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ALMOST KAHLER MANIFOLDS OF CONSTANT
ANTIHOLOMORPHIC SECTIONAL CURVATURE

OGNIAN T. KASSABOV

We prove that an AK,-manifold of dimension 2m =6 and of pointwise constant antiholo-
morphic sectional curvature is either a 6-dimensional manifold of constant negative sectional
curvature or is locally isometric to Cm, CPm or CDm.

1. Introduction. Let M be an almost Hermitian manifold with metric ten
sor g, almost complex structure J and covariant differentiation .
If vy/-0or (yy/)X=0 or

(1.1) gvxNY, Z)+gvy /) Z, X)+g((vz )X, Y)=0,
or
(I.’} (V_\./))"(Vj\j)j)’ 0

or all X, Y, Z¢X(M), M is said to be a Kahler or nearly IKdhler, or almost-
Kahler, or quasi Kahler manifold. respectively. The corrésponding classes of
manifolds are denoted by K, NK, AK and QK, respectively.

One consider the following identities:

D) R(X, Y, Z,U)-R(X, Y, JZ, JU),
) R(X, Y, Z,U)V=R(X, Y, JZ, JUV+R(X, JY. Z, JU )+ R(JX. Y, Z. JU),
3) R(X, Y, Z,U)~R(JX, JY, JZ, JU ),

where R is the curvature tensor for M. If M has the identity 1), it is said to
belong to the class AH,. Then AH,cAH,c-AH, For a given class L of al-
most Hermitian manifolds one denotes L,—~L () AH,. It is known, that K=K,
NK=NK, NKAK-=K. The inclusions KcNKcQK, K<AK,cQK, are
strict [5).

A 2-plane « in a tangent space 7,(M) is said to be holomorphic (respec-
tively, antiholomorphic) if a - Ja (respectively, a | Ja). If for each point peM
the curvature of an arbitrary holomorphic (respectively, antiholomorphic) 2-plane
a in 7,(M) doesn't depend on a, M is said to be of pointwise constant ho-
lomorphic (respectively, antiholomorphic) sectional curvature.

Suppose M¢NK and dim M- 2m = 6. 1f M has pointwise constant holomorphic
sectional curvature it is locally isometric to C”, CP™, CD™ or S% [4]. The cor-
responding result for the antiholomorphic case is proved in [2).

In section 3 we prove an analogous theorem for AK,-manifolds of point-
wise constant antiholomorphic sectional curvature.

2. Preliminaries. Let M be a 2 m-dimensional almost Hermitian manifold.
We denote by R, S and t(R) the curvature tensor, the Ricci tensor and the
scalar curvature of M, respectively. One defines also a tensor 8’ and a func-

tion t/(R) by
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2m 2m
S(X.¥)= £ R(X.Ep JE, JY). Y(R)= T S(E;. E),
=1 i=

where {E,; i=1,...,2,} is a local orthonormal frame field. From the second
Bianchi identity one obtains

@.1) 35' Ve, R) (X Y. Z.E) = (v S) (Y. Z)—(vyS)(X. Z),

2m
(2:2) T (Ve R)(X. E)=5 X(z(R)).
For M¢ AK, the following identities hold (see e.g. [1]; [5]):
(23) R(X. Y. ZU) R(X.Y.JZ JU)= 5 g((vx /)Y —(vy ) X. (v2) U

—(vu/)2).
24 2(Wx(S=SN(Y. 2)=(S—=S)(vx N, JZ) +H(S—=S) Y, (vx /) Z).

Assume M¢AH; and dim M=2m. If M is of pointwise constant antiholo-
morphic sectional curvature v, then [2]:

(2.5) R=+w(S)+ve, — 21 yn,,
(2.6) (m+1)S§—38 =5 {(m+1)T(R)—3t"(R) } &

where
r(x v, 2 u)=g(x, u)g(y, 2)— glx, 2) g(y, u).
v(Q)(x, vz, u) g(x, Ju)y Qv J2)—g(x, J2)Q(y, Ju)—2g (x. IV)QXz, Ju)
gy J2)Q(x, Ju)—g(y, !u)Q(x J2)—2g(z, Ju)Q(x, Jy)

for a tensor Q of type (0,2) and mn,=- 2 v (£). According to (2.5) M¢AH,. In

the case m>2, v is a global coustant [6]. If moreover M¢ QK t(R) and 1'(R)
are also global constants [3).

