I'I
and we conclude that ¢} ( o 0
BY(x, 0, &) —ic), yp (. 0,85 0)=0, ¢, 50(x, 0, &5 0)- 0. In this way we obtain
initial conditions for ¢/, ,,5,s €(})2.00 Which enables us to define the homoge-
neous of degree 1 symbols

cob LB b O Fieh g (0 b ETONAEL ey =deq g0 (X0t E £)]25,.

1,21

) For t=0 we get the following equalities :

— . YR A o (0 0
[he terms in g, similar to those discussed above imply ¢} ( o 1,

).For t=0
we get the equalities A
(0 0,§30)=0, BYy(x, 0, §)—icfy (%, 0, &1 0)=0;
Copny (e & 85 8) ~265),  cply=[—By(x ¢, E)+ic),) . Lx 8 & 1))/ — 28,
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The terms in g, which are under the first integral yield
0 0 ) m2 Bg,(x. ) (Dy+tD )], ‘?1)2:21 ‘?1)2;22

‘?2)1-11 ‘?2)112
—z( 0 0 )(x, t. &3¢, 1,)=0.

From the equations
{(Dt+tDX-)C?l)2:2| =0 {(Dt"‘thr)c?l)?:?ﬁ:O
Cyzn(X: 0, &3 0)=—iBy(x, 0, &), (22X 0, &5 0)=0

we .find cgmmfo and c{},,, which does not depend on z,. Moreover, we have
obviously c},==0.
For £=0 we get

BY(X, 0, )y (x, 0, &) —icly 1 1(x, 0, &30, 1))=0, €ly,15(x, 0, &5 0, 7,)=0.

Since (D,—tDy)c%,,.,, =0, =1, 2, we find that (), ,,==0, ¢{,,,, does not de-
pend on t,, 75; etc.

iii) Equating to O the coefficients of |[&|~7, we determine c(;{;.:x,, =1, 2,
as solutions of the following Cauchy problems:

{(Dt)+(—l)a‘thl)C(;n,;,‘:,‘[:a_j(x! tv E)
i inl(%: 0 §5 0, ¥ D)=d~/(x, &),
where a7, d~/ are known functions, homogeneous of degree —j in & The
solutions ¢/ . are homogeneous of degree —j in & and they do not depend
on ™. We determine ¢/}, ¢ /5, as before, dividing by +2£&,. These
symbols are homogeneous of degree —j—1 in & and do not depend on ™.
Thus for =x=1, 2
o X = AP X
elx,t, S~ X 7 Ax, L8+ I cql(x. 1, &) [ e Sde,+ ...
=0 j=0 b}

~.

oo

+ I ch(x 8 &) [ oexp{i(—1y&(d—23+ ... +(— 1y )™+ ...
—0 A(Fm)

P
l": 0 0 0
f‘:’=( 0 o)‘ "(2’=(0 1,,,)'

4. Asymptotic Summation. Remember that /'=X I, is a conic neigh-
bourhood of (x°, &) such that i"fsu'.ns"~151=¢’>0- Let &¢7°,. Then &/|&|el,
NS*! implies 8| &|=&=|&| on I'y.

Definition. Let a(x, ¢, §)€C=(XXIXI')), where [ is an open interval
in R} containing 0. We say that aeS:_ g XXX T) if for ewvery pair of
multiindices a —(ay, @’ )=(apas ..., a,), B=(B,,..., B,), for every nonnegative
integer 1, for every closed interval J: 0¢JCI and for every compact subset
K of X there exists a constant C;, 5, x>0 such that =
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| DiD:Déa(x, t, &) | < Crapsx(1+]&|yn—em—e la” 4

for xeK, ted, fel',.
We are going to consider the product

Gt [ exp (i(—1p& (=24 oo 4 (— )12 ) e

which we denote by I(m) (x, t, §). In the above integral we carry out the fol-
Iomng change of the variables: r,=s,47"2, u=1, 2,..., m. Thus we get
M &) =cit (x, £, 652 [ exp{i(—DH(si—sj+ ... +(—1)"'sd)}ds™

l”l)n
A(tVE, m)

(m)x=

Introduce the notation
Qmy(A)= Juf ) exp {i(—1)(s?—s2+ ... +(—1)y*'s2)}ds(m.

