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ABSTRACT. This paper deals with variational inclusions of the form 0 €
K — f(x) — g(x) where f is a smooth function from a reflexive Banach
space X into a Banach space Y, ¢ is a function from X into Y admitting
divided differences and K is a nonempty closed convex cone in the space Y.
We show that the previous problem can be solved by a combination of two
methods: the Newton and the Secant methods. We show that the order of

1 5
the semilocal method obtained is equal to V5

Numerical results are
also given to illustrate the convergence at the end of the paper.

1. Introduction. The variational inclusions were introduced by Robin-
son [21, 22| as an abstract model for various problems encountered in different
fields such as engineering, economy, transport theory, etc.
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Several studies dealing with the variational inclusions of the form
(1) 0€ f(z)+ F(x).

have been carried out during the last decades where f : X — Y is a function,
F: X =2Y is a set-valued map and X, Y are Banach spaces.

In the smooth case (f is smooth), Dontchev [5, 6] gave an interesting con-
tribution to approximate a solution x* of (1). For this, he introduced a sequence
obtained from a partial linearization of the single-valued part. More precisely, he
associated to (1) the Newton-type sequence

(2)

To is a given starting point
0€ f(xx) + f'(xr)(@r1 — 2x) + F(r41)

and established the quadratic convergence when f’ (the Fréchet derivative of
f) is locally Lipchitz around the solution x* under a pseudo-Lipschitz property
for the set-valued map (f + F)*l. For more details on the Lipschitz property,
also called Aubin property or Lipschitz like property, the reader could refer to
[1,2,7,8, 15,16, 23, 24|. Following Dontchev’s works, we can find in the literature
various papers about the resolution of this type of variational inclusions in which
the authors use metric regularity.

It seems natural to study the mild differentiable case: we suppose that the
single-valued part of equation (1) can be written as a sum of a smooth function
with a mild differentiable perturbation and we study the following variational
inclusion

(3) 0€ fz)+g(x) + F(x)

where f : X — Y is a smooth function, g : X — Y is a function which admits
divided differences on a neighborhood ©Q C X of 2™ solution of (3) and F' : X = Y
is a set-valued map.

The authors in [9] associated to (3) the inclusion
@ { xg is agiven starting point
4
0 € f(ak) + glzr) + (f(@r) + [2r-1, 23 9]) (@41 — 2) + F(2h11)

where [zx_1, zk; g] is an operator called divided difference of g at the points x_1
and xy, see Definition 2.1. In the case where F'is the set {0}, the previous inclusion
is equivalent to the iterative method introduced by Catinas [3]|, who proves that
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1—i_\/g).In

2
[9] as in [5], the authors obtained existence and convergence results respectively

for (1) and (3) under some metric regularity condition and by using the fixed
point theorem given in [4] .

the order of convergence is the same as the method of chords <p =

Let us note that although metric regularity is a very interesting tool for
obtaining theoretical results (existence of sequences, rate of convergence, etc.)
in the field of variational inclusions, it becomes a concept which is sometimes
not easy to be verified in practice. In addition, the methods resulting from the
use of metric regularity assumptions generally only furnish local convergence of
sequences.

Our aim in this paper is to approximate a solution z* of (3), in the case
where F(r) = —K for all z € X, where K C Y is a nonempty closed convex cone.
For this, we introduce a new algorithm, we start with two points xg, x1; if % is
computed, the new iterate x4 is a solution of a minimization problem in which
appears the first order divided difference of g.

The method of approximation proposed has a semilocal convergence and
the generated sequence converges to some x* which is solution of (3). In addition,

1+5

2
some classical conditions. We note that the metric regularity concept is not used

here.

under

we show that the order of convergence of this algorithm is p =

Let us underline that in [17], the inclusion (3) has been solved in the same
spirit. Nevertheless, the mapping g was Lipschitz and was not supposed to possess
divided differences, besides the author obtained a linear convergence through a
Zincensko’s type method.

