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ABSTRACT. We consider variables with joint multivariate normal distribu-
tion and suppose that the sample correlation matrix has missing elements,
located in one and the same column. Under these assumptions we derive the
maximum likelihood ratio test for independence of the variables. We obtain
also the maximum likelihood estimations for the missing values.

1. Introduction. We consider variables with joint multivariate normal
distribution and suppose that the sample correlation matrix has missing elements,
located in one and the same column. This might be due to a loss during the keep-
ing or the transportation to the researcher. Another reason is when a researcher
“A” has the full matrix of the observations on n variables X1,...,X,, but he
decides to include in considerations an additional variable X, ;. Assume that
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Key words: Multivariate normal distribution, Wishart distribution, correlation matrix com-
pletion, maximum likelihood ratio test.
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his colleague “B” works in a competitive firm and has the data matrix for the
variables Xj11,...,Xn, Xnt+1. Suppose the researcher “A” succeeds to get from
“B” only the empirical correlation coefficients ;11,2 = k + 1,...,n, instead of
the data vector of the observations on X, 11, which is m x 1 and m is enough
greater than n—k (m > n —k). In this situation “A” will have the complete em-
pirical correlation matrix for the variables X7y, ..., X,,, X;,4+1, with the exception
of the coefficients 7; 41,4 =1,...,k.

Recently, the question of evaluating the return to a given program or
treatment has received considerable attention in the economics, statistics and
medical literatures [2, 5, 7, 8]. The derived densities of the outcome gain distrib-
utions necessarily depend on the unidentified cross-regime correlation coefficient.

Roy’s model of self-selection has been applied extensively in economics to
explain individual choice between two alternatives or sectors. Since an agent’s
earnings are observed only in the sector of choice under partial observability, the
correlation coefficient between the disturbance terms in the earnings equations is
not identified. Similar investigations with one missing element in the correlation
matrix have been made by Heckman and Honore [1], Vijverberg [11], Koop and
Poirier [4], Sareen [6].

In the present paper we assume that the researcher is interested in n 4 1
random variables, which are multivariate normal distributed but he has only

the empirical correlation matrix R, in which the elements r;j,4+1,¢ = 1,...,k
are missing. In this case we obtain the maximum likelihood estimations for the
correlation coefficients p;py1,7 = 1,...,k, which are elements of the theoretical

correlation matrix P. We derive also the maximum likelihood ratio test for the
hypothesis for the independence of the n 4+ 1 random variables, i.e.

Hy:P =1,

where I is the identity matrix.

2. The likelihood ratio test derivation. We begin with one aux-
iliary Theorem.

Theorem 1. Let wi;, 1 < i < j < n be random variables with joint
distribution - the Wishart distribution W, (m,X). Consider the set of random
variables V.= {1, i =1,...,n, v;;, 1 <i < j < n}, such that

Ti:wii,zzl,...,n,
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wij
)

The joint density function of the random variables from V has the form

Vij = 1<i<y<n.

fV(tlvvtnvyl]71§Z<J§n)
t1...1 71 m-n-1 _1 1
T am n(n—l)( n)m n — (det(Y,)) 2 e 2T
2% T (det(Z))> JI T (25H)
=1

]

)

where
- I'(-) is the well known Gamma function;
-~ T and Y,, are the matrices

VB -0

1 Y12 Yin
yi2 1 Y2
Yn - . " 3
Yin Yon - 1

— E is the set of all points (t1,...,tn, yij, 1 <1< j < n) in the real space
RMn+D/2 gquch that t; > 0, i = 1,...,n and the matriz Y, is positive definite,
and Ig here and after denotes the indicator of a given set E.

Proof. The inverse transformation formulas are

wii:n,zzl,...,n,

Wij = Vij\/Ti Tj, 1<i<y<n.
The Jacobian of the transformation is

a(wllv <oy Wnn, W12, - .-, Win, W23, - - 7wn71n)
8(7-17' oy Tny V125 -« oy Vin, V23, . .. 7Vn71n)

J:
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Consequently
det(J) = (7‘1 R Tn)T.

