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ABSTRACT. In this paper, we introduce and study the concepts of f-
lacunary statistical convergence of order o and strong Cesaro summability of
order o with respect to modulus function f and lacunary sequence 6 = (k,.).
Further, using these concepts we define some sequence spaces S“(f, 0, A7 u)
of all f-lacunary statistical convergence of order o and w®(f, 0, A7, u) of all
strong Cesaro summability of order . We also investigate some inclusion
relations between these spaces.

1. Introduction and preliminaries. In 1935 the notion of statisti-
cal convergence was given by Zygmund [28] in the first edition of his monograph
published in Warsaw. The concept of statistical convergence was introduced by
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Steinhaus [26] and Fast [6] and further reintroduced by Schoenberg [25] indepen-
dently. Throughout the years and under various names statistical convergence
was discussed in the hypothesis of Fourier analysis, ergodic theory, number the-
ory, measure theory, trigonometric series, turnpike theory and Banach spaces.
Later on it was further elaborated from the sequence spaces perspective and con-
nected with summability theory by Fridy [7], Connor [4], Mursaleen [13], Fridy
and Orhan [8], Salt [24] and many others. In recent years, wide ranging of sta-
tistical convergence appeared in the investigation of strong integral summability
and the structure of ideals of bounded continuous functions on locally compact
spaces. Statistical convergence and its generalizations were also connected with
subsets of the Stone-Cech compactification of the natural numbers. Futhermore,
the statistical convergence is closely related to the concept of convergence in prob-
ability. Throughout the paper we denote the space of all, bounded, convergent
and null sequences of complex numbers by s, I, ¢ and cg, respectively.

Let N denote the set of natural numbers. A sequence x = (xy) is said to
be statistically convergent to the number L if for each € > 0, the set {k € N :
|xr — L| > €} has natural density zero, where the natural density of a subset A
of N (see [17]) is defined by

1
= li — <n:
d(A) nh—>H<>lo n\{k; <n:keA},
where [{k <n:k € A}| denotes the number of elements of A C N not exceeding
n. It is clear that any finite subset of N have zero natural density and d(A€) =
1 —d(A). In this case we write S — limz; = L and we denote the set of all
statistically convergent sequences by S.

A sequence x = (xp) is said to be strongly Cesaro summable to a number
n

1
L if lim — g |z — L] = 0. The set of all strongly Cesaro summable sequences is
n on

k=1
denoted by [C, 1] and defined as

1 n
C,1] = {:1: = (xg) : li}ln - kz |z — L| =0, for some L}.
=1

A modulus function is a function f : [0, 00) — [0,00) such that
(i) f(x) =0 if and only if = 0,

(i) flz+y) < flx) + fly), for all 2,y >0,

(iii) f is increasing,

(iv) f is continuous from the right at 0.
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It follows that f must be continuous everywhere on [0, 00). The modulus
x

r+1’
then f(z) is bounded. If f(z) = 2,0 < p < 1 then the modulus function f(z)

is unbounded. For more details about sequence spaces (see [11], [15], [16], [21],
[19], [18], [23], [27]) and references therein.

Definition 1.1 ([1]). Let f be an unbounded modulus function. The f-
density of a set A C N is defined by

function may be bounded or unbounded. For example, if we take f(z) =

rony o o £k <k € A})
T = BT

i this case the limit exists.

Definition 1.2 ([1]). Let f be an unbounded modulus function. A se-
quence © = () s said to be f-statistically convergent to L or ST -convergent to
L, if for each € > 0,

d'({keN:|z, — L| > €}) =0,

pe. lim ﬁf(\{k <nilep—L|>e]) =0

and we write it as ST — limxy, = L. The set of all f-statistically convergent
sequences is denoted by St

Definition 1.3 ([2]). Let a be any real number such that 0 < o < 1. The
a-density of a set A C N is defined by

do(A) = lim %\{k <n:ke A}

n—oo N
in this case limit exists.

