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ABSTRACT. In the present paper we consider degree 6 hyperbolic polynomi-
als (HPs) in one variable (i.e. real and with all roots real). We are interested
in such HPs whose number of equalities between roots of the polynomial
and/or its derivatives is higher than expected. We give the complete study
of the four families of such degree 6 even HPs and also of HPs which are
primitives of degree 5 HPs.

1. Introduction.

1.1. An example — the Gegenbauer polynomial of degree 4. In this
paper we consider real polynomials in one variable. We are particularly interested
in hyperbolic polynomials (HPs) (resp. strictly hyperbolic polynomials (SHPs)),
i.e. with all roots real (resp. real and distinct). One of the things we are looking
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for are HPs in which the number of equalities between roots of the polynomial
and its derivatives is higher than expected. Notice that the derivatives of order
1, ..., n—1 of a degree n (S)HP are (S)HPs. To fix the ideas we present an
example first.

Definition 1.1. In the present paper the Gegenbauer polynomial G,, is
defined as the unique polynomial of the kind

(1) 2" — 2" 2 4 a, 32" 4+ ag

which is divisible by its second derivative. One can prove that it is strictly hy-
perbolic, and that it is odd or even together with n. The general definition of
Gegenbauer polynomials Cf{\) (x) depends on a parameter A. In this paper we

(=1/2) (x)

consider only Cy,

The Gegenbauer polynomial Gy := z* — 22 4 5/36 has (by definition) two
roots in common with G/ (they equal +1/ V6), and G, has 0 as a common root
with GJ’. This makes three equalities between roots from the set of 10 roots,
the ones of G4, G}, G, G} altogether. Of these equalities none is a formal
algebraic corollary of the other two, but when one imposes two of these equalities
as conditions, they define a unique polynomial for which it turns out that the
third equality also holds.

On the other hand, for a monic degree 4 HP not reduced to z* one should
expect the total number of such equalities to be not more than 2. Indeed, an affine
change of the coordinate of the z-axis and a multiplication by a non-zero constant
bring such a polynomial to the form P = z% — 22 +ax +b. (If the coefficient of 23
is zero, and if P is hyperbolic, then the one of 2 is non-zero (apply the Descartes
rule); the latter cannot be positive because P” must be hyperbolic.) One expects
that it is possible to vary the two parameters a, b so that to obtain exactly two
formally independent equalities among the 10 roots of P, P’, P” P". “Formally
independent” means “independent as algebraic equalities”. E.g. the equalities
a =0b,b=cand c = d are formally independent while a = b, b = cand a = ¢
are not. Another type of examples of formally dependent equalities is obtained
when P has a multiple, say, double root — the equality between the two roots of
P and the fact that the root of P’ is between them implies that all three roots
are equal.

In the same way one shows that for n > 4 there are at least n — 2+ [(n —
2)/2] equalities between roots of the Gegenbauer polynomial and its derivatives
(n — 2 equalities between roots of G,, and Gl; 0 is a common root for all [(n +
1)/2] derivatives which are odd polynomials). On the other hand there are n —



Even and old overdetermined strata . .. 745

2 coefficients a; in formula (1) (see Definition 1.1) which play the role of free
parameters, therefore one can control n — 2 equalities between roots of G, ...,
G,(ln_l). In this sense in the case of G, the expected number of such equalities is
exceeded by [(n — 2)/2].

In what follows we say that an HP has k equalities if k is the exact
number of formally independent equalities between the roots of the HP and of
all its nonconstant derivatives.

2.1. Root arrangements and overdetermined strata. We give now
the general definitions of root arrangement, multiplicity vector and overdeter-
mined stratum. The latter was proposed by B. Z. Shapiro, see paper [11].

Notation 1.2. Denote by x1 < --- < x, the roots of a degree n HP
and in the same way by f;, s;, tj, Fj and l; the roots of its first, second, third,
fourth and fifth derivatives. Our examples concern polynomials of degree < 6 and
the notation l; is chosen to match the first letter of “last” (i.e. “fifth”). When
necessary we use also the notation xz for the i-th root of the j-th derivative of an
HP where le << :L'fhj.

Recall that by the Rolle theorem one has
(2) xjgfjngﬂ,j:l,...n—l

and accordingly for the higher order derivatives. If one has equality from left
or right, then one has both equalities and the HP has a multiple root. Thus a
multiple root of the derivative of an HP is a multiple root of the HP as well.

Definition 1.3. The multiplicity vector (MV) of a given HP is a vec-
tor whose components are the multiplicities of the roots of the HP given in the
increasing order. The arrangement (or configuration) of the roots of a degree n
HP and of its derivatives of order 1, ..., n — 1 is defined when all these roots
are written in a string with the sign < or = between any two consecutive roots.
Another way to define an arrangement is to give the corresponding configuration
vector (CV), i.e. a vector on which the positions of the roots of the HP and
its first, ..., fifth derivatives are denoted by 0, f, s, t, F' and l (compare with
Notation 1.2) and coinciding roots are put in square brackets. When necessary
we indicate under the CV which these coinciding roots are in accordance with
Notation 1.2.

Example 1.4. Consider the polynomial U := z3(z + 1)%(x — 2) =
28 — 32* — 223, Its MV equals (2,3,1). An easy computation shows that
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1 < =2/3< fa< —1/\/5 = I < 89 < t9 < 0 =1y. Hence its roots and the roots
of its derivatives define the following arrangement:

rn=fi=ra<si<ti<fi<Fi<ss<ty<az=fa=aw4=853=fa=u5=

=l < Fy <tz <sg< fs<xg.
The CV looks like this:

([Of()], S, tv f7 F7 S, t7 [OfOSfOZ], F7 tv S, f7 0)
x1fixe s1 t1 fo F1 sy to w3 fywaszfaxsly Fo otz sy fs @

Remark 1.5.  All arrangements compatible with the Rolle theorem
are not realizable by HPs when the degree n is > 4. (The number of all such
nondegenerate arrangements, i.e. without equalities, is

_(n+1\, 12l (n—1)!
N(")_( 2 )!1!3!..-(2n—1)!’

see [13].) For n = 4 the negative answer is given in [1]; two of the twelve non-
degenerate arrangements are not realizable by HPs (see also [4]). For n =5 it
is shown in [3] that only 116 out of 286 nondegenerate arrangements compatible
by the Rolle theorem are realizable by HPs. The presence of overdetermined
strata (see the definition below) is closely related to this non-realizability, see [4].
For n = 4 one can realize all arrangements compatible with the Rolle theorem
by degree n hyperbolic polynomial-like functions (HPLFs) (i.e. smooth functions
having n real zeros and whose n-th derivatives vanish nowhere), see [6], but for
n > 5 this is not true, see [7], [8], [9] and [10]. (Degree n HPLF's are termed also
as functions which are convez of order n, see [2], p. 23.) In [12] the more delicate
question is considered — for which positions of the roots 1 < f1 < x9 < fo < x3
and s1 (f1 < s1 < f2) of a degree 2 HPLF and its first two derivatives does there
exist such an HPLF.

