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A LINEAR ALGORITHM FOR PARTITIONING
GRAPHS OF FIXFD GENUS

HRISTO NIKOLOV DIJIDJEV

Any n-vertex graph of genus g has the property that it can be divided into components
of roughly equal size by deleting only O (y(g+1)n) vertices. If such a partitioning can be
found fast, then this separalor theorem can be combined with divide-and-conquer method to
give efficient algorithms for solving various problems defined on graphs. In the paper an
aolgo;ittl;m is described, which finds an appropriate partitioning for a given n-vertex graph in

(n me.

1. Introduction. The problem of finding a partitioning of the vertices of
a given graph satisfying certain requirements arises in connection with the
use of so-called “divide-and-conquer” method [1] for finding efficient solutions
to combinatorial problems. In this method the original problem is solved by
decomposing it into two or more smaller problems, finding the solutions of
the subproblems, and finally combining the subproblem solutions into a solution
of the original problem. For problems defined on graphs the separator theorems
specify different classes of graphs for which divide-and-conquer strategy can
be applied efficiently. For more information about divide-and-conquer and sepa-
rator theorems see [2,3,5, 6, 8).

The following separator theorem was proved in [8].

Theorem l. Let G be any n-vertex graph of genus g. The wvertices of
G can be partitioned into three sets A, B, C, such that no edge joins a ver-
tex in A with a vertexin B, |A|=2n/3, | B|=2n/3 and |C =0({(g+ Dn).

The planar separator theorem proved by Lipton and Tarjan [2] and its
improvement by the author are the special case g=0 of Theorem 1.

The sets A and B from Theorem 1 define subproblems which are inde-
pendent of each other, since no edge joins vertices belonging to different
sets. The set C shows the relations between the subproblems in the original
problem. The cost of combining the solutions of the subproblems into a solu-
tion of the original problem is proportional to the size of C. Thus Theorem 1
shows, that if g=o0(n) (then |C|=o0(n)), divide-and-conquer approach will be
useful for the class of graphs of genus g

For the practical use of Theorem 1 it is not enough to know that a good
partitioning exists, we must be able as well to construct such a partitioning
fast. The proof of Theorem 1 could easily be transformed into a linear algo-
rithm for partitioning the graph, if an imbedding of G on some orientable sur-
face of genus g is given. Unfortunately all known algorithms for finding such
imbeddings are far from effective — their complexity in the worst case is exponen-
tial with respect to the genus g
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The algorithm described in this paper does not need for its proceeding
neither the value of g nor the presentation of the imbedding of G on a sur-
face of genus g. Furthermore for any graph with n vertices the algorithm finds
in O(n) time the suitable partitioning (which time does not depend on g).

2. Data structures. The effectiveness of the algorithm requires a conve-
nient data representation.

lLet G-(V,E) be a graph and T be a breadth-first spanning tree of G.
(For generally used graph theoretical terms see [9]). Any edge in G which
does not belong to T is called a back edge, and the set of all back edges
will be denoted by £’. The following symbols will be used in this paper to
express the relations between vertices regarding 7 : if v is the parent of w
denote v—w and if v is an ancestor of w denote v— —w.

In the algorithm which will be described here the next two problems will
have to be solved many times:

A) If ¢V and we¢V determine whether v— —w.

B) If ¢V find y¢V such that there exist x¢V and (x, y)€E” for which
v——x and 7] (v——y) (the symbol 7 denotes a logical negation).

If the vertices of G are numbered during a postorder search [1], then answers
to the problem A) can be given in a constant time. Under the postorder search
visiting and numbering of each vertex is preceded by visiting and numbering of
all descendants of . During the search for each vertex v is computed the
minimum number o’ of all descendants of ©. Then the descendants of v are
exactly those vertices in G whose numbers are between o’ an 7', where v’
is the number of w.

From now on we shall denote the vertices of G by their number.

Definition. A nearest ancestor N(v, w) of two wvertices v and w is a
vertex x such that

1) x ——v and x— —w.

2) if x’—~ »v and x' — — w then x'— — x.

We shall make use of the next two properties of the nearest ancestors.

Lemma 1. If (v, v))€E, (v, )€E" and v<v,<v, then N(v, vy)— —
N (v, ).

Lemma 2. If (v,v)€E, (v, )€ E" and v>v,>v,, then N(v, 1)) — —
N (v, ©)).

We shall give the proof of Lemma 1 only. The proof of Lemma 2 is ana-
logous.

Proof of Lemma 1. Since the vertex N(v, v,) is an ancestor of v
and v,, then it is also an ancestor of all vertices x, satisfying v< x<v,, whence
N (v, ©v,) is an ancestor of ©,. Then N(v, vy) is a common ancestor of » and
v,, while N (v, v,) is their nearest ancestor. Thus N (v, v,) —~ — N (v, v,).

Definition We shall call a given simple path a regular path (regard-
ing T) it contains exactly one back edge.

To be able to use the above properties of the nearest ancestor we com-
pute for each v¢ V' the numbers value-min (v) and value-max (7) defined
by the expressions:

value-min (v) =min {v": the path (v,=v, v,,..., ©v,=7") is regular with
(Vpm1r ) €L},

value-max (v) max {v':the path (v,=v, v, ..., ©v,=?')is regular with
(Vp—1» U) €L}
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If G is a biconnected graph then for each vertex v in G except the root
of 7 there exists a vertex in G which is no descendant of » and is adjacent
to some vertex descendant of v. According to Lemma 1 and Lemma 2 one
such vertex must be value-min (z) or value-max (7).

The following algorithm computes value-min (v) and value-max (v) for all
vertices v in G in O(n+m) time, where m—= E|.

Algorithm 1

1. Initial values. value-min (v): =n+1, value-max (v): =0 v=1, 2, ..., n.

2. General Step. Perform the General Step consecutively for z—=1,2,...,n
and all edges (7, 7,).

a) If (o, v;)€ £’ then current-min: =current-max: =7;;

b) If v—wo, then current-min: =value-min (7,);

current-max : — value-max (v,);

¢) If current-min<value-min (v) then value-min ():= current-min;

d) If current-max>value-max () then value-max (v): =current-max.

