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A SEPARATOR THEOREM FOR GRAPHS OF FIXED GENUS
HRISTO NIKOLOV DJIDJEV

The separator theorems are connected with the effective use of the divide-and-conquer
strategy for solving problems defimed on graphs. In the paper a separator theorem is proved
showing that every n-vertex graph of genus g can be partititioned into two or more components

of roughly equal size by deleting only O{ygn) vertices.

1. Introduction. A useful approach for solving a variety of combinato-
rial problems is the method “divide-and-conquer™ [6]. To solve a problem by
this method, we decompose the problem into two or more smaller and relati-
vely independent subproblems, solve them recursively by the same method and
use the subproblem solutions to build a solution of the original problem. The
efficiency of this method strongly depends on the way the original problem is
decomposed into subproblems.

Consider now problems on graphs. Let S be a class of graphs closed
under the subgraph relation (i. e. if G,¢S and G, is a subgraph of G, then
G,€S). An f(n)-separator theorem for S was defined in [2] as a theorem of

the following form: . .
Theorem A. There exist constants a<l *e - ot

and B>0 suchk that, if G is any n-vertex
graph in S, then the vertices of G can be
partititioned into three sets A, B, C, so that
no edge joins a vertex in A with a vertex in
|B, Al=an,|B|<an,|C| <Bf(n). e

If G is the graph in S on which the pro-
blem is defined, then the subgraphs induced by
the sets of vertices A and B define subprob-
lems, which are relatively independent of each

other. The cost of combining the solutions to .- e ‘e
the subproblems into a solution to the origi- ¢

nal problem is a function of the size of C  Fig. 1. Infinite two-dimensional
(and thus of f(n)). square grid

Previously known separator theorems include the following:
(A) Q grid graph is any subgraph of the infinite two-dimensional square grid

illustrated in Fig. 1. A m-separator theorem holds for the class of grid graphs.
(B) A one-tape Turing machine graph is a graph representing the compu-

tations of a one-tape Turing machine. A |n-separator theorem holds for such

graphs.
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(C) A planar graph is a graph which can be imbedded in the plane, so
that no two edges intersect except at a common endpoint. A \/n-separator the-
orem was proved for the class of all planar graphs in [2]. Some improvements
were made in [3,4].

It might seem that sparsity is the most important condition for the exist-
ing of o(n)-separator theorems. However, the following result of Erdos, Gra-
ham and Szemeredi [7] rejects this hypothesis.

Theorem 1. For every rational €>0 there is a positive con-
stant c=c(g) such that almost all* graphs with n—=|[(2+¢)k| vertices and ck
edges have the property that after the omission of any k vertices, a connect-
ed component of at least k wvertices remains.

Hence sparsity per self is not sufficient to obtain useful separator theo-
rems, then we must pay attention to the structural features of the graphs.

The genus of a graph G is the minimum genus of a two-dimensional ori-
entable surface on which G can be imbedded, so that no two edges intersect
except at a common endpoint. Since the genus of the sphere is O, the class
of all planar graphs is identical to the class of graphs of genus O. As mention-
ed above, a \n-separator theorem holds for the class of all planar graphs.

We shall show now that for every positive integer g a \/n-separator theorem
holds for the class of graphs of genus not exceeding g

2. Proof of the Separator Theorem.

Lemma | [1]. Let G be any graph of genus g. Shrinking any edge in
G to a single vertex does not increase the genus g of the graph.

Corollary 1. Let G be any graph of genus g. Shrinking any connected
subgraph of G to a single vertex does not increase the genus g of the graph.

Proof. Induction on the number of the vertices in the subgraph.

Lemma 2. Let S be any surface of genus g>0 and c be a closed curve
on S. Denote by M the set of the points on S, which do not belong to c.
If ¢ does not divide S into two connected regions (i. e. if M is connected),
then M can be supplemented to an orientable surface of genus g—1.

Proof. Construct a triangulation of S which contains ¢ (i. e. such that
all the edges of ¢ are edges of the triangulation). Let » be the number of the
vertices, / — the number of the edges, and m —the number of the triangles
of the triangulation. The number

(D) ES)=n—1l+m

is called an Euler’s characteristics of S and

(2) E(S)=2-2g.