The joint density function of w;;, 1 <4 < j <n has the form

(det(W)) ™2 ¢ 2tr(W=™1)
nm n(nfl) m n . I{W>O}7
2% T (det(X)% [T ("5
=1

Jogacicjen(wiy, 1 < i< j <n)=

where W is the symmetric matrix with elements w;j,1 <4 < j <n and {W > 0}
here and after denotes the set of all values for the unknown elements of a given real
matrix W, such that the matrix W is positive definite. Hence, the joint density
function of the random variables from the set V = {7;, i =1,...,n, 15, 1 <i<
j < n} will have the form

fvti, ..t v, 1 <i<j<n)

(det(TY,T))" 3 e 2r(TYaTZ™) -
- nm n(n—1) m X (tl ct tn) 2 IE
22 - 1 (det(X))=2 -le (W—TZ-H)
1=
m_q
= ( 71) (tl — tn) ’ n (det(Yn)) m7;71 ei%tT(TYnTz_l)IE. |:|
25 T (det(X)) T [ T (2egitl)
i=1

Corollary 1. Under the conditions of Theorem 1, let ¥ = D, where
D is a diagonal matriv D = diag(o?,...,02). Then the set of random vari-

ables {T1,..., 7y} is independent of the set {v;;, 1 < i < j < n}. The variables
TL, ..., Tn are mutually independent and ; ~ U?X2(m>, 1=1,...,n. The random
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variables vy, 1 < i < j < n has joint distribution W(m,n) with density function
of the form

o LGOI S
friasicisn(Ui, 1 S0 <j Sn) = ————2% —(det(Yn)) 27 Iy, >0y
o T T ()
i=1
Let x1,...,X,, be a sample from N, 1(y, X), u is unknown. Assume that
we wish to test the hypothesis
Hy : X = diag(o?,... ,JEL_H), o2 are unknown, i =1,...,n+1

which is equivalent to Hy : P =I) against the alternative
H; : no constraints on .

Suppose at first, that we don’t hold the observations themselves, but we
have m and the empirical covariance matrix S = {s;; }?;;11, in which the elements
Sin+1,1 = 1,...,k are unidentified. It is well known, that the joint distribution
of the elements of the matrix (m — 1)S is Wishart - W, 11(m — 1, ¥). Consider

the variables
T = (m—l)sii, 1=1,....,n+1

and

(m —1)s;

V(m —1)si(m — 1)s;;

Vij = =7y, 1<i<j<n+1,

where r;; is the corresponding element of the empirical correlation matrix R.

e Let the hypothesis Hy be true. According to Corollary 1, the distrib-
ution of the elements of the empirical correlation matrix R is ¥(m — 1,n + 1).
The random variables 7, = (m —1)s;, i = 1,...,n+ 1 are mutually independent,
they are independent of the correlation coefficients r;;, 1 < ¢ < j <n+1 and
m=(m—1sy~a>x*(m—1),i=1,....,n+1.

The next proposition can be found in [9].

Proposition 1. Let v;;, 1 < i < j < n be random variables with distri-

bution W(m,n). The joint density function of the random variables from the set
V=A{vij, 1 <i<j<n}\{Vin,...,Vkn}, where k is an integer, 1 < k < n — 2,
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has the form

fV(yijv 1<i<y<n—l, yk—i—lnv"-aynfln) = n—2
n(n—1)—2k .
-1 e r= )

mn+k1

7 (det(Ya({L,...,k}))

m— n+k:
2

Iy, (np>0y Loy ({1,... k) >0} 5

et (Y ({n})) ™
(det(Yn({ . 7k7n}))>

i1}) here and after denotes the matrixz, which is obtained from

where A({i1,...,
2

the matriz A, after deleting the rows and columns with numbers i1, ...

