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PAVEL G.TODOROV

Dedicated to Academician Ljubomir Iliev
on the Occasion of his Eightieth Birthday

ABSTRACT. We give a simple proof of the Bieberbach conjecture which throws a
bridge over de Branges’ proof [15)-[16] and the Weinstein proof [23] of this conjec-
ture.

1. Introduction. Let S denote the class of all functions

(1) f(z)= Za,.z", a=1;
n=1
analytic and univalent in the unit disc |2| < 1. Bieberbach [1] conjectured that the
inequalities
(2) lan| < m, n=2,3,...,
hold, where the equalities hold only for the Koebe function

o0
. S n

(3) K:(z)—(l_z)z—gnz €S
and its rotations e~**K(ze'®) € S where a is real.

Bieberbach [1), Lowner [2], Garabedian and Schiffer [3], Pederson and Schiffer
[4], and Pederson [5] proved the Bieberbach conjecture (2) for the functions (1) for
n =2,3,4,5,6, respectively. (Further, Charzyfsky and Schiffer [6], Garabedian, Ross
and Schiffer [7] and Ozawa [8] and Gong Sheng [9] gave other proofs for the cases n = 4,
and n = 6, respectively.)

Let 57 denote the subclass of odd functions

(4) fi(2)= V) = Y b2, f(2)E€S, b=1,

n=1
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of the class S. From (1) and (4) it follows that

n
(5) ay, = zbﬁk—lb2(n+l-k)—la n= 1,2,.. .y b1 = 1.
k=1

From (5) and the Cauchy inequality it is clear that

n
(6) lanl < Bakal’, n=2,3,..., =1
k=1

Because of (6), Robertson [10] conjectured that over the class 52 the inequalities

n
(7) Y bakalP<n, n=23,..., b=1,
k=1

hold, where the equalities hold only for such functions (4) which correspond to the
Koebe function (3) and its rotations. Thus the Robertson conjecture (7) over the
class S? implies the Bieberbach conjecture (2) over the class S. Robertson [10] and
Friedland [11] proved (7) for n = 2,3 and n = 4, respectively, and hence, the Bieberbach
conjecture (2) for n = 2,3,4.

The logarithmic coefficients of the function f(z) € S are generated by the Taylor

expansion
oo

(8) 103@:2@.:", |z <1, logl=0.

n=1

For the coefficients in (4) and (8), Lebedev ‘and Milin [12] found the inequalities

n+1 n
) 3 bakcal? < (n + 1)exp (——‘— S (kleal* = P)(n -k + 1))
k=1 k=1

i(n+1)
for n = 1,2,.... Because of (9), Milin [13] conjectured that over the class S the
inequalities
= 4
klex|? - =) n-k+1)<0, n=1,2,...,
(10) ;‘ lewl? = )(m—k+1)<0, n

hold, where the equalities hold only for the Koebe function (3) and its rotations.
Thus from (9) and (6) it follows that the Milin conjecture (10) implies the Robert-
son conjecture (7) and the Bieberbach conjecture (2). Grinshpan [14] proved (10) for
n = 1,2,3, and hence, the Robertson conjecture (7) and the Bieberbach conjecture (2)
for n = 2, 3,4, respectively.

De Branges [15]-[16] proved the Milin conjecture (10) for all n = 1,2,...,
and hence, the Robertson conjecture (7) and the Bieberbach conjecture (2) for all
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n = 2,3,.... Fitzgerald and Pommerenke [17]-[18], Fitzgerald [19] and Korevaar [20]
simplified the proof of de Branges. The authors [15]-[20] use the Lowner differential
equation [2]

0f(z,t) _ 8f(2,1)
(11) 5 = 25t ==
for the family of analytic and univalent functions
(12) f(z,t)=€'z+ Y an(t)z", |2| <1, 0<1t< +oo,
n=32

where f(z,0) = f(z), and the function ¢(z,t) is analytic in |z| < 1 with
(13) Rep(z,t) >0, |2|] <1, ¢(0,t)=1, 0<t< +oo.