Sometimes, for the sake of simplicity, we shall write Q, instead of Qmn
and Q/  instead of Qmy2. Now we have

150 (% 8, &)=cit (%, b, EETQum(tVE,).

The following two propositions will play an essential role in our con-
struction.

Proposition 1. For every r>0, for ewvery pair of nonnegative inte-'
gers |, k and for x=1, 2 there exists a constant C,3,>0 such that

Sup‘“ | DDy, Q"")*(t‘/fl)lgcrlkxfm_ .
.'”-“5’51-
Proposition 2. Let |A|>1. Then Qumdi) has the representation

Qmy(4) = p(,,.,,‘(l)+e"‘*""‘wq(,,,,,‘().), where pumy.(2) and qm)(2) admit the following
asymptotic expansions:

(m)

[m/2]—1 o
p(”')x(l)~a(’")" Inim72I I 41+ “2=:0 In«| 4| 'Eo b(m)n:nrl—a'-

[(m—1)/2) oo
q(m).(l)"" z In“| 4] xl c(,,,),,;,,l—"“, A— + oco.

w=0

Assuming that Propositions 1 and 2 have been already proved we shall
finish the asymptotic summation. First we shall need some estlmates Let
2(D)ECTRY.0O=gi)=1.x(A)=1 Tfor |2]=3/2, »(4)=0 for |i|-2. Introduce

the sum
157, (0 b )= 1tEG] (6t )+ (1 —2WENG) (% & &)

We begin with the term (t\/é,)l(_)k(x,t &). Note that D{(z(f\/s‘—l))
=(—iy&22O(¢y&,). The chain rule yields

DIDNEN =(—iF e T cp o fi-acthoh (O(HE)).
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We have 05,(1‘”(t\/§,))=%tél—”?z““)(t\/g,). Suppose that we have already
proved

_ B -
(A OWE)) = T Crnt &Ry (),
st ';l
Then we have
_ B _
HHGONE)= 2 cad (G —RIE AN

+ 17 pr G R—R I 2y (1E)))

=cpa(1/2— k)telﬂ—(~+1>z<'+‘>(th)+ S {ck. —k)

+ _}2_Ek.,_l}pg;fz—uwn)zu+.)(tv/gl) + _;_Ek'ktk+151—(k+l)ﬂx(l+k+l)(t\/—§_l)
which is a sum of the desired type with k+1 instead of k. Thus we have

— kL — kL — —
E(ANNEN= 2 Cu &R rgoIE) =7 2 CuntVEYZ AN,

=

Since for |#/%,|=2 we have z(tJE,)=0, it follows that |dg‘(x“’(t\ﬁ,))lsck.zél—k
and IDjD;l(z(t\/E_,))Iscl,,‘e{”—“-. According to Proposition 1, for | 8E <2

the derivatives of Qumu(fy&,) satisfy estimates of the same type, hence
| DDA NVE)Qum « (WED) | = Cra i,
Finally, using the fact that 8|&|=&=I[¢&| in I';, we obtain
| DIDDA(x (WEN G, (%, £ E)|SC(1+| & [y —m—lal+ir,
i. e. z(t\/S_l)I(;{h(x, t, &) € ST{imAXXIXT)). An application of Proposition 2
implies
2 —
expli(— 1+t 5 80— 2B EN (%, 1, €)
—exp [1(——1)"+l Gilled (x b, ™1 — ANED)) Pimy (V&)

Fexpli—1) 5 &legh(x b O — fHE)gmWE).

Introduce A(2)=(1—2x(4)) pem4). Then we have

drh(i) 3
ik n“_:o ‘»-;F(l—le) =" P(n)l(l)
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Let m=2. Then | pimy(4)|=C Inlm?1|;],
ak—m . .
lﬁ__“p(m)x(l)‘g(:ln (mP2I=1 | 2| | 4| —k+u
ya |
for u<k, hence lii‘;—’;(l)lsClnIM/QllllgClJ.I', where 0<e<l1. For m=1,
dkh(;) | )
dik

-~ (C. As before we have

DiDs(h(t5,)

& —
12—, I RO _ 2 -
R R G S R N G

—past—a0 X (o (4 E ekt I(E,).
»=0
Then for m=1 we have
| DIDa(h(ED) | E|sf—e0? X e, (BE)—

=0

v

while for m -2 we obtain

| DIDeA(BE)) || E[rtesmt O 3 cq,, (8)E) .

