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STABILITY IN OPTIMIZATION*
ROBERTO LUCCHETTI

Continuity of the marginal value function and of the solution set of a parameterized family of
minimum problems is investigated. Both the classical approach, like Berge's theorem, as well as the
more recent ones involving variational convergences are considered. Special attention is paid to the
convex case and the role of well posedness in order to strength stability results is put in evidence.
Some applications to mathematical programming and results on the approximate solution sets end the

paper.

Introduction. The paper deals with a familly of problems Py concerning the mi-
nimization of a given function f(., ¥): X—R over a subset Ky of X. This family of
parameterized problems is generally originated by an initial unperturbed problem Py,,
because of errors on the observation of a given phenomenon and /or of numerical
approximations while solving the problem itself. Here the interest is focused in the
stability of the initial problem Py,, that means, roughly speaking, continuity of the
performance or marginal value function ®(y)=inf{f(x, y): x¢ Ky} and continuities to
be better specified of the solution set My={x¢Ky: f(x, y)=v(y)}. | do not even
touch other parallel theories, as sensitivity analysis or dual theories, even if they are
of the greatest importance in the same context. There is a huge number of papers
concerning the stability problem in optimization; here, rather arbitrarily perhaps, I recall
between them for instance [2, 9—15, 18, 19, 24—28, 40—43]; see moreover the books
[1, 5, 23] and the references therein. At a first sight it seems to be natural to distin-
guish between two different approaches to the stability problem; the first one, perhaps
more classical, deals in general with a regular function and looks for appropriate con-
tinuity and compactness conditions on the constraint set multifunction in order to
get the required stability of the problem. The second approach deals instead in gene-
ral with a sequence of extended real valued functions (absorbing in this way the con-
straints on the function itself) approximating a limit function, that represents the ini-
tial problem; next right convergences are studied in order to get a minimal set of
stability properties; these are shown to be strengthened if there is some compact-
ness of minimizing sequences. The aims of this paper are several: at first to review
quickly the properties of multifunctions that are needed treating with stability, then to
give a survey of the results in the two approaches, to show next that both have
essentially the same underlying ideas, to throw lights on the fact that it is rather well
posedness than compactness the suitable property in order to get upper semicontinuity
of the solution set (mainly in the convex case). Furthermore a section is dedicated to
extensions of known results in mathematical programming: this kind of extension can
be justified by the reason that it shows in a simple way what are the essential pro-
perties of the ordering and of monotone multifunctions to get their lower and upper
semicontinuity. The paper is organized as follows: a first section is dedicated to pre-
liminaries, notations and general assumptions, while section two reviews the main pro-
*The paper was prepared when the author was visiting the Dept of Mathematics, University of
California, Davis, California.
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perties of multifunctions we are interested in. The section three is dedicated to the
value function v and the section four deals with the multifunction M; furthermore at
its end soume consideration is presented in order to get a synthesis between the two
recalled approaches. Next section deals with the mathematical programming case; then
we conclude with a short presentation of some results on the approximate solution
sets, that generalize some known ones. This paper is an updating, a generalization
and a deepening of my previous paper [32].

1. Preliminaries. Let (X, t) be a topological space and x¢X. By /(x), V(x) and
W(x) we shall denote open neighborhoods of x. The empty set is denoted by @@. If (X, d)
is a metric space, then S(x, 7) is the (closed) sphere centered at x and with radius 7.
Given a non empty set C, its closure will be denoted by C, its interior by C,its boun-
dary by dC, while d. is the indicator function of C, namely de(x)=0 if x€C, + o
otherwise; d(x, C) is defined as inf{d(x, ¢):c€¢C} and C? is the set: Co={x¢X:
d(x, C)<<a}. The measure of non compactness ¢ of C is ¢(C)=inf &diam C;: uC=C
and the umion is made on an arbitrary but finite number of indices}. For a function
g: X —(—ce, +oo] let epig be its epigraph: namely epig={(x, 7)¢eXXR: g(x)=r}. In
the sequel we shall deal with a parameter space Y, which is a topological space, and
with multifunctions K: Y=X. Here multifunction means that, for every y, Ky is a
closed not necessarily nonempty subset of X. Of course K can be also viewed as a
function taking values on the set 2% of the subsets of X; it follows then that conti-
nuity definitions for K can be given (suitably) topologizing 2*. However, here we do
not follow at all this approach and we give some standard definitions of semiconti-
nuity without relating them to topologies in 2X. The interested reader can be profit-
ably consult [29], for instance, but with a caveat: in that book multifunctions are
always nonempty valued. By graph of the multifunction K we shall indicate the sub-
set of Y X X: gph K={(y, x): x¢Ky}. For a (nonempty) subset A of Y, K(A) is the
subset of X: K(A)={x€ X: x¢Ky for some y¢A} and for a subset C of X, K~(C)
will indicate the subset of Y: K—(C)={y€Y: KyNC=+=@}. The following definitions
of continuity for multifunctions and of convergence of sequences of sets are standard,
even though some of them are often differently named: see for instance [3, 16]
and [29].

Definition 1.1. K is upper semicontinuous at a point y,€Y (u.s.c. for short)
if for every open set A in X such that ASKY,, there is V(y,) such that K(V)=A.
Equivalently, if for every closed subset C of X, y,¢K—(C) implies yo€ K~(C).

Remark 1.2. Observe that Ky,=@ and K usc. at y, imply that there is
V(y,) such that KV=0{2).

Definition 1.3. K is lower semicontious at a point y,€Y (l.s.c. for short)
if Kyo=Q@ or if for every A open set in X such that ANKYy,+ @, there is V(y,)
such that, wy €V, Ky A+=Q.

Definition 1.4. K is closed at a point y,¢Y ir for every x¢ Ky, there are
I(x) and V(y,) such that K(V)N[=Q.

Remark 1.5 It is easy to check that K is closed at every point y if and only
if gph K is a closed set.

Let now X be a metric space.

