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THE G'M/r/SIRO MACHINE INTERFERENCE MODEL
WITH STATE-DEPENDENT SPEEDS

J. SZTRIK

This article treats a version of the multiple machine interference problem with r operatives under
Service In Random Order (SIRO) repair discipline. The running times of the machine / are supposed
10 be identically and arbitrarily distributed random variables with a density function £, (x). The repair
times of the machine / have negative exponential distribution with mean 1/, i=1,..., n. The me-
thod of integro-differential equations is applied to obtain the main steady-state characteristics of (he
system through allowing state-dependent speeds.

Introduction. One of the oldest industrial engincering problems due to the pheno-
menon known as machine interference has been considered by a number of authors.
They have used a variety of approaches and have made different assumptions about
the statistical distribution of running and repair times. For references on the basic
finite-source models, one may see Jaiswal [1], Kopocinska [2], Stecke and
Aronson [3] or Takdcs [4]. The major problem when considering different types
of machines is the necessity to trace where each individual machine is in the system.
The machine interference problem with different types of machines has been discussed,
for example, by Chandra [5), Elsayed and Norton [6], Gross and Ince [7),
Kameda (8], Sztrik [9-12].

Recently the finite-source queueing models have been effectively used, for exam-
ple, for the mathematical description of computer systems, cf. Bunday and Khor-
ram [13), Gelenbe and Mitrani [14], Kleinrock [I5], Lauchard and
Latouche [16], Takagi [17-18].

This article treats a version of the machine interference problem which can be
formulated as follows. Let us consider a set of n (n=2) heterogeneous machines which
are serviced by one of r (r=n) operatives. The machines work continuously and inde-
pendently. However,at any time each of them may break down and may need service.
The required running times are supposed to be random variables having an arbitrary
distribution function F;(x) with a density function fi(x) for machine i, i=1,..., n. If
a machine breaks down it will be serviced immediately unless all the repairmen are
busy. If so a waiting line is formed. The repairs are carried out in random order
(SIRO), i. e., whenever a stop or a repair completion occur each machine has the
same probability of being selected for scrvice. The required repair times of the machine
i are supposed to be exponentially distributed with mean 1/, i=1,..., n. Further-
more, we assume that in any time interval when & machines are in working order the
passed running time of each operating machine incrcases with speed a(k), and the
remaining repair time of each machine under service decreases with speed b(k),
a(k)>0, k=1,...,n, b(k)>0, k=0,...,n—1. The running and repair times are assu-
med to be independent of each other.

This paper extends further the work of Bunday and Khorram [13] where the
speeds are equal to one, However, it is not difficult to find situations in practice where
the speeds are state-dependent. For example, let us consider a factory where the wor-
king machines require a large amount of energy (or power). Clearly, the greater the
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number of running machines is, the greater the energy they need. Furthermore, let us
suppose that the greater the number of failed machines is, the greater the intensity
of repair will be.

The aim of the present paper is to provide the main steady-state operational
characteristics of the system, such as the utilization of machines, the operative effi-
ciency, the mean number of busy repairmen, the average number of running machines,
and the expected “down” time of machines. It is shown that the steady-state distri-
bution of the number of operating machines, and hence the other important practical
measures depend on the running time distribution only through the means of these
distributions, i.e., the insensitivity property holds.

The mathematical model. For any ¢ (¢£=0) define the following random vari-
ables.

v(#): the number of running machines at time £;

ay (£), ..., aye(t): their indices;

autys +++ s Caygey (10 the attained operating times in progress at time #, respectively.
It is easy to see that the process

(1) X@)=[vt); a,(®) ..., 0w ()5 Cayien« -+ Bayy 0]

belongs to the class of piecewise-linear Markov processes subject to discontinuous
changes. The states of (1) are

{(Rs iy ooy ips Xy eooy )y xi>0, i=1, &, (i,,...,0)cC*
which means that
M) =k; o=l ..., 0,=0p; G=xn....0,sx: x>0, s=1,....k)

for k=1,...,n,

where
C* denotes the collection of all combinations of order % of integers 1,..., n. Further-

more, denote by {0} the state when there is no running machine. To calculate the
stationary distribution of (1) consider the following functions.

(2) Qo= lim P(W(#)=0).