From this Propositions it follows that under Hy, the joint density function
of the empirical correlation coefficients from the set U = {r;;, 1 <i < j < n,
Thkt1n+1, - - -5 Tnn+1) Will have the form

fU(y’L'jv 1 S 1< ] S n, Yk+1in+1y- - - aynn+1)

T (2] . .
1 {Ynt1({n+11H)>0} H{Yn1({1,....k})>0}

B Wn(n+i)__2k T (m—n;-k—l) nH T (m—2i—1)
i=1

mn+k:3

2<det< Yo1({1,...,k}))

mn+k:2

 (det(Ynia({n + 1))
(det(Yns1({1,..., k,n + 1})))

Consequently, under Hy the joint density function of our “observations”:

(m —1)s11, ..., (M — 1)Spiins1, 7125 -+ Tn—lns Th+lntl> -+ Tnnsl, i€ the
likelihood function Lg, will have the form
(n+1)(m—3)
. (m—1)
O =
(n+1)(m—1) n(n+1)—2k 7
) 5 T 1 T (m n+k— 1) H T ( )
=1
m—3 _ .y ntl
(511 Sn+1n+1) 2 6_ 2 g 712
(0'1 N 0n+1) -1
m—n—2 m— n+k 3

(det(R({1,...,k})))

mn+k2

o (det(R({n +1})))
(det(R({1,...,k,n+ 1})))
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The maximum likelihood estimations for the unknown parameters o%, ..., 02
are sii, ...,

Sn+1n+1 Tespectively. The maxima Lg of the likelihood function is
(n1)(m=3)
(m—1)
(n+1)(m—1) n(n+1)—2k
2

T 7 F(m n+k— l)ﬁl—\(
i=1

h
O *
I

_(n4+DH(m-1)
2

L (det(R({n + 1)) "% (det(R({L, .. k})))’"““'
(or1 - snt1n) U R(T, oo ko 1) T

e Let the hypothesis H; be true. Applying Theorem 1 for m = m — 1
and n =n + 1, we get the joint density function f; of the “observations

” . (m _
1)s11y oo (M — 1)Sptint1s T12, - - Tn—in, Tktlntls - - -» Tnnt1 and the unknown
realizations 71,41, ..., ka1 Of the correlation coefficients pip41,-- -, Prnr1:
(n+1)(m—3) (m=3)
f _ (m — ) 2 (511 e Sn+1n+1) 2
| =
(rt1)(mo1) _n(ns) (m-y ntl
2% (det(x)) 5" T[ T (25)
i=1
m—n—3 _(mfl) -1
x (det(R))“ 2 e~z t(TRT® )I{R>0}7

where T is the diagonal matrix T = diag(\/s11,..-,+/Sntint1). The likelihood
function L; under H; is an integral of f; with respect to 71,41,

s Thkn+1:
1 1
L1 = / . / f1 drln—&—l NN d?‘knJrl.
-1 -1

Let us denote by 0%, 1 <4 < j < n + 1 the elements of the matrix X7, It is
easy to see that the trace

k
= 1
tr(TRTS 1) ==+ g 0" /56 nt Int 1 Tint 1,
where
n+1 n
- in+1
2= E i 0 42 E E o'\ [585; Tij + 2 E 0" /5iiS g 1 Tin4 1
=1 j=i+1

i=k+1
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Hence
(m—1) (m—1) =
2) Ly = K(det(271) " e "5
where
(n+1)(m—3) (m—3)
K — (m — 1) 2 (811 . 5n+1n+1) 2
o n m— n(n n+1 . ’
o tllmel) _n(ni1) T T (=)
i=1
; ; 3 —(m=1) Zk: (eI HL /55 e it T int1)
J:/.../(det(R))”“S“ e =1
-1 -1

X I{R>0} dr1n+1 - d/r'k-nJrl.

The maximum likelihood estimations 6% for ¢, 1 < i < j < n+1 satisfy

the system of equations

oLy

Do =0, 1=1,....,.n+1
3)

0L .

pyr =0, 1<i1<j<n+1
It is easy to see that

ddet(X71) _

Hence the first equation of the system (3) is

0Ly m—1 L (m=3) _ (m-1)= B -

9511 — K J! )(det(z T e E [det(ZTH{LY)) — det(S7Y)sq ]
=0.

