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Abstract. This paper is a survey of our recent results on the bispectral
problem. We describe a new method for constructing bispectral algebras
of any rank and illustrate the method by a series of new examples as well
as by all previously known ones. Next we exhibit a close connection of
the bispectral problem to the representation theory of W1+∞–algerba. This
connection allows us to explain and generalise to any rank the result of Magri
and Zubelli on the symmetries of the manifold of the bispectral operators of
rank and order two.

Introduction. In this paper we announce the existence of a large class of

bispectral ordinary differential operators and a series of their properties. Following

[10] we call an operator L(x, ∂x) bispectral if it possesses a family of eigenfunctions
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Ψ(x, z), which are also eigenfunctions for another differential operator Λ(z, ∂z),

but this time in the “spectral parameter” z, to wit

L(x, ∂x)Ψ(x, z) = f(z)Ψ(x, z)(1)

Λ(z, ∂z)Ψ(x, z) = Θ(x)Ψ(x, z)(2)

for some functions f(z),Θ(x).

The problem of describing bispectral operators has its roots in several

mathematical and physical issues, e.g. – computer tomography. For more moti-

vation and background we recommend [10, 12, 13].

The first general result in the direction of classifying bispectral operators

belongs to J. J. Duistermaat and F. A. Grünbaum [10] who determined all second

order bispectral operators L. Their answer is as follows. If we write the operator

L as

L = ∂2
x + u(x),

the bispectral potentials u(x) are given (up to translations and rescalings of x and

z) apart from the obvious Airy (u(x) = x) and Bessel (u(x) = cx−2) potentials

by potentials obtained by finitely many “rational” Darboux transformations from

u(x) = 0 and u(x) = (−1/4)x−2.

Every operator L(x, ∂x) can be considered as an element of a maximal

algebra A of commuting ordinary differential operators [7]. Led by this obser-

vation G. Wilson [23] introduced the following terminology. He called such an

algebra bispectral if there exists a joint eigenfunction Ψ(x, z) for the operators L

in A that satisfy also the eq. (2). The dimension of the space of eigenfunctions

Ψ(x, z) is called a rank of the commutative algebra A (see e.g. [19]). This number

coincides with the greatest common divisor of the orders of the operators in A.

Wilson classified all rank 1 bispectral algebras [23].

Our construction puts in a general context all previously known results

and explains them (to some extent) from a representation-theoretic point of view.

The main results of the present paper are as follows.

First, starting with certain generalizations of Bessel functions we con-

struct highest weight modules Mβ of the Lie algebra W1+∞ with highest weight

vectors – tau-functions.

Second, performing a large class of Darboux transformations on polyno-

mials of the corresponding to these tau-functions differential operators (Bessel
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operators) we construct families of bispectral algebras of any rank N . There is a

similar construction for the higher order generalizations of Airy operators.

Third, we show that the manifolds of bispectral operators obtained by

Darboux transformations on powers of Bessel operators are in one to one cor-

respondence with the manifolds of tau-functions lying in the modules Mβ. An

immediate corollary is that they are preserved by hierarchies of symmetries

generated by subalgebras of W1+∞.

At the end we point out that the suggested method allows to obtain

the bispectral algebras algorithmically despite that we use highly transcenden-

tal functions like Bessel and Airy ones. We covered all classes and examples of

bispectral operators which we know from the literature [10, 23, 24, 13], etc. We

conjecture that all bispectral scalar differential operators can be obtained in this

way.

The proofs of the results presented here are performed in [2]–[5].

1. Darboux transformations and bispectral algebras. The frame-

work of our construction is Sato’s theory of KP–hierarchy [21, 22, 18]. In partic-

ular our eigenfunctions are Baker (or wave) functions ΨV (x, z) corresponding

to points (or planes) V in Sato’s Grassmannian Gr. We obtain our bispectral

algebras by applying a version of Darboux transformations on specific wave

functions which we call Bessel (and Airy) wave functions.