Denote by POIS (resp. Polg) the space of all monic degree n polynomials
in one variable with complex (resp. real) coefficients. When we do not specify
whether the coefficients are real or complex we write Pol,,. Denote by 73737? (resp.
PPR) the cartesian product Pol$ x --- x Polf (resp. Pol® x .. x Pol}). Tts
points are n-tuples of polynomials (P,, P,_1,..., ;) of respective degrees. One
can decompose (i.e. stratify) this space according to the presence of multiple roots
and their multiplicities and the existence of common zeros of the P;’s. The strata
are defined by coloured partitions of the n(n + 1)/2 not necessarily distinct points
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of C (resp. R) divided into groups of points with different colours, of cardinalities
respectively n, n — 1, ..., 1.

There is a natural embedding map = : Pol,, — PP,, sending each monic
polynomial P of degree n to the n-tuple of monic polynomials (P, P'/n, P" /n(n—
1),..., P01 /).

Suppose that A is a coloured partition of n(n+ 1)/2 coloured points,
Sty C PP, is the corresponding stratum and m(Sty) = Sty N 7(Pol$) is its
(probably empty) intersection with the embedded space of polynomials 7(PolS).
E.g. if on a stratum one has ;1 = fi # z2 (see (2) and the lines after it), then
this intersection is empty. Notice that dim St) equals the number of parts in .

Definition 1.6. The stratum Sty is called overdetermined if the codi-
mension of Sty in PPy is greater than the codimension of mw(Sty) in w(Poly,).
(Here we assume that w(Sty) # 0.) We denote by Q the difference between these
two codimensions.

Example 1.7. If P has a double root x1 = x2, then to define the cor-
responding stratum in PP, this requires two equalities — x1 = x9 and x1 = f1 —
whereas in w(Poly,) the first of them is sufficient (it implies the second). There-
fore the codimensions mentioned in the above definition equal respectively 2 and
1. In the same way one shows that more generally whenever the polynomial P
has a multiple root, this defines an overdetermined stratum Sty.

Example 1.8. For n > 4 the Gegenbauer polynomial G, defines an
overdetermined stratum.

In the present paper we do not discuss in detail overdetermined strata
in which the quantity Q (see Definition 1.6) results only from the presence of
multiple roots in P. Such overdetermined strata are called trivial. There are two
more classes of overdetermined strata whose existence is evident.

Definition 1.9. An overdetermined stratum is old if the embedding
7 Poly_y = PPu_1, #(P) = (P'/n,P"/n(n — 1),...,P™ "V /nl) defines an
overdetermined stratum in PPp_1. (“Old” is used in the sense of “previously
known”, i.e. known already for n —1.) When n is odd (resp. even), an overde-
termined stratum is called odd (resp. even) if it is defined by an odd (resp. even)
polynomial. Such are the strata defined by Gegenbauer polynomials.

Example 1.10. The stratum U (see the first CV in the formulation of
Theorem 2.11) is at the same time even and old. It is obtained by integrating
the degree 5 hyperbolic odd polynomial z3(x? — 1) followed by a rescaling and
multiplication by a nonzero constant. The quantity O for this stratum equals 6
— to define the corresponding point in m(Sty) one needs only the three equalities
To = x3 = x4 = x5 and the equality Iy = xo whereas to define the corresponding
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point of PPR one needs ten equalities: xo = fo = s9 =ty =13 = fa =83 =1 =
x4 = fq = x5. This stratum is trivial — all equalities between roots result from the
four-fold root at 0 and from the equality l1 = xo. The latter is independent of the
former, therefore the surplus Q of equalities is due only to the multiple root at 0.

1.3. Aim, scope and plan of the present paper. In what follows we
often use family (1) for n = 6 (see also Notation 1.2) which we present in the
form

(3) P=2ab— o' 4 axd +b2® +cx +d

‘ Proposition 1.11. 1) Any triple of equalities f3 = ta, to = l1(= 0),
xll = x>, j1 < j2 where the roots x]}, x]2 are not among f3, ta, ly, implies that
such a polynomial belongs to an overdetermined even stratum in family (3).

2) More generally, a degree n polynomial of family (1) for which there

hold the equalities (0 :)x’f_l = xg_?’ =... = xﬁgiﬁ/[é?;ll)m, 311 = xfj, where
j j -1 -3 n—1-2[(n—1)/2]
the roots mfll, :cfj are not among xy~ ", x5~ 7, -, L1y /241 belongs to an

overdetermined even or odd stratum.

3) A degree n HP with n — 1 or more formally independent equalities
:Ufll = a:f; belongs to an overdetermined stratum.

Proof. Part 3) results directly from Definition 1.6. To prove part 1)
observe that the first two equalities imply a = ¢ = 0. The third equality implies

the system P(jl)(xgll) =0= P(”)(J:g;). As P is even, this system is equivalent to

P(jl)(—xfll) =0= P(”)(—azg;) where —:cf]’: = liikﬂfjkfik? k= 1,‘2. This means
that the three equalities imply the fourth equality 27 ; iy = o jo—ip Which

is formally independent of them. By Definition 1.6 the polynomial belongs to an
overdetermined stratum. Part 2) is proved by complete analogy with part 1). O

The aim of the present paper is to study the even and the old overdeter-
mined strata in family (3) defined by HPs. For degree 4 and 5 polynomials such
a study has been done in papers [3] and [4]. Up to now the authors have not
found other kinds of overdetermined strata defined by degree 6 HPs. It would be
nice (and seemingly very hard) to prove or disprove for any n that in the case
of HPs all nontrivial and not old overdetermined strata are even or odd together
with n. In the case of complex polynomials this is not true, see [5].

There are two reasons to be interested in the study of even and old overde-
termined strata in the case n = 6. The first is that there are nontrivial strata
defined by polynomials having 4 (i.e. less than n — 1 = 5) equalities. Such poly-
nomials are related to part 1) of the proposition. There are no such examples for
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n = 4 or 5. The second reason is that one can find families of old nontrivial strata
containing polynomials with different numbers of equalities for different values
of the integration constant. This does not occur for n = 4 or 5 which is not
explained by the lack of parameters, but by arithmetic reasons, see Remark 3.1.

In Section 2 we list the four one-parameter families of even strata, in
Section 3 we discuss old strata.

2. Families of even overdetermined strata.

2.1. The six subfamilies. In the present section we consider four one
parameter families of even overdetermined strata. Inspired by part 1) of Propo-
sition 1.11 we define the even strata by the integers j; and jo. We assume that
0 <j1 <J2—2, 520 < 4. We do not study systematically old strata in this section
(they will be dealt with in Section 3). Therefore we assume that j; = 0. The
four possible values of js are 4, 3, 2 and 1. For all of them PO) divides PO,
Adding to the three equalities f3=ta, ta =11(=0), xfll = ]2 (which define the
family) the equality 7! iy = xffﬂf s resulting from them, see the proof
of Proposition 1.11, we characterize the families as follows:

Family A): P® divides P and P®) divides P®);

Family B): P’ /z divides P and P®) divides P%);

Family C): P” and P have two or four roots in common and P®) divides P(®).
Family D): P has a multiple root.

The parametrization of each family is described in one of the following four
subsections. Two of the families (C) and D)) are divided in two subfamilies, so
from now on we speak about the six (sub)families A), B), C1), C2), D1) and D2).
There are polynomials belonging to two or three subfamilies at the same time. To
understand better the intersections between the subfamilies we present on Fig. 1 a
scheme of their intersections. On the figure the subfamilies are indicated by lines
of different styles (like the scheme of the lines of an underground). The “stations”
are the arrangements with more equalities between roots of the polynomial and /or
its derivatives than for neighbouring values of the parameters.