Apply some continuous transformation @ to M, such that the contour of the

image of M consists of two closed curves with an empty intersection, corre-
sponding to ¢ in M (Fig. 2). The triangulation of M is transformed by ¢ to

a triangulation of the image M, of M. Wo shall prove the LLemma by comple-
menting M, to a orientable surface of genus g—1.

* By “almost all” we mean that the fraction of the graphs possessing the property tends
with increasing n to one.
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Let u, and u, be 2 points outside M,. For each edge (v, w) from the con-
tour of M, construct a triangle (v, @, u,), if (v, w) belongs to ¢, or a triangle
(v, w, u,), if (v, w) belongs to ¢, In addition the triangles must be so construct-
?gt th?&;‘ when added to M,, to form an orientable triangulated surface S’

ig. 3)

Fig. 3. The surface &

Let us estimate the Euler’s characteristics of §'.

Denote by % the length of ¢. Since ¢, and ¢, have the same lengths as ¢
then the number of the vertices and the number of the edges of each of the
cycles ¢, and ¢, will be k. Then the number of the vertices, edges and trian-
gles in the triangulation of §” will be n+4+2, [ 43k and m+ 2k, respectively
(see Fig. 3). Thus by (1) and (2) it follows E(S§")=E (S)+2 and the genus of
S is g—1.

Now let G be a graph of genus g and ¢ be a cycle in G. We shall say that
¢ divides G if there exists an imbedding of G on some orientable surface of
genus g such that the image of ¢ divides S. Then the next statement follows
from Lemma 2.

Corollary 2. Let G be any graphof genus g>0and ¢ be a cycle which
does not divide G. Then the removal of the vertices of ¢ diminishes the genus
g of the graph with at least one.

Definition. /f G is any graph and A, B, C is a partitioning of the verti-
ces of G such that no edge joins a vertex in A with a vertex in B, then
A, B, C is a regular partitioning.

Lemma 3. Let G be any n-vertex graph of genus g. Suppose that G
has a breadth-first spanning tree with a root the vertex t and radius r. Then
there exists a regular partitioning A, B, C, of the wvertices of G, such that
neither A nor B contains more than 2n/3 wvertices and C contains no more
than (4g+2)r+1 vertices, one of them the root of the tree.

Proof. Make an induction on g. If g=0, then the lemma is true (Lemma
2 in [2]). Suppose that the lemma is true for all graphs of genus not exceeding
g—1. Imbed G on some surface § of genus g. Add additional edges to make
all faces triangles. Each non-tree edge forms a simple cycle with some of the
tree edges. We shall call such cycles basic cycles. Every basic cycle has a
length at most 2r+ 1 if it contains the root of the tree, and at most 2r—1
otherwise.

21 Cn. Cepauna, ku. 4
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If each basic cycle divides S into two connected regions then the lemma
can be proved in the same way as Lemma 2 in [2] (Jordan’s Curve Theorem
[8] is used in that proof).

If a cycle ¢ exists which ‘does not divide S into two connected regions,
then by Corollary 2 the removal of the vertices of ¢ reduces the genus of G.
Divide the set of all triangles incident to ¢ into two classes L and R, so that
the triangles in each of the classes lie at one side regarding c. If some trian-
gle has vertices on both sides of ¢ then the triangle must be in both classes
L and R.

Similarly, divide the set of the vertices which belong to triangles in L or
R, excepting the vertices on ¢, into classes L’ and R'.

The classes L’ and R’ will be used below to form a new graph G’ from G:

Let ¢=(vy, Uy ..., 7,) Replace ¢ by two cycles ¢'= (v}, T ..., 7;) and
¢"=(v}, v ...,v};). Each edge (v, w) in G, 1=i=k, replace by an edge (7, w)
if @ belongs to L', or (v}, w), if w belongs to R’ (Figure 4). By Corollary 2
the genus of G’ does not exceed g—1.

Fig. 4. The graph G’

Suppose that there exists a regular cycle ¢ in G, which intersects c. That
means that the path ¢’ in G’, which corresponds to ¢, connects a vertex in ¢,
with a vertex in ¢,. Denote by M the set of the vertices on ¢, ¢y and ¢’.
Shrink the graph induced by M to a single vertex " and let G"" =(V"', E")
be the resulting graph. By Corollary 1 the genus of G’ does not exceed the
genus of G’ and hence it does not exceed g—1. Moreover the maximum dis-
tance between ¢ and vertices in G’ does not exceed r. Then it follows from
the inductive conjecture that there exists a regular partitioning A’’, B"", C"" of
the vertices of G, such that |A”|<2n/3, |B"’ =2n/3, |C"|=(4g—2)r+1.
Therefore the partitioning of the vertices of G A =A"",B=B"andC- C""{V"'} UM
satisfies the lemma.