Consequently,

det(271({1}))
det(X-1)

= S11
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The left hand side of the above equation equals to the (1,1) element of the inverse
matrix of the matrix £ 1 i.e. the (1,1) element of the matrix 3. Consequently
we have

011 = S11-
We conclude similarly that
Gii = Siiy, 1=2,...,n+ 1.

In the further considerations we need the following Theorem.

Theorem 2. Let A = {a;; }ijl, aij = aj; be a n x n symmetric matriz.
For each element apq,p # q of the matriz A, the determinant det(A) can be
written as

(4) det(A) = —det(A({p, a}))ag, +2(=1)7" det(A({p}, {a})°)apq + det(4} ),

where

- A({p},{q})? is the matriz, which is obtained from the matriz A after
deleting its p’th row, q’th column and replacing the element agp, with zero;

- Aqu 1s the matriz, which is obtained from the matrix A, after replacing
the elements apq and ag, with zero.

Proof. It is easy to see that
(5) det(A) = apg(—1)7"P det(A({p}, {q})) + det(A"),

where A is the matrix, which is obtained from the matrix A after replacing the
element a,, with zero. Analogically

(6) det(A?) = agy(~1)7~" det(A({g}, {p})") + det(AL,)
and

(7)  det(A({p}, {a})) = agp(~1)P~""" det(A({p, q})) + det(A({p}, {a})")-

Since the matrix A is symmetric, from (5)—(7) we obtain (4). O
Put in the above Theorem A =271, n=n+1,p=1, ¢=2. Then

det(Z71) = —det(Z71({1,2}))(c'?)? —2det (=71 ({1}, {2})?)0 ' —&—det((E_l)(iQ).
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Consequently,
% = —2det(27'({1,2}))0"? — 2det(=7 ({13, {2})")
= —2det(Z1({1}, {2})).
Hence
oL, (m=8) _(m-1)z

=K J(m—1)(det(371)) "2 e 2
x [—det(Z71({1},{2})) — det(E71) /511822 712] = 0.

Oo12

Therefore we get

- det((it(lz(:{_ll}), 2)) _ Jim e s

The left hand side of the above equation equals to the (1,2) element of the inverse
matrix of the matrix X1, i.e. the (1,2) element of the matrix 3. Consequently
we get

012 = S12.
We conclude by analogy that

0ij = 8ij, 1 <i<j<m,

OA—in-i—l = Sin+1, Z:k+177n

Let us apply Theorem 2 for every one of the elements o™+, i =1,... k
of the matrix 37!, We get

det(B71) = — det(Z7" ({i,n + 1) (0" )
+2(=1)"" et (ST ({i} fn + 1)) +det(ZT00), i=1, 0k
Hence

Odet(XZ71)

A = —2det(E 7 ({in 4 11)o " 4 2(=1)" T det(E ({3 {n+11)")
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=2(-1)" " det(Z7'({i}, {n + 1})°) + (-1)" " det(Z 7 ({i,n + 1})) o]
= 2(_1)n—i+1 det(E_l({i}7 {n + 1}))

The integral J depends of ¢**!, i =1,...,k and

oJ
Sgintt = — (M= 1)/snsint1 i,
where
1 1 ko
m-n—3 —(m=1) 3 (9™ /B St Tt i n+1)
J; = S“/ . /(det(R)) 2 Tipt1€ J=1
-1 -1
XI{R>O}dr1n+1---din+17 1= 1,...,]€.
Therefore
0L 1 (m=3) _ (m=1)—
W =K (m — 1)(det(2 1)) 2 e 2 =
X (=) det(B7 ({4}, {n + 1})) J — det(Z 7N /Snrinr1 Ji] = 0,
i=1,...,k.
Consequently, for ¢ = 1,...,k we have

(~1)" i det(S ! ({i}, {n +11) _ Vi di

det(X-1) J
The left hand side of the above equation equals to the (i, n + 1) element of the
matrix X, i.e. the element 0;,41. Consequently for 6,41, 7 =1,...,k we get the
equations