After the values of value-min (-) and value-max (-) have been computed,
we form for each vertex v two lists of vertices of G: the first one list-min ()
contains all vertices v;<v such that (z,, v)¢ £ and the second, list-max (v) —
all vertices wy>>v such that (v, )¢ E. Both kinds of lists are sorted: the first
according to the values of value-min (-), and the second — according to the
values of value-max (-). Using the distributive sort [1] we can organize all
lists in O (n+m) time.

3. First version of the algorithm. Every orientable surface of genus 0
(i. e. surface homeomorphical to the sphere) has the following important pro-
perty (Jordan’s Curve Theorem [11]): Every closed curve upon the surface di-
vides it into exactly two connected regions. As for the orientable surfaces of
genus exceeding 0, there exist both closed curves dividing the surfaces into
two connected regions, as well as curves which do not divide them. The dele-
tion, however, of the points of any curve of the second type ‘“diminishes”
the genus of the resulting surface, more precisely — it can be imbedded on an
orientable surface of smaller genus [8]. We shall make use of that fact further.

Now let G=(V, E) be any n-vertex -
biconnected graph and ¢ — a simple cycle -
in G. The removing of the vertices of ¢
divides G into several (one or more) com-
ponents, called segments, and let K=(V,,
E,) be the segment containing greatest
number of vertices. Suppose |V, <2n/3. '
Find a simple path p with endpoints two
different vertices v, and v, from ¢ and internal
vertices (at least one) — from K. Such a
path always exists since G is biconnected. ) e
The removal of ©, and v, divides ¢ into Fig. 1. The cycles ¢, 30d &,
two paths p, and p,, and p and ¢ put to-
gether form two cycles ¢, and ¢y, as shown in Fig. 1. Note that neither v, nor v,
belongs to any of the paths p, and p,, and both vertices belong to p. The re-
moval of the vertices of p from K divides the segment into smaller segments
(one or more), and let K’ (V" E,) be the biggest of them. The following
cases exist:

1) No edge connects a vertex in K’ with a vertex in p, (Fig. 2 (a)). Then
the removal of the vertices of ¢, divides G into segments, the biggest of
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which is K’. Besides | K’ |<| K|, since p contains at least one vertex from K.
Then the cycle ¢, partitions G “better” than c. ) '

2) No yedge connects a vertex in K’ with a vertexin p, (Fig. 2 (b)). Then
the removal of the vertices of ¢, divides G into segments, the biggest of
which is K’. Then ¢, can be taken for the next iteration in the place of c.

»

(3]

(a) (b)

Fig. 2. The possible cases for the component K”

When either Case 1 or Case 2 applies we shall say that p divides K.

3) There exist edges connecting K’ both with p, and p, (Fig. 2 (c)). Imbed
G on some orientable surface S and let for any path p in G [(p) denote the
corresponding curve on S.

Assume that each of the closed curves [(c,) and /(c,) divides S into two
parts. We shall show that this leads to a contradiction. /(c,) and /(c,) put
together divide S into 3 parts S, S, and S3 such that

(1) SINUPY=Ds Sy L(p)=Ds Ss1L(p)=.

where p is the path containing all vertices of » except the two endpoints v,
and v, (Fig. 3). Since by definition K’ (cUp)= @ and some edge connects
K’ with p, then K’ belongs to one of the re-
gions S; and S; (say S,). In our case (Case 3)
at least o:lte edge connects a vertex in K’
with a vertex in p, whence S,/ +QD.
This contradicts (1) aNiPe) +O
Therefore in e 3) at least one of the
curves [(cy) and [(c,) does not divide S into
two parts. Then it follows [8] that the dele-
tion of the vertices of both cycles ¢, and ¢,
dimir;\}shes t\t\:ith at least one the genus of G.
- ) ) ote that if Case 3 applies, then G will
Fig. 3. D""f&?ﬂ gl""“’ T8I0 contain a subgraph home%morphical to the
o complete bipartite graph on 2 sets of 3 verti-
ces K33 (Fig. 4).
The idea that was exhibited above leads to the following iterative proce-
dure for partitioning G.
Algorithm 2
1. Let G (V, E) be any n-vertex biconnected graph and ¢, be a simple
cycle in G. Let K,: @G, i:=0.

* For any segment X, | X | will denote the number of the vertices of X.
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Fig. 4. The bipartite graph K34

2. Find the segments into which K, is divided by c¢. If a segment K,

g'ith more than 2n/3 vertices exists, then execute Step 3; otherwise execute
tep 4.

3. Built a path p,., with endpoints in r; and the other vertices (at least
one) — in K;+;. Let ¢, and ¢" be the paths into which p,:, divides ¢, (¢ and
¢; do not contain the endpoints of p,,,).

If piy, divides K;, then K, is not adjacent with either ¢, or ¢, (say c)).
Let ciyy:=c¢; U Piz1» i:=i+1 and go to Step 2,

If p.y, does not divide K,, then delete the vertices of ¢; and p;y, from
K, mark the deleted vertices and denote the resulted segment by K., Build
a new cycle ¢4 from vertices in K, increase i by 2 and execute Step 2.

4. Let C contain the vertices of ¢, ) p;y, plus all vertices of G marked as
“deleted” in the preceding iterations. Deletion of the vertices of C partitions
G into components, the biggest of which contains no more than 2n/3 vertices.
Construct sets A and B as described in the proof of Theorem 2 in [8].

Since | K,|>| K, |>|K,| ... then the algorithm will halt after a finite num-
ber of steps. ‘tet i* be the value of the variable i/ at the last iteration before
the algorithm terminates. Then | K «|>2n/3 and P+, divides K« into segments,
the biggest of which contains no more than 2n/3 vertices. Consequently C di-
vides G into segments, the biggest of which contains no more than 2n/3 ver-
tices. Then it is possible to find in linear time sets A and B such that 4, B, C
is a partitioning of V such that no edge joins a vertex from A with a ver-
tex from B, |A|, |B|=2n/3 ([8]). From the structure of the set C, |C|=0
((g+1) k), where g is the genus of G and %4 is the maximum number of ver-
tices on p,, ¢, for i=#*.