For β ∈ CN such that
∑N

i=1 βi = N(N − 1)/2 we introduce the ordinary

differential operator

Pβ(Dz) = (Dz − β1)(Dz − β2) · · · (Dz − βN )(3)

where Dz = z∂z and consider the differential equation

Pβ(Dz)Φβ(z) = zNΦβ(z).(4)

For every sector S with a center at the irregular singular point z = ∞ and an

angle less than 2π the equation (4) has a solution Φβ with an asymptotics

Φβ(z) ∼ Ψβ(z) = ez
(

1 +

∞∑

k=1

ak(β)z−k
)

(5)
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for |z| → ∞, z ∈ S. Here ak(β) are symmetric polynomials in βi. The function

Φβ(z) can be taken to be (up to a rescaling) the Meijer’s G-function

GN0
0N ((−z/N)N |(1/N)β) (see [6], §5.3). The next definition is fundamental for the

present paper.

Definition 1. Bessel wave function is called the function Ψβ(x, z) =

Ψβ(xz) (cf. [11, 14, 24]). The Bessel operator Lβ is defined as

Lβ(x, ∂x) = x−NPβ(Dx).(6)

A Bessel wave function Ψβ defines a plane Vβ ∈ Gr (called Bessel plane) by the

standard procedure:

Vβ = span{∂k
xΨβ(x, z)|x=1}.

We denote by τβ(t) the corresponding tau-function and call it Bessel tau–function.

Classically, a Darboux transformation [8] of a differential operator L pre-

sented as a product L = QP is defined by exchanging the places of the factors,

i.e. L = PQ. Obviously, if Ψ(x, λ) is an eigenfunction of L, i.e. L(x, ∂x)Ψ(x, λ) =

λΨ(x, λ) then PΨ(x, λ) is an eigenfunction of L. Our definition of a Dar-

boux transformation puts the emphasis rather on the eigenfunctions Ψ(x, λ) and

PΨ(x, λ) than on the operators L and L.

Definition 2. We say that a plane W (or the corresponding wave

function ΨW (x, z)) is a Darboux transformation of the plane V (respectively wave

function ΨV (x, z)) iff there exist monic polynomials f(z), g(z) and differential

operators P (x, ∂x), Q(x, ∂x) such that

ΨW (x, z) =
1

g(z)
P (x, ∂x)ΨV (x, z),(7)

ΨV (x, z) =
1

f(z)
Q(x, ∂x)ΨW (x, z).(8)

Simple consequences of Definition 2 are the identities

PQΨW (x, z) = f(z)g(z)ΨW (x, z),(9)

QPΨV (x, z) = f(z)g(z)ΨV (x, z).(10)
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The operator L = PQ is a Darboux transformation of L = QP . Obviously (7)

implies the inclusion

gW ⊂ V.(11)

Conversely, if (11) holds there exists P satisfying (7). Therefore W is a Darboux

transformation of V iff

fV ⊂ W ⊂
1

g
V(12)

for some polynomials f(z), g(z).

Obviously some of the Bessel planes Vβ, β ∈ C
N can be obtained by a

Darboux transformation from other Bessel planes Vβ′ , β′ ∈ C
N ′

, N ′ < N. Of

course, we are interested in β which do not have this property. We call them

generic.

To each plane W one can associate the spectral algebra AW of polynomials

f(z) that leave W invariant. For each f(z) ∈ AW one can show that there exists

a unique differential operator Lf (x, ∂x), the order of Lf being equal to the degree

of f , such that

Lf (x, ∂x)ΨW (x, z) = f(x)ΨW (x, z).(13)

We denote the commutative algebra of these operators by AW .

Proposition 1. For a generic β ∈ C
N we have

AVβ
= C[zN ], AVβ

= C[Lβ].(14)

For a Darboux transformation of a Bessel plane V = Vβ with generic

β ∈ C
N Proposition 1 and (10) imply

f(z)g(z) = h(zN ),(15)

QP = h(Lβ)(16)

for some polynomial h. The operator P is determined by its kernel which is a

subspace of Kerh(Lβ). The latter is described in the following lemma (see e.g.

[15]).