Suppose now that no regular cycle intersects ¢. We shall show that this is not
possible. l.et ¢, and f, be any vertices from ¢, and ¢, Define maximum trees
7, and T, with roots £, and £, and edges corresponding to the edges in T
(see Fig. 4). Since 7" does not contain cycles (as a tree), then 7' and Ty do
not have a common vertex. Besides there is no edge (v, )¢ E’ such that v,
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isin T, and v, is in T, because to any such edge a regular cycle corresponds
in @, intersecting ¢, which supposedly is not possible.

Then no edge in G’ joins a vertex in 7, with a vertex in 7, which
means that ¢ divides G. That contradicts once again to the conjecture that no
regular cycle divides G. This completes the proof.

Lemma 4. Let G be any n-vertex connected graph of genus g.

Suppose that the vertices of G are partitioned into levels according to
their distance from some vetex v, and that L(l) denotes the number of verti-
ces on level l. Given any two levels l,=I, such that the number of vertices
on levels O through l,—1 does not ex(eed 2n/3 and the number of vertices
on levels ly+1 and above does not exceed 2n/3, it is posszble to find a regu-
lar partitioning A, B, C of the wvertices of G such that |A|=2n/3,|B|=2n/3,
|C =L (I)+LUa)+(4g+2) (lb—1,—1).

The proof of this lemma is the same as the proof of Lemma 3 in [2].

Theorem 2. Let G be any n-vertex graph of genus g There exists a
regular partitioning A, B, C of the vertices of G such that | A|=2n/3,|B|=2n/3
and | C|<=\2g+16n.

Proof. Assume G is connected. Divide the vertices into levels according
to their distance from some vertex ©. Let L(/) denote the number of vertices
on level /. If the maximum distance between v and the other vertices of G is
r, then define additional levels —1 and r+1 containing no vertices.

For each a¢(0, 1) let /o, denote a level such that

la_l

l
L L()<an, X L()=an.
=0 =0

Case 1. There exists a level [ such that ly3<l<ly; and L(l)<y2g+ 1\J6n.
Let A be the set of vertices on levels O through [—1, let B be the set of
vertices on levels /41 through 7, and let C be the set of vertices on level L
Then the theorem is true.

Case 2. For each [¢[ly3, 23] L (1)>y2g+ 1\6n. Let a= (z’w L())/n. Since
{23 ty3—1t

T LO= z L= X L®>2/3.n—1/3.n=1/3.n,

= l|/J
then «>1/3. Furthermore

23

an= X L()> z V28+ 1Vb6n=(lop—bip+ 1) 2g+1)\/6n.

l-=l”3 =l 173

Thus B B
(3) lLp—bs+1<a/(V2g+1.\6).Vn.
Let j be a non-negative integer such that
I93+/—1 i3+J
p> L(l)<2/3.n, T L()=2/3.n.
l==aly3—/+1 I=ly,3—/

Subcase 2.1. There exists / such that O=i=j and L (Lp—i)+L (lz3+1)
- \2g+1{6n. Then let C be the set of the vertices on levels {,3—i and la3+is
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let A be the set of the vertices on levels /;3—i+ 1 through l;3+i—1 and let
B be the set of the remaining vertices. Then the theorem is true.
Subcase 2.2. For each i, 1 =i<j, holds

L (Lys—i)+L(Lap+i)>\28+ 1V6n.

ly;3+7
Let p=( < L({)/n. Then p=2/3. Furthermore

I=ly;3—J]

lo3+J —1 12 3 12/3+j
pn= X L (l)— Z L (l)+ Z L (l)+ z L(l)
I=ly3—J =l 3—J =l3 I=lg/3+1

—an+ E,, (L (hs—i)+L (i) >an+ j2g+1 y6n.

Thus (B—u«)n>jy2g+16n and
(4) J<B—a)/(y2g+1V6).\n
Let m—-x'37"1 (). Then Zf_;,_./‘.,+,-+|L(l)=n—m—Bn.