In the next section, we recall some preliminaries on different concepts
as divided differences, normed convex processes and majorizing sequences. In
Section 3, we introduce and describe the new algorithm for solving (3). Section 4
is devoted to our main theorem and its proof. Finally, in Section 5 we give some
numerical results and make a comparison with the method introduced in [17]. We
denote by IB,(x) the closed ball centered at x with radius r.

2. Preliminaries. In this section, we collect some results that we will
need to introduce our algorithm and to prove our main result.

2.1. Divided differences.
Definition 2.1. Let X and Y be two Banach spaces. A linear operator
acting from X into Y is called a first order divided difference of the operator
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g: X — Y on the points xqg, yo, denoted by [xo,yo;g|, if the following property
holds:

(%0, Y03 9(yo — 0) = 9(v0) — 9(x0), for xo # Yo
In addition, if g is Fréchet differentiable at xo € X then [xg,z0;9] = ¢ (x0).

Definition 2.2. Let X and Y be two Banach spaces. A linear operator
acting from X into L(X,Y) is called a second order divided difference of the
operator g : X — Y on the points xg, yo and zy denoted by [xo, Yo, 20; 9], if the
following property holds:

(20, Y0, 20; 9](20 — T0) = [Yo0, 205 9] — [T0, Y05 9], for o, yo, 20, distinct.

In addition, if g is twice Fréchet differentiable at zo € X then [xg,xo,x0;9] =

1 1
59 (o).

These operators have been used in various works, for instance in [3, 10].

2.2. Normed convex processes.
Definition 2.3. A mapping T from the real linear space X to the real
linear space Y is a convex process if it satisfies

a) T(x)+T(z) CT(x+z2) forallz,z € X
b) T(Ax) = AT'(x) for every A > 0 and every x € X
c) 0€T(0).

In fact, a convex process from X to Y is a mapping defined on X into
subsets of Y, whose graph is a convex cone in X x Y containing the origin. If the
graph is closed, then we refer to a closed convex process.

The idea of convex processes has been introduced by Rockafellar |25, 26]
and this concept has been clearly formalized and studied by Robinson [19]|. Lewis
[13, 14] shows that the concept of convex processes is an interesting tool to study
ill-conditioned linear systems and inclusions. The following definitions and results
come from Robinson’s paper. For a convex process T, we define respectively the
domain, the range and the inverse by: dom T is the set of points x for which
T(x) # 0, rangeT is U{T(w),m € domT?} and the inverse, noted T7!, is a

mapping from range T onto dom T with T~ !(y) = {z | y € T'(x)}.

Note that dom 7" and rangeT" are both convex cones containing 0 and the
inverse which always exists, is itself a convex process. Finally, if X and Y are
normed spaces, we can define the norm of T" by
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1T} := sup{inf{{ly[l | y € T(x)} | [l2]| <1, 2 € dom T}

and we shall call that a convex process is normed if its norm is finite.
Now we are going to give a theorem which is useful for the proof of our
main theorem.

Theorem 2.1 (|19, Theorem 5|). Let X be a Banach space and Y a
normed linear space. Let T and A be convex processes from X into Y. Assume
that T, T~' and A are normed and that |T7Y|.||A|| < 1. Suppose further that
dom7T C dom A, A(domT) C range T, dom T is closed and (T — A)(x) is closed
for each x € domT. Then the conver process T — A has the following properties:

e rangeT C range(T — A),

o (T — A)r_atgeT is a mnormed convexr process and ||(T — A)r;lgeTH <

I
(= IT-TTAT)

Let us quote that if A is just a linear transformation from X into Y, then
it is a convex process and the conclusion of the theorem is again valid.

2.3. Majorizing sequences. The following definitions, properties and
examples come from Rheinboldt’s paper [18]. In fact, the so-called concept of
majorizing sequences has been introduced by Kantorovich in [11] in which appears
a new proof of semilocal convergence of Newton’s method (for nonlinear equations)
based on this concept.