Definition 1.4 ([2]). Let 0 < a < 1. A sequence x = (xy,) is said to be
statistically convergent of order o to L or S,-convergent to L, if for each € > 0,

d“({k € N: |zp — L| > €}) = 0,

1
ice. lim —|({k <n:|zy—L|>¢€})| =0

n—oo N

and we write it as So,—lim xy, = L. The set of all statistically convergent sequences
of order « is denoted by S,. In case o = 1, the statistical convergence of order o
reduces to the statistical convergence.
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The main purpose of this paper is to introduce the spaces S*(f, 8, A", u)
and w*(f,0, A", u) of all f-lacunary statistical convergent sequences of order «
and all strong Cesaro summable sequences of order « respectively. We also make
an effort to study some topological properties and inclusion relations between
these sequence spaces.

2. Main results.

Definition 2.1. Let E be any set of sequences, the space of multipliers
of E, denoted by M(FE) and is given by

M(E)={a€s:azx € E forall x € E}.

Definition 2.2. A sequence space E is called normal if (apxy) € E,
whenever (vy) € E and for all sequence (o) of scalars with |ag| < 1 for all

ke N.

Definition 2.3. A sequence space E is called monotone if it contains the
canonical preimages of all its step spaces.

The notion of difference sequence spaces was conceptualized as [ (A),
c(A) and cp(A) initially by Kizmaz [9]. Further, the notion was generalized by
Et and Colak [5] as they introduced the spaces lo(A™), ¢(A™) and co(A™).

Let m,v be non-negative integers, then for Z = ¢, ¢y and I, we have
Z(AT) ={x = (zx) € s: (A'xy) € Z},

where ATz = (ATz;) = (A™ 1oy, — A" gy y,) and Az, = x, for all k € N,
which is equivalent to the following binomial representation

m
ATy, = ;(—1)2 < Tj ) Tk vi-

If v = 1, we get the spaces loo(A™),c(A™) and ¢o(A™) as studied by Et and
Colak [5].

If v =m = 1, we get the spaces [ (A), c(A) and ¢o(A) as introduced and
studied by Kizmaz [9].

By a lacunary sequence 6 = (k,.),r = 0,1,2,..., where ky = 0, we mean
an increasing sequence of non-negative integers with h, = (k, — k,—1) — o0 as
r — oo. The intervals determined by 6 are denoted by I, = (k,_1,k,] and the

ratio will be abbreviated by ¢,. Recently, lacunary sequence spaces were
r—1

studied in ([14], [20]).



Generalized strong Cesaro spaces 13

Now we introduce a new concept of f-lacunary statistical convergence of
order « as follows:

Definition 2.4. Let 6 = (k,.) be a lacunary sequence, f be an unbounded
modulus function, u = (ug) be a sequence of strictly positive real numbers and 0 <
a < 1. A sequence x = (x) is said to be f-lacunary statistically convergent
of order o to L or S*(f,0, A}, u)-convergent to L if for each € > 0,

. 1 m
Jim s S ({k € I s jupAfa, — L] = ) = 0,

where I, = (ky—1,ky] and h® = (h) = (AT, hS, ..., hY,...). In this case, we
write S*(f,0, A, u) —limxy, = L. The set of all sequences which are f-lacunary
statistically convergent of order « is denoted by S*(f,0, A", w) and the set of all
f-lacunary statistically null sequences of order « is denoted by Sg (f,0, A, w). It
is clear that Sg(f,0, A}, u) C S*(f,0,A',u) for any unbounded modulus func-
tion f. For 8 = (2"), m = 0, (vx) = (1,1,1,...) and (ug) = 1 for all k we
shall write ng instead of S(f,0,A}',u) and in special case o = 1,6 = (27),
fle)=2, m=0, (vp) = (1,1,1,...) and (ux) = 1 for all k we write S instead
of SU(f,0,A u).

The f-lacunary statistical convergence of order « is well defined for 0 <
a < 1, but it is not well defined for a > 1 in general.

Example. Let x = (z1) be a sequence defined as follows:

1, k=2r,
(zg) = r=1,2,3,...
0, k#2r.

For m =0, (vg) = (1,1,1,...) and (ux) = 1 for all k, we have

1 fU{k eI, |z — 1| > €}]) < flky —kr—1) _ f(h)

Fh2) )
and 1 fUse—Kor)  f(h)
. _ r— hp—1) T
Flagy ! I € Il = 0= ) = Tney™ = Fianey
Since tlggo @ > 0, we have

L (ke L o —1] > e}) =0

T
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and )

lim s Pk € 1, o= 0] > e} =0,
for @« > 1 and for each € > 0, the sequence x = (zx) € S%(f,0, A", u) which
converges to both 1 and 0, i.e. S*(f,0, A", u) —limxy = 1 and S*(f,0, A, u) —
lim z;, = 0. But this is not possible.