Consequently, if M¢AK; din M=2m=6 and M is of pointwise constant
antiholomorphic sectional curvature, from (2.2), (2.4) and (2.6) we obtain:

(2.7) f: (Ve, S)(X, E)=0,

(2.8) 2xS)Y. Z)=S(vx /) Y, JZ)+S(JY, (vx])Z).
In section 3 we shall use the following lemma:

Lemma. Let Mec AK, with dim M=2m=6. If the curvature tensor of
M has the form
(2.9) R=[fr+hr,y,
where f, h¢F(M). then either M is a 6-dimensional manifold of constant
negative sectional curvature or M is a Kahler manifold of constant holo-
morphic sectional curvature. ’ ;
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Proof. If M is not a Kihler manifold of constant holomorphic sectional cur-
vature, it is of constant sectional curvature [8]. [f m>3 this is impossible [7].
On the other hand, as easily follows from (2.3), if a non Kihler almost Kihler
manifold is of constant curvature f, then f<O.

3. The classification theorem for the class AK.

Theorem. Let M¢ AK; and dim M=2m=6. If M is of pointwise constant
antiholomorphic sectional curvature v, then either M is a 6-dimensional ma-
nifold of constant sectional curvature v<0, or M is locally isometric to one
of the following manifolds :

a) the complex Euclidian space C™;

b) the complex projective space CP™(4v);

c) the complex hyperbolic space CD™(4v).

Prool. First we prove that the Ricci tensor is parallel. Let peM,
x, y€T,(M). According to the second Bianchi identity

(3.1 (V.R)(Jx, v, ¥, JX)+(V, R (Y, X%, ¥, JX)+(VyR) (x, Jx, y, Jx)=0.

Let {e;, Je;; i=1,...,m} be an orthonormal basis of 7,(M) such that
S(e;) = r;e; (and hence S(Je,)=X1Je,), i=1,..., m. In (3.1) we put x=¢,, v=e¢,
(i#Jj) and using (1.2), (2.5) and v-—=const. we obtain

(3.2) {30 +h,—42m—1)v}g((vess)e, Je;)=0.
Analogously, from

(VseR)(ers € €. Jer)+ (Ve , R)(€;. Je, €5 Jer)+(V.,R)(Jei e, e Je,) =0
for i+j+k+i we find
(3.3) {20,420, 4(2m - vig((A, ) )es J.)=0.
If for some s (v, /)e,-+0, without loss of generality we assume that g((v,,/)e,
Je;)-+-0 for some i+s and from (3.2) and (3.3) it follows:
(3.4) 3h+A,—4(2m—1)v=0,

2ht A+ A, —4(2m—1)v=0.

Hence A, X, for 4L k=1,..., m;i k+s If there exists /s such that
(A, J)e; - 0 in the same way we conclude, that A,=2x; for k=i, s and conse-
quently A, =2x,, i, j=1,..., m. Hence, using (2.8), we find (y,S)(y, 2)=0 for
all x, y, z€7,(M). Let

3.5) (Ve S dei=(vy,J) Je,=0

for i—1,...,m; i+s. Using (2.1), (2.5), (2.7), (1.1), (28) and v=const, we
obtain

48 (Jx, (v,.)y)—4S(Jy, (v ))x)+ 58 (Jx, (vy/)z) =58 (Jy, (v.])z2)
(3.6) S(9S) Y. J2)+ S (v )%, J2)—12(2m — Vg (Jx. (v.T) ¥) = 0.

In (3.6) we put x=¢,, y=e,, 2=¢€,:
(A0, + 4, —h\— 12C2m— 1)v}g (Je,, (veyS)e))

@37 +50,g (Jer, (ves en)—5Mg(Jes, (Ve Jen) =0
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for arbitrary i, j, k. Let i, j+s, k=s. Then from (3.7), (1.1) and A;=2; it fol-
lows {130, —x,—12(2m—1)}g(Je;, (ve,S)e)=0. 1f g(Je:, (v. S )e;)+0 for some
l, j==s, then

13%,—2,—122m—1)v=0
and using (3.4) we find %= A, Hence, yS=0 in p. Let
(3.8) glen(ve)e)=g (.. (v.S)e)=0

for i, j--s. Let in (37) i, ks, j—s. Using (38) and %, =%, we obtain {32
+9 1, —12(2m—1)v}g(Je;, (v.J)e)=0. It g(Je,. (v, J)e)+=0 for some i k+s,
we have X,=2X, and hence, yS=0 in p. Let

(3.9) g(e. (VoS )e,)=g(Je;, (v.,))es)=0.