Definition 2.4. Let (xy) be a sequence in the metric space (X, p). Then
a real nonnegative sequence (t,) is said to majorize (xy) if

p(l'kJrl,.Tk) Stk+1_tk7 k:0717

It is easy to observe that any majorizing sequence (ty) of (xy) is necessarily
nondecreasing and for m > k > 0,

m—1 m—1
P(Zrm, T Z p(xjq1,x5) Z 1 —tj) =ty — tg.
Jj=k Jj=k

Hence, if lim ¢, = t* < 400 exists then (xy) is a Cauchy sequence in X;
therefore, if X is complete, limx, = z* also exists and for m — +o0, the error
estimate is immediate and p(a*, z) < t* —t for k =0,1,....
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For the majorizing principle to be useful, some estimations are necessary
to obtain a majorizing sequence (tx) for a given sequence (xy). Thus, this principle
requires appropriate assumptions, either about the generating mechanism of the
sequence (xy) or at least about the relation between the successive iterates of the
sequence (z). For more results and specific studies, the reader could refer to
Rheinboldt’s paper [18§].

3. Description of the algorithm. In the rest of the paper we assume
that X is a reflexive Banach space.

Let us consider a subset Xy C X. For any fixed v and w € X, we define
a set-valued mapping T'(v,w) from X to Y by

T(v,w)x := (f'(w) + [v,w; g])r — K, r e X.

From the definition, it is easy to see that T'(v,w) is a normed convex
process from X to Y. Its inverse, defined for any y € Y by

T (v,w)y = {z € X | (f'(w) + [v,wg])z €y + K},

is also a normed convex process.

Given two starting points 29 and z1 in Xg such that 771 (zg, z1)[— f(21) —
g(x1)] # 0, we obtain xy—x1 as a projection of the origin in X on T~ (g, 1)[— f(x1)—
g(x1)]. Then we repeat the procedure by using z1 and x9 as starting points. At
the k" step, we have zp_1, x; and we define xx11 — 2 as a projection of the
origin in X on T~ (ap_1, zx)[—f(z) — g(z)].

It is easy to see that an equivalent way to write the algorithm is, if x is
already computed, the point xx11 appears to be any solution of the minimization
problem

(5) minimize{||x — x|/ f(zx) + g(zx) + (f'(x) + [2p—1, 2k; 9]) (x — 2%) € K}.
Algorlthm Newton-Secant-cone (f, g, K, xg, x1,€)
1. If T~ g, 1)[— f(z1) — g(z1)] = 0, stop.

2. Do while e > ¢
(a) Choose z as a solution of the problem

minimize{||x — z1|/f(x1) + g(z1) + (f'(z1) + [0, 71;9])(x — 21) € K}.

(b) Evaluate e := ||z — x1||; zo := z1; 1 := x.
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3. Return z.

Remark 1. If K = {0}, the procedure is exactly the same given in [3].

Remark 2. If g(z) = 0 for all # € X, the procedure is exactly the
Newton-type given in [20] and in this case one obtains quadratic convergence.

Remark 3. If instead of the cone K, we consider any set-valued mapping
depending on x, we can observe that the inclusion given by the constraints in
(5) is exactly the method introduced by Geoffroy and Piétrus in [9]. In this last
case the numerical treatment is not easy and moreover one obtains only a local
convergence result under a metric regularity assumption which depends strongly
on the solution.

Remark 4. The continuity of the linear operator f’(xj) (the Fréchet
derivative) and the fact that K is closed and convex, imply that the feasible set
of (5) is a closed convex set for all k& € IN*. Then the existence of a feasible point
Z implies that any solution of (5) must lie in the intersection of the feasible set of
(5) with the closed ball of center zj and radius ||Z — x||. Since X is reflexive and
the function ||z — x| is weakly lower semicontinuous, a solution of (5) exists (see
[12]). Then it is clear that if (5) is feasible then it is solvable and its convexity
implies that any local solution will be global.

