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ABSTRACT. Carl Faith [9] called a ring R to be right zip if the right annihila-
tor rr(X) of a subset X of R is zero, then there exists a finite subset Y C X
such that rr(Y) = 0; equivalently, for a left ideal L of R with rg(L) = 0,
there exists a finitely generated left ideal L; C L such that rg(L;) = 0. In
this article, we study the behavior of zip property of the skew Hurwitz series
rings and modules for the non-commutative ring. In particular, we prove
the following results:

(1) Let R be aring and w be an endomorphism of R. If R is skew Hurwitz
series-wise Armendariz and w-compatible, then R is a right zip ring if
and only if the skew Hurwitz series ring (H R, w) is a right zip ring.

(2) Let Mp be a module and w be an endomorphism of R. If Mg is w-
Armendariz of skew Hurwitz series type and w-compatible, then Mg
is a zip right R-module if and only if the skew Hurwitz power series
module H Mg, is a zip right (H R, w)-module.

(3) Let R be a ring, I a X-compatible semi prime ideal of R and
char(R/I) =0, then R is a 3-zip ring if and only if the skew Hurwitz
power series ring (HR,w) is a X (g7 ,)-zip ring.
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1. Introduction. Throughout this article, R and Mg denote an asso-
ciative ring with identity and a right R-module, respectively. For any subset X
of R, rr(X) indicate the right annihilator of X in R. Faith [9] called a ring R to
be right zip if the right annihilator rr(X) of a subset X of R is zero, then there
exists a finite subset Y C X such that rg(Y) = 0; equivalently, if a left ideal L
of R with rr(L) = 0, there exists a finitely generated left ideal L; C L such that
rr(L1) = 0. R is said to be simply zip ring if it is both a right as well as a left zip
ring. The concept of zip rings was initiated by Zelmanowitz [39]. It appeared in
various papers [5, 7, 8, 9, 10], and references therein. Zelmanowitz proved that
any ring satisfying the descending chain conditions on right annihilators is a right
zip ring. But the converse does not hold. Beachy and Blair [5] studied rings that
satisfy the condition that every faithful right ideal I of a ring R (a right ideal
I of a ring R is faithful if rr(I) = 0) is cofaithful (a right ideal I of a ring R
is cofaithful if there exists a finite subset I; C I such that rr(l;) = 0). They
showed that right zip rings have this property and conversely for commutative
ring R.

Extensions of zip rings were studied by several authors. Beachy and Blair
[5] showed that if R is a commutative zip ring, then polynomial ring R[z] over R
is a zip ring. Afterward, Cedo [7] proved that if R is a commutative zip ring, then
the n x n full matrix ring M, (R) over R is zip; moreover, he settled negatively
the following questions which were posed by Faith [9]: Does R being a right zip
ring imply R|z] to be right zip?; Does R being a right zip imply M, (R) to be
right zip?; Does R being a right zip ring imply the group ring R[G] to be right
zip if G is a finite group? Faith [10] also raised the following questions: When
does R being a right zip ring imply R[x] to be right zip?; Characterize a ring
R such that M, (R) is right zip; When does R being a right zip ring imply the
group ring R[G] to be a right zip ring if G is a finite group? He also proved that
if R is a commutative ring and G is a finite abelian group, then the group ring
R[G] of G over R is zip.

In [16], Hong et al. studied above stated questions. They proved that R
is a right zip ring if and only if R[x] is a right zip ring when R is an Armendariz
ring. They also demonstrated that if R is a commutative ring and G a unique
product monoid containing an infinite cyclic submonoid, then R is a zip ring if
and only if RG] is a zip ring. Further, Cortes [8] studied the relationship between
right (left) zip property of R and skew polynomial (skew power series) extensions
over R by using the skew versions of Armendariz rings. After that, Singh and
Dixit [37] generalized the results of Cortes [8] and investigated a relationship
between zip property of a ring R and the skew generalized power series ring
R[[S,w]], where S is a monoid and w : S — End(R) is monoid homomorphism.
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They proved that if R is (R,w)-Armendariz and S-compatible, then the skew
generalized power series ring R|[[S,w]] is right zip if and only if R is right zip.
Ahmadi et al. [1, Theorem 2.19] studied same property of zip ring to the skew
Hurwitz series ring (HR,w) for a commutative ring R and proved that if R is
skew Hurwitz Armendariz (SH A)-ring and w is an endomorphism of R, then R is
a right zip ring if and only if (HR,w) is a right zip ring. Another generalization
of zip rings to zip modules was studied by Zhang and Chen [40]. They observed
that if My is an Armendariz right R-module, then My is a right zip R-module
if and only if M(z] is a zip right R[z]-module, and if Mp is an Armendariz right
R-module of power series type, then Mp is a right zip R-module if and only if
M][z]] is a right zip R[[z]]-module. Furthermore, Ouyang et al. [30] extended the
results of Zhang and Chen [40] and proved that if (5, <) is a cancellative torsion-
free strictly ordered monoid, w : § — End(R) a monoid homomorphism, Mp
an w-compatible and skew S-Armendariz right R-module, then skew generalized
power series module M[[S=]] is a right R[[S,w]]-module if and only if Mg is a zip
right R-module. They also examined the same for a Malcev-Neumann module
M % ((G)), when G is an ordered monoid. Recently, in 2017, Ouyang et al. [30]