. Ji
(8) Oint+1 = v/ Sn+1n+17}7 1= 17 s 7k7

where J; and J are the integrals J; and J respectively, in which we are substi-
tuted the maximum likelihood estimations 6™+! i = 1,...,k for the unknown
parameters ¢t i =1,... k.
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Let us denote by 3! the maximum likelihood estimation of the unknown
matrix 1. For the matrix 3 we obtained that

s11 Skt Sin Ol
~ S e S . S 6—
3 1k kk kn kn+1
Sin T Skn T Snn Snn+1
OA—ln—‘rl te 0A'kn+1 te Snn+1  Sn+ln+1

Let us denote by A({i1,...,i},{Jj1,--.,7}) the matrix, which is obtained

from the matrix A after deleting the rows with numbers iy, ..., % and the columns
with numbers ji,...,7;. The matrix A({i1,... 43}, {i1,...,i1-1,7})° is the ma-
trix, which is obtained from the matrix A({i1,...,%},{i1,...,9-1,7}) after re-

placing the element aj;, with zero.
We shall prove that for 6,11, defined by

(=) det(B({1,...,i},{1,...,i—1,n+1})9)
det(B({1,...,i,n+1}))

(9) OA-inJrl: ) izla"')kv

the equations (8) holds. The formulae (9) are recurrent. They determine at first
Okn+1, then dx_1,+1 and so on, and finally - 615,41. The next Theorem gives an
equivalent presentation of &j,4+1,4=1,...,k.

Theorem 3. Let 61, @ = 1,...,k are defined by the equalities (9).
Then

(=)l det(B({1,... kb {1, ..., i—1i+1,..., k,n+11)%)

(10) Ging1 = det(f’l({L oo kon+11))

i=1,...,k

Proof. The proof is by induction. The presentation (10) holds for i = k.
Suppose that it holds for ¢ = k,k—1,...,¢+1, where ¢ is an integer, 1 < ¢ < k—1.
We shall prove that it holds for i = g too. From (9) we have that

(=)t det(B({1,...,q},{1,...,g— 1,n+1})°)
det(2({1,...,¢,n+1})) '

(11) 6'qn+1 ==
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It can be easily seen that

(12) det(B({1,...,q5{1,...,¢—1,n+1})°) = det(A)
+ &q+1n+1(_1>n_q+1 det(ﬁ({L NN (e 1}7 {17 ceeyq = 17q + 17” + 1}))7

where A is the matrix

Sqg+1  Sqt+lg+l "t Sgtin
A pu—
Sqn Sq+1n to Snn
0 0 o Spntl

If we move in the matrix A the last row after its first row, the determinant will
eventually change its sign, more precisely

Sgg+1  Sg+lg+l " Sgtln

0 0 Tt Spn+l

(13) det(A) = (—1)" 7"l det | Sea+2 Se+ig+2 0 Sgion
Sqn Sq+1n ce Snn

Let us denote the last matrix by B. Applying the Sylvester’s determinant identity
to the matrix B (Karlin, 1968) we have

(14)  det(B)det(2({1,...,q¢+1,n+1}))
= (=) det(S({1,..., ¢+ 1}, {1,...,¢,n +1})?)
x det(E({1,...,q,n+1}5{1,...,q— 1, g+ 1,n+1}))
— (=) det(B({1,...,q+1},{1,...,¢—1,qg+1,n+1})?)
x det(2({1,...,q,n+1})).

Replacing (13) and (14) in (12) and using the representation (9) for 6441n+1, we
obtain that

(15)  det(Z({1,...,¢},{1,...,¢—1,n+1})°%) = —det(2({1,...,q,n + 1}))
y det(Z({1,...,q+11{1,....,q—1,qg+ 1,n+1})9)
det(S({1,...,¢+ 1,n +1}))
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Consequently from the equality (11) it follows that

_1)na det(i({l, g+ 1L g —1,g+1,n+1}H)Y)
det(E({1, ...+ Ln+11) '