Definition 1.6. K is upper Hausdorff semicontinuous at a point y,¢Y (u.H.s.c.
for short) if for every a>0 there is V(¥,) such that KV=Kyjg.

Definition 1.7. K is lower Hausdorff semicontinuous at a point y,¢Y (L.H.s.c.
for short) if for every a>0 there is V(¥,) such that Ky,=Ky*yy¢eV.

The following facts are very easy to verity: u(H.) and I(H.) semicontinuities are
not (directly) related, us.c. implies u.H.s.c. while LHs.c. implies ls.c.; other
relationships between them will be recalled in the next section. Furthermore if Y sa-
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tisfies the first numerability axiom closedness at y, can be equivalently stated in the
following way :

(L.1) VYn—Yor VX €KY, with x,—Xx,, than x,€Ky,.

Finally observe that closedness property is preserved if we refine topologies either in
X orin Y (or in both), while u. and 1. semicontinuities are preserved if we refine the
topology on Y or if we substitute topology on X with a coarser one (or both). Now
we consider some convergence of sets: we bound ourself to the sequential case,
although if much can be done also in the general case. Let A,— X, which is supposed
here metric.

Definition 1.8. The superior limit of A, isthe subset of X:

(1.2) Is A,={x€X: x=1im x,, x,,(A,,k, n, a selection from the integers},
the inferior limit of A, is the subset of X:
(1.3) lid,={x€¢X: x=limx, x,¢A, for all (large) n}.
Observe that (in the sequential case) K is closed at a point y,¢Y if and only if

(1.4) vy.—Yo liKy, =Ky, or also
(1.5) VVa—Yo 18 Ky, Ky
Definition 1.9. We say that A, converges to A in Hausdorff's sense (A,,iA) if:
(1.6) va>031: yn>nA,c A
.7 va>03n: yn >nAc Ay (see [30]).

Definition 1.10. /n a Banach space X we say that A, converges to A in
Mosco’s sense (A,,—hiA) if the following conditions hold :
(1.8) vXx€A3x, €A, x,—x

(1.9) Vx,—'f'xo, x,éA,,ksxoeA (n, is a selection from the integers).

Here — means weak convergence (see [37]). Observe that Mosco’s conver-

(1.10) gence can be also stated with the formula:A,ﬁA if and only if
wls A, Acsli A, where w and s indicate weak and strong convergence respectively.

We shall deal in some parts of the paper with well posed problems: this concept is
introduced in:

Definition 1.11. Given a topological space X, a function f: X—R and a sub-
set C of X, the problem (f, C) of minimizing f on C is called. well posed (w.p.
for short) if it has solution ¢ such thatif c,€C and f(c,). —f(c), then c,—c; well
posed in generalized sense (gw.p. for short) if every minimizing sequence c, as
before has cluster points that are solutions of the problem (See [39] and [33)).

Given a multifunctlon K: Y==X and a function f: XxXY—-R we call Py the
problem :

(1.11) to minimize f(.,y) on Ky.
Qur goal is to study continuity properties of ©v: ¥Y—[—co, +oo]:
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(1.12) v(y)=inf{flx, y): x€ Ky}
the value of the problem Py, and of M: Y= X:
(1.13) My={x€Ky: f(x, y)=o(¥)}

the solution set of the problem Py.
We say that o(y)=+co if Ky=( and we observe that M can be empty: this
is the reason why we consider multifunctions that can be empty valued.

2. Some facts about multifunctions. We shall review in this section some pro-
perties of multifunctions that will be used in the sequel or that show relationships
between the introduced continuity concepts.

Proposition 21. Let X be metrizable, K: Y=2X u.s.c. at y,¢Y. Then Kis
uH.s.c. at v, Conversely if K is u.Hs.c. at y, for every metric compatible
with the topology, then K is u.s.c. at y,.

Proof. The first statement is, as already mentloned, obvious. The proof of the
second one.can be found in [22], p. 147.

It is easy to show that in general u.Hs.c, for a fixed metric, does not imply
ws.c. But if K is uHsc. at y, and Ky, is a compact set, then K is us.c. at
¥, This is due to the fact that if an open set A contains the compact set Ky, then
ADKyg for 0<a<inf{d(x, y), y€Kyo x€ X\ A}. Last result can be generalized:

Proposition 22. Let X be a complete metric space and let Y satisfy the
first numerability axiom. Then the following are equivalent:

K is u.s.c. at y,.

K is wHsc at y, and c(KV,,\Kyo)_;O, where V, is a neighborhood ba-

sis of ¥,
Proof. See [22] theorem 4, where closedness of Ky, is weakened introducing the

concept of active boundary.

For other generalizations, see [20].

From proposition 2.2 we can derive next corollary, that can be however easily
prov%i independently :

orollary 2.3. With the same assumptions of proposition 2.2 let K be u.s.c.
at y,. Then there exists V(yo) such that KV /Ky, is a bounded set. Moreover if
Yo=Y and x,€ Ky, \KY, then x, has cluster points (belonging to Ky,).

For what l.s.c.’s are concerned it is easy to see that l.H.s.c. is a stronger
property than l.s.c.: actually it is strictly stronger, as it is shown in the following:

Example 24. X=R?2, V=[—1, 1], Ky={(x1, x3): x,=0, xg=yx,}.

But if Ky, is a compact set, the two properties are equivalent.

Proposition 25. Let K:Y==X be l.s.c. at y,Y and let Ky, be a compact set.
Then K is l.H.s.c. at y,¢Y.

Proof. Let a>0. There are x,..., x,€KY, such that Ky,= U ,S(x; a/2) and
VA yo)Xi=1,.... n)such that KyN S(x;, a/2)+DyyeVi Let V=V 0 ... NV, HyeV,
then Ky S(xs; a/2)+ Qyy=Ky*>S(x, a/2)vi=Ky">Kyo

For extension, see [6] theorem 1.

Proposition 26. Let K: Y3X be u.s.c.at y,¢Y and let X be a T, space,
Then K is closed at y,€Y.

