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Abstract. Practical stability of real states of nonlinear sliding mode con-

trol systems is related to asymptotic vanishing of the corresponding sliding

errors. Conditions are found such that, if the equivalent control achieves

exponential stability, then real states are practically stable. In special cases,

their exponential stability is obtained. A link between convergence of regu-

larization procedures and metric regularity is pointed out.

1. Introduction. We consider nonlinear sliding mode control systems
described by ordinary differential equations, operating on the unbounded time
horizon. A significant issue, particularly relevant for uncertain systems, deals with
asymptotic stabilization of the system by choosing a suitable sliding manifold. A
theoretically and practically important problem is to predict the asymptotic be-
havior of states of the system under any type of small imperfections preventing
ideal sliding, which guarantees asymptotic stability, as such imperfections disap-
pear. This problem has been considered in [14], [15] and [17]. Let us assume
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some form of asymptotic stability of the ideal states, namely those which fulfill
exactly the sliding condition. A reasonable and useful property we expect from
real states, namely those which approximately fulfill the sliding condition, is some
form of practical stability. In a different context, the related property of ultimate
boundedness, sometimes obtained by smoothing a stabilizing discontinuous con-
trol, has been proved e.g. in [1, 4, 12]. Moreover, it is shown in [17] that if the
equivalent control achieves exponential stability, then real states corresponding
to smooth control laws are practically stable provided the sliding error vanishes
uniformly. (In [11] ultimate boundedness criteria are obtained for sliding mode
uncertain systems.)

In this paper we assume in some results existence of the (appropriately de-
fined) equivalent control, see [2], and consider real states corresponding to control
laws in the pointwise sense, assuming their exponential stability. We observe that
practical stability is very intimately related to an elementary form of (rather weak)
convergence, we call asymptotic convergence, of the real states toward ideal states
and of the sliding error to zero. Moreover, for uniformly bounded real states, their
practical stability implies asymptotic vanishing of the sliding error. Conversely,
we show that asymptotic vanishing of the sliding error suffices to obtain practical
stability, under suitable assumptions, provided the dynamics are linear and time-
invariant. This improves the (few) known results on this topic, weakening the
assumptions of uniform convergence of the sliding error. For some control sys-
tems with affine dependence on the control variable, we show that real states are
exponentially stable as the ideal ones. Uniform convergence of the real states on
the whole unbounded time horizon is also obtained under suitable assumptions.

In Section 2 we collect the basic notions and properties of the control sys-
tems we consider. In Section 3, practical stability and asymptotic convergence
are related to each other. The main results are collected in Section 4, as follows.
For nonlinear control systems, practical stability is deduced from uniform vanish-
ing of the sliding error. In the linear time-invariant case, the same conclusion is
obtained from asymptotic vanishing of the sliding error. For some classes of affine
(in the control variable) systems, exponential stability of real states is proved.
Sufficient conditions for uniform convergence of the real states are obtained. An
example, showing the role of the boundedness assumptions we impose on real
states, is presented in Section 5. In Section 6 we show that, in the setting of
differential inclusions, the convergence toward the set of sliding states of the real
states is controlled by a fixed multiple of the sliding error via global metric regu-
larity of the sliding mapping, provided the mapping defining the sliding manifold
has maximum rank. The proofs are collected in Section 7.
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2. Problem statement. We consider sliding mode control systems on
the unbounded time horizon,

(2.1) ẋ = f(x, u), t ≥ 0,

with sliding manifold

(2.2) s(x) = 0,

state variable x ∈ RN , control variable u ∈ RP and s(x) ∈ RM . We fix a
constant c0 > 0 and assume that for every initial state x0 with s(x0) = 0 and
|x0| ≤ c0 there exists some (possibly discontinuous) feedback control law such
that a corresponding solution x of (2.1) exists on [0,+∞) (possibly in Filippov’s
sense, see [8]) and fulfill the sliding condition

(2.3) s[x(t)] = 0, t ≥ 0.

The reaching phase is not at issue here, and we assume that the sliding phase,
which is the relevant behavior here, occurs starting at time t = 0.