Q... (X X)) = )it: P(v(t)=k; a(t)ymi; ( =x, s=1,...,k).
Clearly, this steady-state distribution exists and will be unique if
a(k +1)>0, b(k) >0, k=0,...,n—1, 0< W< =, m.~=;} xfi(x)dx<oo, i=1,..., n,

(cf. Gnedenko and Kowalenko [19] or Schassberger [20]). Furthermore,
/R PR TR x)dx, ...dx,
=limP(Wt)=k; aft)=i;; x,<C <x,+dx,; s=1,...,k);
00

(see Gnedenko and Kowalenko [19)).
In order to formulate the following theorem let us introduce the notation

G g S X =g e = F () A =F ()
assuming that 1 —F,(x,)>0 for all x>0, i=1.... &k k=1,...,n This is the so-
called normed density function.

Then we have



212 J. Sztrik

Theorem 1. The normed density functions (3) satisfy the following system
of integro-differential equations (4.1), (4.2), (5.1), (5.2) with boundary conditions
(4.3), (5.3)

b s 2 s *
@.1) QY 5 W == [a(l)g)(»)f)(y)dy,
J=1 /=10
o o - -
(4.2) o1 o) i (e X)

= — z ; b(k) ',’—’_‘Tk—p'/q:l ..... ip (xh veey xk)
k

- z . ofa(k+l)q‘1

PR

Y (X1 v o os X ¥) () AY,

(43) 4, G Xy 0@®=0G—D) 5 e, ., (Fae e,
for Jj=i, ... l—yp kR=1,...,n—r,
Jd Jd * .
(5.1) [ET;'*' ...+m]qﬁ """ lk(xl,....x,)
= — z bk)w q; (X e xy)
FEp e 5 1 k
i N 7 L) i d )
+Wr?-_”1k [ak+D)a .. ., (X3, .o X D) f4(3) dy
2 - o g 0
(5') [¢T\Tx+“'+¢E]q"p---",.(x"""x"): ’
(5.3) q; ..., A (X1 e e ey X1, 0) a(k)=b(k_1)l»1/q;l.. conhpy (X150 00 Xpm1)s

for j#ilv ceey lk—p R=n—r,...,n
Also they have to satisfy the normalizing condition

(6) QtE oz Fofg G

k=10, ..., Uy o0 Tt

X(1=Fy (%)) -+ (1 =F}, (%)) doxy -+ - dxp=1.

The usual notation for partial differential quotients has been applied to the left-hand
side of (4.2), (5.1), (5.2) to denote the limit on the right-hand side. But that is not
allowed since the existence of the individual partial differential quotients is not con-
firmed. That is why the operator is denoted by [ |. Actually, thisis a (a(k), ..., a(k))
¢ R, directional derivative (see Cohen [21]). )

Proof. Since the process (1) is Markovian, its density should satisfy the Chap-
man — Kolmogorov equation. The derivation is based on studying the sample path of
the process during an infinitesimal interval of width 4. The following relations hold

@ Q=Qult— £ Wit £ [ a()a, () (/0 —Fs () dy+olh)

(7.2) Gty ata(R) By .o, Xptalk) h)
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k (1—F;_(xs+a(k)h))
T T e R R
VA SRR 1,‘ s=1 L
+ JEL z " 5[ a(k+ l)qll. ceey ik./(xp cee s Xpy y)f/(y)/(l—F/(y)) dy
17 ’k
k(1= Fi (x5+a(k)h))
<Ry o,
(7.3) lh, ..... fr—1 (x1+a(k)k, ceer X +a(k)h' 0) a(k)h
, k=1 (1=F;, (xs+a(k—1)h))
=b(k—l)m“,hqu ..... (A_l(xl"' o) xk—l) :I;[l (l—'Fis (x5)) +0(h)’
for j'_'*:ib“-lik—l' k=1,....n—r. |
Similarly,
(8.1) Gy, (rh AR, - Xy +alk)A)
ko (1—F; (xs+a(k)h))
oot (Rp o) (= T b(kWh) M — =