Lemma 1. Let h(z) be a polynomial

h(z) = zd0

(
z − λN

1

)d1

· · ·
(
z − λN

r

)dr
, λN

i 6= λN
j , λ0 = 0, di ≥ 0.(17)
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Then we have

(i) Kerh(Lβ) =
⊕r

i=0 Ker
(
Lβ − λN

i

)di .

(ii) (Lβ)d = Lβd , where

βd = (β1, β1 + N, . . . , β1 + (d − 1)N, . . . , βN , . . . , βN + (d − 1)N).(18)

(iii) If {β1, . . . , βN} = {α1, . . . , α1
︸ ︷︷ ︸

k1

, . . . , αs, . . . , αs
︸ ︷︷ ︸

ks

} with distinct α1, . . . , αs,

then

KerLβ = span
{

xαi(ln x)k
}

1≤i≤s, 0≤k≤ki−1
.

(iv) For λ 6= 0

Ker
(
Lβ − λN

)d
= span

{

∂k
λΨβ(x, λεj)

}

0≤k≤d−1, 0≤j≤N−1
,

where ε = e2πi/N is an N -th root of unity.

We call KerP homogeneous and ZN -invariant iff it has a basis which is a

union of:

(i) Several groups of elements supported at 0 of the form:

∂l
y

( k0∑

k=0

mult(βi+kN)−1
∑

j=0

bkjx
βi+kNyj

)∣
∣
∣
y=lnx

, 0 ≤ l ≤ j0,(19)

where mult(βi + kN) := multiplicity of βi + kN in
⋃N

j=1{βj + NZ≥0} and j0 =

max{j|bkj 6= 0 for some k}.

(ii) Several groups of elements supported at the points εiλ (0 ≤ i ≤ N−1,

λ 6= 0) of the form:

k0∑

k=0

akε
ki∂k

z Ψβ(x, z)|z=εiλ, 0 ≤ i ≤ N − 1.(20)

Instead of (20) we can also take

k0∑

k=0

akD
k
zΨβ(x, z)|z=εiλ, 0 ≤ i ≤ N − 1.(21)

Denote by n0 the number of elements of the form (19) in the above basis of KerP

and by nj for 1 ≤ j ≤ r the number of groups of elements of the form (20) with

λ = λj .
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Now we give our fundamental definition.

Definition 3. We say that the wave function ΨW (x, z) is a polynomial

Darboux transformation of the Bessel wave function Ψβ(x, z), β ∈ C
N , iff (7)

holds (for V = Vβ) with P (x, ∂x) and g(z) satisfying:

(i) The kernel of the operator P is homogeneous and ZN -invariant, i.e.

it has a basis of the form (19, 20).

(ii) The polynomial g(z) is given by

g(z) = zn0

(
zN − λN

1

)n1

· · ·
(
zN − λN

r

)nr
(22)

where nj are the numbers defined above.

We denote the set of all such planes W by GrB(β) and put

Gr
(N)
B =

⋃

β

GrB(β), β ∈ C
N -generic.

We say that the polynomial Darboux transformation ΨW (x, z) of Ψβ(x, z)

is monomial iff

g(z) = zn0.

Denote the set of the corresponding planes W by GrMB(β) and put Gr
(N)
MB =

⋃

β GrMB(β), β ∈ C
N -generic.

The next theorem provides another equivalent definition of GrB(β) and

is used essentially in the proof of the bispectrality.

Theorem 1. The wave function ΨW (x, z) is a polynomial Darboux

transformation of the Bessel wave function Ψβ(x, z), for generic β ∈ C
N , iff (7,

8, 15, 16) hold (for V = Vβ) and

(i) The operator P from (7) has the form

P (x, ∂x) = x−n
n∑

k=0

pk(x
N )(x∂x)k,(23)

where pk are rational functions, pn ≡ 1.

(ii) There exists the formal limit

lim
x→∞

e−xzΨW (x, z) = 1.(24)

The limit in (24) is formal in the sense that it is taken in the coefficients

at any power of z.
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Following G. Wilson [23] we define the bispectral involution b on the wave

function ΨW (x, z) by exchanging the places of x and z:

ΨbW (x, z) = ΨW (z, x)

(provided the LHS is again a wave function).

