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ABSTRACT. Let F,, = F,(var(sla(K))) be the relatively free algebra of
rank m in the variety of Lie algebras generated by the algebra slo(K) over
a field K of characteristic 0. Our results are more precise for m = 2 when
F5 is isomorphic to the Lie algebra L generated by two generic traceless
2 x 2 matrices. We give a complete description of the group of outer auto-
morphisms of the completion L of L with respect to the formal power series
topology and of the related associative algebra W. As a consequence we
obtain similar results for the automorphisms of the relatively free algebra
Fy/F§t = Fy(var(sla(K)) NN.) in the subvariety of var(sla(K)) consisting
of all nilpotent algebras of class at most ¢ in var(sla(K)) and for W/Wett,
We show that such automorphisms are Zs-graded, i.e., they map the linear
combinations of elements of odd, respectively even degree to linear combi-
nations of the same kind.
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Introduction. Let L,, be the free Lie algebra of rank m > 2 over a field
K of characteristic 0 and let G be an arbitrary Lie algebra. Let I(G) = I,,,(G) be
the ideal of L, consisting of all Lie polynomial identities in m variables for the
algebra G. The factor algebra F,,,(G) = F,,(var(G)) = L,,/1(G) is the relatively
free Lie algebra of rank m in the variety of Lie algebras generated by G. Typical
examples of relatively free algebras are free solvable of class k Lie algebras when
I(G) = L% (e.g., free metabelian Lie algebras with I(G) = L), free nilpotent
of class ¢ Lie algebras when I(G) = L&, relatively free algebras in a variety
generated by a finite dimensional simple Lie algebra G, etc. See the books by
Bahturin [1] and Mikhalev, Shpilrain and Yu [11] for a background on relatively
free Lie algebras and their automorphisms, respectively.

Cohn [3] showed that every automorphism of the free Lie algebra L,, is
tame. In particular, the group of automorphisms Aut(Ls) is isomorphic to the
general linear group GLs(K). Quite often relatively free algebras F,,,(G) possess
wild automorphisms and for better understanding of the group Aut(L,,/I(G))
one studies its important subgroups.

When we consider a finite dimensional simple Lie algebra G over C, the
general theory gives that the series

exp(adg) = (edg)®

n!
n>0

which defines inner automorphisms converges for all g € G. Studying the inner
automorphisms of a relatively free Lie algebra, the first problem arising is that
the formal power series defining inner automorphisms has to be well defined. This
means that the operator ad z, z € F,,(G), has to be locally nilpotent. In many
important cases ad z is not locally nilpotent for all z € F),,(G). Hence we have
two possibilities to study the inner automorphisms:

(1) to restrict the consideration to the locally nilpotent derivations ad z,

or

(2) to consider nilpotent relatively free algebras F,,,(G)/FS(G) = Ly, /(I(G) +
L) when exp(ad 2) is well defined for all z € F,,(G)/FSH (G). Hence the group
of inner automorphisms Inn(F,,(G)/F5M(Q)) of the algebra F,,(G)/FSHH(G) is
also defined.

In the latter case it is more convenient to consider the formal power series
topology on F,,, = F,,,(G) and to work in the he completion Fyy, of Fr,. Then we re-
strlct our considerations to the group Aut( m) of the continuous automorphlsms
of F,,. Clearly, it is sufficient to define the automorphisms in Aut( m) on the
generators of F,,, C f/?;



Outer automorphisms 275

Baker [2] evaluated the Baker-Campbell-Hausdorff series on several fi-
nite dimensional Lie algebras given in their adjoint representations, including the
three-dimensional simple Lie algebra Gs. In [5] Drensky and the author trans-
lated the results of Baker in the language of relatively free algebras and gave a
complete description of the group of inner automorphisms of the completion F5
of Fy = Fy(slae(K)) = F5(G3) with respect to the formal power series topology.
The results on Inn(Fy/F5+!) were obtained immediately from the corresponding
results on Inn(@). In particular, [5] contains a multiplication rule for the inner
automorphisms of ﬁ’;

Although the structure of F,,(slo(K)) is known for all m > 2, we consider
the case m = 2 only because the case m > 2 is more complicated than for
m = 2. We work in the completion W of the associative algebra W generated
by two generic traceless 2 x 2 matrices = (z;;) and y = (y;;), where zy;, vij,
(i,7) = (1,1),(1,2),(2,1), are algebraically independent commuting variables,
Tog = —T11, Yoo = —y11- Let L be the Lie subalgebra of W generated by x and
y. Then L = Fy(sly(K)).