Proof. Let x¢ Ky, Then there are open sets A and B such that x¢A, BoKy,
By u.s.c. BOKV for some V(y,). Hence KV A=Q.

Proposition 27. Let K,, Ky be multifunctions from Y to X, K, closed at y,¢Y
and Ky u.s.c. at y,¢Y. Moreover let Koy, be a compact set. Then K=K,(| K, is
u.s.c. at the point y,.

Proof. See for instance [3] proposition 2 for the case Ky, Ky y,+2. Consider
now the case Ky, Kyyo=@. If Kgy,=@ we are done. Otherwise let x¢K,y, Then
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there are open sets A(x) and B,(y,) such that A(x) K B,=(@. Consider the set
A= Ux¢k,y,A(x). Then ADK,Y, which is a compact set. Hence there is a finite
number of open sets, say A(x,)...A(x,) such that UJA{x,)DK,¥o By u.s.c. of K
there is /(y,) such that Ky(/)= U7A(x,)=A. Consider the set W(y,)= N{B, and finally

i
V(yo)=1NW. Then KyV—A and K,V A=. This concludes the proof. The u.s.c.
of the intersection of two u.s.c. multifunctions is easier to prove and it does not
require, in normal spaces, compactness of one image set, see f. i. [32] prop. 8.6. On
the other hand, here the assumption is crucial, for if we have K,y=[l/y, + ),
Kyy=[l]y, +o0) for y+0K,0=0, K0=[0, +0), then K=K, is not us.c. at0.

Proposition 2.7 has some nice consequences. For example:

Proposition 28. Let K: Y==X be closed at y,¢Y and let V(y,) be such
that KV<=C where C is a compact set. Then K is w.s.c. at y,.

Proposition 29. Let K: Y==X be uw.s.c. and compact valued. Then for
every compact set H, K(H) is a compact set.

Proof. See [3] prop. 5, p. 72.

Lower semicontinuity of the intersection is a much harder property to deal with.
The paper [4] surveys and improves recent results, all concerning convex valued multi-
functions.

A simple and manageable result is the following:

Proposition 2.10. Let Y be first countable and let K, H: Y=R" be convex

valued. If Ky, \Hy,+=@ and H, K are ls.c. at y, then HNK is l.s.c. at y,.
Proof. See [36] theorem 3.1.
Observe that the previous result is not true if // and K take values in an infinite
dimensional linear space: let X be a Hilbert space and e, an orthonormal basis. Con-
sider Ky,=Kyo=LX7_,1/je; and Hy,=span{ey, ..., e,}Hy,=X.

3. The value function v. This section is devoted to the investigation of conti-
nuity properties of the value function w.

3.1 general results. We begin with some general and classical results.

Proposition 3.1.1. Let K: Y==X be l.s.c. at a point y, Let f: XXY—R be
u.s.c. at the points of the set Ky,xy, Then v is u.s.c. at y,.

Proof.If for every V(y,)thereis y,such that Ky,= (@, then o( y,)= + oo, due tols.c.
of K. Then we can suppose that ©( y)<<+ coyy. Suppose next o( y,)= — co. For every fixed
£>0, let x €Ky, such that f(x, yo)=—¢"" By ws.c. of f at (x, y,) there are
Vi(x,), Va(y,) such that w(x, ¥)€ VXV, f(x, ¥)=flx, y,)+¢& By Ls.c. of K there
is V( y,)such that Ky N V,+@yy € V. Let W=V 1V, Forevery y¢ Wthere is x¢ Ky 1 V,.
Hence o( y)< f(x, ¥)=f(x,, ¥,)+E=¢&""'+& Summarizing, for every £>0 thereis W(y,)
such that yy¢ Wo(y)< —e '+e. This means that lim,., ©(y)=—co. An analogous
argument for the case ©( y,)=>—co finishes the proof-

Proposition 3.1.2. Let K: Y=2X be u.s.c. at a point y, and Ky, a com-
pact set. Let f: XXY—R be l.s.c. at every point of the set Ky,xy, Then v is
l.s.c. at y,.

Proof. If Ky,—=@ by u.s.c. of Kv(y)=+co on a neighborhood of y, Then
we can suppose 7( y,)€R. Let x€Ky,; due to Ls.c. of f at(x, y,) there are V(x)
and V. (y,) such that f(x, Vo)—e=flz, y)yz€V, ywweV,.. As Ky, is a compact set,
then Ky, is contained in a finite number of sets V,, say Ky, 7 V,. By ws.c. of

K there is /(y,) such that K(/)= ll’l‘V,l. Now consider W(v,): W=1/1 V". n...NnVv,.
Let y¢ W and x¢Ky. Then x¢ V,‘. for some 7, that implies f(x, v) ~fix, .Vo)“;,

Hence o y,)—e <min, f(x, Vo) — €=f(x, ¥). We conclude that o(yo)—ex f(x, y) vy
¢ Wyx ¢ Ky, then o y,)—esUy)vyeW.
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The previous propositions are really classical and then many references can be
quoted ; look for instance at [11] theorems 1 and 2, [3] theorems 2 and 1, and [27]
theorems 6 and 5.

Remark 3.1.3. We want here observe that u.s.c. of v can be obtained in a
much more general setting: compactness of Ky, is no not needed. On the other hand
consider f(x, ¥)=xy on Ky=R. Then 9(y)=—co if y==09(0)=0. Then Ls.c. of v is
completely lost at y,=0.

Previous propositions can be summarized in the following elegant theorem, which
is due to C. Berge [11], to my knowledge, in its first version.

Theorem 3.1.4. Let K: Y=2X be | and u.s.c. at a point y, and let Ky, be a
compact set. Let f: XX Y—R be continuous at every point of the set Kyoxy, Then
v is continuous at y,.

Theorem 3.1.4 can be greatly improved if f does not depend on the parameter
y, namely if we face a family of problems in which perturbations are allowed only on
the constraint set. As a matter of fact, we have:

Theorem 3.1.5. Let K: Y==X be u. and l.s.c. at a point y,. Let f: X—R be
continuous at every point of the set Ky, Then v is continuous at y,.