If m>3, let i j, k are different and i, j k+s. From (3.7) it follows {4,
—(@2m —1)v}g(Je;. (v, J)e)=0. If g(Je,, (v.,])e,)=0 then h;=(2m—1)v and
using (3.4) we obtain i, —=X,. Hence and because of (38), (3.9), we assume
that

glec, (ve, /e =g (Je,, (9., J)ex) =0
for all different 7, j, k. According to these equalities and (3.5)
(3.10) (v, /)e;=0

for i-+s and for arbitrary j=1,..., m. From (23) and (3.10) we derive
Re,,e;, e;, e)—R(e;, e;. Je;, Je;)=0 for i j; i, j4+s. Hence, because of (2.5)
and i;=—2, it follows A, =2(m+1)v for i+s and using (3.4) we find A=
2(m—5)v. On the other hand, from (2.3) and (3.10) we obtain

2R (e, e, e, e)—2R (e, e, Je, Je)= —g((v. J)e) (Ve J)e).

From the last three equalities and (2.5) we derive

(3'l 1 ) g ((Vt\ .I)(,-, (Vec .I)e,) = —4v.
On the other hand, because of (3.8), (v, J)e: = ae,+BJe,, where a, B; are real
constants, i—1,..., m, i+s. Using again (2.3). (2.5) and (3.10), we derive

gUv.t)e, (v.))e) =0, gl(v.S)e, (v ) ey 0

for i+ j; i, j+s. Consequently, a,a,+ BB, =0, —p,a,+ap,—=0. Hence, by using
(3.11) it is easy to find v=0 and (v),J)e,=0 for i=1,...,m; i+s. Hence,
(v,‘J e, =0 which is a contradiction. '
Consequently, from (y,J)e,+0 for some s it follows pS=0 in p.
Let (y.,/)ei=0 for every i—1,..., m. Then

(3.12) S((ve)en y)=S(en (v S) y)=0

for every i=1,..., m and for arbitrary y€7,M). Now from (3.1) with x=e;
by using (2.5), (2.8) and (3.12) we derive

38 (Je, (Ay) y) =S (Jy., (AT )e)—42m—1)vg(Je, (vy]) ¥)=0.
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Hence,
38 (S, (V) y) = S( Ty, (vy] )x)—4(2m —~1)vg (Jx, (vyJ) y) =0
for all x, y¢7,(M). On the other hand, from (3.6) it follows
38, (v ) y) Sy, (vpd)x) =28 (Jy, (v J) y)—4(2m - 1)vg(Jx, (vy])y) =0.

By wusing (28) from the last two identities we find (A,S)(v,v) =0, i.e.
vS-=0 in p.

Consequently, the Ricci tensor is parallel. If M is irreducible it is an Eins-
teinian manifold. Hence, the curvature tensor has the form (2.9) and the as-
sertion follows from the lemma and the classification theorem for Kihler ma-
nifolds of constant holomorphic sectional curvature.

Let M be reducible. Then M is locally isometric to a product M,(u,)x. ..
A My(ny), where S=p;g on M(p,) and p; ¢ p; for i +j. Then it is not difficult
to prove that My(p;) is an AK,-manifold for i=1,. .. ,m. If =1, M is Eins-
teinian manifold and the theorem follows. Let £>2. By using (2.5) it is easy
to see that v=0 and w,= —p; fori=j. If £>2 it follows ;=0 for i=1,..., k
which is a contradiction. Let £=2 and dim M,(p,)>4. Analogously to (3.2)
m € (x, (vys)y)=0 holds good for all x, ve T, M,(n,), peM,(p,). Since p,=0
is a contradiction, we assume p,+0. Then M,(n,) is a nearly Kdahler mani-
fold and hence it is a Kahler manifold of constant holomorphic sectional cur-
vature and of zero antiholomorphic sectional curvature. Hence, pu, =0 which is
again a contradiction.
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