For any Lie algebra G the group Aut(F,,(G)) is a semidirect product of the
normal subgroup IA(F,,(G)) of the automorphisms which induce the identity map
modulo the commutator ideal of F,(G) and the general linear group GL,,(K).
The group of inner automorphisms Inn(F,,(G)) is contained in IA(F,,,(G)). Hence
for the description of the factor group Out(i) = Aut(z) / Inn(f) it is sufficient to
know only IA(L) / Inn(L). We give the explicit form of the coset representatives of
the continuous outer automorphisms in IOut(z) and also for IOut(/V[7) and then
we transfer the obtained results to the algebra L/LT! and W/W¢t! in order to
obtain the description of IOut(L/LT!) and I0ut(W/Weth),

1. Preliminaries. We fix a field K of characteristic 0 and the associa-
tive algebra W generated by two generic traceless 2 x 2 matrices

r11  T12
T21 —x11 Y21 —Y1

where x5, yij, (4,7) = (1,1),(1,2),(2,1), are algebraically independent commut-
ing variables. We assume that W is a subalgebra of the 2 x 2 matrix algebra
M>(K[xij,yi;]) and identify the polynomial f € K[x;;,y;;] with the scalar matrix
with entries f on the diagonal. In particular, for any matrix z € W we assume
that the trace tr(z) belongs to the centre of My(K|xij,yi;]). Let L be the Lie
subalgebra of W generated by x and y. This is the smallest subspace of the vector
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space W containing x and y and closed with respect to the Lie multiplication
[21,22] = z1ad 29 = 2120 — 2921, 21,22 € L.

Similarly we define the associative algebra W,, generated by m > 2 generic
traceless 2 x 2 matrices. We assume that all commutators are left normed, i.e.,

(21, Zn—1,2n) = [[#1,- - s 2Zn—1],2n], M =3,4,....

The following results give the description of the algebras W,,, W = W,y
and L and some equalities in W.

Theorem 1. Let W,,,, W and L be as above. Then:

(i) (Razmyslov [12]) The algebra of generic traceless matrices W, is iso-
morphic to the factor-algebra K(x1,...,xm)/I(Ma(K),sla(K)) of the free as-
sociative algebra K(xi,...,xn), where the ideal I(My(K),slo(K)) of the weak
polynomial identities in m variables for the pair (My(K), slo(K)) consists of all
polynomials from K(xi,...,xy) which vanish on sly(K) considered as a subset
of My(K). As a weak T-ideal I(Ms(K), sla(K)) is generated by the weak polyno-
mial identity [z}, 73] = 0. The Lie subalgebra of W,, generated by the m generic
traceless matrices is isomorphic to the relatively free algebra Fp,(sla(K)) in the
variety of Lie algebras generated by sla(K).

(ii) (Drensky and Koshlukov [7], see also the comments in [4] and Koshlu-
kov [8, 9] for the case of positive characteristic) The algebra W, has the presen-
tation

W 2 K{(x1,...,Tm | [x?,xj] = [wizj + xjx;, k) = sa(Tiy, Tio, Tig, Tiy) = 0),
where i, 7, k,ip =1,...,m, 1 #£ j, 11 <19 < i3 <iyg, and

s4(w1, 22,73, 24) = Z SIgN(0)T (1) To(2) To(3) To(4)
€Sy

is the standard polynomial of degree 4. In particular,
W = K(xy,xo | [22, 29] = [23,21] = 0).
(iii) (see e.g., Le Bruyn [10]) The centre of W is generated by
t=tr(z?), w=tr@y?), v=tr(zy).

The elements t,u,v are algebraically independent and W is a free K|[t,u,v]-
module with free generators 1,x,y, [x,y].
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(iv) (see e.g., Drensky and Gupta [6]) For k > 1 the following equalities
hold in W :

P2 Y=g aytye=v [oyf =0’ -t

yad®® = 28tF Y vz + ty);  yad® o = 2Ftk([y a);

zad® y = 28uF Luz —vy);  zad®ty = 2Kk, y).

Theorem 1 (iii) and (iv) gives immediately that L is embedded into the
free K[t,u,v]-module with free generators z,y, [z,y]. The next lemma gives the
precise description of the Lie elements in W. It also provides an algorithm how
to express in Lie form the elements of L given as elements of the free K[t,u,v]-

module with basis x,y, [z, y].

Lemma 2 ([5]). (i) The commutator ideal L' of L = Fy(sls) is a free
Kt, u,v]-module of rank 3, with free generators

xv—yt, xu—yv, [z,y]
(ii) The elements of
L' = (zv — yt)K[t,u,v] ® (zu — yv)K[t,u,v] ® [z, y] K[t, u,v]
can be expressed in Lie form using the identities
20Ut (1) — yt)t%uPvC = [z, y, y)(ad y)® (ad 2)** T (ad yad )¢, b >0,
20+t (py — )t = [z, y, z](ad 2)** (ad y ad z)°,
20U (o — y)t b’ = [z, y, z](ad £)?* Had y)® T (ad zad y)¢, a >0,

2+ (pu — yo)ulo® = [z, y,y)(ad y)* (ad wad y)*,

20 o, gt = [z, y)(ad ) (ad y) *(ad wad )"

Let R be a (not necessarily associative) graded K-algebra,

R=ED R =R @Ry & Ry @ -+,

n>0
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where R, is the homogeneous component of degree n in R, and R = 0 or
Ry = K. We consider the formal power series topology on R induced by the
filtration

W(R) 2w (R)2W(R) 2+, W"(R)=EP Ry, n=012,...,
k>n

where w(R) = R if Ry = 0, and w(R) is the augmentation ideal of R when
Ry = K. This is the topology in which the sets

r+w*(R), reR, n>0,

form a basis for the open sets. We shall denote by R the completion of R with
respect to the formal power series topology and shall identify it with the Cartesian

sum ®n>OR(n) The elements f € R are formal power series

f:f0+fl+f2+"') fneR(n)v n=20,12...,

A sequence

f(k):fk0+fk1+f]€2+7 ]{j:172,...7

where fr, € Ry, converges to f = fo+ f1 + fa+ -+, where f,, € R, if for
every ng there exists a kg such that f, = f,, for all n < ng and all k£ > ko, i.e.,
for all sufficiently large k the first ng terms of the formal power series f*) are
the same as the first ng terms of f.