Proof. If »(yo)=+oo, by u.s.c. of K we get o(y)=+co on a neighborhood
of y,. Suppose now o(y,)>—-co and let x €Ky, such that f(x,)=v(y)+e/2. Conti-
nuity of f entails the existence, for every x¢Ky, of V(x) such that |f(x)—f(2)|
<ef2yz€V. Let A= Uxcky, V() B=V,, both open sets such that A>Ky, and

0

BN Ky,+=@. Then there is /(y,) such that K(/)c A and such that yy¢ /Ky B=+=Q.
Therefore yy € /o y)=infaf=infk, f—&/2. Moreover vy ¢/v(y)=infxynsf=flx,)+¢/2
=v(y,)+e& Then |v(y)—v(y,)|<<e. If ©(y,)=—co it is enough to repeat the argu-
ment on the set B, or to return to proposition 3.1.1. Observe that the part involving
the set B gives a simplified proof of ws.c. of @, which was however already stated
in proposition 3.1.1. This result is proved in its first version, to my knowledge, in
[9], theorem 1.

3.2. Results with convexity and well posedness. All the following theorems use
convexity as a fundamental tool. For this class of functions, they can be viewed as
generalizations of Berge’s theorem.

Theorem 3.2.1: Let f: XXY—(—, +oo] be a convex function in the two
variables jointly and suppose that there is x,¢X such that f(x,, .) is continuous at
a point y,. Let v(y,)€R (Let K: Y=2X such that Ky=Xyy¢Y). Then v is conti-
nuous at y,. '

Proof. See [31] theorem 7.6.1.

Observe that continuity of v is easily checked by remarking that v is a convex
function, as it is not difficult to see. Moreover one can argue that the absence of
constraints here is compensated by the fact that f is extended real valued. But con-
vexity of f in the two variables jointly does not allow for absorbing general con-
straints: consider the following example: f(x, y)=x+y, Ky=[—y? + o). Here v is
not convex and previous proof does not apply. Lack of convexity of v depends essen-
tially on the fact that gph Kis not a convex set. (Continuity of v in the previous
example can be seen as going back to an easy variant of theorem 3.1.5).

Now let X be a reflexive Banach space and Y with the first numerability axiom.
Then we have:

Theorem 3.22. Let K:Y=2X be l.and u.s.c. at a point y, and convex valued.
Let f: XX YR be convex and continuous at every point of the set Ky,xy, Then
vis continuous at y,.

Proof. (Outline) U.s.c. follows from proposition 3.1.1 and does not use con-
vexity. So Ls.c. must be checked, the only non trivial case being when o( y)¢R. Let
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us suppose that there are sequences v,—y, and x,¢Ky, and a real number a=0
such that lim f(x,, v,)<t™ y,)—a. if x,¢ Ky, for a subsequence, then by corollary 2.3
x, has a cluster point belonging to Ky, This fact and continuity of f lead easily toa
contradiction. Suppose then that the sequence x, belongs to Ky,, at least for large n.
Then we can apply theorem 3.2.1 to the function g(x, y)=f(x, y)-f—d‘r,n(x). A simple

calculation show that we get again a contradiction. Then @ is continuous.

Remark 3.2.3. The example of remark 3.1.3 shows that convexity of f(.,y) for
every value of the parameter y does not provide the same result. Hence both theorems
above cannot avoid the very unattractive assumption of convexity of f in both variab-
les jointly. A way of taking off this unpleasant assumption is suggested by the
following :

Theorem 324. Let K: Y=X and v be w.s.c. at a point y, Let K be con-
vex valued. Let f: XX Y—R be uniformly continuous on bounded subsets of XXY
and f(., ) a convex function for every y in a neighboriood of y.. Suppose more-
over that f(.,y,) is g.w.p. on Ky, and that the problem of minimizing f(.,y) on
Ky has a solution for every y in a neighborhood of y,. Then v is continuous at y,.

Last theorem, and the previous one, are stated in [33]. However, theorem 3.2.4
there is claimed without the assumption that the problems Py have a solution in a
neighborhood of y,: 1 do not know if the statement is true without this assumption,
that makes correct the proof in [33]. Still, convexity here is used for proving u.s.c.
of the solution multifunction, from which we get l.s.c. of 7. So it is used in some
sense indirectly. However obseve, that here convexity appears ina much more reason-
able way with respect to the previous theorems. Moreover, consider the following

Example 3.25. f=R2X[0, + =o)—R: f(X,, Xo, ¥)=X] —x{x} ¥

Ky={(x, 0)U(1/y, ¥): x,€R} if y=0
KO={(x,, 0): 0=x,=1, U(x;, x): x, =1, 0=, =<1},

Then we have that f(x,, x, 0) is w. p. on KO and ©(0)=0, K is u.s.c. at 0and
f is uniformly continuous on every bounded subset of R?XR. Moreover, v(y)=1/y?
—1/y3=f(1/y, y, ) (at least for small y) and v is u.s.c. at 0. With respect to the
assumptions of theorem 3.2.4 only convexity is missing. And v is not (l.s.) con-
tinuous at 0.

3.3. Results in sequential setting. Often people like better deal with sequences
rather than to establish results in general topological spaces. Therefore suppose to
have a sequence of problems P, of the kind: to minimize f, on aset C, with f, and
C, converging in some sense to f, and C, respectively. How can we translate previous
theorems in this setting ? One can think to put Y ={1),1/n 1) 0}, to define f(x, 0)= fy(x),
f(xl/n)=f(x), Kl/n=C, and KO=C, Then we have, from theorem 3.1.4:

Proposition 3.3.1. Let f,: X—R be a continuous function; suppose that f,

converge to f, locally uniformly and that C,,-'LCO. C, a compact set. Then v,—v,.

Proof. All is almost obvious, remembering that u.s.c. of the constraint set
follows from the sentence after proposition 2.1.