The “stations” are named by letters; in the description of each subfamily
we explain how the root arrangement depends on the parameter and we indicate
by the same letters the arrangements corresponding to the “stations”. Thus for
example the first arrangement in Family A) (indicated by the letter ©) corre-
sponds to the “station” indicated by © on the scheme. Family A) is presented
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there by a dash-dot-dot-dotted line, the third arrangement of that family is pre-
sented by the “station” named H, the second arrangement of the family is “line
A) of the underground between stations © and H” etc.

Of the 20 “stations” three belong to just one line (these are ¢, £ and
71 indicated by circles), 16 belong to two and one (namely, U) belongs to three
lines. Notice that an arrangement (i.e. a “station”) belonging to two (or three)
subfamilies is, in general, obtained for different values of the parameters when
considered as belonging to the first or to the second (third) subfamily.

Fig. 1. The six subfamilies

Remark 2.1. 1) In the description of the (sub)families we give beside
the arrangements of the polynomials of the strata of the family the approximative
values of the parameters corresponding to the “stations” and the letters by which
the “stations” are denoted on Fig. 1.

2) For j; =1, jo = 3 and for j; = 1, jo = 4 one can obtain in the same way
two more lines of the underground described in parts D) and E) of Subsection 3.
These lines are not drawn on Fig. 1, but it is easy to imagine how they pass (the
first through the “stations” V, ¢ and Z, the second through G, ¢ and 7). For
Jj1 = 2, js = 4 one obtains only one “station” (namely, F), not a true line, see
parts B) and C) of Subsection 3.
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Remark 2.2. Consider for the polynomial Y := (22 — 1)?¢, k € N,
k> 2. Then Y +9) divides Y*=%) for s = 1,2,..., k—1 (see for the proof of this
fact Proposition 8 in [3]). The stratum Z (see in Theorem 2.5 the description
of Family A)) is defined by a polynomial playing the role of Y for k = 4. The
stratum E (see Theorem 2.9) is defined by one playing the role of Y for k = 3.
These strata have more equalities than the other “stations”.

2.2. Family A). In the present subsection we consider Family A).

Proposition 2.3. When P® divides P and P® divides P® | then P®)
divides P’ as well. Hence, the polynomials of the family define overdetermined
strata.

Indeed, present the polynomials in form (3). The roots of P equal
+1/4/15 and the condition P to divide P implies the equalities 1/15% —1/15% +
a/15v/15 4+ b/15 4 ¢/+/15 +d = 0. They are equivalent to

1 1 b

F—E+E+d=0, a4+ 15¢ = 0.
The condition PO to divide P®) implies a = 0, hence, ¢ = 0. The last equality
means that 0 is a root of P’ as well. The conditions P to divide P and P®) to
divide P® are equivalent to the following three equalities x; = Fi, x6—; = Fb,
l1 = to. The equality 1 = f3 (resulting from ¢ = 0) is formally independent of
them. This equality is fulfilled for every polynomial of the family, therefore all
polynomials of the family belong to overdetermined strata.

One can consider b as a real parameter, hence, the family can be presented
in the form

P, : 25— 4+ ba® —b/15+14/3375 = (2® —1/15)(2* — 1422 /15+b—14/225) O

It would not be correct to say that the polynomials of the family define
only one overdetermined stratum because the root arrangement depends on the
value of the parameter b. In the present section we describe this arrangement as
a function of the value of b.

Lemma 2.4. The polynomial Py is hyperbolic if and only if
b € [14/225,7/25).

Indeed, two of the roots of P, are roots of Pb(4) as well. These are +£1/ V15.
The remaining four roots are +1/105 + 45\/7 — 25b/15. All of them are real if
and only if one has 7 — 256 > 0 and 105 > 45+/7 — 25b. These inequalities are
equivalent to b € [14/225,7/25]. O
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Theorem 2.5. The CV of the polynomial P, depends in the following
way on the parameter b:

14
= — =(0.062222...
for b 595 0.06 , ©

(0’ f’ S’ t’ [OF]7 f7 S? [Oftlo]’ 57 f’ [OF]7 t? S’ f’ O)
x1 fi s1 t1 w2 F1 fo so a3 fatoliwa s3 fa xs Fo tz3 sa fs e

forb€<14 25 8\/%)

2257147 735
(07 f7 S, tv [OF]7 f? S, 07 [ftl]7 07 S, f7 [OF]7 t7 S, f? O)
x1 fi s1 t1 x2 F1 fo so w3 f3tali wa s3 fa ws Fo t3 s4 fs w

25 878
forb:——£:0.073945..., i

147 735
O, f, st [0F], f, [s0], [f], [0s], f, [0F], ¢, s, f, 0)

x1 fi s1 t1 w2 F1 fo soxs fatoli wmass fi xs Fo tz3 sa fs e

2
forb e —5——8\/%,3
147 735 25
(0’ f’ S’ t’ [OF]’ f’ 07 S’ [ftl]7 57 0’ f7 [OF]7 t7 S’ f7 O)
x1 fi s1 t1 e F1 fa x3 so fstali s3 x4 fa w5 Fo ot sa fs wg

3
forb=— =0.12000..., G
25

(07 f7 87 t7 I:OFfO}7 87 [ftl]7 87 [OfFO]7 t? 87 f7 O)
x1 fi s1 t1 xaFifoxs so fataly s3 g faxsFy t3 s4 fs x6

3 47
pbe 2 20
forbe (25’225)
(07 f7 S, tv 07 f7 [OFL S, [ftl]7 S, [OF]7 f7 07 tu S, f7 0)
x1 f1 s1 t1 w2 fo w3 Py sy fataly s3 x4 ln fa x5 t3 sS4 fs e

47
b=—=0.2 e L
for 595 0.20889.. .,

(0’ f’ S’ I:tO:I7 f7 [OF]’ 87 sztl}7 57 [OF]7 f’ [Ot]’ 87 f7 0)
x1 fi s1 tixa fo wsFi sy fataly s3 wa Iy fy x5 ts sa fs we
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forb e ﬂ é—&-—S [
2257 147 735

(O’ f’ S’ 0’ t7 f7 [OF:I’ S’ [ftl b S7 [OF]7 f7 t 07 S’ f’ 0)
x1 fi s1 wa t1 fo wsFi sy fataly sz wa Iy fi tz x5 sa fs w6

25 878
= — 4+ —— =0.26620... K
for b VT + 75 0.26620. . .,

(0, f, [s0], t, f, [OF], s, [ftl], s, [OF], f, t, [0Os], f, O)
x1 fi stx2 t1 fo w3 F1 s fataly s3 wy Fo f4 t3 w5 514 f5 ws

25 8VT8 7
forbe | ==+ =5, 52
147~ 735 725

(O’ f’ 07 S’ t7 f7 [OF:I’ S’ I:ftl}7 S [OF]7 f7 t’ 57 0’ f7 0)
x1 fi w2 s1 t1 fo w31 s2 fstoly sz xaly fa t3 s4 x5 f5 X6

forb:%:()QSOOO..., =
(jofol, s, [tf], [OF], s, [ftl], s, [OF], [ft], s, [0f0])

z1 fiea st tife w3Fy se fately s3 wa By fals sa x5 fswe

Proof. One can check directly that when b € [14/225,7/25], then the
following happens:

A) for and only for b = 14/225 does the polynomial P}, have a double root
at 0;

B) for and only for b = (25/147) & (81/78/735) does one have Res(P;, P}')
= 0;

C) for and only for b = 3/25 and b = 7/25 does the polynomial P, have
a double non-zero root;

D) for and only for b = 47/225 does one have Res(Py, P;") = 0.