PO k

+ L JaktDay s G X N (N/(1=Fy () dy

ko (1—F;, (xs+a(k)h))
XM —a—F @y Tot
(8.2) qy, ..., n (x1+a(n)h- R x,,+a(n)h)
n o (1—F;, (x;+a(k)h)
= ng —=F, ) qi. ..., a(Xy .oy x,)+0(R),
(8.3) Qipo - i, (X1 +aR)h, . .., x,y+a(k)h, 0)a(k)h
k=1 (1=Fi (xs+a(k—1)h))
= b=y, g Cep o Xpm) T = o(h),
= s

for j==iy, ..., iy, k=n=—r,..., n
Hence the derivation of equations (4.1), (4.2), (5.1), (5.2) and boundary conditions (4.3),
k
(5.3) is quite simple. Indeed, dividing both sides by factor I'll (1—=F, (x,+a(k) k), ta-
king into account (3) and passing to the limit as z— 0, we_get the desired result.
Next we solve the equations subject to the boundary conditions. If we set

n! a(l)...a(n) 1

Qo= %0)...50n=1) 7
r 0)...6(n—1) Ty
J=1
. - (n—k)! alk+1)...a(n+k) 1
ql’l ..... ik(xl' R xh) P b(k) Lo b(n+k—1) 11 IJ;C'
s#—il ..... ’k

for k=1,...,n—r,
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_alk+1)...a(n+k) 1
’k(xl' ceey Xp) = b(k)...b(n+k—1) I ws

.r:‘H1 ..... l'k

c,

for k=n—r,...,n

where b(m)=a(m+1)=1, if m=n, then they satisfy the corresponding equations and
boundary conditions.
Let us introduce the following probabilities

QU - "ik)=x lim inl ..... 1k(x,... .y Xy)

y i=1,.,.,

for (iy,...,0)€Ck k=1,...,n,

Q,= limP(v(t)=k), for k=0,...,n.
t—00

Then it can easily be verified that we have

Q(i . )_ (n—k)! alk+1)...a(n+k) - ,,l 1
v =TT Thk) . bt E—1) n n, &
s—#,‘l ..... ik 11—11 A-l'/

c,

for k=1,....n—r,
a(k+1)...a(n+k) . 1 |

A -— - —— —— C'

QU+ -+ b =5y bintk=1) m n *
Sy e i, Il )"'/
J=1
for k=n—r,..., n

Since

Q,=Q(l,....,n), c=Ay... %, Qpu
6(1=QO' 61«: p> .Q(ixv--'vih)-

the whole system depends on Q, which can be obtained by means of the normali-
zing condition (6). '
Comments. 1. In the case a(k+1)=b(k)=1, k=0,...,n—1, i. e. when the speeds
are independent of the number of running machines, we obtain
. (n—k)! 1 1
Q.- ip)= e S | e

r

for k=0,...,n—r,

Qlyy vy lp)= 0

Sbdgy e [

f()]' kzﬂ—r,.-.,”,

which coincides with the result of Bunday and Khorram [13]. By definition
0
(T.=1)

Sual
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2. In case of homogeneous service, i.e. y;=y, i=1,...,n, we get
(n—k)! alk+1)...a(n+k) 1 1

QU + - -+ b= 7755 b(R).. . b(ntk=1) it o .
j=1 7
for k=l,.--»n—r’
. . atk+1)...antk) 1 1
QUus -+ -+ b= Fi  bnrk=T) ik & ©
T %
=17

for k=n—r,...,n,

which agrees with the result derived by Sztrik [11] under FIFO service rule. Fur-
thermore, it should be noted that the same formulas are valid when the breakdowns
do not stop the repair and the random selection occurs only at the service comple-
tions (see Sztrik [12)).

Since the main steady-state characteristics of the system, such as the machine
utilization, the average number of running machines, the operative efficiency, the ex-
pected “down” time of machines are calculated in the same way as in Bunday and
Scraton [22), Bunday and Khorram [13], Sztrik [9-12], their derivation is
omitted.

Concluding remarks. The method of integro-differential equations is applied to
get the stationary distribution of the underlying Markov process. It should be noted,
however, that the same result can be obtained by progressive methods of queueing
theory as represented in Franken et al. [23], Gnedenko and Konig [24],
Schassberger [25]. Sometimes, however, it is more difficult to derive results for
a specific system from the general theory than to treat a given problem only, since
we have to get acquainted with the notations, the whole development, etc.
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