4. Convergence analysis of the algorithm. For the convergence
analysis of our algorithm, we need to prove the following proposition.
Proposition 4.1. Consider the sequence (t,) defined by
Z) t():O, t = Q, tQZIB.
. L 2
Zl) tn+1 —t, = M E(tn — tnfl) + 2K(tn — tnfl)(tn — tn,Q)

where o, B, M, L and K are positive constants.
If the conditions

i) a <M, B < 2a,

L
iv) ¢ = M? <§+2K> <1
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are fulfilled, then the sequence (t,) is such that all its terms belong to IBg(t1)
M &
where s = — Zq“’, (uy) is the Fibonacci’s sequence defined by ug = up = 1 and
q
=1

w1 = u + w1 with I > 1. Moreover, the sequence (tx) is convergent and one
has the following error estimate

o < M P’;
= p"(p—1) q
qg\l—q v
1 )
where t* = limt, and p = +2\/_.

Proof. The idea of the proof comes from [3], it consists to show first by
induction (for any n > 2) that

(6) t, € IBs(tl),
(7) tn - tn—l S tn—l - tn—27
(8) tn — tn_1 < q"»—17L1DM.

It is clear that (6), (7) and (8) hold for n = 2.
For k > 2, let us suppose that (6), (7), (8) has been checked for 2 < n < k.
Using the assumption (7) of the induction, one has

L
thr1 —tk <M (E + 2K) (tg — tp—1)(tp—1 — tr—2).
Thanks to assumption (8), one obtains

L
s =t < M (5 + 2K )" Mty — th)

which implies
b1 — b < @2 (b — tp—1) <k — tp—a
and proves (7) for n =k + 1.

We also have

the1 —te < @2ty — ty_1) < ¢Uk2qU 1T IM = ¢TI M
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and proves (8) for n =k + 1.
Moreover, one has

thy1 —t1=ta—t1 +l3 —to+ -+t —tp—1 + k41 — Tk

and using (8), one obtains

M
thp1 —t1 < —(¢" + ¢+ + ¢+ q") < s
q
which corresponds to (6).
Now, let us show that (¢;) is a Cauchy sequence.
For any k > 1, m > 1, one has

M
tk:—l—m _ tk S _ (q“k + q“k+1 4+ quk+m72 + quk+m71) .
q

!
It is well-know that u; > P for I > 1 and this implies

V5

p

M 2
tk+m_tk§_qﬁ<1+q vio+q V5 Ao q V5 +q S
q

pk:+1 k k+2_ Kk pk+m—27 k pk+m—17pk )

Using the fact that pF — p¥ = p¥ (p® — 1) and Bernoulli’s inequality, one
obtains

M * -1 pP2(p—1) pF(m=2)(p-1) pF(m-1)(p-1)
tepm — e < — 1+g¢q

q\/g V5 +q V5 +---4q V5 +q V5
q

pF PP p—1)m
Mqvs [1—q 5

pk(p—1)
qg|l1—q V&

The last inequality gives the convergence of (t,) and we set t* = lim¢t,,.
The error estimate is obtained with m — co. O

<

We now give the main result of our paper.

Theorem 4.1. Let X, Xo, Y, f, g and T be as previously defined.

Suppose that there exist points xo,x1 € Xo, such that T'(xg,x1) carries X
onto Y and there are real positive numbers B, L, K, My and o satisfying the
following properties:
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(a) 1T~ (zo,21)|| < B,

(b) For each x,y € Xy, we have
1" (z) = ')l < Lllz - yll,

(c) g is continous on Xy and admits divided differences of first and second order
on Xy,

(e) ||lx1 —xo|| < a < and ||xze — z1|| < B — «, where zo is obtained from

1— BM,;
xo and x1 by the algorithm (such a point exists by Remark 4 in the previous
section),

(f) For any distinct points x, y and z in Xo, ||[z,y, z; ]| < K, ||f'(y)+[z,y; 9] —