The conditions P to divide P and P® to divide P® and Proposi-
tion 2.3 hold for all values of b € [14/225,7/25]. Hence, for values of b close to
and greater than 14/225 a splitting of the root of P, at 0 occurs and the second
of the listed arrangements is valid. For b € (14/225, (25/147) — (8+/78/735)) no
confluence of any roots is possible; this follows from A) — D).

For b = (25/147) — (84/78/735) the only possible confluence is the one
between so and x3 and by parity the one between s3 and z4.

For b = 3/25 one must have zo = x5 and x4 = 5. Indeed, the absence of a
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root of P, at 0 implies that one has either x1 = x2, x5 = xg Or T3 = T3, T4 = x5 Or
both. The first possibility is not realizable because it would imply x; = 1, i.e.
the even polynomial P, must have a non-zero root of multiplicity > 4. As there
are no confluences for b € ((25/147) — (84/78/735),3/25), on this interval one
must have x3 < s9 and s3 < z4. This justifies the fourth arrangement of the list.

For b close to and greater than 3/25 the double roots x9 = 3 and x4 = x5
have split and for b = 47/225 one must have the equalities ¢ = z9 and t3 = x5.
Indeed, it is impossible to have t1 = x1 and t3 = xg, see above, and as P, has no
root at 0, the root t5 is not equal to any of the roots of Pj.

For b = (25/147) + (8+/78/735) one has x5 = 51 and x5 = s4. Indeed, it
is to be checked directly that for this value of b one does not have x3 = so = F,
T4y = 83 = FQ.

The last arrangement on the list is checked straightforwardly. The last
but one can be deduced from the surrounding two by continuity. O

2.3. Family B). The conditions that the polynomials of Family B) are
even and have t;3 = £1/ V5 as roots imply that the family can be presented in
the form

b 4 1 42 4
Ry:ab—ataba?— 24 2 (22 (A2 2
T A G A - R T

Lemma 2.6. The polynomial Ry is hyperbolic if and only if
b e [4/25,8/25].

Indeed, the roots of R, which are different from +1/+/5 equal
i\/ 10 £ 5v/8 — 25b/5. They are all real exactly when the two inequalities hold:
8—256b>0,10—5v8—-250>0. O

Theorem 2.7. The CV of the polynomial Ry depends in the following
way on the parameter b:

4
b= — =0.16000... T
for 5% ,

(07 f7 S, [t0]7 f7 F7 S, [Oftl()], S, F7 f7 [Ot], S, f7 0)
x1 fi s1 tiwa fo F1 sy w3 fatalixg s3 Fo f4 w5t3 sa fs s

forpe L 128 _ 3113
or 25" 490

(0, f, s, [tO], f, F, s, 0, [ftl], O, s, F, f, [0t], s, f, 0)
x1 fi s1 tiwa fo F1 sy w3 f3toly x4 s3 Fo fi x5t3 s4 fs x6
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123 — 3v/113

(0’ f’ S’ I:tO:I7 f7 F’ [80]7 sztl}7 [05]7 F? f7 [Ot]’ 87 f? 0)
z1 fi s1 tixe fo Fi saxg fstali wass Fo fi xsts sa fs e

490 " 225

(07 f7 87 [t0]7 f7 F7 07 87 [ftl]7 87 07 F7 f7 [Ot]7 87 f7 0)
x1 fi s1 tiwe fo Fi w3 s2 fstoly s3 x4 Fo fi x5tz s4 fs xe

123 — 3v/113 47
forbe <7 —

A7
b= —— —020889.... L
Jorb =558 ’

(0, f, s, [t0], f, [FO], s, [ftl], s, [0F], f, [0t], s, f, 0)
x1 fi s1 tiza fo Fias sy fstaly sz xaFy fi wsts sa fs w6

47 7
pe (22 L
Jorbe <225’25>
(0’ f’ S’ [t0]7 f7 O’ F’ S’ [ftl]7 57 F’ 07 f7 [Ot]’ S’ f7 O)
z1 fi s1 tixa fo wg Fi sy fataly s3 Fo xa fi wxs5t3 sa fs xe

7
= — =0.28000... 1%
for b 5% ,

(0’ f’ S’ [Ofto]’ F7 57 [ftl]7 S’ F7 [Oft0]7 57 f’ 0)
x1 fi s1 wafotiws Fi sy fstaly s3 Fo wmy fatzzs sa fs e

25’ 490

(07 f7 S, 07 f? [t0]7 F7 S, [ftl]7 S, F7 [Ot]7 f7 07 S, f7 0)
x1 fi s1 w2 fo tiws F1 s2 fstoly sz Fy x4tz fi x5 s4 fs X6

7 123 + 3113
forbe (— A

123 + 3113
for b= ZT =0.31610..., M

(07 f’ [80]7 f? [to]’ F’ 87 sztl}7 57 F7 [Ot]’ f7 [05]7 f? 0)
x1 fi siw2 fo tixs Fi sy fataly s3 Fo wuts fa w551 f5 s
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123 +3v113 8
forbe |22V S
490 25

(07 f7 07 S, f? [t0]7 F7 S, [ftlL S, F7 [Ot]7 f7 S, 07 f7 0)
x1 fi w2 s1 fo tiws F1 os2 fstoly sz Fy x4tz fi sq x5 f5 X6

8
b= — =10.32000... %
for 5% ,

([ofo], s, f, [tO], F, s, [ftl], s, F, [0t], f, s, [0f0])
x1 fixe s1 fo tiws Fy sy fataly s3 Fy wuts fi sy x5 fsae

Proof. 1% One checks directly that the roots t;3 = +1/V/5 of Ry
are roots of R} exactly if b = 7/25. For b < 7/25 one has Rj(1/v/5)=(1/v/5)(—14/
25 + 2b) < 0, hence one has t; < fy and t3 > fy; in the same way Rj(1/v/5) > 0
for b > 7/25 and one has t; > fo and t3 < fj.

20, The roots Fio = :l:l/\/ﬁ of R£4) are roots of Ry as well exactly if
b = 47/225. This is the only polynomial belonging at the same time to Family
A) and Family B). For b < 47/225 (resp. for b > 47/225) one has Ry(1/v/15) > 0
(resp. Ry(1/4/15) < 0).

3. One can have Rj(+1/v/15) = 0 only for b = 3/25 ¢ [4/25,8/25].
Hence, in Family B) the roots of RI()4) are never roots of Rj.

49, One can have Ry (£1/v/15) = 0 exactly if b = 1/3 > 8/25. Hence, in
Family B) one has R}(+1/1/15) < 0 for all values of b (it suffices to check the
inequality for b = 4/15 because R} (£1/1/15) is an affine function of b).

50. Using 3° and 4°, one concludes that in Family B) one has always
fo < F| < sy and s3 < Fy < f4. Hence, one has 9 < fo < F} and Fy < fy < x5,
therefore for b = 47/225 (see 2°) one has F} = x3 and Fy = x4. For b < 47/225
(resp. for b > 47/225) one has Fy < x3, Fy > x4 (resp. F| > x3, Fy < xy4).

