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ABSTRACT. We consider algebraic bundles over a two-dimensional compact
oriented connected manifold. In 1961 J. Fell, J. Tomiyama, M. Takesaki
showed that every n-homogeneous C*-algebra is isomorphic to the algebra
of all continuous sections for the appropriate algebraic bundle. By using this
realization we prove in the work that every 2-homogeneous C*-algebra over
two-dimensional compact oriented connected manifold can be generated by
three idempotents. Such algebra can not be generated by two idempotents.

1. Introduction. Banach algebras generated by idempotents are natu-
rally appear in the theory of singular integral operators. Remind that an element
a from the algebra A is called idempotent if a> = a. The theory of Banach alge-
bras generated by two idempotents has applications to the symbol calculus for the
algebra of singular integral operators over a simple contour [2]. Such algebras can
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have irreducible representations of order 1 or 2. The structure of Banach algebras
generated by N idempotents with some concrete relations between generators was
described in the work [2]. Such relations between generators are naturally ap-
pear in the theory of singular integral operators. In the work [10] it was proved
that every n-homogeneous C*-algebra over sphere S? can be generated by three
idempotents. Moreover, such algebra can not be generated by two idempotents.
The set of n-homogeneous C*-algebras over an oriented two-dimensional com-
pact connected manifold was described in the work [8]. In the work we find the
minimal number of idempotent generators for such algebras.

Denote by A a n-homogeneous C*-algebra. Suppose Prim(A) is the space
of primitive ideals for the algebra A in the hull-kernel topology. In this paper
we consider such algebra A that the space Prim(A) is homeomorphic to a two-
dimensional compact oriented manifold.

Proposition 1.1 ([5]). Every compact connected oriented manifold is
homeomorphic to the sphere P with k handles.

Suppose A is a n-homogeneous C*-algebra over the set Py. It means that
the set of primitive ideals for the algebra A is homeomorphic to the set P in
the topology. Let the space Py is the sphere S$? with k handles such that all
handles are attached to the upper half of S?. We will impose conditions on the
handles below. Let D be a lower half of the sphere P,. In this case, the set
D is homeomorphic to the open unit disk. The next statements have place for
such selection of P, and D. Denote by P;\D the set P, without D. For every
n-homogeneous C*-algebra there exists an algebraic bundle (4 = (E, B, p) such
that the algebra A is isomorphic to the algebra I'(E) of all continuous sections
for the bundle [3].

Proposition 1.2 ([8]). The restriction of the bundle (4 to the set Pi\D
is trivial.

Consider the cartesian coordinate system Oxyh in R3. We denote by h
the point applicate. Further, let P, be the sphere S? with k-handles attached.
Suppose all k handles are attached to the upper half of S2. Let the handles be
so small that the projection of Py to the (x,y) plane is the unit disc and the
projection of the set Py to the axe Oh is the [-1,1] interval. As above, let D be
the lower half of S?. Let z = x + iy be the complex point on the plane Oxy. For
all points from P} the projection to the plane Ozy has the next property: |z| < 1.
Denote by By the algebra of continuous matrix-functions from P\D to C"*"
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with additional condition on the boundary: a(z) = V"(2)-a(1)-V(2),a(z) € By,

2™ 0 . 0
V(z) = 1 . 0
0 O 1

Proposition 1.3 ([8]). The algebra A is isomorphic to the one of the
algebras By for some matriz-function V(z).

2. Some results on the structure of C*-algebras By . Let
C(Py) be the algebra of all continuous functions on Pg. The set of all functions
a(z) € C(P,\D) such that a(z) = 2™ -a(1) for all z € S* = §D has the structure
of a module. Denote by B,, the module. The integer m belongs to the next
range: —n +1 < m < n — 1. Suppose F;; is the matrix n x n that has 1 on ij
place. All other elements for the matrix are equal to zero.

Lemma 2.1. The algebra By can be considered as the module over its
center. The center of By is isomorphic to the algebra C(Py). Since the algebra
By is the module over C(Py), we obtain

By = EnC(Py) P EreBu @+ P ErnBm € EaB-m @ EaC(Py).