We shall employ the following assumptions (see below the precise state-
ments). First, there exists the equivalent control for the system (2.1), (2.2) as
defined in [2]. Second, we assume that the origin is an exponentially stable equi-
librium for the dynamics corresponding to the equivalent control (thus taking
into account the sliding condition). Third, we consider real states of the control
system, i.e. those which satisfy the sliding constraint (2.3) only approximately,
corresponding to mildly smooth control laws. More precisely we posit the follow-
ing assumptions A1, A2:

A1. The mappings

f : RN × RP → RN and s : RN → RM

are of class C1 and s(0) = 0.

A2. For every x ∈ RN and γ ∈ RM there exists a unique solution u =
u∗(x, γ) of

sx(x)f(x, u) = γ,

where sx denotes the Jacobian matrix of s, with u∗(x, 0) of class C1, and
f [0, u∗(0, 0)] = 0.

We call u∗ = u∗(x, 0) the equivalent control of the sliding mode control
system (2.1), (2.2). Any solution x = x(t), t ≥ 0 of (2.1) which does not necessarily
fulfill the sliding condition (2.3), such that the sliding error |s[x(t)]| is small (in
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a sense which will be made precise in the sequel) will be called a real state of
the sliding mode control system (2.1), (2.2). An ideal state of (2.1), (2.2) is any
solution x = x(t) of (2.1), t ≥ 0, which fulfills (exactly) the sliding condition (2.3).

The purpose of this paper is to find conditions on the vanishing of the
sliding error on [0,+∞) which are sufficient to guarantee some form of practical
stability of the real states, assuming that the ideal states (driven by the equivalent
control) fulfill exponential stability. The problem is intimately related to suitable
forms of convergence on the unbounded time horizon of the real states toward the
ideal one as the sliding error vanishes. For bounded time horizon, this problem has
been considered in sliding mode control theory under the names of regularization
procedure (see [14, 15]), or approximability property (see [2] and [3]). If conditions
hold such that some form of asymptotically stable behavior of the ideal states
imply practical stability of the real states as the sliding error vanishes, then the
regularization procedure can be considered as satisfactorily performed. In this
case, any nonideality leading to small violations of the sliding condition allows
some practically significant stability properties of the real states, as required in
applications. The last result of the paper shows that, if the Jacobian of the
mapping defining the sliding manifold has maximum rank, then metric regularity
is present, thus if the sliding error vanishes, then the distance to sliding goes to
zero bounded above by the sliding error.

3. Practical stability and asymptotic convergence. A form of
practical stability we shall consider is defined as follows. A set S of real states
of (2.1), (2.2) is practically stable (with respect to a given notion of vanishing of
the sliding error) if for every ε > 0 there exists T > 0 such that, for every z ∈ S
with sliding error sufficiently small, we have

|z(t)| ≤ ε if t ≥ T.

Thus practical stability here means that real states enter any given ball centered
at the origin at sufficiently large times provided the sliding errors are sufficiently
small (compare with the notion of ultimate boundedness with arbitrarily small
bound, see [16]). A related notion we shall consider is the following. A sequence
zn of real states of (2.1), (2.2) will be called asymptotically practically stable, APS
for short, if for every ε > 0 there exist T > 0, p > 0 such that

|zn(t)| ≤ ε if t ≥ T and n ≥ p.

If s[zn(t)] converges to 0 uniformly on [0,+∞), then (with respect to such form
of vanishing of the sliding error) practical stability implies APS.
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The above definition of APS is related to the following notion. Given a
sequence of functions

yn, y : [0,+∞) → RN

we write yn → y asymptotically if

yn(t) − y(t) → 0 as t → +∞, n → +∞;

i.e. for every ε > 0 there exist positive numbers T and p such that

|yn(t) − y(t)| ≤ ε if t ≥ T and n ≥ p.

Strictly speaking, asymptotic convergence is not a true convergence, since unique-
ness of the limit can fail. Consider e.g.

yn(t) = e−nt, y(t) =
A

1 + t
, t ≥ 0;

then yn → y asymptotically for every A ∈ R. Of course, if yn → y uniformly
on [0,+∞), then yn → y asymptotically. However uniform convergence on every
bounded interval (as required by the definition of approximability of sliding mode
control systems in [2]) does not imply asymptotic convergence, as it is shown by
yn(t) = [t/(t + 1)]n, t ≥ 0. The (obvious and) basic link between the two notions
is the following:

Proposition 3.1. The sequence yn → y asymptotically if and only if
yn − y is APS.