Let F,, = F,(G) be a relatively free algebra freely generated by z1,...,
ZTp,. Then F, is graded and the nth homogeneous component is spanned by all
commutators [x;,,...,x;,] of length n. Hence the elements of [}, are formal series
of commutators. Since [F?,u] = F adu C F*"! for any u € F,,, we derive that
the inner automorphisms exp(adu) of ﬁ;n are continuous automorphisms and
hence it is sufficient to define them on the generators only.

Let W,y be the subspace of W spanned by all monomials of total degree

n in z,y. The elements f € W are formal power series
f:f0+f1+f2+"') fneW(n)v n=0,12...,

and W is a free K [[t,u,v]]-module with free generators 1,z,y,[z,y], where
K|[t,u,v]] is the algebra of formal power series in the variables ¢,u,v. Since
L is embedded canonically into W, Lemma 2 gives that (L ) is a free K[[t, u,v]]-
module with free generators xv — yt, zu — yv, [z,y] and

L = {aw + By + a(wv — yt) + b(au — yo) + clz,y] | @, B € K, a,b,c € K[[t,u,0]]}.
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Let us denote by w the augmentation ideal of the polynomial algebra
K]t,u,v] consisting of the polynomials without constant terms and let & C
K{[t, u,v]] be its completion with respect to the formal power formal series. Now
we give the next lemma which will be needed in the further proofs.

Lemma 3. Let a,b,c € @ and let

1 14+a+byc
=g (i)

Then f € K|[t,u,v]].

Proof. Recall that

2 3 4 o0 n+1,..n
x* oz x (=)
og(l+z)==z 5 + T 1 + -

n=1
Now we have that

1Og<1+a+b\/E

m) =log(1 + a + by/c) — log(1 + a — b\/c)

_1\n+1
=5 T (a0 - by

=3 CUE S (5w v - )

n>1 = N
(-t & A .
) P =i ey,
2 2 )
n>1 j=1,j0dd

a+byc
a—by/c

\/c. Hence f contains only even powers of /¢ which completes the proof. O

Since a,b,c € @, the logarithm log ( > is well defined and divisible by

If § is an endomorphism of the free K{[t, u, v]]-submodule of W with basis
{z,y,[z,y]}, then we denote by M(d) the associated matrix of § with respect to
this basis. If

d(z) = oz + oy + oslz,y),
d(y) = o197 + 022y + 032, Y],

0([x,y]) = o132 + 023y + 033[2, Y],
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oij € K[[t,u,v]], then

o011 012 013
M) = | o021 o022 023
031 032 033

Clearly M(d) behaves as a matrix of a usual linear operator. In particular,
M(6162) = M(1)M(d2).

Since the derivation ad X, X € W, acts trivially on the centre of /W, it is an
endomorphism of W as a K [[t, w,v]]-module. Its restriction on the submodule
generated by z,y, [z, y] satisfies the above conditions. Hence the matrix M(ad X)
is well defined, and similarly for the matrix M(exp(ad X)).

Let Inn(/V[7) denote the set of all inner automorphisms of W which are of
the form exp(ad X), X € W. As we already discussed, since W is a K|[t,u,v]]-
module with the generators 1, z, y, [z, y] and ad X acts trivially on 1 it is sufficient
to know the action of inner automorphisms only on z,y, [z, y].

Theorem 4 ([5]). Let X = ax + by + c[z,y], a,b,c € K[[t,u,v]], be an
element in W. Then the associated matriz of exp(ad X) is of the form

M(exp(ad X)) = I3 + A(X)M(ad X) 4+ B(X)M?(ad X),

where
—2cv —2cu  2(av + bu)
M(ad X) = 2ct 2cv  —2(at+bv) |,
b —a 0
M?(ad X) =
4w + 2b(av + bu)  —2a(av + bu) —4dacw
= —2b(at +bv)  4c*w + 2a(at + bv) —4bcw ,
—2c(at + bv) —2c(av +bu)  2a(at 4 bv) + 2b(av + bu)

_sinh( 9(X)) _cosh( 9(X))—1
ERRY75 S R TS VR

g(X) = 2(a*t + 2abv + b*u + 22 (v? — tu), w =0 —tu.
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For any Lie algebra G the group Aut(F,,(G)) is a semidirect product of the
normal subgroup IA(F,,(G)) of the automorphisms which induce the identity map
modulo the commutator ideal of F;,(G) and the general linear group GLy,(K).
The automorphisms are contained in IA(F,,(G)). Similarly, let Aut(L) and IA(L)
be, respectively, the group of continuous automorphisms of L and its subgroup
of continuous IA-automorphisms of L. For the description of the factor group
Out(L) = Aut(L)/Inn(L) of continuous outer automorphisms of L, it is sufficient
to know only IA(L)/Inn(L).