B? L
! — ; <M dg= ———= | = +2K 1.
) = oo anigll| < My and = = (5 +28) <
There exists t* such that if By (x0) C Xo, then the algorithm (5) generates at least
a sequence (xy) such that for all k > 0, xp remains in By (x9) and converges to
some x* such that f(z*) 4+ g(x*) € K. Moreover, one has the following error

estimate
M

PP -1

q(l—q V5 )

S

2" = @] < q

1+
2

IS

where p =

Proof. Let us observe that if for any k € IV, we set
A = f(@rg1) + 9(@pia) — f(@7) — g(2") = [f (@r42) — f(ar)
—(f(r) + [wp—1, 215 9) (Wr+1 — 2) + g(@p11) — g(p)]
the following inclusion holds
A € K — f(z*) — g(z*) and by continuity (Ag) — 0.

Since K — f(x*) — g(x™) is closed, we obtain f(z*)+ g(z*) € K and then
2" solves our problem.
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If we can prove the existence of a convergent sequence (t;) which majorizes
(xg), then (z1) becomes a Cauchy sequence and converges to some z* € Xj.

We follow the rest of the proof by induction showing that the sequence
(x) satisfies (5), remains in some ball By« () and there exists a nondecreasing
sequence (tx) satisfying

(9) k1 — ol <tppr —tp, Ve €IV

Assumption (e) gives the existence of a point x2 which solves (5) for k£ = 1.
Moreover by setting to = 3, t; = « and ty = 0, we obtain ||z1 —zg|| < a = t1 —to,
|ze — z1]| < B — o = to — t; that means that our result is checked for £ = 0 and
k=1.

Let us suppose now that we have obtained x1, ...,z from the algorithm
given by (5) and tg,t1,...,t; such that

Hx]‘ —acj_lH Stj—tj_l, Vj:?),...k.
Thus, this implies that the points xg, z1, ...,z belong to the set By (xp).

We also have T'(zj_1,2z;)z = (f'(x;) + [xj_1,2j; g])x — K which could be
rewritten

T(xj1,5)r = (f'(z1)+zo, 213 9w —K+(f (25) = f'(w1) +[2j-1, 253 ] = [wo, 215 g]) -
This implies that T'(z;_1,x;)z = (T (zo, 1) — Aj)x with
Aj(@) = =(f'(x;) — f'(21) + [wj-1, 255 9] — [w0, 215 9]).
According to assumptions (a), (d) and (f), one has
1T~ (o, 1) 14 < 1.

In this case, the application of Theorem 2.1 allows us to obtain that
T(zj-1,7;) carries X onto Y, T~ *(x;_1, ;) is normed and

T (20, 21)|] ._ B
L= [T~ (2o, 21|11 A;]] = 1 —BMy’

HT_l(xj_l,.I'j)H < Vj = 2,...,k.
The fact that T'(x;_1, ;) carries X onto Y implies that (5) is feasible and
hence solvable for j = k and we obtain the existence of x41 which solves (5).
Now let us consider the problem which consists to find a point x which is
a solution of the problem
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fxr) + g(@e) + (F (zk) + [2r-1, 285 9)) (& — 21) € flwp-1) + (f (6-1)

(10)
+ [Tr—2, Th—1;9])(Tx — 2R—1) + g(7R—1) + K.

We can observe that since xy solves (5) then the right-hand side of (10)
is contained in the cone K and we can conclude that any x satisfying (10) is
necessarily feasible for (5).