Throughout this paper the terms “regular parth” and “regular cycle” with
regard to a certain tree are used to denote a simple path or a simple cycle
with all edges except one from the tree.

Let 7 be a spanning tree for G with a root some vertex ¢ and radius r.
For obtaining the estimation |C|=0 (J (g+1)n) from Theorem 1 it will be
enough if we require that for all / each of p,, and ¢; contain the vertices of
no more than / regular paths (with regard to 7), for some constant /¢N. Then
k=0O(r) and |C|=0 ((g+1)r) which enables us to reduce size of C to

O(y(g+ 1n) using the idea of the proof of Theorem 2 in [8].

4. Improvements of the algorithm. To achieve the planned structure of
the cycles, it will be necessary to improve the method of building the paths.
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In Algorithm 2 the only restrictions put were those that the endpoints of the
path p, ., must be in ¢; and all other vertices — in K. Preserving those re-
quirements to p,,,, we shall add here some new ones.

Let the path p, (that is the first cvcle ¢p) be any regular path with both
endpoints the root of 7. For building the next paths p, i -1, we shall need
the values of 3 variables B!, B? and B!’ The value of each of those variables
is some vertex in (G and each of the vertices determines a subtree of 7
containing the chosen vertex and all its descendants. According to the
specific situation (the details are given below) we shall require the end of
p.+1 to belong to some of the subtrees, determined by B!, B}, B!’ Some rela-
tions will exist between B!, B? and B'?: B! and B? are descendants of B2 in
some array E is contained the information that B} and B’ form a “couple”,
i.e. £ (BY)=B?2 E (B?- B It is possible that either £(B})+ B}, or E (B})+ B,
but then the values of E (B!) or £ (B?) will not be used in that case.

The use of those 3 variables will give us an opportunity to give a pro-
per “direction” to the paths; informally, the new path p,., must be a regular
path (with inside vertices from K,.,), the nearest common ancestor of the
endpoints of which must be a vertex as near as possible to the root of the
tree.

For initial values, let Bl: = B?: = B}’: = t (the root of 7).

For constructing the paths p,,,, />0 use the next algorithm.

Algorithm 3. Constructing the path

1. Let p, —(x,, Xu. ..., x,). Delete the back edge from p. This divides p,
into 2 paths (x,, X, ..., x7) and (X741, X742 ---» x,).

2. Consider the sequence x,, X ...,X;. Let =</ be the lowest index,
if any, such that

a) f V€K (v, D)EE,

b) g (v, W)EE', xij— —0", W€K,
such that

(2) UBY, — —w) or (Bl — — B} &1 (x;, — — w) &(BL+B?)

(the symbols Jand & denote logical “not™ and “and”, respectively), and one of
the following 2 conditions holds:

3) B —w,
4 1B >—w).
If the conditions (2)and (3) hold then let B} | : - B!, B/ :- B! and B} :=

{ i+1 i1
B and if (2) and (4) hold B}  := BP B} | :—= E(B?), B%,: - 0(the va-
lue of B! will not be used).

If such index i/, exists, then define p,, as the only regular path with a
beginning the vertex x, (which belongs to ¢,), with an end another vertex in
¢, with a back edge (v', w) (Fig. 5).

3. If such an index i, does not exist, then let /*~/ be the highest index
(if any) for which an edge (x; v) exists for some v¢ K, ,. Find a back edge
(¢', w) such that x; — +o" and 1(x;»—+-—+w). Such an edge always exists,
for otherwise it will follow that x,»—— x for every x¢K,,,, whence G will
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not be biconnected (x;+ will be an articulation point
in that case). Build a regular path p,,, with a back
edge (¢’, w) by the method of the previous step (Fig.
5). Let S;;, and F,;, denote the start vertex and the
end of p.,, respectively. Then let B},  := S;,; if 7]
(Fig1 —~ =S4y then B} =F,.,, E(Si)=Fiy. E
(Fi41): = Siyy, otherwise B . =B E(B},,): =58}

i+1 ’
. 1 . .
if B} - —w thenB!?, : =B, otherwise if BY — — wr

then B/2 .~ B!® and if neither of the two conditions

is true then B!2 :=F.,. Fig. 5. Building of the
. . % N 2 path Piga
4. If neither i, nor /* exist, execute again Step . . .Nonetree edges, —T ree
2 and Step 3 replacing the sequence X,, ..., X7 DY edges directed from the root
Xp ey x74+ and Bl and B? by B; and B!, respec- 'totheleaves; — Edges in¢
tively.

Algorithm 3 always constructs a path if there exists an edge connecting:
a vertex in p, with a vertex in K,,,. But this is always true, since

1) K; is a connected graph (by the definition of a component).

2) K4, is set off K, only after the deletion from K, of the vertices of p-

Besides, since all paths p,, p,,... are regular, then by induction there do
not exist 3 vertices x;, x, and x3 such that x, ——xy— — X3 X; and x3
belong to K, and x, does not belong to K, ,. This means that all vertices
in p,,,, excluding the endpoints, belong to K, ;.

Now we shall prove by an induction on / that if we build the paths follow-
ing Algorithm 3, then after the i-th iteration of Algorithm 2 the cycle ¢,
will have the structure of one of the graphs, illustrated on:Fig. 6. In a
concrete situation it is possible some of the parts of the cycles to be
missing. For an example any regular cycle is considered of the kind (a) of
Fig. 6. The simplest example of a path, the inside of which does not contain

(a) (b)

Fig. 6. The possible structures of the cycles. S; and F; denote the beginning and the end of p;
_ Path of vertices, the inside of which does not contain vertices adjacent to K
_—— Tree edges directed from the root to the leaves
Path of vertices that are marked as “deleted”

vertices, adjacent to K,,,, is any edge of G regarded as a path of length 1.
Note, that if the inside of a path does not contain vertices adjacent to verti-
ces in K, then the deletion of those vertices does not influence the separa-
tion of K,,, from the rest of the graph.
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We shall supposc as well that a certain dependence (described below)
exists between the graphs from Figure 6 and the values of B!, B? and B}

Definition. The vertice B' and B? of G separate the branches R! and
R? where R'and R? are vertices in G, if the following conditions are satisfied :

(5) B'— R, B~ — [, R":1?* and either
(6) UB' —~—RH& (B2—~—R"), or

(7)) (R'——R) & (B*=R?), or

(8) (R*——R')&(B'= RY.