2<s<n 2<s,t<n

Proof. Suppose g is an element of the algebra By. Note that g €
C(P,\D,C™™). The element g(z,y,h) is the matrix-function. For h = 0 we
obtain |z| = 1 and

20 ...0 911(1) glg(l) gln(l) Z"0...0
g9(z) = oo 0| | ga(1) go2(1) -ov gon(1) | | O 1 ...0
00..1) \gu® ga®) . g/ \0 0.1
g (1) - [2*™ gra(1) - 2™ ... gin(1) - 2™
Thus we have g(z) = go1(1) - 2™ g22(1) gon(1)
gnl(l) .‘ Em ...... g n2(1) ..... ..... gnn(l) ..

Since z € St it follows that |z| = 1. Thus we have g11(2) = g11(1). There-
fore the function g1; can be considered as the function on the set Py. Similarly,
the functions g;;(2 < i,j < n) can be considered as the functions from C(FPy).
The functions g1;(x,y, h)(2 < j < n) generate the module By,. In the same way,
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the functions g;1(x,y,h)(2 < i < n) generate the module B_,,. This concludes
the proof. O

Lemma 2.2. Let fi,..., f be functions from B,,(—(n—1) <m <n-—1).
Suppose for any point xy € Pp\D there is a integer i such that 1 < i <'t
fi(xg) #0. In this case, By, = f1-C(Px) + -+ ft - C(Pg).

Proof. Select a point zg from P,\D. Let U, be an open ball with
center xo and radius 7(zg). Denote by 2U,, the open ball with center zy and

radius 2r(zg). Suppose r(xo) is so small that fi(z) # 0,z € 2U,, m(Pk\D) for
some function f;. Suppose zg is a point from dD = S'. In this case, fi(z) =
2™ . f;(1) # 0. For any point zg € S! let U,, be an open set containing the
set S1. In this case, Uz = U U,. Since P;\D is compact, we have a finite

and

zeS1t
subcover Uy, ..., Us for the set P,\D. Let hy,...,hs be a partition of unity for
the cover Uy,...,Us. In this case, any function f € B,, has the next form:

f = fhi+ ---+ fhs. Further, for any positive integer i € 1,¢, there exists a
integer n(7) such that f,; (z) # 0,z € (2U; ﬂ(Pk\D)), by construction of the

is bounded. In

set U;. Since the set U; is the compact, then the function 7
n(i)

1
addition, there is a continuous function —— on the compact Py, by the Titze-

jzl(i)

is the continuous extension for

Brower-Uryson lemma. Here the function —
n(i)
the function

to the compact P,. This implies that

In()
1
F= ot fuy ot b gy o
n(1) n(s)
1
The functions f - h; - [N belong to the class C(Py). This completes the
n(z)

first part of the proof.

On the other hand, the module f; - C(FPy) is a subset of B,,, by definition
of the module B,,. Thus f; - C(Px) + -+ f; - C(Py) C B,,. This completes the
proof. O

Lemma 2.3. Suppose f is a function from C(P;\D) such that f(z) =
fQ) for any z € 0D. In this case, there are f; € By,,9; € B_,, such that
= hg1+ fage.
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Proof. The algebra of continuous functions C(P;\D) such that f(z) =
f(1) for any z € 6D is isomorphic to the algebra C'(Py). Suppose z is a point
of intersection P,\D and the axe Oh. Let Uy,U; be an open covering for the
set P, such that z1 € U; and 5DﬂU1 = (). Suppose U, does not contain the
point z1. Let hy,hy be the partition of unity for the open covering by U; and

Us. Denote by f» and go the functions fo = \/fhs - ﬁ,gg — /fha - ﬁ In
z z
this case, v/ fhe denotes the same complex number for two-valued function /w

in both cases. Since the function — > 0 on the closed set Us, then the functions

2]

1
fo and go are well defined. The function ﬂ is bounded on the top and bottom
z

on the set Us. Denote by f; the function /fhy, let g1 = \/fhi. Here \/fhi
denotes the same value for the two-valued function. Since v/ fhi(z) = 0 for all
ze St = 6D, we have f; € By, and g1 € B_,.

Thus f = fh1+ fho = vfhl’\/fh1+\/fh2'é|'vfh2'% = f191+ f2g0.