If the logarithmic coefficients for the functions (12) are generated by the Taylor
expansion

(14) ! M—w t)z" 1, 0< logl =0
og etz —E%()l,lzl( ' _t<+w) ogl =0,
n=1
where
(15) a(t) = e 'ag(t), 0<t< +oo, a3(0)=ay,

then with the help of the Lowner equation (11), de Branges proved the general inequal-
it
ity . .
(16) 2 (Iclc,;(t)l2 - —) ok(t) <0, 0<t< oo,
k
k=1
for any positive integer n > 1, where o(t) are the dé Branges functions

= (2 1),(2k + 20 + Dnkov __pioie
(17) ’*(‘)="§(“_) ( +(uk:- u))nfz(n-z;-v))z et

for 0 <t < 400 and k = 1,2,...,n, where (a), for an arbitrary number a denotes
(18) (a)y =a(a+1)...(a+v-1), v=12,...; (a)o=1.
The functions(17) are the unique solution of the de Branges system of differen-
tial equations
ol(t) oh.,(t
ou(t) - oup(t) = - S0 _ Tena)
k k+1
(19)
0<t< 400, k=1,2,...,n, on41(t) =0,
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with initial conditions
(20) ox(0)=n—-k+1, k=1,2,...,n.

De Branges proved that the sign of the derivative with respect to ¢ of the left—
hand side of (16) is determined by the signs of the derivatives of the functions (17),
which have the representation

'
_ak(t)= -kt ﬂ+k+l —ﬂ+k,k+%, "+k+2 -t
(21) ke n—k )30 k+3, 2k+1 ¢

for 0 <t < 400 and k = 1,2,...,n, where 3F; for arbitrary numbers a;, a3, a3 and
Bra # 0,—1,-2,... denotes the Clausen hypergeometric function (for references, see

22)),
(22) 3F3( a1, a3, a3 z) = iqu_)"f: Izl <1,
v=0

B1, B2 B (B)y W

keeping in mind (18). Indeed, for 1 < n < 29, de Branges verified by a computer that
all functions 3F; in (21) are positive for 0 < t < +oo (for references, see [15]-[16] and
[19]-[20]). For every positive integer n > 1, de Branges established that the positivity
of the functions 3F; in (21) follows from the Askey and Gasper inequality [21]

e") >0,

0<t< 400, n>1, k=1,2,...,n;

F -n+k k+3, n+k+2
373 k+3, 2k+1

(23)

the proof of which was simplified by Kazarinoff [22]. Therefore, the left-hand side of
(16) is an increasing function with respect to t, and hence, the inequality (16) holds
since ox(+00) = 0 for k = 1,2,...,n according to (17). In particular, for ¢ = 0, from
(16) and(20) it follows that the inequalities (10) hold where

(24) cx =ck(0), k=1,2,...,

are the coefficients in (8) for the function f(z) = f(z,0).

Weinstein [23] proved the Milin conjecture (10) for all n = 1,2, ..., and hence,
the Robertson conjecture (7) and the Bieberbach conjecture (2) for all n = 2,3,...,in
another way. Indeed, for |z| < 1, Weinstein found the identity

0o . " 4 ~ © oty o
(25) Zz +1 g(z - klckll)(n -k+1)= ‘/o 1= w? (é Ak(t)w*) dt,

n=1
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where cj are the coefficients in (8) (or in (24)), Ak(t) are the functions

Ai(t) = hm —/ Rep(re®, ).

—1 27
(1 + Z ve,(t)r’e w‘) — kex(t)rke*?

for 0 €t < 400, k = 1,2,...,0 < r < 1, where ¢ is the function in (11) and (13)
and c,(t) are the coefficients in (14), and w = w(z,) is the function determined by the
equation

(27)

2
dg >0

(26)

z etw

(-2 (-w
With the help of the theory of Legendre pélynomials and the associated Leg-
endre functions, Weinstein showed that in the Taylor expansion

5 12 <1, 0<t< +oo.

et k+1 had

(28) —ZA ", k=1,2,...,

for |z < 1 and 0 < t < 400, all coefficients A}(t) > 0, which, according to (25)-
(26), proves the Milin conjecture (10) for all n = 1,2,..., and hence, the Robertson
conjecture (7) and the Bieberbach conjecture (2) for all n=23...

We shall note that the function w, determined by (27), can be found in Pick
[24], Schiffer and Tammi [25], Jakubowski, Zielifiska and Zyskowska [26] and de Branges
[16]. In Goodman [27], w is known as the bounded Koebe function. Indeed, if K~1(z)
is the inverse function of the Koebe function (3), then the function w has the explicit

form e
— - k=1 e 2 —_
w=w(zt)=K ((1 z)’) =

2
_ 224 e(1-2)-(1 —22)\/e‘[4z +et(l1-2) ],\/ei — e
z
and it maps the disc |2|] < 1 onto the disc |w| < 1 except for a slit along the negative
real axis from —1 to K~'(—e~!/4) = 1 — 2¢' + 2,/e'(e* — 1), where

(29)

(30) lw(z’t)l < Izls Izl <1, 0<t< +oo,

where, for 0 < t < 400, the equality holds only for z = 0.