Theorem 2.5. Let f be an unbounded modulus function and 0 < o < 1.
Let © = (zx), y = (yr) be sequences of complex numbers. Then the following
statements hold.

(1) If S*(f,0,A',u) — limxy, = L and ¢ € C, then S*(f,0, A}, u) — limczy, =
cL.

(2) If S“(f,0,A7,u) — limzy = Ly and S*(f,0,A)',u) — limy, = Lo, then
Sa(f,ﬁ, AT)”) - hm(xk + yk) = Ll + L2'

Proof. It is clear for the case ¢ = 0. Consider ¢ # 0, then the proof of
(1) follows from

ﬁ?)f(\{k €I : lcupAMay, — cL| > €}|)
= f(illg)f(‘{k €l |urAltz, — L) > |—Z|}D
and that of (2) follows from
iy 4k € I A e 31) = (L + La)| > )
S [
—I—f(}lbg)fﬂ{keb:\ukAvmyk—Lg\>g}D. O

3. Strong Cesaro summability of order a. In this section, we
have extended the notion of strong Cesaro summability of order a to that of
strong Cesaro summability of order o (o > 0) with respect to modulus function
and lacunary sequence.
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Let 0 = (k,) be a lacunary sequence, f be a modulus function, a be a real
number and u = (uy) be a sequence of strictly positive real numbers. We define
the following sequence spaces:

r—00 hg‘
kel

wg(f797AZL7u) = {Jj = (ij lim — Z f ‘ukA ka }

w®(f,0,A7, u)

= {:1: = (zg): lim — Z f(ugAy 'z, — L]) = 0, for some number L}
" kel

and

oo (20, A u) = {1‘ = () : Sl:ph—lg > FlupATa]) < OO}-
kel
If we take a = 1, then the above spaces reduces to wo(f, 0, AL, u),w(f,0, A, u)
and weo (f, 0, AL, u).
If we take f(x) = x, then we have the above spaces as wg (0, A", u),
w (0, AT, u) and wo, (0, AL, u).

Remark 3.1. In the spaces w, and wgo‘ of Colak [2], « is a positive
real number less than or equal to 1, whereas in our spaces wg(f, 6, A", u) and
w(f,0, A", u), « is any positive real, i.e., there is no restriction on a.

Theorem 3.2. Let § = (k) be a lacunary sequence, f be any mod-
ulus function, u = (u) be a sequence strictly positive real numbers and « is
any positive real. Then the sequence spaces wg (f,0, AT, w), w*(f,0, A}, u) and
wS (f,0, AL, u) are linear spaces over the complex field C.

Proof. We prove the theorem only for the space w*(f,0, A", u) and
for the other spaces it will follow on applying similar argument. Let x,y €
w*(f,0,Ay",u) and A, € C. Then there exist positive integers K and M, such
that |A\| < K and |u| < M,,, we have

1
e D F(lurA™ (Mg + pyr) — (ALt + pLs)|)
T kel

< A—Zf lup A" 2 — L|) + My, aZf lup A™yy, — Lo|)

hz kel, hz kel,
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— 0Oasr — oo.
Therefore, (Azy + pyr) € w*(f,0,A}',u). Hence the space w(f,0, A}, u) is
linear. O

Theorem 3.3. Let 0 = (k) be a lacunary sequence and f be any modulus
function. Then

(1) for a positive real number o, wg (f, 0, AL, u) C wo(f, 0, AV, u).
(2) fora>1, w*(f,0,A u) Cwy(f,0,A,u).

Proof. We prove only for the second inclusion and for the first it will
follow on applying similar argument. Let x € w*(f,6, A}, u). Then, we have

—Zf\ukAmxk\) < Zf\ukAmxk—L\ )+ (L) 21

hz kel, hy kel h? kel,

Since a > 1 and = € w*(f,0, A}, u), we have x € wS (f,0,A}',u). This com-
pletes the proof. O

Theorem 3.4. Consider 0 = (k.) be a lacunary sequence, f be any
modulus function and o > 1. Then we have w*(0, A", u) C w(f,0, A u),
wi (0, AV w) C wi(f,0, A, uw) and wa, (6, AL, u) C wi(f, 0, A0, u).