Now let  be an IA-automorphism of L. Then § is of the form

0:x— x+ar(zv —yt) + bi(zu — yv) + 1z, y]
Yy — Y+ az(zv — yt) + ba(zu — yv) + 2z, Y]
where a1, asg, b1, ba, c1,co € K[[t,u,v]]. We define the matrix of ¢ as

1 0 0 0 0
0 1 0 0 0
a1 ay l4+av—ast au—asv p1 |,
by by biv — bot 14+ biu—bv po

c1 Cy c1v — caot ClU — CV D3

)
Il

where

pP1 = 201((12U + bQ’LL) - 262(1 + a1v + blu),
P2 = 261(1 — agt — bgu) + 202(a1t + blv),
p3 = (alv — agt) + (blu — bQ’U) + (agbl — albg)w,

w = (v? — tu).

In the expression of 3, the first two columns are the coordinates of & (z) and d(y)
and the other three columns are the coordinates of the image of the basis of the
completion of L’.

Now we define the related matrix N(d) of ¢ as below:

14 a1v — ast aiu — asv 1
N((S) = biv — bot 14+ biu—bv po ,
c1v — cat clu — CU P3
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which counts the coordinates of the image of the basis of the completion of L
only. Let 41,02 be two [A-automorphisms of L. One can easily check that the
matrix 9102 of the composition d1dy is determined by N(d1)N(d2). Then it is
sufficient to work on the related matrices only.

Now we state a technical lemma which gives the relation between associ-
ated and related matrices of IA-automorphisms of L. The proof is straightforward.

Lemma 5. Let § be an TA-automorphism of L ¢ W with associated
matriz of the form

14+ oy Qs o1
M(§) = B 1+62 o2 |,
4! 2 03

o1 = 2v1(agv + (1 4+ Bo)u) — 292 ((1 + aq)v + Sru),
o] = —271(a2t + (1 + ﬂz)v) + 2’}/2((1 + Oq)t + ﬂlv),

o3 = (14 a1)(1 + fa2) — a2,

for some ay, 9, B1, P2 € W, v1,72 € K|[[t,u,v]]. Then the related matriz N(5) of
0 is

1
1+ag as 5(01’0 + o9u)
_ 1
N((s) o b1 14 b ——(0’1t+0’27)) )
w
MU =72t Y1U — Y2V o3

where w = v? — tu,

a; = % ((qv — ast)v + (Br1v — Pat)u),

as = % ((qu — agv)v + (Bru — Bav)u)

b1 = —% ((alv — agt)t + (ﬂl’l) - ﬂgt)v) y

by = —% ((ru — agv)t + (Bru — Bav)v) .
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2. Outer automorphisms of associative algebras of two gene-
ric matrices. In this section we describe the group IOut(W) = IA( )/ Inn( )
of outer ITA- automorphlsms of W where Aut(W) is the group of continuous
automorphisms of W. For this purpose we find the explicit form of the associated
matrix of the outer IA-automorphisms of W and then we transfer the obtained
results to the algebra W/W¢*! and obtain the description of Inn(W/W¢t1).

Lemma 6. Let 6 be a continuous automorphism of W. Then 0 is of the
form

0 :x — ayx + by + 1]z, y]
Yy — a2 + boy + ca[w, Y]
where (Il,CLQ,bl,bQ,Cl,CQ E K[[t7u7v]]

Proof. Let # be a continuous automorphism of W. Since W is a free
Kt, u,v]-module with free generators 1, z,y, [z, y], then @ is of the form

0:x — a+ayx+ by + iz, y]

Y — B+ a2x + bay + o[z, Y]
where a, f € K and ay,az,b1,be,c1,co € K[[t,u,v]]. Thus the relations
(0(2))*=0 (mod K[ft,u,v]]), (0(y))> =0 (mod K[[t,u,v]})

hold true, because 22 = t/2 ad y? = u/2 are in the center K|[[t,u,v]] of W. Using
the notation (mod K|[[t,u,v]]) we mean working in the vector space W modulo
the subspace K|[[t,u,v]] = K[[t,u,v]] - 1. Then we have that

(0(2))? = (a4 a1z + by + c1 [z, y])?
=a® + ajz® + biy® + Az, y]? + arbi (zy + yz) + arcr (zfz, y] + [2,y]2)
+brei(ylr, yl + [z, y]y) + 2a(a1z + by + c1z, y])

which implies that a(a1z + b1y + c1[z,y]) € K[[t,u,v]] and so v = 0. Similarly
one can check that 3 =0. O

Corollary 7. Let 0 be an 1A-automorphism of W. Then 6 is of the form

0:x — x+arx+ by + ¢z, y]
Yy — Yy + ax + bay + o[z, ]
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where ay,a2,b1,be € 0 and c1,c9 € K[[t,u,v]].

Now we shall ﬁnd the coset representatives of the normal subgroup
Inn(W) of the group IA(W) of IA-automorphisms W, i.e., we shall find a set of TA-
automorphisms 6 of W such that the factor group IOut(W) = IA( )/ Inn( ) of
the outer [A-automorphisms of W is presented as the disjoint union of the cosets
Inn(W)6.