Let for cases (b) and (c) in Fig. 6 R? and R? denote the nearest ances-
tors of R} and Rj, and R} and R}, respectively. Then the requirements that
we shall put on B}, B} and B}*> will be the following: for the case (b) B! and
B? must separate R' and R?, and for case (c): B! and B? must separate R!
and R? B!’ and E (B!?) must separate the branches R'? and R? where R™? is
the nearest ancestor of R' and R?, and B}’ — — B!, B!? —~ — B2,

Besides, in the case (c) for every (x, y)€E such that x and y belong to
K, and R' -+ — x, either R' —+—y or R?— —y must be true.

Let us now suppose that after the (/—1)-th iteration of Algorithm 2 ¢,
will have the structure of some of the graphs illustrated in Fig. 6.

Suppose that p,,, divides K, All possible cases are illustrated in Fig. 7.
When analysing the structure of ¢;;, we are taking into consideration the
method in which the path p,, is built by Algorithm 3. Suppose case 3) of
Fig. 7 applies (cases 1) and 2) are trivial). Since R! - — F, and F,— —w,
then R! — —w. Furthermore B! and B} separate R! and R’ whence B —-—R)
and B! — —w.

Suppose 7| (B! — — B?) holds. Then (2) is not satisfied, which shows that
the path p,,, has been built in Step 3 of Algorithm 3 and not in Step 2 of
the same algorithm. Therefore no vertex in the path on the tree from S, to
z, excluding S,,,, is adjacent to a vertex in K, (otherwise such a vertex
must be chosen in the place of S;;,). Moreover it is obvious that if (x, y) is
an edge such that x, y€ K and R}, — —x, then R!  — ~y or R? ——y.

If B+ +B? and B+ B?, then it is not possible that R? -+ -+ R! and
B! - R! (see (8)), since B! —~— R} (see (5)), whence it follows R! —+ — R? and
B? - R The condition B?—-+w ((3)) is not satisfied, because otherwise it will
follow R} — -+ 7 » —w (R}=B]), which is not possible. Since B}?-+ — B!
then B!? + — w and the condition (4) is not satisfied which means that p,,,
has not been built in Step 3 of Algorithm 3.

The proof for the other cases from Fig. 7 is similar. Let us only pay some
attention to the fact that if ¢, has the structure of the graph in Fig. 6 (),
then by assumption for every edge (x, y), x, v¢ K, and R'— — x we have
either R' -+ —~y or R? » —y and consequently the cases 5), 6) and 7) of
Fig. 7 are the only possible when ¢, has the specified structure.
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()]
2) @ ©)

(a)
()

4)

(©)~(b)

Fig. 7. The possible positions of p;.,, if p;+, divides K.
For the meaning of each type line see Fig. 6.
Under each of the diagrams the kind of ¢; is given,
and inside the diagrams — the kind of ¢;.; according
to the two possible positions of Kj4y. (a), (b) and (c)
denote the corresponding graphs on Fig. 6

If p;y, does not divide K, then the next operations are to be performed
according to Algorithm 2: deletion of the vertices of p,., and ¢, from K, mark-
ing those vertices as “deleted”, and building the next path p,., (by Algo-
rithm 3). Let G, be the subgraph of G induced by the set of vertices marked
“deleted” after the i-th iteration of the algorithm (i. e. the iteration before build-
ing the path p,,,). By induction on / it follows that the vertices of G7, adja-
cent to vertices of K, belong to the same component of G7. Then the cycle
C;4, (it contains p,,, plus some vertices marked “deleted”, Fig. 8), will have
the structure of the graph in Fig. 6 (a).
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This completes the proof that all cycles ¢, have the structure of some of
the graphs in Fig. 6. Therefore every cycle contains at most 5r+1 vertices,
which are not marked as “deleted”, while the number of all “deleted” vertices
after the execution of Algorithm 2 is not exceeding (5r+27) g+ 1 (2r+1 is
the maximum length of p,;,). Then C contains no more than 5r+(5r+2r)g
+1=(7g+5)r+1 vertices.

I [
|

(K]

vertives ) T — s,

~———

Fig. 8. p;+» for the case when p; ., does not divide K.
The same denolations are used as in Fig. 5—7

5. The final version of the algorithm. For the implementation of Algo-
rithm 2 it is necessary at the i-th iteration to specify the realization of the
following operations:

A) Find a segment K; with more than 2n/3 vertices and determine which
vertices belong to it.

B) Determine whether p,,, divides K; (see Fig. 2). Solving these problems
independently at every iteration requires at least O(n) time for one iteration
and O(n?) time for the whole execution. It is possible, however, to reorganize
Algorithm 2 in such a manner that the direct solution of the above problems
will not be necessary.

Let us denote the new version by Algorithm 4. The algorithm consists of
2 parts  main procedure and subroutine SEARCH. SEARCH is a recursive
procedure, which partitions the graph into a set of paths p, p,, ..., gives
numbers to the vertices of G according to the number of the first path which
contains them, counts the vertices of the subgraphs of G corresponding to the
segments from Algorithm 2. The numbers, given to the vertices of G will be
later used to define the partitioning A, B, C. In the new version the path
Pisrs -0, 1,...is built in a similar way as in Algorithm 3, only the require-
ment that the inside of p,., must contain vertices of a segment with more
than 2n/3 vertices is removed. Another feature of SEARCH it that the cycle
c,i—1, 2,...is not explicitly determined, instead the segments are defined (by
the numbers of the vertices)into which ¢; divides G. The sequence in which the,
segments are searched is arbitrary (not necessarily the biggest segment first)
until at last a segment with at least 7/3 vertices is encountered. If the exa-
mined segment contains at least n/3 vertices, then during the search in that
segment the desired partitioning of the graph is found. The procedure SEARCH
is presented with details below.