Connections between asymptotic convergence and stability properties are
also considered in the following results:

Proposition 3.2. A sequence zn of real states is APS if there exists an
ideal state y such that zn → y asymptotically and y(t) → 0 as t → +∞.

Remark. If zn(0) → x̄ as n → +∞, a reasonable choice of the ideal state
y in Proposition 3.2 is the one issued from (0, x̄) (compare with the definition of
approximability in [2]).

Moreover, asymptotic vanishing of the sliding error is a necessary condition
for APS, as follows.

Proposition 3.3. Suppose that s(0) = 0. If a sequence of real states of
(2.1), (2.2) is APS, then the corresponding sliding error vanishes asymptotically.

4. Convergence of real states and practical stability. A con-
sequence of the results in [17] is that uniform vanishing on [0,+∞) of the sliding
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error and exponential stability of the ideal states corresponding to the equiva-
lent control yield asymptotic convergence of the real states and their practical
stability. Following [17] we therefore consider the condition

A3. There exist positive constants M and c such that for every t̄ ≥ 0, x̄ ∈
RN with s(x̄) = 0, a (unique) solution y = y(t) of

ẋ = f [x, u∗(x, 0)], x(t̄) = x̄

exists on [0,+∞) and

|y(t)| ≤ Me−c(t−t̄)|x̄| if t ≥ t̄.

Every such y = y(t) will be called the ideal state issued from (t̄, x̄). The
following conditions deal with the class of control laws which correspond to real
states. Let us call smooth those control laws

u : [0,+∞) × RN → RP

of class C1, with locally Lipschitz continuous gradient, such that f [0, u(t, 0)] =
0, t ≥ 0. We fix the positive constants ∆0 and H and consider the set Σ =
Σ(∆0,H) of all smooth control laws such that the following property holds. For
any u ∈ Σ, t ≥ 0,∆ ≤ ∆0, x ∈ RN such that |s(x)| ≤ ∆, the unique solution
z = z(θ) of (2.1) with z(t) = x fulfill |s(z(θ)| ≤ ∆ and |z(θ)| ≤ H, θ ≥ 0. We
denote by S(∆0,H) the set of all (real) states corresponding to control laws in
Σ(∆0,H).

Theorem 4.1. Assume A1, A2, and A3. Then for every H > 0, x̄ ∈ RN

and every sequence zn of real states corresponding to smooth control laws such
that

s(x̄) = 0, |zn(t)| ≤ H for every n and t ≥ 0, zn(0) → x̄ as n → +∞,

s[zn(t)] → 0 uniformly on [0,+∞),

we have

zn → y asymptotically

for the ideal state y with y(0) = x̄, and zn is APS. Moreover S(∆0,H) is practi-
cally stable for every ∆0 > 0.

By Theorem 4.1, if the equivalent control provides exponential stability,
then those real states which correspond to control laws in any class Σ are prac-
tically stable provided the sliding error vanishes uniformly on [0,+∞). However,
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essentially weaker conditions suffice to obtain the same conclusions for particular
classes of sliding mode control systems. In the next two theorems we consider
real states which are absolutely continuous on every bounded interval of [0,+∞),
corresponding in the almost everywhere sense to the control laws. In the linear
time-invariant case, we show that asymptotic convergence to 0 of the sliding error
suffices. Thus we consider

(4.1) f(x, u) = Ax + Bu, s(x) = Cx

where A, B, C are constant matrices of the appropriate dimension.

Theorem 4.2. Suppose that A2, A3 and (4.1) hold. Let xn be any
sequence of real states such that

(4.2) Cxn → 0 asymptotically,

(4.3) xn(0) → y(0) as n → +∞,

with y an ideal state. Suppose that xn are uniformly bounded on every bounded
interval of [0,+∞). Then

xn → y asymptotically in [0,+∞)

and xn is APS.

Remark. The conclusion can be obtained in an obvious way provided
C is nonsingular, without assuming A2, A3.