6°. To understand for which values of b there are common roots of R
and Rj one has to solve the system

3:6—964—&-6:62—%—&—%:0, 30zt — 1222 +26=0
whose solutions are 22 = 1/4/5, b = 3/5 & [4/25,8/25] and 2% = (13 4+ 1/113)/70,
b= bs = (123 = 3/T13)/490. For b= b_ onc has Rj(y/(13 — VII3)/70) > 0,
hence one has x3 = sy and x4 = s3. For b = b, one has R’b(\/(13 +1/113)/70) <
0, hence x5 = s1 and x5 = s4.

7°. To sum up the proof of the theorem write in a string the values of the
parameter b for which the root arrangement changes and under them the parts of
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the proof of the theorem or Proposition 2.6 where the change of the arrangement
is described:

4/25 b_ 47/225 7/25 by 8/25
Proposition 2.6 69 20 50 10 6° Proposition 2.6 O

2.4. Family C). To define Family C) by a formula we use the conditions
that P and P” have a root T in common:

Ottt +d=0, 307" — 1272 +2b = 0.

From these equalities and setting v := 72 one finds that b = 6v — 1502, d =
—5v2 + 1403, so one can define Family C) by the formula

S, = xS~z 4 (6v—150)2? — 502+ 1403 = (22 —v) (2 + (v—1)2°+50—140?), v > 0.

Lemma 2.8. The polynomial S, is hyperbolic if and only if v € J where
J =1[0,1/19] U [1/3,5/14)].
Indeed, the polynomial z# 4 (v — 1)2% + 5v — 14v? has roots

i\/(l — v+ V57?2 —22v + 1)/2. All four roots are real when for v > 0 the two
inequalities hold:

5702 —22041>0, 1—v— /5702 —220+1 > 0.

The last two inequalities and v > 0 are equivalent to v € [0,1/19] U [1/3,5/14].
In what follows we speak about Subfamily C1) and Subfamily C2) which
means Family C) defined respectively for v € [0,1/19] and v € [1/3,5/14].

Theorem 2.9. The CV of the polynomial S, depends in the following
way on the parameter v:
1
forv e [0, E} (Subfamily C1))
forv=0, U
0, f s t P (0f5t0£510£0], F. t, s f 0)
vy fi st t1 F1 wfasatows fasgliwy faxs I t3 sq4 fs a6

19 24/ 78
forv e (QE SR

(O’ f’ S’ t’ F7 07 f’ [OS]’ [ftl]’ [80]’ f7 07 F’ t’ S’ f7 0)
1 fi s1 t1 F1 xo fo w382 fatali s3xs fa x5 Fo t3 s4 fs ws
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19 278
_ 0 2V go1972... H
Jorv =155 = g5~ 001272,

(O’ f’ S’ t’ [FO]7 f’ [08]7 [ftl]’ [80]7 f7 [OF:I’ t’ 87 f? O)
x1 fi s1 t1 Fixa fa x3sa fstaly sgxa fa x5 Fo t3 sa fs a6

105 105’5 25
(07 f7 S, t7 07 F7 f7 [08]7 [ftl], [50]7 f7 F7 07 tu S, f7 0)
1 fi s1 t1 xa Fi fo w382 fataly s3xs fa Fo w5 t3 s4 fs w

19 2781 25
forve | — = —r, - — —

1
= =0.02111..., ¢

(0, f, s, 0, [Ff], [0s], [ftl], [s0], [fF], O, t, s, f, 0)
x1 f1 s1 t1 wo Fife w3sy fatoly sz3xy faFo x5 t3 sy f5 @

forv =

25
25
t,

5 25 770 70
(O’ f’ S’ t’ 07 f7 F’ [OS]’ [ftl]’ [80]’ F7 f7 07 t’ S’ f7 0)
x1 fi s1 t1 w2 fo Fi wxgsy fataly ssxa Fo fa w5 t3 sa fs we

fome<1 275 13 m)

13 V113
= — — — =10.03385... I
forwv - 0 )

(07 f7 87 [t0]7 f7 F7 [08]7 [ftl]7 [80]7 F? f7 [Ot]7 87 f7 0)
x1 fi s1 tixze fo Fi w3sy fstoly sswa Fo fa ws5t3 sa fs 6

13 V113 1 27
forve | —= — , = —
70 70 5 35
(07 f7 S, 07 t? f7 F7 [08]7 [ftl], [50]7 F7 f7 ta 07 S, f7 0)
x1 fi s1 w2 t1 fo Fi w38y fataly sz3xa Fy fi t3 x5 s4 fs we

1 2V7
-2 —0.04881..., J
5 35 ’

(O’ f’ [80]7 t? f’ F7 [08]’ [ftl]’ [80]7 F? f’ t’ [08]7 f? O)
x1 fi sixa t1 fo Fi x3sa fstaly sgxa Fo fa t3 xs5s4 f5 a6

forv =
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forvE(l—Q—\/? 1>

5 3519

(0’ f’ 07 8’ t? f7 F’ [OS]’ [ftl]’ [80]’ F7 f7 t 57 0’ f7 0)
x1 fi w2 s1 t1 fo Fi wxgsy fataly ssxa Fo fa t3 sa x5 fs we

1
= —=0.052632..., A
forwv 19 ,

([ofol, s, t, f, F, [0s], [ftl], [sO], F, f, t, s, [0f0])
z1fize s1 t1 fo Fi w3sy fstaly sz3ma Fo fi t3 si x5 fs576

vE [%, 1—54] (Subfamily C2))

forv===03333..., F

Wl

([ofsofol, —t, [Fs], [ftl], [sF], t, [0fs0£0])
1 fis1@e faxs t1 Fisy fatoly s3Fy t3 x4 fasaxs f5a6

113 V113
for“€<§’%+ 70 )

(07 f7 [08]7 f7 07 t7 F7 S, [ftl], S, F7 tv 07 f7 [80]7 f7 0) /
x1 fi w2s1 fo w3 t1 Fi oso fataly s3 Fy t3 x4 fa saxs fs we

13 V113
=— 4+ —=0. e M
for v 0 + 0 0.33757. ..,

(0, f, [os], f, [ot], F, s, [ftl], s, F, [t0], f, [s0], f, 0)
x1 f1 w2s1 fo x3ti Fi sa fstoly s3 Iy t3wa fa saxs fs 6

forv e (E—i-\/m l 2@)

70 70 ’5+ 75

(0’ f’ [05]7 f7 t? 07 F7 57 [ftl]’ S’ F’ 07 t7 f’ [SO]’ f7 0)
x1 fi w2s1 fo t1 x3 Fi so fataly s3 Fy w4 t3 fa saws fs we
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forv= é—i— @ =0.34606..., (¢
(O’ f’ [05]7 [ft]’ O’ F’ 87 [ftl]’ S’ F’ 07 I:tf}7 [80]7 f? O)

x1 fi xes1 fot1 w3 Fi sy fatoly s3 Fo w4 t3fa saws fs we

1 2v30 19 2/ 78
forve | -+ ——, =+ ——
5 75 105 105
(O’ f’ [05]7 t7 f’ 07 F’ S’ [ftl]’ S’ F’ 07 f7 t? [SO]’ f7 0)
x1 fi xes1 t1 fo xz F1 sy fatoly sz Fy wmy fa tz3 saws fs xe
19 24/78

= 2V 34918, K
Jorv =155+ 703 ’

(0, f, [0s], t, f, [OF], s, [ftl], s, [FO], f, [s0], f, 0)
ry fi xest t1 fo x3F1 sy fatoly sz Foxy fi t3 sa w5 fs w6