(16) Oqn+1 =
According to the representation (9) for 6441541,

—1)”_qdet( ({1 ...,q+1},{1,...,q,n+1})0).
det(2({1,...,q+ 1,n+1}))

(17> 6q+1n+1 -

The right hand sides of formulas (16) and (17) are almost the same. The difference
is only in the first column of the matrix in the numerator. The other elements of
the matrices are identical and do not depend of the elements in the first columns of
the two matrices — sgq+42,...,8¢n and Sqi11g42; - - -, Sq+1n respectively. According
to the induction assumption

(=) FHldet(B({1,... .k} {1, ...,q,q+2,..., k,n+ 1))
det(2({1,....k,n+1})) '

&q—i- In+1 —

Therefore we conclude that

—1) R det(B({1, ... k5L {1,...,q—Lg+1,... . k,n+1})9)
det(S({1,...,k,n+1}))

é'anrl =

Consequently the presentation (10) holds for i = ¢, hence it is true by induc-
tion. O

Let us determine for G,41, @ = 1,...,k, given by (9) the corresponding
elements 6'"t! i =1,...,k of the matrix X~'. By definition
i _ GO S )
et(z) ) ) )

It is easy to see that

(D detE({1h n+ 1)) A
— (111 (1" det(S({Ln + 1) + det(E ({1}, {n + 1))
e 3 n 0
-~ o [y deE 1)
det(S({Ln + 1))

et(E({1,n +1})) + det(B({1},{n +1})°)
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Consequently
gt =o0.
We shall prove by induction that
(18) gintl =0, i=1,...,k.
Assume that 6"*t! = 0 for i = 1,...,q — 1, where ¢ is an integer, ¢ < k and
consider the matrices
Az?({q,...,n—&—l}), Dz?({l,...,q—l}),
B=X{q,...,n+1}{1,...,q—1}), C=X({1,...,q—1},{q,...,n+1}).

The matrix 3 can be written as a block matrix

- A B
¥ = ( C D ) '
It can be easily verified that
s-1_ ( (A= BD'C)! —(A-BD!'C)"'BD!
~\ -D'c(A-BD'C)! D!'+D!C(A-BD!'C)"'BD!

(XY
~\z U )
The element in the lower left corner of the matrix
U=D'c(A-BD'C)"'BD !+ D!

is exactly the element 69"t and we have to prove that it equals to zero. At first
we shall show that the element d'"~¢ in the lower left corner of the matrix D!
equals to zero. Indeed,

gin—g — (ZD" 7 det (D1}, {n — q}))
det(D)
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and it is easy to see that

det(D({1},{n — ¢})) = det(Z({1,...,¢},{1,...,¢ — L,n+1}))
= Gynr1(—1)" " Cdet(B({1,...,q,n + 1}))

A~

+det(E({1,...,q}{1,....,¢—1,n+1})?
= —det(S({1,....q}, {1, ....q — 1,n +1})°

+det(E({1,...,¢H{1,...,q—1,n+ 1)’ =0.

According to the induction assumption, all elements in the last row of the matrix
Z = -D'C(A —BD 'C)™! are equal to zero. Hence the elements in the last
row of the matrix D™'C(A —BD'C)"'BD~! = ZBD™! are equal to zero too.
Adding the matrix D~! to the last one we obtain the matrix U and conclude
that the element 9" in its lower left corner is equal to zero. Consequently the
equalities (18) are true by induction.

The integrals J and J; then become

1 1

a m—n—3
J = / - / (det(R)) 2 I{R>0} drint1 - drgn+1
-1 -1
and

1 1

m—n—3

Ji = +/Si; / .. / (det(R)) 2 Tip+1 I{R>0} dT1n+1 . din+1.