The main procedure determines the components and the bicomponents of
the graph. If the biggest component contains more than 2n/3 vertices, then an
appropriate data structure for that component is constructed (the one describ-
ed in Section 2 of the paper) and through SEARCH constructs a partitioning
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A’, B’, C" of the vertices of that component. This partitioning is finally trans-
formed into a partitioning A, B, C of the vertices of whole graph, satisfying
|Al, |B|=2n/3, |C|={21g+15 |n.

Steps 10-15 of the main procedure are grounded on the proof of Theo-
rem 2 in 8]

Algorithm 4.

Main procedure

1. Let G be a graph with n vertices and m edges.

If m=4n then let A contain any 2n/3 vertices, let B=( and let C con-
tain the remaining vertices of G.

If m<4n go to Step 2.

2. If G is not connected, proceed as in [2]. Suppose that G is connected.
Find the bicomponents of G using the algorithm in [10] with complexity
O (n+m). Keep information about the number of the vertices of each bicom-
ponent.

3. Let H be a bicomponent of G such that the deletion from G of all
the vertices of /7 except the articulation points (i. e. vertices that belong to
more than one bicomponent) leads to a graph (possibly a null graph) which
has no component with more than 27/3 vertices. Such a bicomponent can be
found easily by a slight modification of the algorithm in [10] for finding the
bicomponents (in Step 2 above). Denote by 7 an arbitrary vertex in A.

If H contains a single vertex (the vertex £), then the removal of ¢ divides
G into components, the biggest of whbich contains no more than 2n/3 vertices.
Then let C=<(t) and let A, B be a partitioning of the vertices of the graph
G—t satisfying |A |, | B|=2n/3.

If H contains at least 2 vertices then go to Step 4.

4. Find a breadth-first spanning tree 7° with a root # using the algorithm

in [10] (complexity O (n+m)). Denote by r the radius of 7, by L (/) the num-
ber of the vertices on level / and by parent (v) the parent of the vertex v-=-£.

5. Number the vertices in postorder using the algorithm in [1]. From now
on use the numbers of the vertices as their names.

6. For each ¢V compute the numbers value-min(v) and value-max (7)
using Algorithm 1.

7. For each v¢ V form the lists list-min (7) and list-max (v) defined in
Section 2.

8. Find a vertex x, such that n (the root of 77 by the new notation) is
a parent of x and the condition 1 (x——svalue-min (x)) is satisfied (in the next
section the existence of such a vertex x is proved). Execute the procedure
SEARCH. Initial values of the static variables used in SEARCH: number (v): =
path(z): -0, 1<=v--n; A-start: —current-number. These variables have the fol-
lowing meanings: number () is the number given to the path v during the
search, path (v) is the number of the path containing the vertex o, current-
number is the highest number given to any path up to the moment, and A-start
is the lowest number of a path whose inside vertices belong to A.

Values of the parameters of SEARCH: start=x, dir-value =min (start),
sum=0, Bl B2 B12 - n, list=list-min.
As a result of the execution, the correct values of number (v), v=1.2,...,n
and A-start are computed.

9. Let A’ ={x¢V: number (path (x))—-A-start},

C:{x € VNA g (x X)) EE X, €A), B = VN\(A' 1 C).
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10. For each level /[ compute the number L (/) of the vertices which be-
long both to C’ and to level L.
11. For each a¢(0, 1) let /, denote a level such that

lg—1 lg
s L ()<an, 3 L(l)=an.
=0 1=0
Compute the levels /;; and /53 Let /! be a level between /3 and [,
such that

L(M=min{L ({): hp=I1=l2p}.

12. Find the integer j satisfying
13+)j—1 1y3+/ ;
L()<2/3n, v L()=2/3n.

l—=l|r3—/+l I=ly,—J
Let i* 0</*<j minimizes the sum L (Liz—i)+L (Lp+i) for 0=i<j Denote
[f—'ll/a——i* and [:::12/3-{'-[*.

13. Find levels /} and /), minimizing the sum

l—1
Sy l)=LU)+ T L. (O)+L(y), 0=h<=lp—j—1<lp+j+1<ly<r+1.
I=1,+1

14. If min {L(), LQH+LE}=S (L, 1), then define the sets A, B, C
as described in the proof of Theorem 2 in [8]. Else go to Step I5.

15. Denote by C the set of the vertices on levels /; and /] plus all verti-
ces in ¢’ which lie on levels /}+1 through l;——l. The deletion of the vertices

of C divides G into components, the biggest of which contains no more than
2n/3 vertices. Then the sets A and B are forimed as in the case of nonconnect-
ed graphs.

End of the main procedure.

Recursive procedure SEARCH

Parameters : start, dir, sum, Bl, B2, Bl12, list.

Meaning of the parameters:

start — the beginning of the next path p;

dir ~ a vertex in the path p (corresponds to w in Fig. 5);
sum the number of the vertices of the segment, containing p;
Bl, B2, B12 — correspond to B, B}, B!*;

list one of the lists list-min and list-max.

A local variable: list-unnumbered (-). For each vertex v in the graph it
provides a list (possibly empty) of previously built paths with start vertex o,
to which paths no number is given up to the moment.

The variables number (-), path (-), A-start and current-number (defined in
the main procedure), as well as the array £ (-) defined in the previous section
and the lists list-unnumbered (-), are common for all executions of SEARCH,
while for the other variables new generations are created for every new call
of SEARCH.

1. {Build the regular path p from start to dir.}

Initial volues: v, : = start, p: = (v,), sum: = 0.

Do Steps 1.1 1.2 while v,4dir.
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1.1. Delete from list (v,) its top element v, and add v, to the end of p.

1.2, v,: = v,.

2. {Build the path down the tree beginning with dir and add that path to p.}

Do Steps 2.1—2.2 while v;#4n (the root of the tree) and path (7,)=0.

2.1. v,: — parent (7).