Proof. We prove only the last inclusion and the first two inclusions are
easily proved. Let z € w, (0, A}, u). Hence, we have

1
SUp o Z lup Al | < oo.
" kel

Let e > 0 and choose § with 0 < ¢ < 1 such that f(¢) < e for 0 <t < . Suppose

— Z fup Atz |) = Z + Z, where the first summation is over |upAj'zg| <
i kel 1 2

and for

9 and the second summation is over |upAl'zg| > 6. Then Z < e
1 T
lup ATy > 0 we use the fact that

|ukATl‘k‘ < \ukAvmkaé <1+ HukATl‘k‘/(S],

where [t] denotes the integral part of ¢. Thus, by definition of modulus function
we have for |ui Al x| > 6,

SueAyzg]) < (1 + [JupAlar]/0]) f(1) < 2f (1) ]upAi x| /6.
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Hence, Z <2f(1)61— Z |up AL x| with Z < €

h kel

T gives

1 1
—Zf lupA™zy|) < e -+ 2f(1 5—1h D Jug Ay,

hz kel, T kel,

Since a > 1 and = € wa, (6, A", u

oou), we have x € wS (f, 6, A}, u). This completes
the proof. O

Theorem 3.5. Let f be a modulus function and o be a positive real

t
number. If lim @ > 0, then w*(f,0, A}, u) C w*(8, A7, u).

t—o00

Proof. Since 8 = tlim @ = inf{f(¢)/t;t > 0}. Thus, by definition of
—00

B we have f(t) > ft for all t > 0. Since 8 > 0, we have t < 7L f(t) for all t > 0.
Hence,

1
—ZmA zp— L] < 71— Zf lur A™azy, — L|).

hs kel hiy kel
It follows that x € w*(0, A", u) whenever x € w*(f,0, A}, u). O
Theorem 3.6. Let f be a modulus function and o be a positive real

t
number. If tlim @ >0 and o > 1, then w*(f,0, Ay, u) = w* (0, A}, u).
—00

Proof. On combining Theorem (3.4) and (3.5), we get the proof of the
theorem. O

Theorem 3.7. Let 0 = (k) be lacunary sequence, f be any modulus
function and o be a positive real number. Then

(1) loo © M(wio(f,0, A7, u)),

(2) M(ws(f,0, A7 u)) Cwi(f,0,A7%u) if a =1,

(3) If f is bounded and o > 1, then M(wS, (f,0, AL, u)) = we (f,0,A', u) = s.
Proof. (1) Let b = (by) € l which implies that |b;| < 1+ [H] for some

H > 0 and for all k. Hence,

—Zf |brur Ay k)

hz kel,
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1
< (U [H) D (A axl), for all @ € wi(f,0,A7,u),
" kel

which gives the first inclusion.

(2) The second inclusion is given from the fact that e = (1,1,1,...) €
ws (f, 0, A7, u) for a > 1.

(3) Suppose f is bounded and « > 1, then for any = = (z) € s,

ST FmATa) < suplf() v >0}

a—1"
T kel, hr

Hence, wS (f,6,Al',u) = s. Similarly, by (2) and the above argument, we have
M(ws, (f,0, A7, u)) =wy (f,0,A,u) =s. O

Theorem 3.8 ([22]). If E is a sequence space, the following are equiva-

lent:
(1) E is normal,
(2) loo € M(E),
(3) M(E) is normal.
Lemma 3.9 ([10]). Every normal sequence space is monotone.

By using Theorems 3.7, 3.8 and Lemma 3.9, we have the following result:

Theorem 3.10. For any modulus function f, lacunary sequence 6 = (k)
and positive real number «, the spaces ws, (f,0, A, u) and M(ws,(f,0, A}, w))
are normal as well as monotone.