Observe that if f,=fyn one can use theorem 3.1.5 rather than theorem 3.1.4 in
order to avoid compactness assumptions. But observe that in such a case Hausdorff
convergence does not provide the desired result. Namely consider C,={(xy, X5):
X, 0x9 = —1/n), Co={(xy, Xa): X; -0} and f(x,, xg) = x,xg. Then lLs.c. of v at 0 is
lost. Let us tackle the problem in a different way. Firstly, we shall allow functions
to take value + oo, avoiding in such a way the explicit mention of constraint sets.
It is obvious indeed that, a part trivial cases, in the points where a function takes
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value + oo, there it has no minimum. As it can be suspected at this time, u.s.c. of
v is not hard to get. Look at the following condition:

3.1 vX€X there is a sequence x,¢X such that limsup f,(x,)<f(x).

It is easy to show that:

Proposition 3.3.2. If condition (3.1) holds, then limsupv,=2.

On the other hand, ls.c. of o is in general much harder to get. (One exception
is theorem 3.1.5): we saw that some compactness on the problem is always needed in
order to get it. But rather than requiring compactness of all the constraint set, in a
sequential formulation it seems to be more appropriate to look directly at the (quasi)
minima points. Then we have:

Proposition 3.3.3. Suppose that (3.1) holds and moreover that:

(3.2) For every x,—xliminf f,(x,)=, f(x).

Suppose that v,>— o, that there is z, such that f,(z,) -v,—0 and that z, is
relatively compact.

Then limv,=7.

Proof. The proof can be nowadays considered as standard (see f. i. [43] theo-
rem 1). The convergence introduced in proposition 3.3.3 is the so-called variational
convergence [43]. I want only to mention that a wide theory was recently developed
to study T' convergences, which are variational convergences in the sense that they
pay attention to properties of the value function and of the solution set (for optimi-
zation problems). And some of them are the weakest ones fulfilling some stability pro-
perties with respect to minimum problems (see [8] and [34]), fully justifying in such a
way their introduction in the variational context. Generalization of the above mentioned
proposition can be found in [I8].

There is at least another way to connect the sequential approach to classical theorems:
this is shown in section 4.3 to which we address the reader.

3.4. Necessary conditions. We end the section quickly collecting some necessary
conditions in order to achieve continuities of 7.

Theorem 3.4.1. Let X be a normal space, K: Y2X. If for every continuous
function f: X—Rv is l.s.c. at a point y,, then K is u.s.c. at y,.

Theorem 3.42. Let X be a topological space, K: Y=3X. If for every Ll.s.c.
function f: X—Rv is l.s.c. at a point y, then K is u.s.c. at y,.

For the proofs, see [21] propositions 7 and 6.

Theorem 34.3. Let X be a metric space. If for every continuous function
f: X—Rv is u.s.c. at a point y,, then K is l.s.c. at y,.

Proof. See [32] theorem 3.14. Metrizability can be weakened to normality, as
shown in [23].

As already mentioned, necessary conditions in the sequential case can be found
in [8, 34) and references quoted therein. Observe moreover that other results of this|
type can be obtained by noticing that inff=—f*0), where f* is the Young — Fenche
conjugate of f then studying pointwise convergence of f; to f~.

The final remark of the section is the following: closedness of K at a point y,
does not entail in general any semicontinuity property for v, as it is easily seen.

4. The solution multifunction M.

4.1. Upper semicontinuity. From theorem 3.1.4 we easily get:

Theorem 4.1.1. Let K: Y=2X be u. and l. s.c. at a point y, and Ky, a com-
pact set. Let f: XX Y—R be continuous at the points of the set Ky,Xy,. Then M
is usc. at y,.



42 R. Lucchetti

Proof. Let H(y)={x¢X: f(x, y)—v(y)<0}. Then M=H K and we can apply
proposition 2.7 to conclude ([11], p. 122, [3], p. 70). A more general way to get theorem
4.1.1 is given in [29] where it is clear that only u.s.c. of the value function o plays
a role. And this is actually the key assumption, rather than Ls.c. of K. On the other
hand, theorem 3.4.3 shows that l.s.c. of A is strongly related to u.s.c. of v.

Remark 4.1.2. Another nice generalization can be checked by observing that the
topologies on the space X involved in propositions 3.1.1 and 3.1.2 can be indepen-
dent at all: we can get still continuity of v and u.s.c. of M, this last one with
respect to the topology that makes u.s.c. the constraint set K. (See [23)).

Remark 4.1.3. L.s.c. of M is a much stronger property to achieve. Consider
for instance f(x, y)=xy, Ky=[y, 1] and PO. (Here we have much convexity) Even if
f does not depend on y the situation does not improve: consider f(x)=max (0, 1 —x?),
Ky=[y—1, y+1] and MO. For results in this direction in the sequential case, see [17].
Recently S. Dolecki [19] characterized in an abstract way l.s.c. of M by means of the
so-called “decisively growth” property. Several results about l.s. c. of M in interesting
particular cases, mainly in mathematical programming, are presented in [5].

Theorem 4.1.4. Let X be a complete metric space and let Y satisfy the first
numerability axiom. Let K: Y—X be u. and l.s.c. at a point yo€Y and let f: X—R
be continuous at every point of the set Ky,. Let V,is a neighborhood basis of y,and

By =Uyev,(Ky,\Ky). If c(B,)—0, then M is u.s.c. at Yo

Proof. See [6] theorem 8. Generalizations, mainly with the goal of weakening
closedness of the constraints sets, are presented in [7].

Example 4.1.5. Here ¢(B,) “does not tend to” 0 and M is not u.s.c.: fx)=x?
if x<1, f(x)=1/x if x>1, Ky=[y, 1/y?] if y+0K0= [0, +o0). Lack of u.s.c. can
be here attributed to the fact that the set KO is too big with respect to the sets Ky,
for y close to 0.

Theorem 4.1.6. Let X be a normal space, K: Y=X u.s.c. at a point y,,
f: XX Y—R continuous at all points of the set Ky, x¥,, v continuous at y,. Suppose
that Lr={x¢X: f(x, yo)=r} is u.s.c. at v(y,). Then M is u.s.c. at y,.