The conclusion of Theorem 4.2 can be improved for nonlinear systems
(2.1), (2.2) with affine dependence on the control variable under special assump-
tions, as follows. Consider

(4.4) f(x, u) = A(x) + B(x)u,

and suppose that A2 holds. Then M = P and

(4.5) K(x) = {I − B(x)[sx(x)B(x)]−1sx(x)}A(x)

is well defined, where I denotes the N × N identity matrix. We shall need the
following strengthening of the uniqueness part of A3, namely

A4. For every x0 ∈ RN in some neighborhood of the sliding manifold (2.2)
there exists a (unique) solution on [0,+∞) of

(4.6) ẏ = A(y) + B(y)u∗(y, 0), y(0) = x0,

where u∗ is given by A2;
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so that ẏ = K(y), y(0) = x0,K given by (4.5). We obtain exponential stability
assuming uniform boundedness of the real trajectories, even if the sliding error is
not assumed to vanish asymptotically (however see Proposition 3.3).

Theorem 4.3. Let f be given by (4.4) and assume A2, A3, A4. Suppose
that A,B ∈ C2(RN ), s ∈ C3(RN ) and

(4.7) s(0) = 0, A(0) = 0, Ax(0) = 0.

Let S be any set of uniformly bounded real states, fulfilling (2.1) almost everywhere
in [0,+∞). Then S is exponentially stable.

The last result of this section deals with conditions assuring uniform con-
vergence on the whole [0,+∞) of the real states towards an ideal one, as required
in some problems, e.g. asymptotic tracking, where asymptotic convergence may
be considered too weak. We deal with sliding mode control systems, assuming
that the dynamics are time-dependent and of the form

(4.8) f = f(t, x, u) = A(t, x) + B(t, x)u.

We shall need the existence of the equivalent control u∗, namely (as in A2) the
following condition

A5. For every t ≥ 0, x ∈ RN and γ ∈ RM there exists a unique solution
u = u∗(t, x, γ) of class C1 of sx(x)f(t, x, u) = γ with f [t, 0, u∗(t, 0, 0)] = 0, t ≥ 0.

Moreover we require that the ideal states (corresponding to the equivalent
control) vanish asymptotically (not necessarily with exponential stability), namely

A6. For every sliding state of (2.1), (2.2), f as in (4.8), corresponding to
the equivalent control, we have y(t) → 0 as t → +∞.

We shall also employ the definition of approximability of the sliding mode
control system on every fixed bounded time interval as given in [2]. In the next
theorem we assume that the regularization procedure works on every bounded
interval. We obtain uniform convergence on [0,+∞) of the real states and their
APS by suitable assumptions of uniform boundedness and uniform integrability,
provided the ideal states vanish at infinity. With f given by (4.8) let us consider
(2.1) in the form ẋ = f(t, x, u).

Theorem 4.4. Let f be given by (4.8). For every sequence xn of real
states and for every ideal state y of (2.1), (2.2), such that xn(0) → y(0) as n →
+∞, we have for a subsequence that xn → y uniformly on [0,+∞) and xn are
APS, provided A5, A6 hold and the following conditions are met:
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• The states xn and the corresponding (in the almost everywhere sense)
control laws are uniformly bounded on [0,+∞).

• For every L > 0 there exists K > 0 such that

|B(t, x)[sx(x)B(t, x)]−1| ≤ K if t ≥ 0, |x| ≤ L.

• The system (2.1), (2.2) fulfills approximability on every bounded time
interval.

• For every L > 0 there exists ϕ, measurable on [0,+∞), such that
∫ +∞

0 ϕdt converges and

(4.9) |A(t, x)| + |B(t, x)| ≤ ϕ(t) if t ≥ 0, |x| ≤ L.

Remark. The whole sequence xn → y uniformly on [0,+∞) if y(0)
uniquely determines the ideal state y (as guaranteed by A4).

5. Example. Previous results guarantee practical stability assuming
existence in the large and uniform boundedness of the real states. The following
example, inspired by [13], shows that under conditions close to those required in
the previous results, uniform boundedness, even existence in the large, of the real
states we consider is not to be expected. Let the sliding mode control system be
defined by

ẋ1 = x2, ẋ2 = u, ẋ3 = −(1 + x2)x
3
3, s = x1 + x2.