Rewriting (10), one can obtain z as the solution of the following inclusion

2 —ap € T (o, an) (= flon) = glan) + £ @) + glor)

+(f (xh—1) + [@h—2, Th—1; g]) (@) — xkfl))-

(11)

Since the right-hand of (11) contains an element of least norm, we can
find some 7 satisfying (11) (and also (10)) which satisfies:

1Z — @l < 1T (@1, 2] (H — f(@r) + f(@p—1) + f/(zp1)(zr — 1)
+lg(zx) — g(xk—1) — [Th—2, Th—1; 9] (@K — xkfl)H)-

By definition, one has

lg(xr) — g(xh—1) — [Th—2, Th—1; 9] (% — T—1) |

= [[[Tr—2, Th—1, 2 9] (Th — Tp—2) (@K — TR—1)||-

Using the theorem’s assumptions and setting M = , we have

B
1— BM;
. L 2
12 = 2pll < M { Sllaw = 2p-1 " + Kllow — p-2lllar — zp-ll ) -
Thanks to (9), we obtain
~ L 2
|12 =kl < M { 5t = te—1)” + Kty — to—1)(tr — ti—2) ) -

The right-hand side of the last inequality invites us to consider the se-
quence defined by

L
tpy1 —tek =M (5(7% — th—1)” + K (tk — to—1) (te — tk—2)) :



Newton-secant method for functions with values in a cone 283

with tg =0, t1 = a and t9 = (.
We can apply the Proposition 4.1 with the theorem’s assumptions, we
conclude that the sequence (tj) is strictly increasing and converges to a number ¢*.
With the help of this sequence we obtain

lzrr1 — zell < |7 — 2|l < g1 — g

In other words the sequence (xj) is majorized by the sequence (t) and
this completes the proof. O

5. Numerical results. In this part, we consider one example in finite
dimension where X is taken to be IR?, Y = IR* and K = IR?> x {0}. The numerical
experiments were conducted in MAPLE Sofware with a processor “Intel® core i7"

Example. Let us consider the system:

2+ ad— |z — 05/ -1<0

(12) 2+ (9 —1)% — |21 — 0.5 =1 <0,
(x1 —1)? 4+ (22— 1)>=1=0

1

1
We can remark that the point z* = (5, 1- 5\/§> is one of the solution

of the system.
For a better understanding, we specify that the method introduced in [17]
consists in replacing (5)

(13) minimize {||z — x|/ f(zx) + g(2x) + f'(zx)(x — 2x) € K}.
The system (12) has been treated by the method introduced in [17], taking:
f(@) = (23 + 23— 1,27 + (22— 1) = 1, (31 — 1) + (22 — 1)* = 1),
g(z) == (—=|z1 — 0.5, |z — 0.5/,0),

and zg = (0.55,0.1) for the guess point.
The results are in Table 1 where M), is the value of the minimization
problem at the step k.
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Table 1. Solutions of (12) starting from
xo = (0.55,0.1) and using [17]

step k | |lzr — 2" 0o M;,
0 5x 1072
1 2.5%x 1072 1073
4 3.12x 1073 | 1.3x107°
7 1.95x 107 | 5.08 x 1078
10 488 x107° | 3.18 x 107?
13 6.1x107% | 4.97x 1071
16 153 x 1076 | 3.1x 10712
17 7.63%x 1077 | 7.76 x 10713
21 477 %1078 | 3.03x 1071

If now we use the algorithm introduced in the present paper, considering
for the first order [z,y; g, the matrix whose components are

9i(y1,y2) — gi(l‘lay2)7 Vi=123
Yy1 — 1

[.’E, Y; g]i,l =

91‘(9017312) - 91‘(361,902)7 Vi=1,2,3.
Y2 — X2

By starting with o = (0.55,0.1) and z; = (0.5,0.12), we find

[.’E, Y; g]i,Q =

Table 2. Solutions of (12) starting from
xo = (0.55,0.1), 1 = (0.5,0.12) and using (5)

step k | ||z — 2™ 0o M,
0 5x 1072
1 2x 1073 3.5 %1073
4 710x 1077 | 1.23x 1078
7 6.11 x 1072* | 1.05 x 10723
10 2.12x 1073* | 1.00 x 107°°

By comparing both tables, we indeed notice that the method proposed in
this paper is faster than the one introduced in [17].

Acknowledgement. We would like to thank the referees for valuable
suggestions and comments that enabled us to improve the presentation of this

paper.
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