The explicit form of the coefficients A}(t) in (28) is unknown. Now we shall give
a method with the help of which we discover that the Taylor expansion (28) generates
the derivatives (21) of the de Branges functions (17). This fact and the Askey and
Gasper inequality (23), applied to the Weinstein identity (25)(26), prove immediately
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the Milin conjecture (10) for all n = 1,2,..., and hence, the Robertson conjecture (7)
and the Bieberbach conjecture (2) for all n = 2,3,.... Thus we show that in the final
stage the de Branges proof [15]-[16]) and the Weinstein proof [23] of the Milin conjecture
(10) for all n = 1,2,... are one and the same.

2. An explicit form of the Taylor expansion of the function (28) in
the powers of z. Our discovery is realized by the following

Theorem 1. If w = w(z,t),|z] < 1, 0 <t < 400, is the bounded Koebe
function, determined by the equation (27) (or (29)), then for |z| < 1 and 0 <t < +00,
the Taylor ezpansion (28) has the ezplicit form

k+1
(31) ew ,_—Z ""(‘) M k=1,2,...,

1-w =

with the full notations ouk(t) = ok(t), n 2k, k=1,2,...,0 <t < 400, of the de
Branges functions (17) and o/, (t) = oi(t), n 2 k, k = 1,2,..., 0 < t < 400, of their
derivatives (21), respectively.

Proof. Let z be an arbitrary fixed point in the disc |z| < 1 and r be a fixed real
number such that |z] < r < 1. Then, on the basis of inequality (30) for the function
w determined by equation (27), by the Cauchy theorem of residues, we shall have the
integral representation formula

e(1+¢)
w1 ck41 =0
(32) 1-w? _ 2r:i -/I(I-' 1-¢ € _ .z «
(1-¢? (-2
for 0 <t < +00 and k = 1,2,..., where the integration along the circle |{| =
performed in positive direction. From (32) we obtain the Taylor expansion as follows

wk+l _ 1 ch d¢
l_wz—ml(ltr(l-C)al_(l’C)’ z -
¢ (1-2)?
_ -vt (l - ()2u-2 _
- = —1\Ww—k-1 v -vt ”+V"1 n _
F (g ().
n—k

_(k+1)tzzu+l 2 A(n, k)e ™

n=k
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for|z|<1,0<t < 400, k=1,2,..., where
2k + 2v ) ( n+k+v+1 )

(34) Av("”°)=("”"( v n—k-v

for0<v<n-k,n>k k=1,2,.... From (34) it follows that

A(n, k) (—n+k+u—1)(k—-%+v)(n+k+v+l)
A-1(n, k) ~ (k+3+v)2k+v)v

forl1<v<n—k,n>k+1,k=1,2,... with

(35)

(36) dmB=("FEEY) a2k k=

.

From (35) and (36) we deduce that

_(n+k+1\(ntk)(k+i)(ntk+2),
(37) Av(n, k) = ( n—k ) + D@k + 1), 0!

for0<v<n-—k,n2>k k=12,..., having in mind the notation (18). With the
help of (37), having in mind (22), the expansion (33) takes the form

e‘wh+l - n n+1
(38) W=Z:A,,(z)z , l21<1, 0<t< o0, k=1,2,...,
n=k
where
nigy _ -kt [(MEE+1 -n+k k+d n+k+2]|
(39)  Ai()=e ( n—k )’F’( k+3, 2k+1 ¢

for0<t< +oo,n2>k,k=1,2,.... (Compare with (28), where the coefficients A}(t)
are not determined explicitly.) Now, according to the Askey and Gasper inequality
(23), from (39) it follows that the inequalities

(40) Bt)>0, 0<t<+4oo, n2k, k=1,2,...,

hold. Therefore, from (40), (38) and the Weinstein identity (25)-(26) we obtain imme-
diately that the Milin conjecture (10) is true for all n = 1,2, ..., and hence, the Robert-
son conjecture (7) and the Bieberbach conjecture (2) are true for all n = 2,3,.... The
comparison of our formula (39) and the de Branges formula (21) with the full notation
o (t)=o4(t)forn >k, k=1,2,...,0<t< 400, yields the identity

(41) A:(t):-g,nk-(‘—), 0<t< 400, n2>2k, k=12,...,
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which throws a bridge over the de Branges proof [15]-{16] and the Weinstein proof [23]
of the Milin conjecture (10) for all n = 1,2,.... Finally, from (41) and (38) we obtain
(31).

