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ABSTRACT. Let V be a variety of Leibniz-Poisson algebras over an arbitrary
field whose ideal of identities contains the identities

{{x17y1}7 {x27 yQ}v R {mmvym}} =0, {mh y1}~{fL‘2, yQ}' T '{mmvym} =0

for some m. It is shown that the exponent of V exists and is an integer.

Let K be an arbitrary field and let A(+,-,{ , }, K) be a K-algebra
with two binary multiplications - and { , }. Let the algebra A(+,-, K) with
multiplication - be a commutative associative algebra with unit and let the algebra
A(+,{, },K) be a Leibniz algebra under the multiplication { , }. The latter
means that A(+,{ , }, K) satisfies the Leibniz identity

a2} = {24 u) + {2 {y, 21}
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Assume that these two operations are connected by the relations (a,b,c € A):

{a-b,c} =a-{b,c} +{a,c} -0,
{¢,a-b} =a-{c,b} + {c,a} -b.

Then the algebra A(+,-,{ , }, K) is called a Leibniz-Poisson algebra.
We make the convention that brackets in left-normed arrangements will
be omitted:

{{{z1,z2}, 23}, . on} = {x1, 20, ... 20}

Let F(X) be a free Leibniz-Poisson algebra freely generated by the count-
able set X = {x1,x9,...}. Denote by P, the vector space in F(X) consisting of
the multilinear elements of degree n in the variables x1, ..., z,.

Let V be a variety of Leibniz-Poisson algebras (the necessary information
on varieties of Pl-algebras can be found, for instance, in [1, 2]). Let Id(V) be the
ideal of identities of V. Denote

Pu(V) = Po/(P ATA(YV)), (V) = dim P (V).

Define the lower and upper exponents for the codimension sequence
{en(V) }n>1 as follows:

EXP(V) = lim V/c,(V), EXP(V) = lim {c,(V).
n—oo n—oo
These limits always exist (of course they might be infinite). If the lower and the
upper limits coincide, we use the notation Exp(V).

In [3] V. M. Petrogradsky, using the necklace method developed therein,
proved that the exponent of every variety of Lie algebras with nilpotent com-
mutator subalgebra exists and is an integer. In [4] the same method was used
to prove a similar result for the subvarieties of var(UTy), where UTy is the as-
sociative algebra of upper triangular matrices of size s. The method mentioned
gives a good upper bound for the growth of such varieties, i.e., if V is a sub-
variety of var(UTs) with Exp(V) = d, then there exists a constant 3 such that
cn(V) < nPd™ for every n. In [5] and [6] it was proved that in this case there also
exists a constant « such that ¢, (V) > n®d" for all sufficiently large n. In the
present paper we use the methods of proofs applied in [5, 6, 7].

Recall that A = (A1,...,\g) is a partition of n, and we write A F n, if
A1 > -+ > X > 0 are integers such that Ay +--- + A\ = n.

Denote by Vg the variety of Leibniz-Poisson algebras defined by all mul-
tilinear identities of the form
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{{fﬁnayn}, {1‘1273/12}7 cee {1?1/\173/1/\1}} : {{$217y21}, {1‘2273/22}7 sy

{1:2/\273/2)\2}} oo {{xklv yk:l}7 {xk% yk2}7 B {xk)\k7yk:)\k}} = 07 Al s.
For instance, all identities defining the varieties Vi, Vo, V3, V4 are the following:
2B
{2,y =0;
Vs

{{z1,y1} {z2,92}} =0,
{@1,91}) - {w2, 2} = 0;

Vs
{1, 1} {z2, 92}, {23,431} =0,
Hzv, b {m2, 921} - {23,931 =0,
{z1,y1} - {z2, y2} - {x3, 93} = 0

Vy:
Hr, yi b Az, 2} {23, ys}, {24, 4} } = 0,
{{xlvyl}v {x%y?}? {5173,y3}} ’ {x4,y4} - 07
Hzr, b w2, 2} - {{zs, y3}, {74, ya}} =0,
{{‘rlvyl}: {x%y?}} ' {1’3,.@3} : {:1:4,y4} - 07
{11} - {x2, 2} - {xs,y3} - {4, 94} = 0.