19  2V78 1 27
forv e ——&-—,——i—i
1056 °5 35

~

105

(O’ f’ [05]7 t7 f’ F7 O’ S’ [ftl]’ S’ 0’ F7 f7 t? [SO]’ f7 0)
x1 fi wes1 t1 fa Fi ox3 sa fataly s3 x4 Fo fa tz saxs fs we

forv:é+23—\g?20.35119..., J
O, f, [0s], ¢ f, F, [0s], [ft], [s0], F, f, [s0], f, 0)

x1 f1 w2s1 t1 fo Fi w3sy fstoly sswa Fo fa t3 saxs fs 6

forv € <1+2—ﬁ,3>

~+

) 35 14

(07 f? [03]7 t: f7 F7 S, 07 [ftl], 07 S, F7 f7 ta [80]7 f? O)
x1 fi w251 t1 fo Fi1 sy w3 f3toly w4 s3 Fo fa t3 saws fs ws

5
forv = = 0.35714..., A
(07 f7 [03]7 t? f7 F7 57 [OftZOL 87 F7 f7 t? [80]7 f7 0)
r1 f1 @wes1 1 fo Fi sy w3 fstoliwa s3 I fa otz saws fs e
Proof. 1° The theorem states that the root arrangement is constant
on certain open intervals and changes at their extremities (the first open interval
being (0,19/105 — 24/78/105)).
One checks directly the following facts:
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a) the roots t; 3 = £1/v/5 of S
al) are roots of S, exactly when v = 1/5 ¢ J or when v = (13 +
V113)/70 € (1/3,5/14) or when v = (13 — 1/113)/70 € (0,1/19);
a2) are roots of S/ exactly when v = 1/5 — 2v/30/75 ¢ J or v =
1/5+2v30/75 € (1/3,5/14);
b) the roots Fy 5 = £1/4/15 of s
bl) are roots of S, exactly when v = 1/15 ¢ J or when v = 19/105 +
2/78/105 € (1/3,5/14) or when v = 19/105 — 21/78/105 € (0,1/19);
b2) are roots of S! exactly when v = 1/5 — 2v/5/25 € (0,1/19) or
when v = 1/5 + 21/5/25 > 5/14;
b3) are roots of S! exactly when v =1/3 or v =1/15 ¢ J;
c) the root arrangements for v =0, v = 1/19, v = 1/3 and v = 5/14 are
the ones indicated in the theorem. (E.g. to check that F; = —1/4/15 is between
f2 and f3 for v = 5/14 one has to show that Sg/M(Fl) <0.)

29, For v > 0 and close to 0 the roots s; and s4 of S cannot be equal
to roots of S,. Therefore one has so = x3 and s3 = x4. (It is impossible to have
So = x9 because this would imply so = fo, hence x9 = fo = x3 = so = f3 and by
symmetry f3 = s3 = x4 = f4 = x5 which happens only for v = 0.)

30, For v =0 (resp. v = 1/19) one has Fy < x9, Fb > x5 (resp. Fy > x,
F5 < x5). There is only one value of v € (0,1/19) for which F} = x9 and F; = x5
(namely, v = 19/105 — 24/78/105, see bl)). This is the only value of v from
the interval [0,1/19] for which the roots Fj o are roots of S,. This justifies the
relative position of Fy o and the roots x; of S, for v € [0,1/19]. (We use the fact
that the roots of the polynomials ngk), 0 < k < 4, depend continuously on v.)

49, In the same way one justifies the relative position of F} > and the
roots f; of S; (see b2)) and the one of ¢;3 and z, (see al)) for v € [0,1/19].
The relative positions of ¢1 3 and x, and the one of ¢1 3 and f; do not change for
v € [0,1/19]. This justifies the first seven arrangements from the list given in the
theorem. It justifies also the eighth arrangement for v bigger than and close to
(13 — v/113)/70, and the tenth one for v smaller than and close to 1/19.

5. For v € [0,1/19] there exists a single value of v (namely, 1/5—2+/7/35)
for which one has x9 = s1, £3 = S92, 4 = s3 and x5 = s4. This follows from the
uniqueness of the Gegenbauer polynomial (see Definition 1.1) — the coefficient
6v — 1502 of x? in S, is a monotonous function of v € [0,1/19], therefore the
family S, contains the Gegenbauer polynomial for only one value of v. This
justifies the remaining arrangements for v € [0,1/19].

6°. For v € [1/3,5/14] a similar reasoning (left for the reader) justifies all
arrangements. O
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2.5. Family D). When P = 25— 2* + bz + d has a multiple root w, then
the conditions P(w) = P’(w) = 0 imply that one has either b = —3w* + 2w? and
d =2w® —w* or w =0 and d = 0. In the first case we speak about Subfamily
D1), in the second — about Subfamily D2). Set r := w?, r > 0. Subfamily D1)
can be parametrized as follows:

T, = 2% — 2 4 (=3r% 4 2r)2? + 23 — 12,

Lemma 2.10. For r > 0 the polynomial T, is hyperbolic if and only if
r € [0,1/2].

Indeed, one has T, = (2% — r)?(2? + 2r — 1) and the factor 2% + 2r — 1 is
hyperbolic if and only if r € [0,1/2].

Theorem 2.11. The CV of the polynomial T, of Subfamily D1) depends
in the following way on the parameter r:

forr=0, U
(07 f7 S’ t’ F? [OfStOfSZOfO]’ F7 t’ S’ f? O)
x1 fi s1 t1 F1 wofasatoxsfaszlixa faws Fo t3 sia fs we

1
forr e (0, E)

(0’ f7 S’ t’ F? [Ofo]’ S’ [ftl]7 S7 [0f0]7 F? t? 57 f’ O)
1 fi s1 t1 F1 wxafaxs sa fstali sz wafaws Fo otz sa fs we

1
= — =0,06666... G
forr == =0, ,

(0’ f7 S’ t’ I:OFfO}7 S’ [ftl]7 S’ [OfFO]7 t7 57 f’ 0)
x1 fi s1 t1 xoFifaws sa fstaly sz wafaFoxs tz sa fs we

1 1
forre (E,g>
(0’ f7 S’ t’ [Of0]7 F7 S’ [ftl]7 S7 F’ [Of0]7 t? S? f’ O)
1 fi s1 t1 xafoxs Fi sy fstaly s3 Fo wyfsxs t3 sa fs ws

1
forT:g:(),QOOOO..., 14

(0’ f7 S’ [Otf0]7 F7 S’ [ftl]7 S’ F7 [Oft0]7 S? f’ 0)
z1 fi s1 watifawsz Fi sa fataly s3 Fo wy fatzxs s4 fs e
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11
forr e (g,g)
(0’ f7 S’ [0f0]7 t’ F7 S’ [ftl]7 S7 F’ t’ [Of0]7 57 f’ O)
x1 fi s1 wafows t1 Fi sy fstaly sz Iy tz3 wafixs sa fs we

1
forr = 5:0,33333..., E

([0f0sf0], t, [Fs], [ftll, [sF], t, [0fs0£0])
x1 fiwasi foxs t1 [Fisa fstaly s3Fy tz x4 fasaxs f5x6