This concludes the proof. O

3. 2-homogeneous C*-algebras over two-dimensional mani-
folds. Our main result is the following

Theorem 3.1. Denote by A a 2-homogeneous C*-algebra over the com-
pact two-dimensional oriented connected manifold Pi.. In this case, the algebra A
can be generated by three idempotents.

Proof. Let A; be the 2-homogeneous C*-algebra By, V(z) = ( g (1) )

hi
0 0
hi(x,y,h) = h. In this case, the matrix-function @) is idempotent. Indeed,
Q% = @1, by direct calculation. Similarly, denote by @2 the matrix-function
( hll 8 ) and let Q3 be Tl\f\Q (% ‘J;f‘Q ) Suppose f(z,y,h) = x + iy
and f(x,y,h) = x — iy. Tt is not hard to prove that Q3 = Q2 and Q3 = Q3, by
direct calculation. This implies that Qo and ()3 are idempotents. Note that the
idempotents Q1, Q2, Q3 belong to the algebra A1, by definition of the algebra A;.

Suppose B is the smallest Banach algebra containing the idempotents @1, @2, Q3.

o . 1+h3 0 .
Multiplying @)1 by Q2, we obtain Q1 - Q2 = 0 0 € Ajq. Since

Suppose @1 is a matrix-function < ) Denote by hj the next function:
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the function 1+ h? separates the points of the set [0,1] and 1+ h% # 0 on the set,
it follows that the function generates the algebra of all continuous functions C'(h).
In other words, for for all hy € C(h) there is a sequence of polynomials M,, (1+h?)

such that lim M, (14+h?) = hy. This means that lim M, (Q;-Qz) = ha 03
n—00 n—00 0 O

Therefore the algebra of matrix-functions ( C(()h) 8 ) is a subset of the algebra

2
B. This implies that the matrix-function ( + 1] 8 > belongs to the algebra
. 1+ ]f)? 0 1 (0 f
B. In addition, < 0 0 = 00 € B. Also,
L+ [f]* 0 1 o (00
@s < 0 0 00 7o)

OIl the other hand, Q2 E11 < 8 > c Band Ql_Ell _ < 0 h > c

0

h 0 0

2
BFurther,(Sé)-(%B) (‘{)‘ 8)63.

0 h 0 0\ [ hf O 0 f
Furthermore,<0 0)<? 0>—< 0 O)EBand<0 0>
( 2 8 ) = < hof 8 > € B. Let Dy, be the complex plane with applicate hg
over the plane h = 0. Notice that the functions hf, hf separate the points of

P m Dy,,. By construction, the function h separates the points of Py, with differ-

ent height over the plane Ozy. Gluing together the circle S' = D, we obtain the
set Py . Since the set P; is homeomorphic to Py, we obtain that C'(Py) = C(Fy).
Finally, the functions hf,hf,h and 1 generate the algebra C(P}), by Stone-
Weierstrass theorem. Since the functions f and h are not equal zero together

on P\ D, we obtain that the matrix-functions ( 8 é ) and ( 8 g ) generate

0

the module ( 0

%1 > over the algebra < C((])Dk) 8 ), by lemma 2.2.

On the other hand, the matrix-functions 00 and 00 gen-
f o h 0
C(Fr)

00 ) over the algebra ( 0 8 )

erate the module < B 0
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)

)

Furthermore, the elements from the modules < 8 B;)l ) and <

[an}

B
(

0 0 . C(P,) 0
generate the algebra < 0 C(Py) > C B. This means that the sets < 0 0 ),
0 B 0 0 0 0
( 0 0 ), < B, 0 ) and < 0 C(P) ) are the subsets of the algebra B.

Therefore, we have B = Ay, by lemma 2.1. This completes the proof of the
Theorem 3.1. O

Theorem 3.2. Suppose A is a 2-homogeneous C*-algebra over the com-
pact two-dimensional oriented connected manifold Pi.. In this case, the algebra A
can not be generated by two idempotents.

Proof. Assume the converse, then the algebra A is generated by two
idempotents aj,as € A. Let M(A) be the set of maximal ideals of the algebra
A. In this case, the set M(A) is homeomorphic to a subset of the plane C ([1]).
But it is well known that the two-dimensional manifold P is not homeomorphic
to a subset of the plane C'. This contradiction proves the theorem. O
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