Proof. See [6] theorem 10.

The (easy) proof is based on the sentence after proposition 2.7. This explains the
requirement of X being normal.

4.2 Results with convexity and generalized well posedness. In order to achieve
u.s.c. of M, previous theorems use or compactness of the constraint set (theorem 4.1.1)
or some assumptions about the measure of non compactness of sets related with the
neighbouring constraint sets (theorem 4.1.4) or finally a suitable u.s.c. assumption on
the level sets of the function f(.,¥,) on all the space X (theorem 4.1.6). Next theo-
rems capture better, in my opinion, the real feature of the problem: they avoid com-
pactness of the constraint sets using g.w.p., which is a (local) property relating
the function with the constraint set. In the next theorems Y will always satisfy the
first numerability axiom and X will be a reflexive Banach space.

Theorem 42.1. Let K: Y=2X be u.s.c. at a point y,, let f: X—R be conti-
nuous at every point of the set Ky, and g.w.p. on Ky, Moreover, suppose that v
is u.s.c. at y,. Then M is u.s.c. at y,

Proof. See [33] where the theorem was stated with the additional assumption s
being uniformly continuous on bounded sets. But it can be easily dropped out with
the help of corollary 2.3.

Theorem 4.2.2. In the same assumptions of theorem 4.2.1 on K and v, suppose
that f: X < Y—R is uniformly continuous on bounded subsets of XY, f(.,y) is a
convex function for every y and f(.,V,) g w.p. on Ky, Then M is u.s.c. aty,.

Proof. See [33]. It is worthwhile to observe that both convexity and g.w.p.
play a role in theorem 4.2.2 and that convexity cannot substitute g.w.p. in theorem
4.2.1. Consider at this end the following examples:
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Examples 4.2.3. Let X be a Hilbert space, ¢, an orthonormal basis on X. Let
Ky,=X and Ky,=[e,, l/ne,). Let f(x)=X7_ (x, e,)’/k®. Then every assumption of
theorem 4.2.1 but g.w.p. is fulfilled, and moreover f is strictly convex. Nevertheless
My, ={n*/n*+1e,,}, while MO={0}.

Example 4.24. f(x, y)=min(x2, (x—1/y)2—y) if y=0, f(x)=x2 Then f(x, 0) is
w.p., f is continuous, there are no constraints, v is continuous at 0: only convexity
is dropped out. Here My={l/y}, y=-0 and MO={0}.

Next theorem has a rather different philosophy: we find in the assumption that
much more regularity is requested for f, but on the other hand, a really mild condi-
tion, with respect to above mentioned theorems, must be fulfilled by the constraint
set multifunction.

Theorem 425. Let f: X—R be convex and bounded and bounded sets. Let
K: Y==X be convex valued and continuous in Mosco’s sence (see (1.8) (1.9) and
finally let f be g.w.p. on every closed convex set of X. Then M is u.s.c.

Proof. See [35] where the theorem was stated with the additional assumption of
uniqueness of minima; but only minor changes are needed to prove it in this form.
Moreover, in [33] (theorem 3.6) another generalization is provided.

Finally, another nice result in the finite dimensional case is stated in the following
theorem:

Theorem 4.26. Let K: Y==R" be convex walued, u. and l.s.c. at a point y,.
Let f: R"—R be quasi convex and continuous at every point of Ky, If My, is a
nonempty bounded set, then M is u.s.c. at y,.

Proof. See [14], theorem 1.3.3.

4.3. The sequential case and closedness of M. Through this section Y will sa-
tisfy the first numerability axiom: hence we shall give every statement in terms of
sequences. The most important and simple theorem on closedness of M can be consi-
dered the following:

Theorem 43.1. Let K: Y=2X be closed and l.s.c. at a point y, let
f: XXY—R be continuous at every point of the set Ky,xy, Then M is closed at y,.

Proof. Suppose that y,—y, x,¢My, and x,—x, Then, by closedness of K,
X,€Ky,. By proposition 3.1.1 7 is u.s.c. at y, hence f(x, yo)=1imf(x,, y,)=Ilim
AYD=7(Yo)-

See f. i. [27] theorem 8. For a similar statement, involving sequences of functions,
see theorem 1.2.2 of [14].

But it is again variational convergence that provides the simplest structure on
the data guaranteeing closedness of M.

Theorem 4.3.2. Let X be a convergence space, f,: X—(— o, + ], n=0. Sup-

pose that f,—f, (see (3.1) and (3.2)). Then M is closed.

Proof. See [43] theorem 1, or [23].

Observe that the theorem holds a fortiori for every more restrictive convergence
than the variational one as for instance epi or Mosco convergence. It is not difficult
to see that theorem 4.3.1 and other similar statements can be viewed as a particular
case of theorem 4.3.2; see [43] for a discussion and further references. But even u.s.c.
results can be captured by means of theorem 4.3.2, if we have enough compactness
on the constraint set multifunction. This is done using proposition 2.8. Theorem 4.1.1
for instance, in the first formulation given by Berge, is an example of how this device
can be used. Suppose now to strengthen condition (3.1) by means of the additional
requirement that the sequence x, actually converges to x; we switch then from varia-
tional to epiconvergence. Last one, though too restrictive for our variotional purposes,
is however more attractive from a topological point of view. Let us see now how
from theorem 4.1.1 we can indeed get the standard properties of epiconvergence (and
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of variational convergence, stated in proposition 3.3.2 and theorem 4.3.2) about the
function v and the multifunction M. Therefore, suppose we are given a sequence of
extended real valued functions g, epiconverging to a function g, Define the function
f: XXR—-R as f(x, z)=z and consider the problem of minimizing f on Ky,=epig,.
As already remarked epiconvergence of g, to g, is equivalent to say that K is ls.c.
and closed at y, (along the sequence y,). Then from theorem 4.3.1 we are able to get
u.s.c. of v and the inclusion 1s My,— My, Now it is easy to see that v,=infg, and
M,={(MIN g,, infg,)}n=0. Hence from theorem 43.1 we get limsup inf g,<inf g,.
Moreover, to see closedness property, suppose there is x¢1s MIN g,. Namely there are
x, and n,, selection from the integers, such that g, (x,)=7, and x,—x. But (x,,