Furthermore, since |£]-=7 and |#/%|>3/2, we obtain the estimates
| D{DE[(1— 2(WED) par NED] | = CE( -0,
| DID2((1 — x(tVED) Pemy (BN ED] | = CE{—+ 92 for m =2
and in a similar way we get
| DID(1— x(tED)g 8 §1) | = CEf DR,
IDﬁD‘Q:l(l—Z(t\/gn))‘l(m)n(t\/ﬂ)]|SC€‘,“‘“'*‘+"” for m 2.
Finally, we have

exp [i(— 1y 5 &)1 — U WEN (x. £, &)

2
Cexpli( 1y S SNkt Ok exp i1y T8 )g (x 1 §)

with
fallx. b €S (X X< I),

1)x

f-1 (x, b, E)ES A\ VAXXIXT)) for m =2,

(m)x "

gifkx. 6 O ES TN LX< T)),
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g(;{;x(x, t, & eSHTm—a( X IxXT)) for m=2, 0<e<l.

1/2,1;1/2

After this preparatory work we shall carry out the asymptotic summation.
First we find a classical symbol ¢(m.(x, £, &) of order o for each positive in-
teger m and for x=1, 2 in such manner that

C(;n)x(x’ t: 5)"’]50(:(;'/) (x, ty E).

For the moment we claim that £ is defined by

Eftx, =@ [ expliCy &0 OleiCx, £ )

) +20 ] expl(— L &+ix, Oledx, £, OREME,

where in a formal sense we take

e, b, ~cx £ O+ T cmuls b RTTEQumnWE), %=1, 2.
As before we have
e (X, £, EETAQmy (&) + €~ e (mpa(x, 2, EET™RQomAtVE)
= 2 fimp(x, £, &)+ fmp(x, £, &)+ &mAX, £, &)
+ e fiyAx, t, )+ fimAx, s &)+ Gmn(x, £, &)
with
FomnlXs 2 &)= Comud X, £, EET™ (1 E) Qumy (WED
Fomnd, £ &)= ComuX, £, O™ —x(BE)]) pemud V&),
Lol £y &)= CamulXs &, OET™H1— UNE)gmm (B31)s
Fone€ STEBXXIX T, m=1,
frm € SR AXXIXT' ), femn € STLTAAXXIXTY) - for m=2,
Bam €S XXX, Gimn € SO XXIXTY) for m=2.

The asymptotic summation of 'symbols can be carried out for arbitrary ¢, 4, 0
~p=1, 0==6=1, hence we can find symbols

L€ STIRAXXIXT), L eSR AXXIXTY), x=1, 2

1,151/

where

I(x ¢, 5)~m§‘f,..,.(x. t, &),
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1(x, t. E~fadx, ¢, 5)_m£o(f‘“’”(x' t, &)+ 8m—n—Ax, £, 1)).

Now define the operator £ by (4), where
efx, t, )=clx, t, O+ 1x, t, &)+ 1 x, t, &), x=1, 2.

For every function f¢C?(R") we write Ef as a sum of two oscillatory in-
tegrals :

Ef(x, t)=(22)" [ exp [(5 &+(x—y, O) ex. t, &) y)dyds

X2y [f expli(— 5 &+ (x—y, ©)] exx, £, &) A y)dyde.

Here the amplitudes eJ(x, ¢ §), x=1, 2, belong to the class S7,(Xx/)x1I")
which is not covered by the calculus of Hoérmander [10]. However, as it was
mentioned by Melin and Sjostrand [16], the spaces /™(X, 4) of Lagran-
gean distributions can be defined for p=1/2. Moreover, the calculus of FIO
with real phase functions can be extended to the case when o=1/2. (The only
difference which appears is that there is no simple definition of the principal
symbol). In particular, the results concerning the composition of FIO remain
true in this case.
Proposition 3. For every f¢ 2 (R")N&'(R") the operator E satisfies the
conditions
(2) PEf¢C=(R™Y),  yEf=f+Rf, ReCL™'(R").
Proof. We have
Ef(x, 0)=fx) +(2m)~" [ e 9c(x, fe)de
with
o(x, é)\*/-‘ll(fr’(x, 0, &)+c34(x, 0, §)).