Note that
s—1
Pn(vs) = Pn(F(X)/Id(Vl)) @ Pn(ld(vc)/ld(vc+1))a
c=1
where
Po(F(X)/1dOV1)) = (@1 - @2+ -+ - an)k,

and the space P, (Id(V.)/Id(Ve+1)) is a direct sum of the linear hull of the elements
of the form:

Pu(1d(Vo)/1d(Ves1)) = @D (b, - -+~ i
Ac
'{{1311, T12y - axlau}? {$21,$22, ... 7$2a12}7 ceey {x)ql? Tr12y - axx\lap\l }}

(2) {{yll:le;-"7y1a21}7{y217y227"'7y2a22}7"'7{y)\217y)\227"'7y)\2a2)\2}}' et

{{lev 212y« - 7215%1}7 {22172227 “e. 322ak2}7 ceey {Z)\klv Z/\k27 cee 72)\kak,\k}}|

{$i1j1ayi2j27' .. 7zi3j37ti17- .. 7til} - {1'171'27 ce 7xn}7 l > 07 Qi > 2>K
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We may interchange x;3,...,%iay;, ¢ = 1, .., A1, Yigy -« oy Yiagss ¢ = 1, ..., A, .o,
2i3y . Ziag;» © = 1,..., A, since interchanging two neighboring elements pro-
duces an extra element in Id(V,+1). Denote this property by (x).

For instance, for the varieties Vi, Vo, V3, V4 their P,(V;), ¢ = 1,2,3,4,
are the following:

Pn(vl):<l‘1‘l'2' '$n>K§
Pa(V2) = Pa(V1) ® (@ay - -+ Tay - {Tir, - i Pk
where s > 2, {xa,,. .., Ta,, s Tiys - Tis ) = {T1,..., 2} as sets,

ar < - < A, 13 <o < g

PH(V?)) :Pn(v2)®<1:a1 Tt Ty, '{{xin"'7x’is}7{xj17"'vxjt}}>K
@<1’b1~ '.fbp'{.I'il,...,xis}-{le,...,l'jt}>[(,
where s > 2, t > 2,

ar < < Ay, by < <y, i3 < <, g3 <o < g

P,(Va) = P,(V3)®(xa," - Tapm {H{@ir, - i bz, -z, b Aok - 2, P K
O(xp, - - 'ﬂcbp'{{%‘1,---7$z‘s}7{$j1,---,$jt}}'{$k1,---,$ku}>K
D(xey + v ':ccq-{xil,...,xis}'{:Ujl,...,:pjt}'{xkl,...,xku}>K,

where s > 2, t > 2, u > 2,

ap < - <y, b < <by, ¢ <o <cq

i3 < e <y, Gz << i, k3 <--r <ky.
Let Sg;, be the symmetric group of degree km. Denote by S; = the fol-
lowing subset in Sg,:
Sim =10 |0 € Skm, o(im+1) <o(im+2) <--- <o(im+m), i=0,...,k—1}.

(km)!
(mh)k
Let V be a fixed subvariety of Vs. Then

Obviously, |SE,,| =

s—1
(3) Pn(v) = Z @ Wc,/\,n(v)v

c=0 A\Fc



Growth of varieties of Leibniz-Poisson algebras 335

where

Won(V) = P, (F(X)/Id(V N V1)),

EB Wern(V) = P, 1AV N V) /IAV N Ver1)), ¢ =1,...,s — 1.
A-c

Remark. Let the element f belong to the space W, ). Then f has the
following general form:

(4) o Amy, o, Y {wg g, {91, Toes -}

where the dots connecting the bracket monomials {x1, x2,...}, ..., {xoc—1, T2, ...}
are used to represent brackets { , } and multiplications - arranged in some way.
In order to simplify the notation, we shall use the presentation of the form (4)
when the way in which the operations { , } and - are arranged is not important
for our considerations, and we want to emphasize on the explicit form of the
entries in the brackets {xo;—1, %9, ..., }.

For a variety V we introduce the following numerical characteristics. Fix
arbitrary positive integers k and n with 1 < k < s. Say that the nonnegative
integer m enjoys the property Q(n,k, V) if there are a number ¢ and a partition
A F ¢ such that the space W¢ » (V) contains a collection of linearly independent
elements either of the form

g =q-t1{tiss To(1), To2)s - -+ s Ta(m) }
(5) T {tizama(m+1)7xa(m+2)a <. 7xa(2m)} T
T {tlk 1 Lo((k—1)ym+1) Lo((k—1)m-+2)s - - - 7I0(km)} wote, 0 € SZWN

or of the form

Go = Tg(1) " To(2) ~** *Tom) - - t1--
(6) “Atins To(mi1)s To(mt2)s - - s To(2m) } -