vo+e)eepig,,k, at leats for large k, hence (x, v,+¢)€epi g, ye<0. Then gx)=v,=infg,
showing that Is MINg,=MINg,. Still, by (3.2) we get also lim Un, = Vo The former re-

sult shows also that, if g, is lower bounded but it does not have minima, then either
g, do not eventually have minima, or every sequence of minima does not have any
converging subsequence. Summarizing, in some sense we have closed a circle: from the
“topological” version given by the theorem 4.3.1 we generalize to variational conver-
gence, that is often replaced by the more attractive, in some sense, epiconvergence.
But standard variational properties of epiconvergence can be easily proved by means
of theorem 4.3.1. It is clear, at this point, that the two approaches are quite similar in
their essence; theorems dealing with u.s.c., on the other hand, can be viewed as
giving different results.

4.4 Necessary conditions.

Theorem 4.4.1. Let X be a metric space. If for every f: X—R which is con-
tinuous M is closed at the point y,, then for every y,—yo or li Kv,=@ or K is
closed and l.s.c. at y,.

Proof. See [14] theorem 1.2.1.

Theorem 422. Le X be a metric space and Ky-=Q@Ay. If for every f: X—R
which is continuous M is u.s.c. at a point ¥, then K is u. and l.s.c. at y,.

Proof. See [6] theorems 2—6.

Next theorem has a different goal: it can be considered as related to theorem 4.2.5.

Theorem 4.4.3. Let X be a reflexive Banach space and let f be strictly con-
vex and continuous function with “bounded level sets. If K is convex valued and
continuous in Hausdorff’s sense (see (1.6) and (1.7)) then [ is w.p. on every closed
convex subset of X.

5. Some applications. This section is devoted to an application of the previous
results, having in mind the paper [24]: the generalization here given, as already men-
tioned, can be justified by that fact that it is simple, hopefully elegant, and mainly it
shows the relevant properties of the ordering for getting the desired results.

We shall work with the following set of assumptions: the parameter space Y
satisfies the first numerability axiom. Moreover, it is defined on it a partial order >
(namely a relation with the properties of irreflexivity : a>a, antisymmetry: a>b=b>a,
and transitivity a>b, b>c=a>c). Moreover, for every y¢Y the sets {z¢V: 2>y} and
{z€Y: z<Zy} are nonempty open sets. Finally, for every V(y) there are y,. y,¢V such
that y,<y<y, Let Z be a topological space and let X be a normed space where a
bounded set is relatively compact with respect to some topology # not necessarily
related to the norm. C: Y=+Z is a nonempty valued closed and monotone multifunc-
tion. Here monotone means that y,>y, implies Cy, >Cy,. Let g: (X, f)-—+Z be a con-
tinuous function. Define K: Y=+X as Ky={x¢€X such that g(x)¢ Cy} and observe that
K is closed valued. The following propositions characterize continuities of K.

Proposition 51. K is u.s.c. at a point y, if and only if there y=>y, Such
Jrat Ky\ Ky, is a bounded set.
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Proof. Necessity condition is easily seen taking into account corollary 2.3 and
the existence, for any V(y,), of an element y, ¢V such that y,>y,. To show the
opposite implication suppose that there exist a closed set F and a sequence y,—y,
such that Ky, N F+=@, KyoN F=(. Let x,€Ky,NF, then x,¢(Ky,\Ky,) N F and as
Ya—Yo then y,<<y for all large n: this implies boundedness of x,. Then x, has a
cluster point, say x,. By continuity of g, g(x,)—g(x,), by closedness of C at y,, as
g(x,)€Cy,, then g(x,)€¢Cy, Then x,€¢ Ky, F. The contradiction ends the proof.

Proposition 5.2. [(y)={x¢eX: g(x)e¢Cu for some u<y}. Then is l.s.c. at a
point y, if and only if Ky,=I1y,-

Proof. At first observe that Ky,>/y, for g is continuous, C is monotone and
Cy, is a closed set. Now suppose there exists x¢Ky,\/y, Then there is V(x) such
that yx ¢ Vg(x)¢Cu for any u<y, namely there is V such that yx¢ Vx¢Ku for any
u<<y,. But the open set {u: u<y,} meets every neighborhood of y,, and this is in
contradiction with L.s.c. of K. Conversely let A be an open set such that A Ky,~=@
and let x,€ AN Ky, Then there is a sequence x,€/y, such that x,—x, hence x;¢A

(for a certain &) and g(})GC;I for some E<y0. Suppose there is y,—y, such that

~

ANKy,=@. But Cy,>Cu eventually, then g(xp)€Cy,>x;€¢ANKY,.
Remark 53. Suppose that Y is a normed linear space and R a closed convex

acute cone in Y, with nonempty interior. If we define y,>y, if and only if yl—y,el%.
this partial order fulfills all the requested properties. The case X=R", Z=Rk Y =R*
equipped with the cone R=R*, Cy=y+R*, generalizes theorems 1 and 2 in [24].
Suppose to have now a continuous function f: X—R to be minimized on the set Ky.
Then we have:

Theorem 5.4. Suppose that 1y,=Ky, and there is y,>y, such that Ky,\ Ky,
is a bounded set. Then v is continuous at y, If moreover Ky, is a compact set,
then M is u.s.c. at y,.

Proof. Apply theorems 3.1.5 and 4.1.1. Observe that in the compact case conti-
nuity of v and u. s. ¢. of M still hold if f does depend on the parameter y.

Remark 5.5. Other results in the same spirit can be found in [5, 13, 26—28].
Also theorems 4.2.1 and 4.2.2 can provide further generalizations. A slight different
approach, with appropriate perturbations on the function g can be found in [36] and
[43]. We observe explicitly that the previous approach cannot treat equality constraints,
splitting them in two inequalities.