(=0

Find levels ¢’ and !’ such that
"éll,:}—j—l<12/:x+j+lgl”a

(5) L(U)+(4g+2) (la—j—1—0)=2\2g+1 {m,

(6) L") +(48+2) (" —(lap+j+1)=2V2g+1 yn—m—pn.

Assume that a suitable level [’ does not exist. Then for each [, 0=l=li;
—Jj—1 L()>2V2¢+1 Vm—(4g+2) (Lya—j—1—1) Since L(0)=1, this means
1>2y2g+1 ym—(4g+2)(liz—j—1). Thus lLys—j—1=Lhp—j—1+1/4g+2)]
=Lym/N2g+ 1% and

ly3 —J—1 hpg—/—1 o
m— £ L()= z [2y2g+ 1 ym—(4g+2) (lp—j—1—0)]

=0 =ty 3—j—1—LVmNIg+11

Lym/N2g+1g o

S > [2V2g+1Ym —(4g+2) 1| =|.Vm/\J2g+112VJ2g+1Vm

—LVymiN2g+15+1) ~\/m\~2g+I(L\'m/\/2g+u+1)>~m~/2g+l~/m/\/2g+1=m

This is a contradiction. A similar contradiction arises after an assumption
that a suitable level /7 does not exist.

Add together the inequalities [5] and [6].
(7) LU)+LA)+ 20" U — 1 —(lap—lis+2j+ 1)) =2V 2g+ l(\/m+\/n m—pn).

Multiply the inequality (3) by 4g+42, the inequality (4) by 8g+4 and add
them together. The result is
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®) (4g+2) (Ls—hp+2j+ 1)<(Ag+2) [(«/ (V62g+ 1)
+2(8—a)/(V2gF1VB)Nn=""£1 (45— 20) Yn.

Finally add together (7) and (8).

©) LW)+LWU)+HAgH) W 1 - D)<2g+T [2(Jm-+m—m—Pn) +** 2]

v

In [4] is proved that
48 —2a

—n=\6n.
V6

2(m+\n—m—PBn)+

Thus L()+L ") +(4g+2)(I""—1'—1)=\2g+16n and by Lemma 4 the the-
orem is true in this subcase. This completes the proof for connected graphs.

The proof in the case when G is not connected is the same as in Theorem
4 in [2].

3[. ]Sharpness of the separator theorem. Here we shall prove that Theo-
rem 2 is tight within a constant factor, i. e. that no 0(}/gn) for n—co, g—°
separator theorem™* exists for the class of graphs of genus g with constants
independent of g.

Lemma 5. Let S be a class of graphs, closed under the subgraph re-
lation. [f an f(n)-separator theorem holds for S with a=a,¢(1/2,1) and
B=PB,>0 (see Theorem A), then an f(n)-separator theorem holds for S with
a=1/2 and B=B,/(1—\a,).

The proof of Lemma 5 is the same as the proof of Corollary 3 in [2].

Let the length of a line L and the area of a two-dimensional region S be
I(L) and s(S), respectively. Then the following statement can be proved easily"

Lemma 6. Let t be a regular polygon with area land let ¢ be a conti-
nuous rectifiable curve on t, dividing it into two regions A and B. Then

1) there exists a constants €,>0 which does not depend on t and ¢ such
that if U(c)<z, then max {s(A).s(B)}= 5 (s (A)+s(B))

2) there exits a continuous rectifiable curve c¢' on the contour K, of ¢
¢’ oc K, satisfying l(c')=2l(c).

Lemma 6 can be used in the following way. Suppose that we have a
surface S which is covered by regular polygons and that a curve ¢ is build
on § which divides it into two equal parts. Then ¢ can be substituted by a
curve lying on the contours of the polygons, so that the new line has a length
at most 2 times greater than the length of the original curve and the new
curve divides S into two parts of roughly equal sizes.

Now let S be a surface, p be a map upon S and k. be an integer. For
each face ¢ in p add a new vertex in ¢ and edges, connecting the new vertex
with all other vertices of the face (Fig. 5(a)).

The tesult of this operation is a map p’, each face of which is a triangle.

*By [_x) we denote Lhe greatest integer not exceeding x.