The dynamics are as in (4.8), and the equivalent control u∗(t, x, γ) = −x2 + γ
fulfills condition A5. Every ideal state y is given by

y1(t) = −y2(0)e
−t, y2(t) = y2(0)e

−t, y2
3(t) =

y2
3(0)

1 + y2
3(0)[2t − 2y2(0)e−t + 2y2(0)]

.

Thus y3(t) is well defined on the whole [0,+∞) with y3(t) → 0 as t → +∞, as
required by A6, provided y2(0) ≥ −1. In this case

|yk(t)| ≤ |y2(0)|e
−t, k = 1, 2; |y3(t)| ≤ |y3(0)|, t ≥ 0

hence asymptotic stability of the ideal states. Now consider

u = −2nx2 − n2x1, n = 1, 2, 3, . . .

and the initial conditions x1(0) = 1, x2(0) = 0. Then we get the corresponding
sequence xn of real states with

x1,n(t) = e−nt + nte−nt, x2,n(t) = −n2te−nt
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so that, as n → +∞, s(xn) → 0 uniformly on every [t0,+∞), t0 > 0. Moreover if
x3,n(0) 6= 0 we have

(5.1) 2x2
3,n(t) =

1

t + nte−nt + e−nt − 1 + 1/[2x2
3,n(0)]

.

Fix any t0 ∈ (0, 1), let x3,n(0) be independent of n and let x2
3,n(0) > 1/[2(1− t0)],

then the denominator of (5.1) is negative at t0 for every n sufficiently large.
Hence the sequence xn is not uniformly bounded in [t0,+∞) (even worse, is not
well defined there).

6. Regularization and metric regularity. In this section we point
out a relation between the distance of real states from the set of the ideal ones and
the corresponding sliding error, by showing that metric regularity of the sliding
mapping is available under the maximum rank condition. We consider a more
general setting that before, as follows. We are given a multifunction

F : [0,+∞) × RN ⇒ RN ,

a mapping s ∈ C1(RN ) and a positive number H. We posit the following assump-
tions:

A7. The set F (t, x) is nonempty, compact and convex for every t, x;F (·, x)
is measurable for every x, and F (t, ·) is upper semicontinuous for every t; s is of
class C1 and N ≥ M .

A8. For every x0 ∈ RN such that |x0| ≤ H there exist locally absolutely
continuous solutions x to

(6.1) ẋ(t) ∈ F [t, x(t)] and s[x(t)] = 0, t ≥ 0, x(0) = x0.

The setting of the previous section is now generalized to control systems modeled
by the differential inclusion (6.1) with the viability constraint given by the sliding
condition (2.3). Explicit sufficient conditions for A8 are well known, see [5]. For
any fixed x0 ∈ RN with |x0| ≤ H we consider the following sets and mapping.

A = A(x0) is the set of all solutions x of

ẋ(t) ∈ F [t, x(t)], t ≥ 0, x(0) = x0;

Σ = Σ(x0) is the set of all solutions of (6.1);

G = G(x0) : A(x0) → C0([0,+∞), RM ) is defined by

G(x) = s[x(·)].
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Thus A is the set of all real states of the sliding mode control system (6.1), and
Σ the one of all ideal states. We consider A(x0),Σ(x0) as subsets of the Banach
space C0([0,+∞), RN ) equipped with the uniform norm. Given x̄ ∈ A(x0), the
mapping G = G(x0) is metrically regular at x̄, see [6], if there exists M > 0 such
that

(6.2) dist[x,G−1(y)] ≤ M dist[y,G(x)]

for every (x, y) sufficiently close to [x̄, G(x̄)]; here

dist(a,Q) = inf {‖a − q‖ : q ∈ Q}.

We obtain an estimate of the distance of any real state from the set of all sliding
states of (6.1) making use of the Lyusternik-Graves theorem and the compactness
of A(x0).