2.2. Add v, to p.

3. {Storing information about the new path.}

3.1. For each vertex v from p, path (v): — p, where p is the second ver-
tex of the path (second vertices are used as names of the paths).

3.2. If number (path (7,))=—1 (i. e. if the last vertex v, of p belongs to
an “unnumbered” path p’) then number (path (¢,)): = 0 and include the name
of the path in list-unnumbered (start’), where start’ is the first vertex of p’.

3.3. number (p): = current-number: = current-number + 1.

Second entry for SEARCH. Will be used for paths already built during
the previous iterations, the corresponding segments of which have not been
searched. Parameters: p, sum, Bl, B2, Bl2.

4. {Updating some variables.}

If B2=0 then do Steps 4.1 or 4.2 and if B12=0 — Step 4.3 (see Step
6.1.3).

4.1. If v,——start, then B2: = v, E(Bl): = B2, E(B2): = Bl.

4.2. Else B2: = B12, E(B1): = B2 (the array E has the same meaning as
in Section 4 of this paper).

4.3. B120: = v,.

5. {Searching the segments.}

Let p=(@Wo, Wys.--» Wy Wepy=dir, ..., W,), p'=(W, Wy, ..., W)

P =Wy Wiy -+ - > Wei)-

Cycle: do Steps 5.1 and 5.2 for i=0, 1,..., A

5.1. Do Steps 5.1.1—5.1.4 if list-min (w,;) is a nonempty list.

5.1.1. Delete one by one the top vertices in list-min (w,) until either the
list becomes empty or the top vertex w’ satisfies 7 (w’—w;) and path (w’)=0.

5.1.2. If w,—w’, then dir’: = value-min (w’), else dir': =w'.

5.1.3. Determine whether the condition (2) and one of the conditions (3)
and (4) (defined in Section 4) are satisfied for B'=Bl, B?=B2, B}’=BI12,
w=dir’. If the answer is “no” then go to Step 5.2: if (3) is satisfied then let
Bl’: = Bl, B2 : = B2, B12':= B12; and else if (4) is satisfied then let Bl’:=
B12, B2': = E (B12).

5.1.4. 1f i=0 (then w, is an endpoint) then perform a) and b), else per-
form ¢) — g).

a) Execute Steps 1, 2, 3.1 above with start =w, and dir=dir’. Let p be the name
of the constructed path. B B

b) number (p): = —1; add p to list-unnumbered (w;), where w, is the start
vertex of the first path containing w,.

¢) Call SEARCH with values of the parameters w,, dir’, sum’, Bl’, B2,
B12' and list-min, respectively. The result of the execution (if a solution has
not been found during the search; see Step 5.1.4 e)) is a computation of the
number sum’ of the vertices of the segment containing dir’.

d) sum: = sum+sum’. B

e) If sum -n/3, then A-start: - number (p)+1; return back to the point
of the call in the main procedure.
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f) [f list-unnumberd (start) is a nonempty list then for all paths ;)ﬂ_\vith

names in that list such that number (p)=0 do the following: number (p): =
number (p)— 1; execute SEARCH recursively with entry at Step 4 and para-

meters p, sum, Bl’, B2', BI12’; number (p): = current-number : = current-num-
ber+ 1.

g) If sum=n/3 then A-start: - number’ (p)+1 and return to the main
procedure.

5.2. Do Step 5.1 replacing list-min and value-min by list-max and
value-max.

End of the cycle.

6. Cycle: do Steps 6.1 6.4 for i -k, £—1,..., L.

6.1. Do Steps 6.1.1—6.1.4 while list-min (w) is a nonempty list.

6.1.1. Delete one by one the top vertices in list-min (w,) until either the
list becomes empty or the top vertex @’ satisfies (@’ —w,)

6.1.2. If w,—~W", then dir’: = value — min (@), else dir': = @'

6.1.3. If the condition
9) 1w;——dir’)

is satisfied, then Bl1’: — w,, B2': =0 (the right value will be assigned after
the endvertex of the path is found — in Steps 4.1 and 4.2 of the next execu-
tion of SEARCH), Bl12': - Bl if Bl »—w, or B12': = B12 if Bl2—~—w, or
B12': — 0 if neither of the conditions is satisfied (see Step 4.3).

6.1.4. If the condition (9) is satisfied do Steps 5.1.4 ¢) — g).

6.2. Do Step 5.1 replacing list-min and value-min by list-max and
value-max.

6.3. If w, is an articulation point, then for each unnumberd descendant z
of w, do Steps 6.3.1 —6.3.4.

6.3.1. Let Ff* - -{x€¢V:z—~—x}). The set /* can be constructed easily by
using the fact that the vertices of G are numbered in postorder (in Step 5 of
the main procedure).

6.3.2. Let v be an arbitrary vertex of /* (v will be used as a name of
the next path which will contain all vertices of /7*),

a) current-number: - current-number + 1.

b) For each vertex v in FA* (including v) path (v): o

¢) number (7): - current-number.

6.3.3. sum: - sum-+ | A" .

6.3.4. If sum>2n/3 then A-start: - current-number and return to the main
procedure. If n/3<sum- 27/3 then do Step 5.1.4 e).

6.4. If w, -start and w, +-v,, or if number (p) 1 then sum: = sum+1.

End of the cycle.

7. Do Steps 5 and 6 replacing p’ by p”, indices 0,1,..., & by m, m—1;

, R+ 1 and exchanging the values of Bl and B 2
8. Restore the values of A1 and B2 and return to the point of the call.

End of the procedure.

6. Analysis of the algorithm. We shall first prove the correctness of
Algorithm 1, showing its close connection with Algorithm 2 and Algorithm 3
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If m=>4n (see Step 1 of the main procedure), then according to Theorem
4.2 in [12] m=3n+6g whence n=6g<12 g+6. Then |c|=[n/31=n=yn Vn <
V12g+6 {Jn and the partitioning A, B, C satisfies Theorem 1.

Consider now the case m<4n.