1 2
forr—<§,g)
([0f0]7 S, f7 07 ta F7 S, [ftlL S, F7 tv 07 f7 S, [OfO])
xifize s1 f2 w3z t1 F1 sa fstaly sz Fo t3 wma fa sS4 w5 f5 w6

forrz§:0,40000..., w
([ofo], s, f, [ot], F, s, [ftl], s, F, [tO], f, [0£0])

x1 fize s1 fa a3ty Fi sy fstaly sz Fy tz3xa fa sa w5 fsae

2 7
forre (3’E>
([Ofo]’ S’ f7 t? 0’ F7 S’ [ftl]7 S’ F7 O’ t7 f7 57 [Ofo])
z1fize s1 fo t1 x3 Fi sy fstaly sz Fo x4 t3 fa sa x5 fswe

w

forr:1—75:0,466666..., =
(0f0], s, [ft], [0F], s, [ftl], s, [FO], [tf], s, [0f0])

x1fize s1 fati w3 F1 s2 fataly s3 Foxy t3fis sa s fsxe

79
forrE(E,E)
([ofo], s, t, f, F, 0, s, [ftl], s, 0, F, f, t, s, [0f0])
r1fize s1 t1 fo F1o w3 s2 fstaly s3 owy Fo fy tz sy x5 f576

9
= —=0,47368... A
forr =15 =0, ,

([Ofo]’ S’ t? f7 F7 [08]’ [ftl]’ [80]’ F? f7 t7 [Ofo])
z1fize s1 ti fo Fi ow3sy fataly ssxa Fo fa t3 s4 w5 f5x6

w
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9 1
forr € (1—9,§>
([Ofo]’ S’ t? f7 F7 S 0’ [ftl]7 07 S’ F’ f7 t7 57 [Ofo])
z1fize s1 ti fo Fi oso w3 fstali w4 sz Fo fa tz sa x5 fsae

1
forr = 5:0,50000..., II

([0f0]7 87 t? f7 F7 87 [Oftlo]7 87 F’ f7 t7 87 [Of():l)
xifize s1 t1 fo Fi o s2 w3 fstalizys sz Fo fi t3 s4 x5 fs76

Proof. 1% The arrangement for r = 0 is evident and the ones for r = 1/3
and r = 1/2 are to be checked directly. (E.g. for » = 1/2 it suffices to check that
T1’/2(F1) < 0 and T{’/Q(Fl) <0, F; =-1/v15.)

20, The roots #+/r of T are roots of TT(4), T, T/ respectively for (and
only for) r =1/15, 1/5 and 1/3. For r € [0,1/3) U (1/3,1/2] (resp. for r = 1/3)
one has T)(Fy) < 0 (resp. T)(F1) = 0). This justifies all arrangements for
r € [0,1/3].

30, If » > 0, then the roots of 2 + 2r — 1 are roots of T”, T and Y
respectively for (and only for) r = 1/3, 2/5 and 7/15. The roots t1 3 = +1/v/5 of
T!" are roots of T, for and only for r = 1/5 and r = 7/15. It is only for r = 1/3
and 7 = 9/19 that 2% + 2r — 1 and T} have a root in common. This is sufficient
to justify all arrangements for r € [1/3,1/4]. O

Subfamily D2) can be parametrized by the polynomial Uy := 26 — 2% + ba?
having a double root at 0.

Proposition 2.12. The polynomial Uy is hyperbolic if and only if b €
[0,1/4].

Indeed, the roots of Uy/x? equal £1/14 /1 —4b and the condition all
roots to be real is equivalent to the two inequalities 1—4b > 0 and 1—+/1 — 4b > 0,
ie. tobe[0,1/4].

Theorem 2.13. The CV of the polynomial Uy of Subfamily D2) depends
in the following way on the parameter b:
b=0, U
(0’ f7 S’ t’ F? [OfStOfSZOfO]’ F7 t’ 5’ f? O)
r1 fi s1 t1 Fiowofosetoxs fasgliza faxs Fo tz sa fs e
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14
b il
forb e <O, 225)

(0’ f7 S, ta F7 07 fa S, [Ofth], S, f7 Oa Fu tv S, fa 0)
1 fi s1 t1 F1 oxe fa s2 wxsfstolixa sz fa ws Fo otz sa fs we

14
= — =20,062222... Q]
for b 595 , ,

(07 f7 S, tv [F0]7 f? S, [Oftl()], S, f7 [OF]7 t7 S, f7 0)
1 fi s1 t1 Fiza fa s2 x3fstolizs s3 fa x5y t3 s4 fs ws

14 3
be [ =2 =2
forbe (225’25)
(07 f7 S, tv 07 F7 f7 S, [Oftl()], S, f7 F7 07 t: S, f7 0)
1 fi s1 t1 w2 Fi fa s2 x3fstoliwa sz fa Fo x5 t3 sa fs @

3
forb:2—5:0,12000..., n

(0’ f7 S’ t’ 07 [Ff}7 S’ [Oftlo]’ 57 [fF]7 07 t? S’ f’ 0)
1 fi s1 t1 o x2 Fife s2 wgfstaliza sz faFr x5 t3 sa fs w6

3 4
< (%3)
o, f, s, t, 0, f, F, s, [0ft0], s, F, f, 0, t, s, f, 0)
vy fi s1 t1 o x2 fo F1 sy x3fstelixy sz Fy fy x5 t3 sy fs we

4
b=—=0,16000..., T
for 25 Y 7

(07 f7 87 [t0]7 f7 F7 87 [Oftlo]7 87 F7 f7 [Ot]7 87 f7 0)
1 fi s1 tiwze fo Fi o s2 x3fstoliza s3 Fo fi x5tz s4 fs e

4 45
be [ = 22
Jorbe (25’196)
(07 f7 S, 07 tv f7 F7 S, [Oftl()], S, F7 f7 tv 07 S, f7 0)
1 fi s1 w2 t1 fo Fi sy x3fstalixzy sz Fo fy t3 x5 sa fs ws

45
b=— =0,22958..., A
for ]_96 Y )

(0’ f7 [80]7 t? f7 F7 S’ [Oftlo]’ 57 F’ f7 t7 [08]7 f’ O)
x1 fi siwa ti fo i sy wgfstaliwa sz Fo fa t3 w554 fs w6
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45 1

be (22 2

Jorbe <196’4>
(0’ f7 07 8’ t7 f7 F’ 57 [Oftl0]7 S’ F7 f’ t S? 07 f’ 0)
x1 fi we s1 t1 fo Fi sy w3 fstoliwa sz Fy fi tz3 sa x5 fs w6

1
forb=7=0,25000..., T

([Ofo]’ S’ t? f7 F7 57 [Oftl0]7 S’ F7 f’ t7 57 [Ofo])
z1fize s1 ti fo Fi sy wxgfstolima s3 Fo fa t3 s4 w5 f5x6

Proof. 1°. The arrangements for b = 0 and b = 1/4 are the ones for
r =0 and r = 1/2 of Subfamily D1).

29, The roots t13 = +1/v/5 of Uy" are never roots of Uj. Indeed, this
would imply b = 7/25 ¢ [0,1/4]. The roots Fy o = £1/4/15 of Ub(4) are roots of
Uy only for b = 3/25. For b = 0 (hence, for b € [0,3/25)) one has Fi < fy and
Fy > f4, for b =1/4 (hence, for b € (3/25,1/4]) one has F} > fy and Fy < fy.