# f(x, y)=o(h(x, y)) for y—+-0, x—+00 means that for each £>0 there exists x; such
that if x> .x, the inequality f(x, y)=eh(x, y) holds for all sufficiently great y.
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Divide each edge of p’ into k& parts. Add new edges in each of the
triangles to connect the points of division, as shown in Fig. 5(b). Thus for
every polygon £ in p a graph G(k, £) is constructed, and to the whole* map
corresponds a graph, which will be denoted by G(k, p). Note that G(k,'¢) de-

Gk, t)
a b

Fig. 5. Adding new vertices and edges in ¢ -or £=32

pends only on the number of the vertices of £ Besides the genus of G(k, p) is
not greater than the genus of S.

The following analogue of Lemma 6 can be proved using the lemma and
a similar technique as in [4].

Corollary 3. There exist constants ¢,€(0, 1) and k,>0 such that if ¢ is
a polygon and %k -k, is an integer, A, B, C is a regular partitioning of the
vertices of G (A, ¢), |C|=ek and K is the set of the contour vertices of
G (k, £), then

1) max{| ANK/|, |BNK}=2/3(|A|+|B|+|C)),

2) a set C’c K exists such that C’>C (1 K and every 2 points of K con-
nected by a path in C are connected by a path in C’, and
|CN K| & '|CN K|, where K—C K.

lLemma 7. Let S be a surface, p be a map upon S and k be an integer
satisfying the condition k=>k, where R, is the number from Corollary 3.
Let j be the maximum number of wvertices of any polygon of w and let n
be the number of wvertices of the graph G=G(k, n). If A, B, Cis a regular
partitioning of the vertices of G and |A |-—n/2, |B|<-n/2, then there exists
a regular partitioning of the vertices of G into three sets A', B', C', such that
|A" =23n/4, B'|~3n/4, |C" |~ j.e;"|C| and all wvertices of C' are upon the
edges of n.

Proof. Let 7/ be a polygon in p and G,—=G(k, t)—(V,, E,) be the graph
corresponding to £. Let K, be the set of the contour vertices of G, (i. e. the
vertices on the contour of ¢), C,==CN V, K,~C,( K, Suppose that

(10) | C,|=¢,k.

After Corollary 3 there exists a set C,— K, such that C;,_)k, and every
two vertices in K, connected by a path in C,, are connected by a path in
C,, and |CN\K, ~&'|CN K, |

Denote the sets into which C, divides V, by A, and B, A,—A, B, B (it

is possible that A, - or B, - (»). Without loss of generality suppose that
AN K, | | BANK,|. Then by Corollary 3
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[ANK |=2/3(A |+ B, |+ C. D)
and hence |V,|=3/2| ANK, .
Denote |4, = V,\C,, B,=@.Then | A, |<3/2| AN\K, |, 0=|B;|=3/2 B/\ K, |.
If the inequality (IU) holds for all polygons ¢ in pu then let A'= UJ,¢,A,.
B = UtbuB and C’= U,H,C ThenIA ~Z,(,,|A I,\3/22((u A,\K1|S3 \AI
=3/2 n/2=3n/4. By analogy | B’ |<3/4n and |C’ |<'|C|.

Suppose now that there exists exactly one polygon t in p, which does
not satisfy the inequality (10), i. e. such that |C.|>gk Then let C =K,

D=VK. A*~ U A, B*= B, C*= IC,.
ffn tEn tEn
1 &= =+t =+t

As in the previous case max (| A* , B* )=3n/4. Without loss of genera-
lity suppose that | A* '<| B*|=3n/4. Since the number of the vertices of £ can
not exceed the sum of the number of the vertices of the other polygons in p,
then | D =n/2. Furthermore

| A% |+ D |=n—| B*|—| C*|<n—( A*|+| B*|+| C*[)2=n—(n—| D )}2<3n/4,
|C.|=|K:|=jk<j.&7" | C:.

Then the sets A’=A*yD, B'=B* C'=C*|C, satisfy the requirements
of the theorem.

In the general case the correctness of the theorem is proved by an induc-
tion on the number of the polygons which do not satisfy (10).

Now we shall make use of Theorem 1 mentioned in the Introduction.
Since the number of the vertices with degree exceeding 4c¢ is not greater
than /2, we can give the following (more convenient for our purpose) formu-
lation of Theorem 1. Let & be an arbitrary positive number and c=c(g)
be the corresponding constant from the theorem.