This completes the proof of Theorem 1.

In particular, for t = 0, from (27) it follows that w = w(2,0) = z, and (31) is
reduced to

+1 e 0
(42) gj:_z%&,wm, 2l <1, k=1,2,....

On the other hand, we have the expansion

2kl T~ Ltk
- n -
(43) A= , lzl<1, k=1,2,....
n=0
The comparison of (42) and (43) yields immediately the relations

(44) o (0)=-k, n>k, k21, n—k=2m, m=0,12,...,
and

(45) o0 (0)=0, n>k, k>1, n—k=2m+1, m=0,1,2,...,

which Fitzgerald and Pommerenke [17]-[18] obtained with the help of the Askey and
Gasper special Jacobi polynomials theory [21]. According to (44)—(45) and (21),
the left-hand side of the Askey and Gasper inequality (23), for.t = 0, is equal to

-1
":f‘;l if n— k is even, and to 0 if n — k is odd. From (44)—(45) and (19) it

follows that
(46) d‘b(O) - 6‘“1(0) =1, n 2k, k 21, dll.ml»l(o) =0,

where we have used the full notations of the de Branges functions and their derivatives
defined in Theorem 1. By an indication on k, the relation (46) leads us to the relation

(47) onk(0)=n—-k+1, n2k, k=12,....

The relation (47) expresses the initial conditions (20) for the de Branges func-
tions (17) in full notations.

Theorem 2. The Milin functional on the left-hand side of (10) has the
Jollowing integral representation

n 400 M
(48) S (Mal ) -kt = [ @y aun T

k=1 k=1
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forn =1,2,..., where ¢, are the coefficients in (8) (or in (24)), Aix(t) are the Weinstein
functions (26) and o.,(t) are the derivatives (21) of de Branges functions (17) in full
notations defined in Theorem 1.

Proof. We shall find the Taylor expansion of the right-hand side of the Wein-
stein identity (25) in the power of z with the help of our Taylor expansion (31). Thus
we obtain the Taylor expansion

oo t, k+1 o © o (1
3 Ak(:)%'f_w; =-Yany J#szl =
k=1

k=1 n=k

(49)

o0 n 6' (t)
==Y EAk(t)—l‘;——, |zl <1, 0<t< +oo.
n=1 k=1

Now with the help of (49) we obtain the Tayior expansion

N (;l Ak(t)w*) ==y [a > A%t

n=1

for |z| < 1. Finally, the comparison of the right-hand side of (50) and the left-hand
side of (25) yields (48).

This completes the proof of Theorem 2.

With the help of our identity (48), the de Branges formula (21), the Askey
and Gasper inequality (23) and the Weinstein functions (26), the Milin conjecture (10)
becomes evidently true for all n = 1,2,..., and hence, the Robertson conjecture (7)
and the Bieberbach conjecture’(2) become evidently true for all n = 2,3,....

The case of equality in (10) follows directly from (48) because the integrand
must be identically zero, i.e. Ax(t)=0,0<t< 400,1<k <n(n>1). From (26)
and (24) it follows that

k-1
(51) keye'*® = -2 - 2_2 ve,e®, 1<k<n, n>1, ¢ =0,
v=0

where 6 is real. For k > 2, the summation in (51) is taken over 1 < v < k-1. In
particular, for n = 1 from (51) it follows that a; = —2e~*%, having in mind (24) and
(15). Bieberbach [1] proved that this is possible only for the Koebe function (3) and its
rotations. The general case leads us to the same result. Indeed, for any positive integer
n > 1, we obtain, by an induction on k, that the solution of the system (51) is given
by the logarithmic coefficients c; = (—1)*2¢~"*¢/k, 1 < k < n, of the Koebe function
f(z) = z/(1+ ze~*?)%. Hence, the cases of equality in the Robertson conjecture (7) and
the Bieberbach conjecture (2) for any positive integer n > 2 are also attained only by
the Koebe function (3) and its rotations.
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Theorem 1 and Theorem 2 have been reported at the March 1993 Meeting 879
(-30-10) of the American Mathematical Society in Knoxville, Tennessee.
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