3. For b € [0,1/4] there is a single value of b for which the roots 2, x5
of Uy are roots also of U}’ (resp. U}”, resp. of Ub(4)), this value is 45/196 (resp.
4/25, resp. 14/225). This is to be checked directly. The theorem follows now
from the arrangements for b = 0 and b = 1/4 and from the order of the numbers
0 < 14/225 < 3/25 < 4/25 < 45/196 < 1/4. O

3. Comments on old strata. One can obtain overdetermined strata
in the family of degree 6 HPs by integrating once or several times HPs of lower
degree. By abuse of language we say “to integrate a stratum” meaning “to
integrate an HP defining this stratum”.

There are two nontrivial overdetermined strata of degree 4. We list the
corresponding arrangements and we give examples of HPs realizing them:

2
A (]0fo0], s, [ft], s, [0f0]) x4—x2+i: <x2—1>

B : (0, f, [0s], [f], [s0], £, 0) x4_m2+%

(the stratum B is defined by the Gegenbauer polynomial of degree 4).
There are three nontrivial overdetermined strata of degree 5:
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X <0’ f’ 5, [Ot]’ f? [OSF]v f7 [tO], S, f7 0) CUB_JF’-F%%
: 5_ 3, 2

¢ (Oa fa [05]7 t, f7 [OSF], f, t, [80], f, 0 ) T + 100

F i ([0f0], s, [ft], [0sF), [tf], s, [00]) $5_$3+i”’

(the stratum @ is defined by the Gegenbauer polynomial of degree 5).

A) When integrating (once, not twice) the stratum A one cannot obtain
an HP because one has (22 — 1/2)? > 0 with equality only for 2 = 41/v/2.

B) When integrating (once) the stratum B, one obtains the stratum F'.
This follows from the arrangements defined by the two strata. The polynomial
F := 25 — 23 + /4 (realizing the stratum F) is only up to rescaling and multipli-
cation by a non-zero constant a primitive of the polynomial (z? — 1/2)? (realizing
the stratum B). All such “rescaled and normalized” primitives are of the form
F + ¢, but only for ¢ = 0 does one obtain an HP. Indeed, for ¢ = 0 one has dou-
ble zeros at —1/v/2 (a local maximum) and at 1/v/2 (a local minimum); hence,
choosing other values of ¢ leads to the loss of real roots.

C) When integrating the stratum F' one obtains the stratum FE, see the
description of Subfamily D1) in Theorem 2.11. The latter is defined by the poly-
nomial (% —1/3)® having triple roots for z = £1/v/3. All other “rescaled and
normalized” primitives (of the polynomial F') are of the form S(M3)+ ¢ and only
for ¢ = 0 does one obtain an HP. Hence, F is the only old stratum of degree 6
obtained by integrating twice the stratum B. It is also the only old stratum of
degree 6 obtained by integrating once the stratum F'.

D) When integrating the stratum ® one obtains (depending on the con-
stant of integration) one of the following strata realizable by the family of poly-

nomials 2% — 2% + %xQ + v. We set

3 (45 +6v/30)2  (45+6130)2 7  14/30 , 49
J— 2 = — .
3375

1 — -

T 125 N T T 11390625 50625 125 1875 °
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for v = 1y = —0.02400, V
0, f, s, [0ft0], F, s, [ftl], s, F, [0tf0], s, f, 0)
x1 f1 s1 wafotixz Fi o so fataly s3 Fy wut3 faws si fs we
for v € (vy,11)
(07 f7 S, 07 [ft], 07 F7 S, [ftl], S, F7 07 [tf]7 07 S, f7 0)
x1 f1 s1 x2 foti w3 Py oso fataly sz Fo x4 fats x5 s4 fs we
for v =11 = —0.018582, (

(0’ f’ [08]’ [ft]7 O’ F’ 87 sztl}7 S’ F’ 0 Iztf}7 [SO:I’ f7 0)
x1 fi wes1 foti w3 Fiv sy fatali s3 Fo wmy fatzs saxs fs we

for v € (v1,12)

(0’ f’ 07 8’ [ft]’ 07 F7 S’ [ftl]’ S’ F’ O [tf]7 57 0’ f7 0)
r1 fi x2 s1 fati x3 Fi sy fatoly sz Fy wmy fats sa w5 fs xe

for v = vy = —0.014518, =
(0fo], s, [ft], [0F), s, [ftl, s, [FOl, [tf], s, [0f0])

1 frxe s1 foti w3 By sy fately s3 Fhwa t3 fa sa x5 f5 e

E) When integrating the stratum ¥ one obtains (depending on the con-
stant of integration) one of the strata realizable by the family of polynomials
25—zt + ixZ + A. We set

25
13 (6-2v5)?® (5-2v5)* 3  6V5

A= ——— A = — B A
0 3375° ! 15625 625 125 7 625

for A = Ag = —0.003851, G
(0’ f7 S’ t’ I:OfFO}7 S’ [ftl]7 S’ [OFfO]7 t7 57 f’ 0)
x1 fi s1 t1 wyfoFixs sy fstaly s3 xaFofaxs tz sa fs we
for A € ()\0,)\1)
(0’ f7 S’ t’ 07 szF}7 07 8’ [ftl]’ S’ 0’ [Ff]7 07 t? S’ f7 0)
x1 fi s1 t1 we foFi wm3 sy fataly sz wa Fhfys xs t3 sa fs we
for A = Ay = —0.002097, ¢£

0, f, s, t, 0, [fF], [0s], [ftl], [sO], [Ff], O, t, s, f, 0)
1 fi s1 t1 w2 foF1 w3sy fataly s3xs Fofs x5 t3 s4 fs s
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for A € ()\1,)\2)

(O’ f7 S’ t’ 07 szF}7 S’ O’ [ftl]’ 07 S’ [Ff]7 07 t? S’ f7 0)
x1 fi s1 t1 we foFi sy w3 fatoly wa s3 Fhfy xs t3 sa fs we

for A\=X=0, 17

(07 f7 S, tv 07 [fFL S, [Oftl()], S, [Ff]7 07 t7 S, f7 0)
1 fi s1 t1 w2 foFr sy w3 fatalixy s3 Fofy x5 t3 s4 fs s

F) One cannot obtain a degree 6 old stratum by integrating a degree 5
stratum with an MV (1,2,2). Indeed, a multiple root of the derivative of an HP
is a multiple root of the polynomial itself, therefore the MV of the corresponding
degree 6 polynomial should be (3, 3) which after derivation gives the MV (2,1, 2),
not (1,2,2). A similar reasoning allows to exclude the MVs (2,2,1), (2,3) and
(3,2). The MV (2,1,2) gives by integration the MV (3,3) which (up to an affine
change of the variable x) is defined by an even HP. Hence, its derivative must
be an odd HP, i.e. only such degree 5 HPs give by integration old degree 6
overdetermined strata.

Remark 3.1. The situation with the strata B and F, see B), might
in a sense seem contrary to intuition — one would expect the two critical values
of the primitive of G4 to be different and there to be an interval of values of
the integration constant for which this primitive is an SHP. (This is the case of
the strata ®, see D), or of X, see E)). Or not to be any values for which this
primitive is hyperbolic. However, overdetermined strata arise in situations when
the roots of an HP and its derivatives satisfy certain algebraic equations, therefore
intuitive reasoning applicable to a generic situation about real polynomials is not
always applicable here. This is the reason why families of old strata like the ones
described in D) and E) occur for the first time in degree 6 and not in degree 5.
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