Theorem 8. Let O be the set of automorphisms 0 of W with associated
matriz of the form

14+a b1 0
0 0 (1+a)(1+be)

where a,by,by € & are formal power series without_constant terms. Then ©
consists of coset representatives of the subgroup Inn( ) of the group IA(W) and
IOut(W) is a disjoint union of the cosets Inn(W)H, 0 eco.

Proof. Let
14+a bl 0
A= 0 14 b9 0 ,
0 0 (1+a)(1+bo)

where a, b1, by € © be an 3 X 3 matrix satisfying the conditions of the theorem.
Applying Corollary 7, it is clear that A is the associative matrix of a certain
TA-automorphism of W.

Now we shall show that for any ¢ € IA(W\) there exists an inner au-
tomorphism ¢ = exp(adu) € Inn(W) and an automorphism 6 in © such that
1 =exp(adu) - 0. Let ¢ be an arbitrary element of IA(/V[7) and let

14+ a1 b1 2v(crag — ca(1+ a1)) + 2u(cr (1 + ba) — c2by)
M(Q/)) = b1 14 be —2t(01a2 — 02(1 + (11)) — 27)(61(1 + bz) — Cgbl) ,
C1 Co (1+a1)(1+b2) —agbl

where a1, az,b1,by € © and ¢, ¢ € K|[[t,u,v]].
Let us define

b=

1 lo —1—a1—|—01\/2u
2v/2u 8 —1—a; —c1V2u
and let
p=(1+a1)bA(by) + (1 + 2b%uB(by))cy,
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where

sinh(v2b%u)
2b%u

cosh(v2b%u) — 1

, B(by) =

Note that both expressions —1 — a1+ c¢;v2u and —1 — a1 — ¢1v/2u can not be zero
at the same time. We choose that —1 — a1 — c1v/2u # 0 without loss of generality.
After easy calculations we have that

o 2pV2uexp(V2b?u) + 1+ a1 — c1vV2u
p(2V2u) = T a1+ o1v2u
1+a

and
2pv/2u exp(V2b2u) = 0.
Since the ring K[[t, u,v]] is an integral domain, then p = 0. Now let us define
¢y = exp(ad by).

We know that b € K[[t,u,v]] from Lemma 3. Thus ¢, € Inn(IW). As a result,
M(¢pptp) is of the form

1+a) b} *
M(¢pep) = vy 140y x|,
0 A *

where af,ab,b,b, € &, ¢, € K[[t,u,v]]. Here we have denoted by * the corre-
sponding entries of the third column of M(¢p1)).
Again let us define

CcC =

1 o (1+a))t +bjv+ b vw
1w B\ A+ d))t+bv—b o

and let
q =2ct(1 + ay) A(c[z,y]) + (1 + 2cvA(c[z, y]) + 4w B(clx, y)))b]
where

Alcle,y)) = % Blclay)) =

Similarly ¢ = 0, ¢ € K[[t,u,v]] and ¢. = exp(ad c[z,y]) € Inn(W). Calculating

cosh(vV4c?w) — 1

4c2w
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the matrix M(¢.¢pt)) we have that

1+af v *
M(¢peppt)) = 0 L+ * |,

0 cy %

for some aff,b],b5 € &, ¢ € K[[t,u,v]]. Note that M(¢.) preserves (3,1) — th
entry of the matrix M(¢p1)) after calculation.
Finally let us define

g (1 + bY)t + /2t
2v/2t

(14 05)t — b2t
and let
r=—a(l+ b)) A(azx) + (1 + 2a*tB(ax))dy,

where

inh(v2a2t
Alaz) = M’ Blaz) =
V2a?t
Similarly r = 0, a € K[[t,u,v]] and ¢, = exp(ad az) € Inn(ﬁ/\). Calculating the
matrix M(pqp.ppt)) we have that

cosh(v2a?t) — 1

2a2t

1+af B 0
M(papetpr)) = 0 1+ by 0 ;
0 0 (L+a)1+bY)

for some af’, b, b’ € &. Note that M(¢,) preserves both (2,1)—th and (3,1)—th
entries of the matrix M(¢p.¢p10) after calculation.

Hence, starting from an arbitrary coset of [A-automorphisms Inn(W)@b,
we found that it contains an automorphism 6 € © with associated matrix pre-
scribed in thg\ theorem. NL)XV, let #; and A, be two different automorphisms in

© with Inn(W)6; = Inn(W)6f2. Hence, there exists a nonzero element X =
ax + by + c[z,y] € W such that 6; = exp(ad X)6f,. Let M(62) be of the form

1+d b} 0
M@)=| 0o 1+ 0 ,
0 0 (1+a)(1+0))

for some d', b}, b, € @. Then calculating the matrix M(exp(ad X)62) we have the
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following equations:

(2ctA(X) — 2b(at + bv) B(X))(1 +a}) =0
(bA(X) — 2c(at + bv) B(X))(1 +d}) = 0
(2(av + bu) A(X) — dacwB(X))(1 +d})(1 +by) =0
(—2(at + bv)A(X) — dbcwB(X))(1 + a})(1 +b5) =0