Corollary 4. There exists a sequence of graphs {G)7.1 satisfying

1) lnmg— 0, O(n) where g; and n are the genus and the number

of the vertices of (i,..

2) The degree of each vertex in a graph of the sequence is a number in
the interval [3, 4c¢].

3) If A, E C, is a regular partitioning of the vertices of Gi such that
A, =Q(n,) and | B,| =Q(#,), thenlC | =Q(n)*

Let G, be the dual graph of G regarding tbe regular imbedding of G on,
some surface S; of genus g. By the definition of duality the vertices of G
correspond to the faces of the imbedding of G, and two vertices in G are
joined by an edge if and only if the corresponding faces share a common
edge. From the imbedding of G, an imbedding p; of G on the same Surface S,
can easily be obtained. With regard to this imbedding the vertices in G, corree-

pond to the faces of w, and two vertices in G, are adjacent if and only if the
corresponding faces share a common edge.

The next statement is dual to Corollary 4.

Corollary 5. The sequence (G));> has the following properties.
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1) limine &= >, ;=0 (m;), where g, and m; are the genus of G; and the
number of the vertices of p,.

2) Each face in p, is a polygon with no more than 4c¢ vertices.

3) If C; is a set of edges dividing S, into 2 regions A, and B each con-
taining Q(m,) faces, then C;|=Q(m)).

Theorem 3. No fin)separator theorem exists for the class of the
graphs of genus g for fon)—o(\gn) for n—~- g—-o and constants inde-
pendent of g.

Proof. Consider the sequence of graphs {G;}>, and the sequence of maps
{n;},, defined above. Let &, &, ..., k, ... be a sequence of integers greater
than %k, such that lim,,. & =co. Define the sequence of graphs {G;=,, such
that G,=G (&, p,). Denote by 7, the number of the vertices and by g, the
genus of G,

Assume that there exists a regular partitioning A, B, C; of the vertices
of G, such that A;|<3n;/4, B, =3n,/4, | C;|=o0(Jgn,), where n, denotes the
number of the vertices of G,. According to Lemma 5 and Lemma 7 suppose
(without loss of generality) that all vertices in C; lie on edges of p,.

Any face in p, contains between £%/2+0 (k) and 4ck?/240 (k) vertices
of G,. Then n, — O(m] k?), where m; is the number of the faces in p, Since each
edge in G; contains £, + 1 vertices of G, the vertices of G; can cover entirely
at most o(ygn,)/(k+1)=o0(\gm;])=o(m)) edges of G;(g =g =0(m]) according
to Corollary 5).

Denote the set of those edges by C.. The curve upon S, that corresponds
to C, divides the surface into two regions A, and B,, containing the vertices
of A, and B,, respectively. Since g,=O (m})=o0(n,), then |C,|=o0(\gn)=o(n,)
and thus [A,|=Q(n;) and | B, =Q(n,;). As Q(n,)=Q(m; k?), the number of the
faces, that each of the regions E,A and B, contains, is Q(m;). That contradicts
Corollary 5. The contradiction shows that it is not possible to find a regular
partitioning A, B, C; of the vertices of G, such that | A |<=3n,/4, | B;|<3n,/4
and | C,|=o(ygn,).

Then the theorem is true, since the sequence {G}= 6 has the following
properties:

1) limi,. g, oo.

2) the degree of n,/g; is k} and the sequence {k}, can be chosen arbi-
trarily.

l);y analogy of [2, 3,4] we can prove now a variety of new versions and
generalizations of Theorem 2. These theorems will not be included in this paper
for lack of space. We shall offer the following result only, which follows
directly from Theorem 1 and Theorem 2.

Theorem 4. There exist constants ¢, <c,<cs such that the genus oy
Etlr’rezostk;;ll graphs with k wvertices and c;k edges is an integer in the interval
C\R, cok).

* f(x)~Q (h(x)) means that there exists a positive constant & such that f(x)z kh(x) holds
for all sufficiently great x,
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It is very important to have an algorithm which for any given graph G

can find quickly the sets A, B, C from Theorem 2. In a subsequent paper will
be described an algorithm, which finds an appropriate partitioning in O(n) time

For some of the applications of Theorem 2 see [5].
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