From the representation
expli'y &ilei(x, £ &)+exp 15 &ley(x, 1, &)
“:5 \lyc—/(x t 5).+_ \I‘v 23’ —/
=exp[ D] l{j:l. 1 » & /;0 ':l C(M)‘(X, t, 5)
X exp (e A (=1l ld ™ 4 p(x, £, §)).
Ai,m)
ol S eax t, i) & W
+exp | =i &l 2 (x, t, &)+ L cahdx. ¢, &)

X[ expl@(ri= o A=)l 4 g, t, )
ai,m)
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with py, :}N(S;z"vlj,‘n(/\ x1x1I';), N being an arbitrary positive integer, as well

as from the transport equations for ¢/, ¢/ ~we find that the first condition
holds.

As we remarked before, the modified operator E=FE(/d+R)" will be a
parametrix for the Cauchy problem for P.

Remark. Let £=£,>0. Then fim.€S—=(XX/XTI) as for |§|=4/8¢, the
corresponding terms are negligeable. Here / is a semi-open interval of the
form #,<¢<T. Furthermore, we have

f(l)x E CS—ln(Xxix rl).

tm2)
fimmt 8m—1y—e =E7™2 I 10g*&; . Pimun X &, §)
0

=

With pm X, £, §) e CS( X xIxI',). After a rearrangement of the symbols
we get

edx, t, &~ “E:o & logréi(agodx, &, &) +ERbiadx, 1, §)),

A Box € CSNXXIXTY), u=0,1,2,...; x=1, 2.

4. Proofs of the Propositions 1 and 2. Proof of Proposition |
For the sake of convenience we shall use the notations Q# =1, Qt,=0

for m<0. Since
e NE g
QE,WE)= [ € 'QF, _i(sds.,
we have DgQf, )(t\/§,)= —l/2ei“"-Q(f__,,(t\/é—,). Suppose we have already prov-
ed that N
D} Q¢ (W&)
[(k+1)

/2] k—y
— ptif% };‘ Qi—“"("/‘?‘).ﬂ Choaflat1gat1n—k

(A72) _ ke
+ 2 Q&) E dratEh

Then we have

D:,+lQit.)(tJ§l)
[(k+1

2] = A
metit 2 Qhaan(tVE) T et

- (a+ |/2_k)t2-4~le-|+lr)—b—l}

[(a+1)/2)
)

Y —
+ - Q(ﬁ._,,,(i\/é,) ’jo(“fb-)lm"*’ft*‘”"“”



V. H. COVACEV

(&2

l — p—y
+ 2 Qi (WS L idedk —a)tegih!
r=1 )

k/2
feriftn Y

R—»
S 7 /< 2 1ta—1/2—k
y=1 (M—Qr—l)(t\ ) :] (— ldk'a)‘ 2.p7 "(ll !
e [(#—1)/2]
—etrit ::{ >

1 Q(?n—2y+1)(t\/5_1)[i

R—»
—i X
=0

v
> Ck.a—1t2°+lf‘l'+l/2_(k+l)

a=

Crala+1/2 — k)f2a+iga+! ‘2—(k+l)]

[(#+2)/2]
! M

+1—»

Al m—2v+l;(t‘/"l) El (—idr,a)/2. t2at1Eet 12—k D}
) [U?+1‘)/‘3] +l‘-—r . )
+ > 1m 2y)(t\, & l) z ( — le_a_l)/ 2. tg“f?_(k+l)
=1 a=1
k2

—-i X

. k—y
Qi an (V&) T dua(a—R)tiegi=*+

which is a sum of the desired type with £+ 1 instead of &
Next we shall prove that

DID* Q% (t/%))
[4k+l\j-l)/.’]

v Q(in—'h-- 1)(t\/51) > Ck,/,,,t“E‘l“"m' &
r=1 ' az==0

[(k+1)/2]
v

[& N S(l+a) 2k
- Q2 (V&) = drg bogf tar,,

»