“Atin 1 To((k—1)mr1)s To((k—1)mt2)s - - - » To(km) } =~ tes O € Sgos
where ¢ =y --+ -y is a (possibly empty) monomial, ¢1,...,¢. are brackets {, }
containing at least two variables and gq,t1,...,t. are equal for all elements a,,

o € S5}, Define my,(k,V) as follows: if there is no nonnegative integer less than
n which enjoys Q(n, k, V'), then put m,,(k,V) = —1; otherwise, define m,,(k, V) as
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the greatest of the numbers enjoying Q(n, k, V). Introduce another characteristic
of V as follows:

(7) d(V) = max{k | lim m,(k,V) =400, k=1,...,5}.

Lemma 1. Let V CV,. Then for every r € {1,2,...,d(V)} and every n
the following inequality holds:

(8) n—rmy(r,V) <2(s—1)+r—1.

Proof. Regard S, as a subgroup of Sy, for b > a. Then we have an em-
bedding S}, € S;... Thus, my(r,V) > my,(d(V),V) for every r € {1,2,...,d(V)}
and every n. Consequently,

lim m,(r,V) = 400, r € {1,2,...,d(V)},
since lim my,(d(V),V) = +oo.
Suppose that there exist N and ro € {1,2,...,d(V)} for which (8) fails:

N —rompn(ro, V) > 2(s — 1) + ro.

Then all collections of a,, o € S} =, of the form (5), (6) with m = my(ro,V) +1
in W, n are linearly dependent modulo the ideal of identities of V for every
¢ > rop — 1. Suppose that n > N and m > m. Then the elements a,, o € S,

of the form (5), (6) are linearly dependent modulo Id(V) since by (x) already the
elements

q- tl e {tiplia'(l)v s 7‘/170'(7%)7 Lrom—+1s - - - axToﬁl—i-m—ﬁl} U
o {tigama(ffl-i-l): s 7$U(277L)7‘rroﬁl+m—ﬁl+17 s 7$T0771+2(m—ﬁl)} e
T {tiro y Lo((ro—1)m41)s - - s La(rom)» Lrom+(ro—1)(m—m)+1s - - - 7$ror7z+ro(m—ﬁl)} ey
*
g c rom’
and
$0_(1)o DY 'xo'(ﬁ‘[/)'x”‘o’r’:’dl—"—l""‘xroﬁl—i—m—ﬁl' DY otl---
e {tll y xo’(’r?z—i—l)v cee 7$U(2ﬁ)7xroﬁl+m—ﬁl+lv cee 7$r077z+2(m—ﬁl)} U

Aty 15 To((ro—1)mt1)s - - - » Ta(roi)s Tromt(ro—1)(m—m)+1s - - - » Troftro(m—m) | * " tes
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oce S,

are linearly dependent. Thus, m,(ro,V) < m for every n > N. Therefore, we
arrive at contradiction with lim,,_,o, my,(r9, V) = +00. The lemma is proved. O

Lemma 2. Assume that the variety V of Leibniz-Poisson algebras satis-
fies the following multilinear identities

(9) {{w1,y1},{x2,y2},---,{xm,ym}} =0,

(10) {z1, )} - {z2, 2} ATmsym} =0

for some m. Then there exists s such that V is a subvariety of Vs.

Proof. Let s = (m — 1) + 1. We claim that for an arbitrary partition
A of s, the variety V satisfies the identity (1). If Ay > m holds for a partition
A= (A, A2,..., ;) of s, then (1) will be a consequence of (9). If A\; < m then
)\/1 > m holds for the partition \" = ()\/1, )\/2, .. ,)\;) conjugate to A. In this case
the identity (1) follows from (10). The lemma is proved. O

We introduce a partial order on the set of disjoint subsets of {1,2,...,n}.
Given A,B C {1,2,...,n} with AN B = @, we say that A < B if a < b for all
a€ AandbeB.

Theorem 1. Let V be a variety of Leibniz-Poisson algebras over an
arbitrary field whose ideal of identities contains the identities (9) and (10) for
some m. Then there exist constants N, «, 3 and an integer d, d € {1,2,...,s},
such that for every n > N we have the double inequality

(11) nd" < c,(V) < nfd".