Theorem 6.1. Assume A7, A8 and suppose that

(6.3) sup{|w| : w ∈ F (t, x)} ≤ ϕ(t)(1 + |x|)

for a.e.t ≥ 0, every x and some ϕ ∈ L1([0,+∞));

(6.4) the Jacobian matrix of s is everywhere of (maximum) rank M.

Then there exists a constant D > 0 such that for every x0 with |x0| ≤ H and
every x ∈ A(x0) we have

(6.5) dist(x,Σ) ≤ D‖G(x)‖.

Thus the distance of any real state from the sliding, measured in the uni-
form norm over [0,+∞), is controlled by the sliding error. If a regularization
procedure (as mentioned in section 2) is employed, and any sequence xn of real
states fulfills G(xn) → 0 uniformly on [0,+∞), then some subsequence of xn con-
verges uniformly to some ideal state of the system, due to (6.5) and compactness
of Σ, with rate not slower than the uniform vanishing of the sliding error. If
the control system fulfills further uniqueness conditions, as the existence of the
equivalent control guaranteed by A2, then the original sequence xn converges to
the ideal state issued from x0 corresponding to the equivalent control: see [2, 3].
A quite similar result to (6.5) holds for systems on the bounded horizon [0, T ].

7. Proofs.

P r o o f o f P r o p o s i t i o n 3.2. We have

|zn(t)| ≤ |zn(t) − y(t)| + |y(t)|, t ≥ 0.
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By asymptotic convergence, given ε > 0 we have |zn(t) − y(t)| ≤ ε if n and
t are sufficiently large. Moreover |y(t)| ≤ ε if t is sufficiently large, hence the
conclusion. �

P r o o f o f P r o p o s i t i o n 3.3. By continuity of s at x = 0, for every
ε > 0 there exists δ > 0 such that |s(x)| ≤ ε if |x| ≤ δ. If xn is APS, then
|xn(t)| ≤ δ provided n and t are sufficiently large, hence |s[xn(t)]| ≤ ε for the
same n and t, whence the conclusion. �

P r o o f o f Th e o r em 4.1. By uniform convergence of s(zn) there exists
k > 0 such that zn ∈ S(∆0,H) for some ∆0 > 0 and every n ≥ k. By Theorem
3 of [17] and the remark following its statement, given ε > 0 there exist positive
constants ∆ ≤ ∆0 and T such that if z is a real state and

(7.1) |s[z(t)]| ≤ ∆, t ≥ 0

then |z(t)| ≤ ε, t ≥ T . By uniform convergence of s(zn) we have (7.1) for every
t ≥ 0 and z = zn with every sufficiently large n, whence APS of zn. Let y be the
ideal state issued from (0, x̄). Then by practical stability and A3 we have

|zn(t) − y(t)| ≤ |zn(t)| + |y(t)| ≤ 2ε

if n and t are sufficiently large, whence asymptotic convergence of zn. Practical
stability of S(∆0,H) comes again from Theorem 3 of [17]. �

P r o o f o f Th e o r em 4.2. By A2 we have M = P and CB is non
singular. By A3 the matrix

K = [I − B(CB)−1C]A,

I denoting the N × N identity matrix, is Hurwitz. Write

U = B(CB)−1C.

For every n and t ≥ 0, integrating by parts we find

xn(t) − y(t) = eKt[xn(0) − y(0)] + Uxn(t) − eKtUxn(0) +

∫ t

0
KeK(t−θ)Uxn(θ)dθ.

We analyze the behavior of each of the four terms in the previous equality, as far
as asymptotic convergence is concerned. By (4.3) and the Hurwitz property of
K, eKt[xn(0) − y(0)] → 0 asymptotically. The same is true for Uxn by (4.2), and
for eKtUxn(0) by (4.3). Now we show that the last term

(7.2)

∫ t

0
KeK(t−θ)Uxn(θ)dθ → 0 asymptotically.
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Given ε > 0, by (4.2) there exist T, p such that

|Cxn(t)| ≤ ε if t ≥ T and n ≥ p,

then

(7.3)

∣

∣

∣

∣

∫ t

T

KeK(t−θ)Uxn(θ)dθ

∣

∣

∣

∣

≤ (constant) ε

∫ t

0
|KeK(t−θ)|dθ ≤ (constant) ε

since
∫ t

0 |KeK(t−θ)|dθ is bounded in [0,+∞) because

|eK(t−θ)| ≤ (constant)e−α(t−θ), t ≥ θ ≥ 0

for some positive constant α, due to the Hurwitzian property of K. The proof
will be ended by showing that an estimate analogous to (7.3) is true for
∫ T

0 KeK(t−θ)Uxn(θ)dθ. By uniform boundedness of xn in [0, T ] there exists a
constant L > 0 such that

|xn(θ)| ≤ L if 0 ≤ θ ≤ T.