(bA(X) — 2¢c(at + bv) B(X))b) + (—aA(X) — 2¢(av 4+ bu) B(X))(1 4+ b5) =0
Using the fact that
14+a} #0, 14+ #0 (1+a))(1+b5) #£0, AX)#0, B(X)#0,
direct calculations give
27t —b* =0
and so b = ¢ = 0. Thus the equality
(2(av + bu)A(X) — 4acwB(X))(1 +a}))(1 + b)) =0
turns to
20vA(X) = 0.
Hence a = 0 and consequently X = 0 which is in contradiction with X # 0. O

Recall that w is the augmentation ideal of the polynomial algebra K[t, u, v]
and W C K|[[t,u,v]] is its completion with respect to the formal power formal
series. Since the elements t = 222, u = 2y?, v = 2y + yx are of even degree in
W, the associated matrices of the automorphisms of W modulo w/(T/I7)C+1, c> 3,
contain the entries in the factor algebra K[t, u,v]/wl(ct1D/2,

As a consequence of our Theorem 8 for IOut(ﬁ/\) we immediately obtain
the description of the group of outer IA-automorphisms of W/w(W)*!. We shall
give the results for the associated matrices only.

Corollary 9. Let © be the set of automorphisms 0 of W/w(W)etl =
W Jw(W)t! with associated matriz of the form

1+a b1 0
M@ =| 0 1+b 0 (mod My(w!tD/2)),
0 0 (I+a)(l+b)
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where a,by,by € W are formal power series without constant terms and
Ms(wltD/2) s the 3 x 3 matriz algebra with entries from the [(c 4+ 1)/2]-th
power of the augmentation ideal of K[t,u,v].Then © consists of coset repre-
sentatives of the subgroup Inn(W/w(W)t) of the group TA(W/w(W)*t) and
IOut(W/w(W)<tY) is a disjoint union of the cosets Inn(W/w(W)t1)6, 6 € ©.

3. Outer automorphisms of Lie algebras of two generic ma-
trices. In this section describe the group IOut(L) = TA(L)/Inn(L) of outer
TA-automorphisms of L. For this purpose we find the explicit form of the related
matrices of the outer IA-automorphisms of L and then we transfer the results
to the algebra L/L"! and obtain the description of IOut(L/L¢*1). Throughout
this section, we consider the field K to be algebraically closed.

Now we give the description of related matrices of inner automorphisms
of L combining Theorem 4 with Lemma 5.

Lemma 10. Let X = az+py+a(zv—yt)+b(zu—yv)+clr,y], a, € K,
a,b,c € K[[t,u,v]], be an element in L. Then the related matriz of exp(ad X) is
of the form

N(exp(ad X)) = Is + A(X)D(X) + B(X)F(X),

where
—2cv —2cu 2(a+ av + bu)
D(X) = 2ct 2cv 2(8 —at —bv) |,
at + Bv—bw av+ fu+aw 0
4w + 2(a + av + bu)(at + Bv — bw) o1
F(X)= 2(6 — at — bv)(at + fv — bw) o2 u2 |,
—2¢(fB — at — bv)w o3 s
where

o1 =2(a+ av + bu)(aw + fu + aw),

o9 = 4ctw + 2(8 — at — bw)(av + Bu + aw),
o3 = 2c¢(a + av + bu)w,

w1 = —4e(aw + fu + aw),

w2 = 4c(at + fv — bw),
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w3 = 2(a + av + bu)(at + v — bw) + 2(8 — at — bv)(av + fu + aw),

B sinh(4/g(X)) _ cosh(/g(X)) —1 w e o — tu
A(X) _—g(X) , B(X) 700) , tu.

9(X) = 2(a+av+bu)’t + 4(a + av + bu)(8 — at — bv)v + 2(8 — at — bv)*u + 4c*w.

Proof. Let X = ax + By + a(zv — yt) + b(wu — yv) + c[z,y], o, B € K,
a,b,c € K|[[t,u,v]], be an element in L. Then applying Theorem 4, the associated
matrix of exp(ad X) is of the form

M(exp(ad X)) = Iz + A(X)M(ad X) + B(X)M?(ad X),

where
—2cv —2cu 2(av + Bu + aw)
M(ad X) = 2ct 2cv —2(at + pv —bw) |,
B—at—bv —a—av—bu 0
4cw +2(8 — at — bv)(av + Bu+aw) ¢
M?(ad X) = —2(8 — at — bv)(at + fv — bw) @ ro |,
—2c(at + Pv — bw) qs T3
where

@1 = —2(a + av + bu)(aw + fu + aw),

g2 = 4w + 2(a + av + bu) (at + Bv — bw),

g3 = —2c¢(av + fu + aw),

r1 = —4cw(a + av + bu),

ro = —4dcw(f — at — bv),

r3 = 2(a + av + bu)(at + fv — bw) + 2(8 — at — bv)(av + fu + aw),
_ sinh(y/g(X)) cosh(/g(X)) —1

VI 77 = 'LU:'U2_ u.
AT P T T '

9(X) = 2(a+av+bu)’t + 4(a + av +bu)(8 — at — bv)v + 2(8 — at — bv)*u + 4c*w.
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Now applying Lemma 5 for M and M? direct calculations immediately
give the desired form of D(X) and F(X). O

Our next objective is to find the coset representatives of the normal sub-
group Inn(L ) of the group IA(L ) of TA-automorphisms L i.e., we shall find a set
of IA-automorphisms ¢ of L such that the factor group IOut(L ) =IA(L)/Inn(L)
of the outer IA-automorphisms of Lis presented as the disjoint union of the cosets
Inn(L )9 We shall give the results for the related matrices only.