Theorem 2. If W ∈ GrB(β) then bW exists and bW ∈ GrB(β).

This means that ΨbW (x, z) is a wave function and

ΨbW (x, z) =
1

gb(z)
Pb(x, ∂x)Ψβ(x, z),(25)

Ψβ(x, z) =
1

fb(z)
Qb(x, ∂x)ΨbW (x, z)(26)

for some polynomials gb, fb and operators Pb, Qb satisfying (23). We can derive

explicit expressions for (25, 26) in terms of (7, 8) as follows. If the operators

P (x, ∂x) and Q(x, ∂x) are written in the form

P (x, ∂x) =
1

xnpn(xN )

n∑

k=0

pk(x
N )(x∂x)k,(27)

Q(x, ∂x) =

m∑

s=0

(x∂x)sqs(x
N )

1

xmqm(xN )
(28)

with polynomials pk, qs then

Pb(x, ∂x) =
1

g(x)

n∑

k=0

(x∂x)kpk(Lβ(x, ∂x)),(29)

gb(z) = znpn(zN )(30)

and

Qb(x, ∂x) =

m∑

s=0

qs (Lβ(x, ∂x)) (x∂x)s
1

f(x)
,(31)

fb(z) = zmqm(zN ).(32)

An immediate corollary is the following result, which we state as a theorem

because of its fundamental character.
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Theorem 3. If W ∈ Gr
(N)
B then the wave function ΨW (x, z) solves the

bispectral problem, i.e. there exist operators L(x, ∂x) and Λ(z, ∂z) such that

L(x, ∂x)ΨW (x, z) = h(zN )ΨW (x, z),(33)

Λ(z, ∂z)ΨW (x, z) = Θ(xN )ΨW (x, z).(34)

Moreover,

rankAW = rankAbW = N.(35)

The operators and the polynomials from (33) and (34) are given by:

L(x, ∂x) = P (x, ∂x)Q(x, ∂x), h(zN ) = f(z)g(z);(36)

Λ(z, ∂z) = Pb(z, ∂z)Qb(z, ∂z), Θ(xN ) = fb(x)gb(x).(37)

The whole bispectral algebra is given in the following proposition.

Proposition 2. For W ∈ GrB(β) with generic β ∈ C
N we have

AW =
{
u ∈ C[zN ] | u(Lβ)KerP ⊂ KerP

}
(38)

and

AW =
{
Pu(Lβ)P−1 | u ∈ AW

}
.(39)

Remark 1. Gr
(1)
B coincides with the “adelic” Grassmannian Grad intro-

duced by Wilson [23]. The rank 2 bispectral algebras containing an operator of

order 2 (the “even case” of Duistermaat and Grünbaum [10]) are obtained from

Gr
(2)
MB ∩ Gr(2).

Remark 2. The (generalized higher) Airy wave function is defined by

the following equations (see e.g. [9])

Lα(x, ∂x)Ψα(x, z) = zNΨα(x, z),

Lα(x, ∂x) = ∂N
x − α0x +

N−1∑

i=2

αi∂
N−i
x ,

where α = (α0, α2, α3, . . . , αN−1) ∈ CN−1. The definition of polynomial Darboux

transformations is similar to that in the Bessel case (see Theorem 1) with only
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minor modifications: P is not necessarily ZN -invariant and g(z) has to belong to

C[zN ]. After a suitable definition of the bispectral involution b we proved analogs

of theorems 2 and 3 [4]).

Remark 3. The above eigenfunction ΨW (x, z) from (33, 34) is a formal

series. However, if we substitute Φβ(x, z) = Φβ(xz) for Ψβ(x, z) then

ΦW (x, z) =
1

g(z)
P (x, ∂x)Φβ(x, z)

gives a convergent solution to the bispectral problem with the same operators

L(x, ∂x) and Λ(z, ∂z) (see [4]).

2. W1+∞ and monomial Darboux transformations. The algebra

w∞ of the additional symmetries of the KP–hierarchy is isomorphic to the Lie

algebra of regular polynomial differential operators on the circle:

D = span{zα∂β
z | α, β ∈ Z, β ≥ 0}.