-1 -1

Applying Proposition 1 for m =m — 1, n =n + 1 we get that
(19)

;_Ir (D] T (2=2=1) (det(R({n + 1}))) “ 5 (det(R({1, ..., k}))) 5
[ (m=rgt=t) (det(R({L ..., k,n+ 1)) =5

Let 7 is an integer, 1 < i < k. If i > 2, from Proposition 1 we obtain that

(20)

[ poges ()7 (g
/. .. / (det(R)) 2 I{R>0} dripn4+1...dri—ipn+1 = 2 e 2
I I (55

m—n—2 . m—n+i—4

o (det@®({n +1}))) 2 (det(R({1,...,i—1})) —= ,

m—n+i—3 {R({l,,’b*l})>0}

(det(R({1,...,i —1,n+1})))™%
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For 1 <7 < k —1 let us move in the matrix R the 7'th row after the k’th row
and do the same with the i’th column. Denote the new matrix by R’. It is easy
to see that

det(R'({1,...,i — 1})) = det(R({L,...,i — 1})).

It can be easily shown that the matrix R'({1,...,i — 1}) is positive definite iff
the matrix R({1,...,7 —1}) is so. The proof uses the fact that the two matrices
have one and the same eigenvalues. From (20) it follows that

1 1
m—n+i—4

/ e / (det(R’({l, RN ,’i — 1}))) 2 I{RI({17...7,L'71})>0} dri+ln+1 e dr;mH

—1 —1
_ [0 (2 Lt 11100
— — seent—1a4+1,..,
F(m n;—k 2)
mfn;i73

m—n+k—4
2

(det(R({1,...,i—1,n+1}))) (det(R{L, . yi=Lit], . ,k})))

(det(R({1,...,i—1,i+1,.. ., k,nt+1})) ™2

X

Consequently for 1 <i¢ <k,

m—n—3
/ . / (det(R)) 2 I{R>0} dT1n+1 . dri71n+1dri+11n+1 A dr;m+1

k=1 /e

TG e, o

- 1" (m—n;—k—Q) {R({17"-7l_171+1 aaaa k})>0}
 (det®({n + )™ (det(R({L,...,i—1,i+1,....kD)™ "2

m—n+k—3

(detR({1,...,i—1,i+1,....kn+1}))" 2
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Hence
k—1 m—n
P T (3)] (=)
T I m—n—+k—
[ (m=ngh=2)
. (det(R({n + 1}))) =
(det(R({1,...,i—1i+1,....kn+1}) "5
1
. . m— n—Hc —4
X/T’in_:,_l(det(R({l,...,Z—l,’H—l,...,k}))) I{R({l, el
-1

Sk)>0)dTin41-

Let us denote the above integral by H. The next Proposition can be found in

[10].

Proposition 2. Let A be a real symmetric matriz of size n, and let i, j
be fized integers such that 1 < i < j < n. The matriz A is positive definite iff
the matrices A({i}) and A({j}) are positive definite and the element a;; satisfies

the inequalities

(=1~ det(A({i}, {7})") — Vdet(A({i})) det(A({5})) _
det(A({7,5})) ”

_ (17 de(A({} 51)°) + v/det(A({i})) det(A({5}))

det(A({7,j}))

Let in the integral H we do the substitution

(—1)"Fldet(R({1,...i —1,i+1,...,k,n+1},{1,...,

kD)

Tingl = det(R({1,...,k,n+1}))

; Vdet(R({1,...i—1,i+1,...,kn+1}))det(R({1,...

D)

det(R({1,...,k,n+1}))

(From Proposition 2 it follows that the new variable ¢ will runs from -1 to 1.

Applying Theorem 2 we obtain the representation

21) det(R({1,...i—1,i+1,...,k})) = —det(R{1,..., k,n+1}))r2, .,

+2(—1)"*’“+1det(R({1,...,z’—1,i+1,...,k,n+1},{1,...,

+detR{1,...,i—1,i+1,...

kD O)rins
) k})2n+1)
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From the Sylvester’s determinant identity we have

(22)  det(R({1,...,i—Li+1,...,k})], 1) det(R({1,... . k,n+1}))
=det(R({1,...,i—1,i+1,....k,n+1}))det(R({1,...,k}))
— (det(R({1,...,i —1,i+1,... . k,n+1}{1,...,kH)0)>

Using (21) and (22) it can be shown that

det(R({1,...i—1,i+1,...,k}))
_ det(R({1,...,i—1,i+1,...,k,n+1}))det(R({1,...,k}))

det(R({L, .. knt1}) ).