Moreover there exists a positive constant α such that

|eKt| ≤ (constant) e−αt, |e−Kθ| ≤ (constant ) eαθ

for every t, θ ≥ 0. Then
∣

∣

∣

∣

∫ T

0
KeK(t−θ)Uxn(θ)dθ

∣

∣

∣

∣

≤ (constant) Le−αteαT ≤ ε

if t is sufficiently large. So (7.2) holds and this completes the proof. �

P r o o f o f Th e o r em 4.3. Given x ∈ S, let s(t) = s[x(t)]. Then, by
A2, K given by (4.5) is well defined. Moreover for every x ∈ S and almost every
t ≥ 0 we have

ṡ = sx(x)(A(x) + B(x)u),

then

u = [sx(x)B(x)]−1[ṡ − sx(x)A(x)]

whence

ẋ = K(x) + B(x)[sx(x)B(x)]−1 ṡ.

We apply a slight extension of Theorem 2.2.2 of [10], by considering an arbitrarily
fixed ball of initial points. To this aim, given x0 in such a ball, let y = y(t, x0)
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denote the solution of (4.6) and consider the nonsingular matrix Φ = ∂y/∂x0 for
which, as well known,

Φ̇ = Kx[y(t, x0)]Φ,Φ(0) = I.

Due to the assumed smoothness of A, B and s, Kx is Lipschitz continuous on
bounded sets. By (4.7) we have Kx(0) = 0, hence if s(x0) = 0, by A3,

(7.4) |Kx[y(t, x0)]| ≤ M1|x0|e
−ct, c > 0, t ≥ 0,

for a suitable constant M1. Then by (7.4)

|Φ−1(t)| =

∣

∣

∣

∣

I −

∫ t

0
Φ−1(θ)Kx[y(θ, x0)]dθ

∣

∣

∣

∣

≤ C1 + C2

∫ t

0
|Φ−1(θ)|e−cθdθ

for suitable constants C1, C2. Therefore by Gronwall’s lemma

(7.5) |Φ−1(t)| ≤ C1e
C2

R
t

0
e−cθdθ ≤ C3, t ≥ 0

for a suitable constant C3. Write

R = B(sxB)−1sx(A + Bu).

Then by (7.5), if t ≥ 0 we have

|Φ−1(t)R[y(t)]| ≤

≤ C3|B[y(t)](sx[y(t)]B[y(t)])−1sx[y(t)][A[y(t)] + B[y(t)]u∗(y(t), 0)]| ≤

≤ C4|A[y(t)]| + C5|u
∗(y(t), 0)|

for suitable constants C4, C5, since |y(t)| is uniformly bounded by A3. Since A is
Lipschitz continuous on bounded sets, by (4.7)

|A[y(t)]| ≤ (constant) |y(t)|, t ≥ 0.

Due to A2 and u∗(0, 0) = 0 we have that u∗(·, 0) is Lipschitz continuous on
bounded sets, hence

|u∗(y(t), 0)| ≤ (constant) |y(t)|, t ≥ 0.

Thus

|Φ−1(t)R[y(t)]| ≤ (constant) |y(t)|, t ≥ 0.