Proof. We shall prove the result for w3, (f,0, A", u). For M (w5, (f,0,
A7 u)), the result can be proved similarly. Let z = 3, € w5 (f, 6, A}, u), then
we have

1
sup — E furAy'zg|) < 0.
e by kel

Let (ag) be a sequence scalar with |a| < 1 for all £ € N. Then we get

1 1 .
sup -5 Z fagurAl'xg]) < \ak\supﬁ Z furAltxg))

T kel T kel

1 m
Sup ;o > FlupAT )
" kel

IN
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< Q.

The spaces wS (f,0, A", u) and M(wS(f,0, A", u)) are monotone follows from
Lemma 3.9. O

4. Relation between f-lacunary statistical convergence of
order a and strong cesaro summability of order «. In this sec-
tion, we have studied the relationship between the spaces S¢(f,0, A" u) and
w(f,0, A", u).

In [12] Maddox showed the existence of an unbounded modulus function
f for which there exists a positive constant ¢ such that f(xy) > cf(x)f(y) for all
z >0,y >0.

Theorem 4.1. Let § = (k) be a lacunary sequence and 0 < a < 3 < 1.
Let f be an unbounded modulus function there is a positive constant ¢ such that
t
flxy) > cf(x)f(y) for all z > 0,y > 0 and tlim @
— 00
strongly Cesaro summable of order o with respect to f and 6 to L, then it is
f-lacunary statistically convergent of order B to L.

> 0. If a sequence is

Proof.  For any sequence z = (zj) and € > 0 and by definition of
modulus function, we have

S FuAlay — L) > f< S Jup Ay — L\)

kel kel
> f({k €L : JugAltz,, — L| > €}le)
> f({k € I : ugAlay — L > eH) (0
and since a < (3,
1 cf ({k € Iy : [upAT'zp — L| = €}]) f(e)
— D fluweAf'z, — L) = a
hQ k;b hQ
cf ({k € I : [ugAT'zp — L| > €}|) f ()
> ¥
_ cf{k el lmAfay — L] > e})f(e)f(hY)
By f(RY) '

Using the fact that tlim @ > 0 and x € w(f,0,A}',u), it follows that = €
—00

S8(f,6,A™ u). This completes the proof. O
If we take 8 = a in Theorem 4.1, we have the following result:
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Corollary 4.2. Let 0 = (k) be lacunary sequence and 0 < o < 1. Let
for an unbounded modulus function f, there is a positive constant ¢ such that
flxy) > ef(x)f(y), for all z > 0,y > 0 and hm @ > 0. If a sequence is

strongly Cesaro summable of order a with respect to f and 0 to L, then it is
f-lacunary statistically convergent of order o to L.

If we take o = 1 in Corollary 4.2. Then, we have

Corollary 4.3. Let 0 = (k) be a lacunary sequence and for an unbounded
modulus function f, there is a positive constant ¢ such that f(xy) > cf(x)f(y),

f(t)

forallxz >0,y >0 and hm n > 0. If a sequence is strongly Cesaro summable

with respect to f and 6 to L then it is f-lacunary statistically convergent to L.

Remark 4.4. If we take 0 = (2"), f(z) =2, m =0, (vx) = (1,1,1,...)
and (uy) = 1, for all £ in Theorem 4.1, we have Theorem 3.8 of Colak [2] for the
case p = 1.

Theorem 4.5. Let 6 = (k) be a lacunary sequence and f be a modulus

f(t)

function such that tlim T >0 and « € (0,1]. If a sequence is strongly Cesaro

—00
summable of order o with respect to f and 6 to L, then it is lacunary statistically
convergent of order « to L.

If we take 0 = (2"), a =1, m = 0, (vg) = (1,1,1,...) and (ug) = 1, for
all k in Theorem 4.5, we have the following result which is a particular case of
part (a) of Theorem 8 of Connor [3].

t
Corollary 4.6. Let f be a modulus function such that hm Q >0. Ifa

sequence is strongly Cesaro summable with respect to f to L, then zt 1s statistically
convergent to L.

By taking 8 = (2"), a = 1, f(x) =z, m = 0,(vx) = (1,1,1,...) and
(ux) = 1, for all k& in Theorem 4.5, we obtain the following result, which is in
Theorem 2.1 of Connor [4], for the case ¢ = 1.

Corollary 4.7. If a sequence is strongly Cesaro summable to L, then it
18 statistically convergent to L.
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