Each path constructed by SEARCH has a startpoint the vertex start and
all its edges except one (the edge (x, dir)) belong to 7. Such a path will be
regular iff it is a simple path. Let p,, p,...., be the paths built by SEARCH,
in the same order in which they are numbered by the algorithm.

Let us prove that p, is a simple path. Since /7 contains at least 2 verti-
ces (see Step 3 of the main procedure), then according to Theorem 3.3 from
[9] there exists a simple cycle containing the root n of 7. Let ¢=(n, x,, X,
..., X;, n) be a simple cycle such that x, has a maximum value among all
simple cycles containing the root of 7. Since ¢ is simple, then x,Fx, and
since both vertices are children of n, then x, is not a descendant of x,. Let
i>1 be the minimum index for which x; is not a descendant of x,. Then
(x,—,, x;) is an edge which does not belong to 7, x;——x,_; and 7 (x;—>—x)).
Furthermore x,<x,, since the assumption x,>x, contradicts to the extremal
property of x,. Then value-min (x,) is a vertex which is not a descendant of
x,, whence the vertex x-—start from Step 8 of the main procedure exists.
Hence for the vertex dir= value-min (start)

(10) 7 (start—-—dir)

holds. Using the values of start and dir, in Steps 2 and 3 of SEARCH a path
is constructed (the path p,’), which begins with the vertex start, goes up the
tree to a vertex x such that (x, dir) is an edge that does not belong to the
tree, and ends with the path down the tree to either the first vertex included
in a path or the root of the tree. The condition (10) shows that dir is not a
descendant of any vertex in the path from start to x. Then the path p, is
simple.

The condition (10) holds as well for the values of start and dir when
building the paths p;, i1 (Steps 2 and 3 of SEARCH), since one of the con-
ditions (2) and (9) has been satisfied at the previous iteration. Then the paths
Pis Pa - - - are also regular.

Consider the iteration just betore Steps 4-7 of SEARCH are executed for
the path p,,. Denote by M, the set of the vertices of G that belong to a
path built before the considered iteration. Let G,=G—M, and let K}, K}, ...,
K35 be the components of G, If none of those components is adjacent to a
vertex from the inside of p,. then in Steps 5, 6 and 7 of SEARCH it is esta-
blished that there does not exist a regular path with length at least 2 which
starts with a vertex from the inside of p; and the interior vertices of which
belong to G, That means that in this case no immediate recursive call of
SEARCH is to be performed. In this case the execution continues on a lower
level of recursion.

Suppose now that some of the components K}, K7...., Kj are adjacent
to a vertex from the inside of p,. Then the vertices from the inside of p;,
belong to one of those components (say Kj)) and let K be not a bicomponent
of G. We shall prove that either

a) during the recursive execution of SEARCH at some iteration the inequ-
ality sum ~n/3 (Step 5.1.4 ) has been satisfied and the execution continued
in the main procedure, or
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b) after the recursive execution all vertices of K! belong to numbered
paths (we shall call such vertices numbered) and sum becomes equal to |K!|.

Suppose the inequality sum=7/3 has not been satisfied during the recur-
sive execution of SEARCH and let p,.y, p.4o, ..., pir;, be the numbered paths
constructed during that execution. As stated above, all vertices from the inside
of p;4, belong to K. If the start-vertex v of p,,, belongs to the inside of p,,,,
then all inSide vertices of p,., also belong to K!. Suppose 7 is an endpoint of
Pi+1- Since p,., is numbered, then p,., belongs to the list-unnumbered (o) list
(see Steps 3.2 and 5.1.4 f)). This list, by construction, contains those unnum-
bered paths with start v, the inside of which is reached during the recursive
call of SEARCH. Then some vertex w from the inside of p,., is adjacent to a
vertex from the inside of a path among p,.; ..., p;y;. Assume that the insi-
des of py3 ..., piys, belong to K. Then w is adjacent to a vertex in K,
which means that w (which is from G;) belongs to K!. Hence all vertices from
the inside of p,., belong to K!. By induction, the insides of all paths
Pisas - - - » Pivi, belong to K.

The necessity of creating list-unnumbered (-) lists is due to the following.
If pirq has a startvertex from the inside of p,,, then all vertices from the in-
side of p;;, must belong to the same component of G; that contains the in-
side of p;y,, i. e K!. If, however, the startvertex is an endpoint of p,, ,, then

we do not know in advance whether the inside of p,., is from K} or not. In
that case we give number to p,,, only after it is reached by another path
which belonging to K} is established. If p,,, is not reached, then we number
it after returning to the path containing v in its inside (this path must be

among Po P - -5 Pi)-
Now we shall prove that each vertex from K] belongs to some of the

paths p,4q, Pivas - - +» Pisi- Suppose that a vertex x from K! exists which be-
longs to neither of the paths. Since K] is connected, then a path x=x,
X, ..., X, exists such that x,, x,, ..., x, , belong to K} and x;, belongs to
the inside of p,,,.

Let j>1 be the lowest index for which x, , belongs to neither of the
paths p.iy, ..., piys. Then the vertex x, ,., belongs to some of those paths.
Let pq, i+ 1<<i"<i+i, be the path that contains x, ,., in its inside. Then
during the execution of Steps 5, 6, 7 of SEARCH for p;. either x, ; will be
numbered (in the case when x, ;, does not belong to any path among p,, p,

., pi+), or the unnumbered path p* containing x, ; will be included in a
corresponding list-unnumbered (s*) list (s* is the startvertex of p*). Since in
the second case p* can be built only after p,,,, then all paths from list-unnum-
bered (s*) will be numbered before the search in K] is finished and thus p*
must be some of the paths p,,,...., pivi, - The contradiction shows that each
vertex from K]} belongs to some path among p,iy ..., Puyi,.

Then during the recursive execution of SEARCH all vertices of K! and
only they are numbered and sum becomes equal to |K)| (see Step 5.1.4 d)).