Its unique central extension [16, 17] will be denoted by W1+∞. This algebra gives

the action of the additional symmetries on the tau-functions [1].

Denote by c the central element of W1+∞ and by W (A) the image of

A ∈ D under the natural embedding D →֒ W1+∞ (as vector spaces). The algebra

W1+∞ has a basis

c, Ll
k = W (−zkDl), l, k ∈ Z, l ≥ 0

where D ≡ Dz = z∂z. The commutation relations of W1+∞ can be written most

conveniently in terms of generating series [17]

[

W (zkexD),W (zmeyD)
]

= (exm − eyk)W (zk+me(x+y)D) + δk,−m
exm − eyk

1 − ex+y
c.

We introduce the subalgebra W1+∞(N) of W1+∞ spanned by c and Ll
kN ,

l, k ∈ Z, l ≥ 0. It is a simple fact that W1+∞(N) is isomorphic to W1+∞.

In the next theorem we sum up some of the results from [2] which will be

needed in Theorems 5 and 6.

Theorem 4. The functions τβ(t) satisfy the constraints

Ll
0τβ = λβ(Ll

0)τβ, l ≥ 0,

Ll
kNτβ = 0, k > 0, l ≥ 0,

W
(

z−kNPβ,k(D)Dl
)

τβ = 0, k > 0, l ≥ 0,
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where Pβ,k(D) = Pβ(D)Pβ(D − N) · · ·Pβ(D − N(k − 1)).

The first two constraints mean that τβ is a highest weight vector with

highest weight λβ of a representation of W1+∞(N) in the module

Mβ = span
{

Ll1
k1N · · ·L

lp
kpNτβ

∣
∣
∣k1 ≤ . . . ≤ kp < 0

}

.(40)

In [2] we studied Mβ as modules of W1+∞. We proved that they are quasifinite

(see [17]) and we derived formulae for the highest weights and for the singular

vectors.

The next theorem establishes the connection between the highest weight

modules Mβ and the monomial Darboux transformations.

Theorem 5. If τW is a tau-function lying in the W1+∞(N)-module

Mβ (β ∈ C
N ) then the corresponding plane W ∈ GrMB(β). Conversely, if

W ∈ GrMB(β) then τW ∈ Mβ′ for some β′ ∈ C
N such that Vβ′ ∈ GrMB(β).

In general β′ 6= β. A more precise version of the second part of Theorem

5 is given in [5]. Here we shall restrict ourselves only to the case when there are

no logarithms in the basis (19) of KerP , i.e. when it is of the form

fk(x) =
dN∑

i=1

akix
γi , 0 ≤ k ≤ n − 1,(41)

where γ = βd (see (18)).

Let W ∈ GrMB(β) be a monomial Darboux transformation of a Bessel

plane Vβ, β ∈ C
N with g(z) = zn and KerP of the above type. Definition 3 in

this case is equivalent to

γi − γj ∈ NZ \ 0 if akiakj 6= 0, i 6= j.(42)

We say that the element fk(x) of the above basis of KerP is associated to βs

(1 ≤ s ≤ N) iff

γi − βs ∈ NZ≥0 if aki 6= 0.(43)

Then up to a relabeling we can take a subset {βs}1≤s≤M such that

βs − βt 6∈ NZ for 1 ≤ s 6= t ≤ M(44)
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and each element of the basis (41) of KerP is associated to some βs from this set.

Denote by ns the number of elements associated to βs and set ns = 0 for s > M .

Then n1 + · · · + nN = n. We put

β′ = (β1 + n1N − n, β2 + n2N − n, . . . , βN + nNN − n).(45)

Theorem 6. Let W be a monomial Darboux transformation of the

Bessel plane Vβ with KerP satisfying (41, 42) and β′ be as above. Then the

tau-function τW of W lies in the W1+∞(N)-module Mβ′.

Example 1. Let A = (0 1 0 . . . 0) and β′
2 − β′

1 = Nα, α ∈ Z≥0. Set

β′′ = (β′
1 − N,β′

2 + N,β′
3, . . . , β

′
N ).