+

a=
The sums over « are finite,

exact way a changes. The

of course, we
holds for some [

are not interested in the
equality (5) is proved for /=0. Suppose that (5)
Then we obtain

ry
DDt QL (8 &)
[(k+1+1)/2)
w

o Qa-"_b“)(t\/gl)[t » 2¢~k.l.utu+l5(|u+l)'“l—k¢l
o

az=0

B gi"l’.‘.

am=

i X (lt-k'l_utu—ls(u+1)/2-kl

[(k+ 1+ 1)/2)
. «

)N .
i - (£n~2y)(tJ\l) - L,,_,Ntu;(lwun,z &
y a==0
[(k+1)/2) .
i X Q(’r’n-z.)(t\/h) S ad e et
yeal a1
K+ 1)/2
o, VA
—jetit*h >

Qa1 (V) ﬂ-‘;”dk.l...t"f‘l" Hi+2—A
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which is a sum of the desired type. Thus (5) is proved for each positive in-
teger £ and each nonnegative integer /. Moreover, (5) can easily be proved
in the case £=0 as well.

Thus we have

[Nk O~ 3
DiD: Qg (&)
iy (kD72

S Qi (WE) T CrratNE )

=1 a=0

- .rk+l/‘2{

((k+0)12) . .
£ Qi (WE) X dena (WE) =542 fua (WD),
where, obviously, f.x.(4) are continuous functions of the variable A Denotmg
Crik,.. =sUp ,\,Ifl #.{4)|, we obtain the inequality

sup IDleQ(m,(t\,m\C”k sohei2 )

4 ,}’51

and the proof of Proposition 1 is complete. :

Proof of Proposition 2. We shall carry out the proof bv mductlon
Suppose, for the sake of definiteness, that i is positive. In order to obtain
the desired asymptotic expansions we integrate by parts in the interval [Z, =2).
If the integrals under consideration are not convergent when i—co, we inte-
grate by parts in the interval [I, 4] until we obtain absolutely convergent
integrals.

First remark the well-known fact about the integrals of Fresnel

[rexisds =\ /8(1+i). Write
Put :
pii= [exiwds=\a/8(1+0), gz (D)= - "’m’j exds

In order to obtain the asymptotic expansion of q7(4), we use an integration
by parts:

. e{»ii’ 20 deT"" 1 elu‘.’ oo e-ti.f’

(](1”(4)=1‘ 2% s Thog tTo if = o

1 _ e ’f’ dei"’_+ LI et ® et

260~ (2iF Tt ur Taoms T e ] T @
etc. Thus

) —2v+1
95,4~ ) Chod "%

with ¢ o= +1/20 ¢§0,=(+1/20(2v = 1)!! when »=2 and Propasition 2 is

proved for m=1.
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Next we have
pA . 2
Q5(4)= f et”'Q“,( sdsy = Q1)+ lf eIISIQ(I;)(sl)dSl'

We integrate by parts in the last integral and obtain

O(])(Sl)

{ l is
[ iQg (s, = + ; lf deti

2
* p
| exid L ptis) ] ds,

= Zt—z Q(l)u')q: et’Q(l)(l) f Q“)(S|)d¢‘:; 2[ if”?‘*-

In the following we consider separately each of the four terms given above.
We start with

5 etid? . L I N ERREY N 2,
:t 21 Q(])( ) x 20 pu)( )i'.?ii qu)('*) ~e 2 T T2~ (ho-)‘ ;

Next - eI‘Qm(l) const., {——=logl

2
On the other hand, the integral { (eI"‘/sf)Q:)(s,)ds, is absolutely conver-
gent, that is why the remaining term can be written down as