In the same way we prove that if some of the components K,...,K;
is adjacent to an inside vertex of p, then during the next cxecution of
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SEARCH the vertices of exactly one of those components are numbered, and
so on. If some vertex w in p; is an articulation point, then the vertices of all
bicomponents incident with that vertex (except the one containing the root)
will be consequently numbered in Steps 6.3.1 and 6.3.2 of SEARCH. According
to the definition of biconnectivity, the set /7% (used in Step 6.3) of the verti-
ces of these bicomponents is exactly the set of all descendants of those chil-
dren of w which belong to no path.

In result of the choice of /7 in Step 3 of the main procedure each of the
above components contains no more than 2#n/3 vertices. If | /7* =n/3, then the
partitioning set C’ will contain only w; if |/* <n/3, then to the current va-
lue of sum is added | H*| (Step 6.3.3) and the search in the current compo-
nent will be continued.

Suppose that after the search in the components KL, ..., K¥', s'<s, the
inequality sum=n/3 holds (s’ is the minimum index with that property). Since
each of the components K},..., K3 contains less than n/3 vertices (otherwise
the condition sum=>=7/3 would have been satisfled earlier and the execution —
continued in the main procedure), n/ngj.':liK{:>2n,’3 holds. Then if A’ is
the set of vertices in K},..., K%', C' — the set of vertices not belonging to
A’ and adjacent to vertices in A’, and B’ — the set of vertices which remain
(these sets are built in Step 9 of the main procedure), then |A’|, | B’ |=2n/3.

In order to prove that |C’|<(7g+5)r+1 we show that if G is bicon-
nected, then the same set A’ can also be constructed as a result of applying
Algorithm 2 to G. Define a tree Q showing the relation between the recursive
calls of SEARCH. Each vertex in Q corresponds to a path constructed by
SEARCH and p, is the root of Q. For simplicity suppose that no path ever
enters in the list-unnumhered lists. Then for each path p#p, the parent of p
is defined to be the path containing the start of p in its inside. o

~ Build the only simple path p in Q from p, to p, and let p= (po, p1.. . .,
pi-=p,). Then for j between 1 and  the path p; belongs to some component
with at least n/3 vertices among those components to which G is divided by
M), where M) is the set of the vertices belonging to some of the paths p,
..+, p,_ Furthermore, the algorithm of choosing p, among all regular paths
with startvertex in 1’}_1 (in Algorithm 3) is equivalent to that in Algorithm 4.
Hence it is possible to apply Algorithm 2 (combined with Algorithm 3) to G
so that at the j-th iteration of Algorithm 2 the path p, will be constructed.
Therefore the set C’ constructed by Algorithm 4 will have the structure of
some of the graphs from Fig. 6 and the same upper bound of the partitioning
set applies, namely |C’|<(7g+5)r+1.

The proof for the case when list-unnumbered lists are used is similar,
only the difinition of the tree Q is more lengthy.

If G is not hiconnected, then consider the following two cases. If any of
the bicomponents examined in Step 6.3 of SEARCH contains at least n/3 ver-
tices, then €’ will contain the corresponding articulation point and |C’|=1. If
none of the bicomponents has n/3 vertices, then adding appropriate chosen
artificial edges transforms G to a biconnected graph G’ for which the above
estimation can be obtained in the same manner.

So in all cases |C'|=(7g+5)r+1.

25 Cu. Cepanxa, xu. 4
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Steps 10—15 of the main procedure are based on the proof of Theorem
2 in [8]. Using the technique of that prooi, one can easily obtain the following
estimation for the sets A, B, C constructed by Algorithm 4: | A|<2n/3, | B| =
2n/3, | Cl=\21g+15 yn (in Theorem 1 we have better estimation | Cl=V12¢+6
\ﬂ).

et us now examine the complexity of Algorithm 4.

Ii m -4n then the solution is constructed in O(n) time in Step 1 of the
main procedure.

Now suppose that m< 4n. During the search in G carried out by the pro-
cedure SEARCH, each vertex is included in a path at most once, each edge
is deleted at most once from any of the lists list-min, list-max (which lists have
a total length O (n+m)). and each path is added and deleted at most twice
from the lists list-unnumbered (with a total length O (n)). In any cycle of the
procedure SEARCH for one step of the cycle either an edge is deleted from
list-min or list-max, or a path is deleted from list-unnumbered, or an unexplor-
ed vertex is reached. All other operations that are not included in cycles re-
quire constant time per one call of SEARCH. Then the time for all calls of
SEARCH is O (n+4m) plus time proportional to the number of calls of
SEARCH. Since in different calls of SEARCH different paths are examined and
the number of the paths does not exceed n, the number of the calls is O (n).
Then all the time required for all executions of SEARCH is O(n+m). Obviously
all other steps of Algorithm 4 require O(n+m) time. Thus in the case m<4n
the complexity of Algorithm 4 is also O (n).

We have just proved the following theorem:

Theorem 2. If G is any n-vertex graph of genus g, then Algorithm 4 finds

in O (n) time partitioning A, B, C of the vertices of G such that no edge joins
a vertex in A with a vertexin B, |A|, B|=2n/3, |C|-;\/2lg+15 N

In some cases Algorithm 4 finds a separator G which is significantly small-
er than it is guaranteed by Theorem 2. An interesting case is when G does
not contain K., as a generalized subgraph (Fig. 4). In this case, according to
the remark made in the analysis of Algorithm 2, all paths built during the
search will divide the corresponding segments (i. e. the case illustrated in Fig. 2
(c) will not be possible). Then, no matter how great the genus of G is, the
size of C in that case will not exceed the maximum size of a separator for
planar n-vertex graphs from Theorem 2, i. e. J15n.

Theorem 3. Let G be any n-vertex graph which does not contain K,
as a generalized subgraph. Then there exists a partitioning A, B, C of the
vertices of G, such that no edge joins a vertex in A with a wvertex in B,
|A|, B|<2n/3 and |C <\15n.

In [3] it is proved that for each large enough n there exists a graph with
n vertices and at least 1/2 7" edges (thus with genus Q(n”*)) which does not
contain K3 as a generalized subgraph.

Algorithm 4 was implemented in PLIOPT algorithmic language and tested
on an ES-1022 computed. All the results proved its effectiveness.

[For some applications of the separator theorems see [5], [7].
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