Theorem 11. Let © be the set of automorphisms 6 of L with related
matriz of the form
14+ a1v—ast aju—asv 0
N(9) = 0 1+bw 0 |,
0 0 c

where
c=(1+aw—at)(1+bw), w=v*—tuy,

b€ K[[t,u,v]] and a1,a2 € & formal power series without constant terms. Then
© consists of coset representatives of the subgroup Inn(L L) of the group IA(L) and
I0ut(L) is a disjoint union of the cosets Inn(L)f, 6 € ©.

Proof. Let
l1+av—ast aqu—asv 0
A= 0 14 bw o1,
0 0 c

be an 3 x 3 matrix satisfying the conditions of the theorem. It is clear that A is
the related matrix of a certain IA-automorphism of L.

Now we shall show that for any ¢ € IA(L) there exists an inner au-
tomorphism ¢ = exp(adu) € Inn(L) and an automorphism ¢ in © such that
1 = exp(adu) - 0. Let ¥ be an arbitrary element of IA(L) with related matrix be
of the form

14+ ajv — agt aju — agv P1
N(é) = blv — bgt 1+ bl’LL - bQU D2 5
Cc1v — cot ClU — CU D3

where

p1 = 201 (agv + bQ’LL) — 202(1 + a1v + blu),

P2 = 201(1 — agt — bgu) + 202(a1t + blv),
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ps = (1 +a1v + biu)(1 — agt — bov) + (art + b1v)(agv + bou),

for some aj, ag, by, be,cy,co € K[t u,v]].
Let us define

a=cy+ /3y +an, B=—2cp0—

a10
2 9
Co0 + \/ C30 + ag

where ajg, agg, 10, cog € K are the constant components of the elements aj, as,
c1, c2 € K[[t, u,v]] respectively, and let

g0 =(1 + ajv — agt)(1 + 2a(at + Bv)B(ax + By))+
2a(aw + pu)(brv — bat) B(ax + By) + 2aA(ax + fy)(civ — cat),
where

Alax + By) = Sinh(g(iiaj_ ;yﬂ)y))’ B(ax + By) = COSh(m) -1

9

glaz + By) = 2(a’t + 2a6v + F*u).

Note that cog+ +/ C%O + agg and cog — 4/ C%O + agg cannot be zero at the same time.
We fix o = ¢cop + ‘/Cgo + agg # 0 without loss of generality. After calculations we

obtain that gy — 1 does not have linear part. Now let

¢ap = exp(ad(az + By)).

Since the field K is algebraically closed, a, f € K and ¢35 € Inn(L). As a result,
N(¢qp?) is of the form

14+ a1v — aot aiu — asv *
N(papt)) = bio—bot 1+bu—byw * |,
C1U — CV C1U — CoU *

for some by, be,c1,co € K[[t,u,v]] and a1, as € ©.
Now let us define

1 | <(1 + a1v — agt)w + (c1v — czt)\/—2uw>
o
2v/—2uw s (1 4+ a1v — ast)w — (c1v — cot)V/—2uw

b=

and let

q1 = —(1 + a1v — agt)bwA(b(zu — yv)) + (1 — 2b*uwB(b(zu — yv)))(c1v — cat),
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where

sinh(v'—2b%uw)
V—202uw

Note that both expressions (1 + a1v — agt)w + (c1v — cot)/—2uw and (1 + ajv —

ast)w — (c1v — cot)y/—2uw can not be zero at the same time. We fix (1 4+ ajv —

ast)w — (c1v — cot)/—2uw # 0 without loss of generality. After easy calculations
we have that

ovmran 201V —2uweY 72 — (1 4 v — ast)w — (c1v — eot) /= 2uw
6 —_
(14 a1v — agt)w + (c1v — cat)

cosh(v—2b%uw) — 1

A(b(zu — yv)) = L

B(b(au — yv)) =

and
2q1vV —2uwe" —2Wruw
Since the ring K[[t, u,v]] is an integral domain, then ¢; = 0. Now let us define

¢y = exp(ad b(xu — yv)).

We know that b € K[[t,u,v]] from Lemma 3. Thus ¢, € Inn(L). As a result,
N(¢ppap)) is of the form

14+dv—aht du—ay  *
N(ppapt)) = blv — bt 14+ bju—bho x
0 du—cdy

1+dv—adit du—dyv =
= o=t  14+bu—bhv *
0 k:lw *
Here we have denoted by * the corresponding entries of the third column of
N(¢ppapt). Note that the (3,1) — th entry, cjv — c4t, of the matrix is zero.
Therefore ¢ju — chv = kyw for some ky € K[[t, u, v]].
Again let us define

. 1 log —(1+ ajv — adht)t — (bjv — bhyt)v + (Vv — bht)J/w
4/w —(1+ ajv — aht)t — (bjv — byt)v — (Vv — bht)J/w

and let

q2 = 2ct(1+ ajv — aht) A(cz, y]) + (byv — bot) (1 + 2cvA(c[z, y]) + 462wB(c[$, y])),
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where
Alel,g]) = sinh(v4c?w)
’ B Vaccw