Then the module Mβ′′ embeds in Mβ′ . The singular vector τβ′′ is given by

τβ′′ = W (P1)τβ′ + const · τβ′ ,(46)

where

P1 = −N(α + 1)z−N Pβ′(Dz)

Dz − β′
1

(
z−NPβ′(Dz)

)α+1
.(47)

Another important question posed by Duistermaat and Grünbaum [10]

is about the existence of an hierarchy of symmetries leaving the manifold of

bispectral operators invariant. The following two theorems answer this question

for the manifold of monomial Darboux transformations.

Theorem 7. Vector fields corresponding to W+
1+∞(N) are tangent to

the manifold Gr
(N)
MB of monomial Darboux transformations. More precisely, if

W ∈ Gr
(N)
MB then

exp

(
p
∑

i=1

λiL
li
Nki

)

τW

is a tau-function associated to a plane from Gr
(N)
MB for arbitrary p ∈ N, λi ∈ C,

li, ki ∈ Z≥0.

Let us define

Lm =
1

N

∑

k∈Z\NZ

:JmN−kJk:

where Jk = L0
k = W (−zk). The operators Lm, m ∈ Z form a Virasoro algebra

with central charge N − 1 which we denote by V irN . Denote by V ir+
N the
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subalgebra spanned by Lm, m ≥ 0. Then we can formulate the following theorem

which for N = 2 contains Magri–Zubelli’s result [20].

Theorem 8. The manifold Gr
(N)
B ∩ Gr(N) is preserved by the vector

fields corresponding to V ir+
N . More precisely, if W ∈ Gr

(N)
B ∩ Gr(N) then

exp

(
p
∑

i=1

λiLki

)

τW

is a tau-function associated to a plane from Gr
(N)
B ∩ Gr(N) for arbitrary p ∈ N,

λi ∈ C, ki ≥ 0.

Remark 4. Gr
(N)
B ∩ Gr(N) = Gr

(N)
MB ∩ Gr(N).

3. Explicit formulae and examples. We shall begin with stating

explicit formulae for the bispectral operators from (33, 34) in the case of monomial

Darboux transformations when there are no logarithms in the basis (19) of KerP .

The general case of monomial Darboux transformation can be reduced to this one

by taking a limit in all formulae (see [5]).

Let β ∈ C
N and W ∈ GrMB(β). We use the notation from (7, 8, 25, 26).

Then h(z) = zd, g(z) = zn, f(z) = zdN−n for some n, d. The kernel of P has a

basis of the form (41, 42) where γ = βd is from (18). We shall use multi-index

notation for subsets I = {i1 < . . . < in} of {1, . . . , dN}. Let A be the matrix

(aki) and AI = (ak,il)0≤k, l≤n−1 be the corresponding minor of A. Denote by I0

the complement of I. We put γI = {γi}i∈I ; (δI)i = 1 for i ∈ I and = 0 for

i ∈ I0; ∆I =
∏

r<s
(γir −γis). Let Imin be the subset of {1, . . . , dN} with n elements

such that detAImin 6= 0 and
∑

i∈Imin

γi be the minimum of all such sums, and set

pI =
∑

i∈I
γi −

∑

i∈Imin

γi. Eq. (42) implies that these numbers are divisible by N .

Proposition 3. In the above notation the operators and the polynomials

from (36, 37) are given by the following formulae:

(a) g(z) = zn,

P =
(∑

detAI∆Ix
pI

)−1(∑

det AI∆Ix
pILγI

)

.

(b) f(z) = zdN−n,
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Q =
(∑

detAI∆ILγ
I0−nδ

I0
xpI

)(∑

detAI∆Ix
pI

)−1
.

(c) gb(z) = zn
∑

detAI∆Iz
pI ,

Pb =
∑

det AI∆ILγI
(Lβ)pI/N .

(d) fb(z) = zdN−n
∑

detAI∆Iz
pI ,

Qb =
∑

detAI∆I(Lβ)pI/NLγ
I0−nδ

I0
.

Example 2. Consider the case when βd = γ has different coordinates.