The integral H now can be found and we obtain that

L ke LET (252

Ji =/sii (1" ;(m,n;H?)
x det(R({1,...,i—Li+1,....kn+1}{1,....k})")
L (det(R({n +11)))" " (det(R({L,....kp) ">

m—n+k

(det(R({1,...,k,n+1}))) 2

At last it can be easily checked that 6,41, ¢ = 1,...,k, defined by (9), or
equivalently by (10), give a solution of the equations (8). To prove that the
likelihood function L; reaches exactly maxima, one can calculate the Hess matrix
of the second derivatives of L; with respect to ¢"*!, i = 1,...,k and ascertain
that it is a negative definite matrix for 6,41, 7 = 1,...,k, defined by (9).

We now have to substitute in L the obtained maximum likelihood esti-
mations for the unknown parameters. The determinant of the matrix 3 can be
found using the next statement.

Theorem 4. Let A be a symmetric matriz of size n. Let the element
ain satisfies the equality

(et (A1), n)))
23) S T AL )

Then

_ det(A({1})) det(A({n}))
(24) det(A) = —— Al
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Proof. From Theorem 2 it follows that
(25)
det(A) = — det(A ({1, n}))a%n + 2(—1)"_1 det(A ({1}, {n})O)aln + det(A(in).

From the Sylvester’s determinant identity we have
(26)

det(A],,) det(A({1,n})) = det(A({1})) det(A({n})) — (det(A({1}, {n})"))*.
Applying (26) and the representation (23) for a1, in (25), we get (24). O

In the matrix 3 the element G1,41, according to the presentation (9)
satisfies the condition (23). Therefore from Theorem 4 it follows that

det($) = det(3({1})) det(3({n + 1}))
det(Z({1,n + 1})) '

Consider the matrix 3({1}). The element 69,1, according to the presentation
(9) satisfies the equality (23). Hence

det(3({1,2})) det(2({1,n +1}))
det(ﬁ({l,zn +1})) '

det(3({1})) =

Consequently

det(2({1,2})) det(E({n +1}))
det(£({1,2,n + 1})) '

det(®) =

Proceeding this way, we obtain finally

dot () = det(E({1,...,k})) det(E({n + 1}))
det(E({1,...,k,n +1}))
e det(R({1,...,k})) det(R({n + 1}))
L ot T qee (R ({1, .. kon + 1))

Using the equalities (18), the expression Z, defined by (1) can be written
in the form

n+1

== § :3110”“!‘25 : § : 5170 7,]_"_2 § : 3m+1‘7m+1+2§ :Um_HUerl

i=1 j=i+1 i=k+1
=tr{EE 1 =n+1.
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So for the maxima L7 of the likelihood function L we obtain

(n+1)(m—3)
2

n m— n(n — L .
(rt1)moy) nntD-2k (mntho1) [r (=)

(Aet(R({L,. . kn+11)) =

(511 sns1nt1) (det(R({L, ... k1)) " (det(R({n +1}) T

™

_(n+1)(m=1) +1
2

e
X

Finally we calculate the likelihood ratio

L_S _ <det(R({1, .o, k})) det(R({n + 1})) ) m-l
L det(R({1,...,k,n+1})) :

Obviously, for the testing of Hy against H; the elements si1,...,Sp4+1n+1
of the covariance matrix are unnecessary. So instead of the covariance matrix
S with missing elements we need only the correlation matrix R with the same
elements missing.

Instead of the likelihood ratio we can use the log-likelihood

Ly o det(R({1,...,k,n+1}))
2o (L_O) = (m—1)log (det(R({l, ") det(R({n + 1}))) |

Then an asymptotic rejection region can be given by computing the 1 —a quantile

2 o (nn+1)\ o
Xl_a;n(n2+1) of the x (T distribution:

det(R({1,..., k,n+1}))
(m —1)log (det(R({l, kD) det(R({n + 1}))) Xf—w@'

)
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