Proof. Lemma 2 implies that V is a subvariety of V, for some s. We
shall verify that (11) holds for the variety V with d = d(V) defined in (7).
Lemma 1 implies that for every n

0<n—dm,<2(s—1)+d—-1<3(s—1),
where d = d(V), m,, = my(d(V)). Then

(dmy,)!
[ )4

(n— 3s+3)! 1l

S (6 A S 1T

cn(V) 2 |Sam, | =
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It remains to apply the Stirling formula and to deduce the lower bound for ¢, (V)
in (11).

Now we shall verify the upper bound. If d(V) = s, then (11) holds for V
since ¢, (V) < ¢,(Vs) < nPs™ for some constant § and all n.

Suppose d(V) < s—1 and let k = d(V)+ 1. The definition of d(V) implies
that for the given k there exists m such that the collections of elements of the
form (5) and (6) are linearly dependent for every ¢ > k — 1 and every n starting
with some number N. Fix an arbitrary value of ¢ with k — 1 < ¢ < s—1 and
fix an arbitrary partition A of c¢. Then for every n > N the space W, 5 (V) is
the linear span of the elements of the form (2) which, applying (x), cannot be
reduced to

(12) g g1+ {9,115 Tim - {Gigs 215 - s Tam } - {Gis Ty - - s Thom - e

or to
(13) wi1-- - Ty g1 49215 Tam ) AGi_ > Thls - Thm ) Ges
where ¢ = y; - -+ - y; is a (possibly empty) monomial and t1,...,t. are brackets

{, } containing at least two variables; moreover, (12) and (13) have decreasing
sequence of subsets like

{z11, 212, ., m } > {zo1, 222, .y zom } > - > {Xk1, T, - Tem )

Indeed, by the linear dependence of (5) and (6), identities of the form
tl e {tilvli(kfl)m+17 e ,:Ekm} e {tik71,£m+1, e ,l‘Qm} e {tik,l‘l, e ,l‘m} R tc

= Z Qgly--- {tn 1 Lo((k—1)m+1)y - - - 7xa(km)} T {tikvxa(l)a ce 7xa(m)} N 2
o€S},, \e}

x(k_l)m+1 © e Thm 'tl"'{tik727xm+17"'7$2m}"'{tik,17x17---,xm}“‘tc
= Z AoTo((k—1)m+1) * " " Lo(km) tr--- {tik_pxa(l)v s 7$U(m)} e tey
o€S;,, \e}

hold in W, » »,(V), where e is the identity permutation.

Thus the basis for W, 5 (V) can be chosen from elements (2), so that
these basis elements cannot be reduced to the form (12) and (13). In [3] it was
shown that the number of such basis elements in W,  ,, does not exceed n? (k—1)"
for some constant 3. Taking into account the decomposition (3), we obtain the
upper bound. The theorem is proved. O
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Let char K = 0. The space P, (V) carries the structure of a left S,,-module,
where S, is the symmetric group on n letters. Let x) be the character of the
irreducible representation of the symmetric group corresponding to the partition
A of n. The module P, (V) is completely reducible and so the cocharacter sequence
of V admits the decomposition

(14) Xn(V) = maV)xa,

AFn

where m) (V) is the multiplicity of the irreducible character x, A F n.
Given an arbitrary variety V C Vg define the following numerical values:

an(k,V) = max{\; | A\F n, my(V) > 0},
do(V) = max{k | lim ¢,(k,V) =400, k=1,...,s}.
n—oo
The proof of the next lemmas and the theorem is similar to those in [5, 6].

Lemma 3. If the Young diagram of the partition A of n contains more
than 4(s —1)? cells outside the first s rows, then the multiplicity mx(Vs) of xx in
the cocharacter sequence of Vs is equal to 0.

Lemma 4. Given a subvariety V of Vs with dy(V) > 1, we have
n—rg,(r,V)<2(s—1)+r—1

forallr € {1,2,...,do(V)} and all n.

Lemma 5. Let V C V,. Then there exist N, o and ( such that the
codimension sequence c, (V) satisfies the double inequality

n*(do(V))" < en(V) < nP(do(V))"

for everyn > N.

Theorem 2. Let V be a variety of Leibniz-Poisson algebras over a field
of characteristic zero whose ideal of identities contains the identities (9) and
(10) for some m. Also assume that d is a positive integer. Then the following
conditions are equivalent:

(1) Exp(V) < d;
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(73) There exists a constant C' such that mx(V) = 0 in the sum (14) if

n—()\1+)\2+---+)\d)>0.
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