2

. 2
Tisy
[ Qisdsi=C— [ Qs

Our main interest is to study the aeymptotlcs when 4A— + =0, and now we
have s,=4. Therefore, we can replace Qf,(s)) by its asymptotic expansion and

then integrate each term. Thus we obtain

2 2
o c oo ,I‘-’l oo oo ds,
v ————
! Q(n(sl)dsl"’“(n[ '—Q_dsl+ I C(,,o, { Er

2 T
£ tll] d :‘: C(I)'o- 2
(l) f S+ :l oy A2

and

oo ,14.”2 . oo
f _—i_ dsl~Ieill 20 Y (”0 A—2v+ 1,
yo=2

Hence Proposition 2 is proved for m=2.
Suppose that the desired asymptotic expansions for Q(t,)(l). l<~m-1,

hold. We have
Qh(A) = nf ei“l QL (sds; =Qf (1) + ICUJIQ(M_n( S,
In the last integral we integrate by parts:
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; 2
y -isy 1 0( ...])(sl) I‘-"l
/ elulQ(Im—l)(sl)dsl =t 5 ‘f =

1 Sy
+i1?

1 u'
t—Q<m—n(")+_e D+ f exiei iy (S)ds F f
sl

According to our  assumption | Q} ,(s)|=C(1+loglm=Dis),  hence

O(m_ ')(52)

2.

.2
[re™1s2QF,, \(s1)ds; is absolutely convergent and

.2 . 2
Lopxisy T i8]

7 Q;._”(Sl)dsl =C - fe—g Q(f._l,(sl)dsl-
1 L8

Now consider

j' O(Irn—i’)(sz)f_‘i‘-’

i S2

1 . X i ‘ 2
= [{ Qz, o(Sa)d log sp=logi.Qz, ,,(A)— 1f eT’3 logssQ(f._J)(s,)ds,.
[n the last integral we again integrate by parts:

.2 . P - ‘m’;’
[ e log s3.QF, _,(s3)dss= Fi 2lf log 53/53- Qs (Sa)de™"?

A .2
=Fi/2.10og 2.27'QF, _; (e +i/2 1f (1 —log s3)s72Q%, _,(s3)e 93 d sy
i
+i [" Q(Im_ﬁ(st)dl(’g)sv
Then, as before, we write down
r is3 - ’ ii:?;QI
[ (1 —log s3)s7%e =3 Q7 _5(sa)ds3=C— { (1 —-logsz)s;%e m—3(S3)ds3,
1

etc. Suppose that m=2k—1. Then
Qie_n(®)
~C+cylog i . Qphy_y(A)+ca10g? 1. Q5D+ ... +carlogh='2. Qf (D)
+ et (do Qe _n(A) +di log 4. QA+ ... +darlogh'2)

oo s J”
+b, [ ef"'s,—’o(ﬁ,_,,(s. )ds, + bxlf (1 —log s3)s52e*3QF, _y(sa)ds,
1

oo 2
oo+ basy [{(B—=1)10g 2 soe 1 —log*—'soe_1} 552 e TP 1dsa0 s
1

From the inductive assumption it follows easily that
C+110g4.Qp 5D+ ... +cacylogt=14. QF4)
+ e+ (doQiu oD +di10g 2. QF, () + ... +danlog*=(d)
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£—2 o k-t -
~alogt—'i+ X logri X b,A " +ex¥ X logri X (A 2+!
u=0 »=0 #=0 =1
and
o2
TS —2 I
by [ e771572Q o) (S))dS1+ -
A
oo i
+bk—1f {(k— 1)log"—qu_l—log’*‘*‘szk,_l}sz;;ile— 2k—1dSon 1
i
k-2 o © In4 k—1 oo Y7 k—2 oo oo “
5 : n“s ) s In*s - . T~ Infs
~ X . a,, f —m—l—ds-f- X /3,‘ { 5 eriSds+ Y X ’ "72;79"“ ds.
u=0 y=1 P u=0 i =0 »=2 i S
Integrating by parts we have
£k—2 oo © In E—2 oo P
N n#s | ~  In*;
b 5 N\ N\ b\ -
2 Y oa ———ds~ X Y a,,——
u=0 y= o )[ sl ua=0 »=1 2
and
k—1 = Ink - k—2 oo o0 " k—1 © 7
n“s i In“s 2 ~ In*j
S ris? e D S 2 itN N, T
B J _E-z“e“sd5+ Xl 2y et¥ds~er L Z yu5iy
4—0 i S =0 y=2 PR p—0 p—1 J

Thus Proposition 2 is proved for m—=2k—1. A similar argument works in the
case m=2k. The details are left to the reader.
[ wish to express my gratitude to V. M. Petkov and G. St. Popov

for helpful discussions.
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