Similarly g2 = 0, ¢ € K[[t,u,v]] and ¢. = exp(ad c[z,y]) € Inn(L). Calculating
the matrix N(¢cppPapt)) we have that

cosh(vV4c?w) — 1

4c2w

B(clz,y]) =

14+dfv—aft afu—ajv =x
N(¢ctpdapth) = 0 1+ bu—bho =
0 k:lw *

14+ adfv—aft afu—ajv x
= 0 1+kow x|,
0 k:lw *

where V] = —kat, by = —kou for some k1, ko, af, ay € K[[t,u,v]]. Note that N(¢.)
preserves (3,1) — th entry (= 0) of the matrix N(¢p¢ap1)) after calculation.
Finally let us define

1 1 ((1 + kiw)w + kgw\/—Qtw>

‘= 2/ —2tw o8 (1 + kyw)w — kowy/—2tw
and let
q3 = —a(1+by)A(ax) + (1 + 2a*tB(ax))ch,
where

sinh(v —2a?tw)
V=2a2tw

Similarly g3 = 0, a € K|[[t,u,v]] and ¢, = exp(ad a(zv —yt)) € Inn(L). Calculat-

ing the matrix N(¢q¢.¢pt0) we have that

cosh(v—2a?tw) — 1

Aa(zv —yt)) = YT

Bla(zv —yt)) =

1+af'v—adf't af'u—adjv 0
N(¢apcppPapt) = 0 1+ bw 0 ,
0 0 (1+a"v —ay't)(1 + bw)

for some a!’,ay’,b € K[[t,u,v]]. Note that N(¢,) preserves both (2,1) — th and
(3,1) — th entries (= 0) of the matrix N(¢.dppagv) after calculation.

Hence, starting from an arbitrary coset of IA-automorphisms IDH(E)Q/),
we found that it contains an automorphism 6 € © with related matrix prescribed
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in thAe theorem. ANow, let /1 and 0 be two different automorphisms in © with
Inn(L)#; = Inn(L)#;. Hence, there exists a nonzero element

~

X =oax+ By +a(zv —yt) + b(zu —yv) +clz,y] € L
such that 6; = exp(ad X)f2. Let N(2) be of the form

1+ adjv —aht aju— aho 0
N(6y) = 0 1+ bw 0 ,
0 0 (14 ajv —aht)(1 + bw)
for some aj,a, € & and b € K]|[t,u,v]]. Then calculating the matrix

N(exp(ad X)05) we have the following equations:
(2ct Az + By) + 2(6 — at — bv)(at + v — bw)B(az + By))(1 + djv — aht) = 0
((at + Bv — bw)A(az + By) — 2¢(8 — at — bv)wB(ax + By))(1 4 djv — dht) = 0
((a+ av + bu) A(az + By)
—4de(av + fu + aw) B(az + By))(1 + ajv — ast)(1 + b'w) = 0
((B = at — bv) A(az + By)
+4c(at + v — bw)B(az + By))(1 + ajv — azt) (1 + b'w) = 0
((at + Bv — bw)A(azx + By) — 2¢(8 — at — bv)wB(ax + By))(aju — ayv)
+ ((av + Bu + aw) A(az + By) + 2¢(a + av + bu)wB(az + By))(1 + b'w) = 0
and the expression
(1—2cvA(az+ By)+4w+2(a+av+bu) (ot + Bv—bw) B(az+8y)) (1+a|v—adht) —1
does not have linear part. Here
_ sinh(y/g(X))

— — 02— tu
A(X)—W, B(X) = ,  w=0v"—tu,

g(X) = 2(a+ av + bu)*t + 4(a + av 4 bu) (8 — at — bv)v + 2(3 — at — bv)*u + 4c*w.
From the last equation we get that & = 0 and using the fact that
l+aw—aht#0, 1+0w#0 , AX)#0, B(X)#0,

direct calculations give that X = 0 which is in contradiction with X # 0. 0O
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As a consequence of our Theorem 11 for IOut(E) we immediately obtain
the description of the group of outer IA-automorphisms of L/LT!. We shall give
the results for the related matrices only.

Corollary 12. Let © be the set of automorphisms 6 of L)Lt = E/ECH
with related matrixz of the form

14+ a1v—ast aju— asv 0
N(0) = 0 14 bw 0
0 0 (1+ a1v — agt)(1 + bw)

modulo Mg(w[(cﬂ)/z}), where a1,a9 € O are formal power series without constant
terms, b € K([t,u,v]] and Mz(w(ctV/2) is the 3 x 3 matriz algebra with entries
from the [(c + 1)/2]-th power of the augmentation ideal of K|t,u,v]. Then © con-
sists of coset representatives of the subgroup Inn(L/Lt1) of the group IA(L/L¢H)
and IOut(L/LTY) is a disjoint union of the cosets Inn(L/L°t1)0, 6 € ©.

Remark 13. Let G be the algebra L/L¢T! or W/w(W)*t! and let 6 be
an outer [A-automorphism of G. Then one can observe that 6 is Zo-graded, i.e.,
it maps the linear combinations of elements of odd, respectively even degree to
linear combinations of the same kind.
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