Then choose the following basis of KerLd
β:

Φ(k−1)d+j(x) = µkjx
βk+(j−1)N , 1 ≤ k ≤ N, 1 ≤ j ≤ d,

where

µk,1 := 1, µkj := µk,j−1 ·

N∏

i=1

(βi − βk − (j − 1)N)−1.

In this basis the action of Lβ is quite simple: LβΦ(k−1)d+j = Φ(k−1)d+j−1 for

2 ≤ j ≤ d and = 0 for j = 1. Let a basis of KerP be

fk(x) =

dN∑

i=1

akiΦi(x), k = 0, . . . , d − 1.

Let βi − βj ∈ NZ for all i, j and the matrix A = (aki) has the form:

A =












t
(1)
0 . . . t

(N)
0

t
(1)
1 t

(1)
0 . . . t

(N)
1 t

(N)
0

t
(1)
2 t

(1)
1 t

(1)
0 . . . t

(N)
2 t

(N)
1 t

(N)
0

...
...

. . .
...

...
. . .

t
(1)
n−1 t

(1)
n−2 . . . t

(1)
0 . . . t

(N)
n−1 t

(N)
n−2 . . . t

(N)
0












Then the operator L = PLβP−1 is differential of order N and solves the bispectral

problem. For a generic β ∈ C
N the spectral algebra has rank N (i.e. it is C[L]).

For N = 2 this is the “even case” of J. J. Duistermaat and F. A. Grünbaum [10]

(see also [20]).
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Example 3. All bispectral algebras of rank 1 are polynomial Darboux

transformations of the plane H+ = span{zk}k≥0 (see [23]). This corresponds to

the N = 1 Bessel with

β = (0), L(0) = ∂x, V(0) = H+, τ(0)(t) = 1, Ψ(0)(x, z) = exz.

The operator L which solves the bispectral problem is a Darboux transformation

of the operator h
(
L(0)

)
= h(∂x) with constant coefficients. The “adelic Grass-

mannian” Grad, introduced by Wilson [23], coincides with GrB((0)) (= Gr
(1)
B ).

In the last example we study the simplest polynomial Darboux transfor-

mation of a Bessel operator of order 2.

Example 4. For N = 2, β = (1−ν, ν) the corresponding Bessel operator

is

Lβ = x−2(Dx − (1 − ν))(Dx − ν) = ∂2
x +

ν(1 − ν)

x2
, Dx = x∂x.

Fix λ ∈ C \ {0} and set h(z) = (z − λ2)2. For fixed λ, a ∈ C \ {0} we take KerP

to have a basis

fk(x) = Ψβ(x, (−1)kλ) + aDxΨβ(x, (−1)kλ), k = 0, 1.

After introducing the operator

P (a, λ, µ) =
1

x2p2(x2)

{

p2(x
2)D2

x + p1(x
2)Dx + p0(x

2)
}

,

where µ2 = (a + 1 − a2ν(ν − 1))/a2λ2, p2(x
2) = x2 − µ2, p1(x

2) = µ2 − 3x2,

p0(x
2) = −λ2x4 + (2λ2µ2 + (a + 1)(2a − 1)a−2)x2 + ((a + 1)a−2 − λ2µ2)µ2, the

operators and polynomials from formulae (36, 37) are given by:

P = P (a, λ, µ), g(z) = z2 − λ2;(48)

Q = P ∗(b, λ, µ), f(z) = z2 − λ2;(49)

Pb = P (a, µ, λ), gb(z) = z2 − µ2;(50)

Qb = P ∗(b, µ, λ), fb(z) = z2 − µ2;(51)

where b = −a/(a + 1) and “*” is the formal adjoint of differential operators (i.e.

the unique antiautomorphism such that ∂∗
x = −∂x, x∗ = x). The spectral algebras

AW = P
(
Lβ − λ2

)2
C[Lβ]P−1
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and

AbW = Pb

(
Lβ − µ2

)2
C[Lβ]P−1

b

consist of operators of orders 4, 6, 8, 10, . . .

The above formulae (48–51) raise some interesting questions about the

properties of the bispectral involution and of the so-called adjoint involution (see

[4]).
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