Then remembering A3 we obtain (notations of [10, Theorem 2.2.2])

g(t, w) = (constant) we−ct, r(t, 0, u0) = u0e
(constant) (1−e−ct).
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Thus by (2.2.9) of [10] we get

|x(t)| ≤ M∗|x0|e
−ct, x ∈ S, t ≥ 0,

where M∗ is a suitable constant independent of x ∈ S, and this completes the
proof. �

P r o o f o f Th e o r em 4.4. We prove uniform convergence on [0,+∞).
Approximability on every bounded time interval implies that, as n → +∞, xn(t) →
y(t) uniformly on every [0, T ], T > 0, see [2]. Then uniform convergence on
[0,+∞) will be proved, taking into account Ascoli-Arzelà’s theorem for bounded
intervals, if the following holds: for every ε > 0 there exists T > 0 such that

(7.6) |xn(t′′) − xn(t′)| ≤ ε for every n and t′, t′′ > T

(see [7, Theorem IV.6.5, p. 266]). Write

sn = s(xn), An = A(·, xn), Bn = B(·, xn), Un = Bn(sx(xn)Bn)−1.

Then for every n

ṡn = sx(xn)(An + Bnun)

where xn corresponds to the control law un, so that

un = (sx(xn)Bn)−1(ṡn − sx(xn)An)

whence

ẋn = An + Un(ṡn − sx(xn)An).

Let now t′′ > t′ ≥ 0. Then for every n

(7.7) xn(t′′) − xn(t′) =

∫ t′′

t′
An(t)dt+

+

∫ t′′

t′
Un(t)ṡn(t)dt −

∫ t′′

t′
Un(t)sx(xn(t))An(t)dt.

Given ε > 0, by (4.9) and uniform boundedness of Un there exists T1 > 0 such
that, for every n,

∣

∣

∣

∣

∣

∫ t′′

t′
An(t)dt

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∫ t′′

t′
Un(t)sx(xn(t))An(t)dt

∣

∣

∣

∣

∣

≤

≤ (constant)

∫ t′′

t′
ϕ(t)dt ≤ (constant) ε
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provided t′, t′′ > T1. Moreover, by uniform boundedness of xn and the corre-
sponding control laws, we have again by (4.9)

|ṡn(t)| ≤ (constant) ϕ(t).

Hence there exists T2 > 0 such that
∣

∣

∣

∣

∣

∫ t′′

t′
Un(t)ṡn(t)dt

∣

∣

∣

∣

∣

≤ (constant) ε

provided t′, t′′ ≥ T2 and every n. Remembering (7.7), the above estimates imply
(7.6), hence uniform convergence of a subsequence of xn towards y. Since y(t) → 0
as t → +∞, this gives APS of xn as required. �

P r o o f o f Th e o r em 6.1. We fix any x0 with |x0| ≤ H and apply the
Lyusternik-Graves theorem, see [9, p. 504]. Since s = s(x) is smooth, we have
that the Gâteaux derivative of G is given by

G′(x̄)(y) =
∂s

∂x
[x̄(·)]y(·)

for every x̄, y; hence G is everywhere strictly differentiable and G′(x̄) is onto by
(6.4). By the Lyusternik-Graves theorem, for every x̄ ∈ Σ = G−1(0) there exist
D > 0 and ε > 0 such that

(7.8) dist(x,Σ) ≤ D‖G(x)‖

if x ∈ A = A(x0) and ‖x − x̄‖ < ε. By A7 and (6.3) the set of all solutions on
[0, T ] of

(7.9) ẋ(t) ∈ F [t, x(t)], 0 ≤ t ≤ T, x(0) = x0

is compact in C0([0, T ], RN ) for every T > 0, by [5, Corollary 7.3]. Moreover by
(6.3) Gronwall’s lemma implies that there exists K > 0 such that

|x(t)| ≤ K, t ≥ 0

for every solution x of (7.9). Then for any t > T we have

|x(t) − x(T )| ≤

∫ t

T

ϕ(s)[1 + |x(s)|]ds ≤ (1 + K)

∫ t

T

ϕ(s)ds

again by (6.3). We apply [7, Theorem IV.6.5, p. 266] and this implies compactness
of A = A(x0) in C0([0,+∞), RN ). By compactness and (7.8), there exists a finite
number of points x̄1, . . . , x̄p ∈ A and positive numbers ε1, . . . , εp such that (7.8)
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holds true if ‖x − x̄k‖ < εk, k = 1, . . . , p, and for some fixed D > 0, moreover A
is covered by the union of the balls of center x̄k and radius εk, k = 1, . . . , p. It
follows that (7.8) holds for every x ∈ A as required.
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