We end the section giving an example of applicability of theorem 5.3.

Suppose X=R* and that g satisfies the following condition: yy, <<y vX;, Xg
such that g(x,)€Cy,, g(xg)€Cyy vz €(x,, xg) there is y, such that y,<y,<y, and

(5.1 8(2)€Cy..

Theorem 56. Let 1y,+@ and Ky, a compact set. Then v is continuous and
M is u.s.c. at y,.

Proof. Let x,¢/y, and suppose there exists x,€Ky,\/yv,. Then g(x,)¢Cy, for
some y,<<y, and g(x,)¢Cy,. Hence by condition (5.1) the segment [x, x;)€/y, and
this leads to a contradiction. Then K is l.s.c. at y, by proposition 6.2. Suppose now
that for evey y>y,Ky\ Kv, is an unbounded set. Let S be a ball big enough to con-
tain Ky, in its interior and let x, ¢ Ky,. For y,—Vo V.=V, there is x,€ Ky,: | X, |—+ co.
Call ¢,=[x, x,]N0S. Then g(¢,)€¢Cy, (by (5.1)). Moreover ¢, has a cluster point £,¢ dS.
Then g(t,)— g(%,), &(f)€Cy, and, by closedness of C, g(t,)¢ Cy,, namely £, €Ky, 0S.
The contradiction ends the proof.
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Remark 5.7. Condition (5.1) amounts to strict quasi convexity of g (component-
wise) in the simplest case mentioned in remark 5.3. Observe that (5.1) forces I.s.c.
of C (at these points belonging to the image of g).

6. Approximate solution sets. We state in this final section some results on the
approximate solutions of the problems Py, related to the so-called asymptotically mini-
mizing sequences. We define, for every >0
(6.1) M(y)={x€Ky: flx, y)=v(y)+e} if Ay)>—-

(6.2) M(y)={x€Ky: flx, y) =—e '} if v(y)= —-o.

Observe that we have, for every y, My= 1 :M.y.

Theorem 6.1. /n the same assumptions of theorem 4.1.1 M. is u.s.c. ye=>0.

Proof. As theorem 4.1.1.

Next proposition shows how variational convergence behaves with respect to appro-
ximate solutions sets.

Proposition 6.2. In the same assumptions of theorem 4.3.2, then M. is clos-
ed ye=0.

Proof. See [19, 34, 43].

Remark 6.3. Result of proposition 6.2 holds, a fortiori, for epiconvergence or
Mosco convergence. However, rather surprisingly, it does not characterize variational
convergence as the weakest one fulfilling that closedness property, see [34].

From now on let us suppose that Y satisfies the first numerability axiom; more-
over, let us call asymptotically minimizing (for the problem Py,) those sequences x,
such that x,¢ Ky, for some y,—y, moreover ¥(y,)>—co and f(x, V) —AYa)—0.
At first observe that proposition 6.2 has two immediate consequences. The first one is
that, for y,—y, My, > (e>o0ls Mcy, and the second one is that if x, is an asymptoti-
cally minimizing sequence for Py, such that x,—x, (along a subsequence), then x,¢M.

Proposition 6.4. Let K be u. and l.s.c. at a point y, and compact valued.
Let f: XX Y—R be continuous at every point of the set Ky,xy, Then there are se-
quences x, asymptotically minimizing for Py, every such sequence has cluster point,
every cluster point belongs to My,.

Proof. |J,x,— |J,Ky, which is a compact set by proposition 2.9. Let x,=limx,
(for a subsequence). As f(x, V) —v(V,)—0, ve=>03n: yn>nx,€¢ M.y,; then x,€ My,
(by theorem (6.1) ye=0. This concludes the proof.

Remark 65. If K is not compact valued on aneighborhood of y, then the state-
ment of proposition 6.3 can fail, even if Ky, is a compact set. Consider f(x, ¥)=0,
Ky=3S(0, y) on an infinite dimensional Hilbert space.

Theorem 66. Let K: Y=2X be l.s.c. at a point y, Let f: XXY—R be con-
tinuous at every point of the set Ky,xy, Let My,+@. If for every y,—~y, we have
Neso li Mey,= My, then v is continuous at y,.

Proof. By proposition 3.1.1 limsup o(y,)<%(y,). Let us show that liminf =(y,)
=o(y,). Let x¢ My, then ye=>03xiMy,) such that x:—x. Then o(y,)=f(x, yo)=
lim f(x:, y,)=liminfo(y,)+eye=0.

Observe that the assumption My, @ cannot be omitted.

Theorem 6.7. Let K: Y=2X be L.s.c.and closed at a point y,. Let f: XXY =R
be continuous at every point of the set Ky,xy,. If v is continuous at y, then

Myo‘— ﬂ >0 li M.y“.
Proof. It is easy to see that My,> (1 «oli Mey,. Let us show the opposite in-

clusion. Suppose My, +@, the only relevant case. Suppose that x ¢ My, and there is
¢>0 such that x ¢1i M.y,. By Ls.c. of K there is x,—x such that x,€Ky, So for
infinite indexes jx,¢ M.y, This means that f(x;, y)=>y(y,)+ &, Then v(y,)=lim f(x, y,)
Zliminf v( y,)+eo = Yo) + &0
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Remark 6.8. The condition M, > 1 ¢-0li My, means that every limit of an asympto-
tically minimizing sequence is indeed a solution of the problem Py, The opposite
inclusion, on the other side, means that every solution of the unperturbed problem can
be approximated by means of an asymptotically minimizing sequence.

Theorem 6.9. Let X be a metric space and let K: Y—=X be u. and l.s.c. at
a point y,. Let f: XXY—R be continuous at the set Ky,xy, and let My,+ ). Then
v is continuous at y, if and only if, for every y,—Vo My,= Nc>oliMcy,.

Proof. Immediate from theorems 6.7 and 6.9.

This result generalized theorems 2 and 3 of [2].
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