introduced the notion of a Z-zip ring which is a common generalization of zip
rings and weak zip rings, and studied the basic properties of a Z—zip ring. They
proved that if (S, <) is a strictly totally ordered monoid, and I a Z—compatible

semi-prime ideal of R, then R is Z—zip if and only if the skew generalized power
I
series ring [[R%S,w]] is Z -zip.
([15=,w]]

Motivated by various extensions of zip rings and modules, in this article,
we study behavior zip property over skew Hurwitz series rings and modules by
considering R to be a non-commutative ring and prove the following main results:

(1) Let R be a ring and w be an endomorphism of R. If R is skew Hurwitz
series-wise Armendariz and w-compatible, then R is a right zip ring if and
only if the skew Hurwitz series ring (HR,w) is a right zip ring.

(2) Let Mpr be a module and w be an endomorphism of R. If Mg is w-
Armendariz of skew Hurwitz series type and w-compatible, then Mp is
a zip right R-module if and only if the skew Hurwitz power series module
HMgR, is a zip right (HR,w)-module.

(3) Let R be aring, I a ¥-compatible semi prime ideal of R and char(R/I) = 0,
then R is a Yj-zip ring if and only if the skew Hurwitz power series ring
(HR,w) is a X (g )-7ip ring.
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2. Construction of skew Hirwitz series rings and modules.
The concept of Hurwitz series ring was proposed by Keigher [18], as a variant of
the ring of formal power series. He also studied some of its properties especially
the categorical properties. He and later with Pritchard in [17, 19] demonstrated
that Hurwitz series has many interesting applications in differential algebra and
in the discussion of weak normalization. The elements of Hurwitz series H R are
sequences of the form a = (a,) = (ag,a1,a2,a3,...) € R, for each n € Z* or
f(n) = an, where f : Z" — R and Z* = NU {0} is a set of non negative integers.
Addition in HR is pointwise and the product of two sequences using binomial
coefficients. This was studied by Fliess [11] and Taft [38].

Number of authors see [1, 6, 13, 18, 19, 26, 32, 33, 34, 36|, studied the
properties of abstract ring structures in Herwitz series HR. Motivated by the
construction of Hurwitz series, Hassenin [12] extended the construction to skew
Hurwitz series rings (HR,w), where w : R — R is an automorphism of R. And
defined as follows: The elements of (HR,w) are functions w : Z* — R, where Z™
is the set of positive integers with zero. The operation of addition in (HR,w) is
component wise and the multiplication is defined for every f,g € (HR,w), by

P
felp) = CLf(k)w*(g(p — k)
k=0

|
for all p,k € Z*, where C,f = m Define the mappings
hy : ZT — R via

1 ifp=n-1

0 ifp#n—1

where p,n € Z'. And for each r € R, hy :ZT — R via

"0 itp>1

Thus (HR,w) is a ring with identity hj, defined by

1 ifn=0
h —
1(p) {0 ifn>1

for each n € Z*. Thering R can be canonically embedded as a subring of (H R, w)
via r = h, € (HR,w). Further, Kamal [32, 33] gave the construction of a skew
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Hurwitz series ring by considering w : R — R as an endomorphism of R instead
of w: R — R an automorphism of R.

Example 2.1. We get following extensions as special cases of skew Hur-
witz series rings (HR,w).

(1) If w is an identity endomorphism of R, then (HR,w) = (HR,1,). Thus
Hurwitz series ring is a special case of skew Hurwitz series ring.

(2) If f(n) = ay, for all n € Z™, the addition component-wise and multiplication
of two elements as defined in a skew Hurwitz series ring except binomial
coefficients, then (HR,w) = R[[z;w]]. Thus skew formal power series ring
is a special case of skew Hurwitz series ring.

For any function f € (HR,w), supp(f) = {n € Z*|f(n) # 0} denotes
the support of f, and by 7(f) denote the minimal element of supp(f). For any
nonempty subset X of R, we denote:

(HX,w) ={f € (HR,w)|f(n) € X U{0},n e Z"}

the subset of (HR,w). Further, motivated by this study, in [2017], Kamal [34]
gave a new direction to study of the skew Hurwitz series ring and proposed the
concept of the skew Hurwitz series modules. He proved some properties of simple
and semisimple modules of the skew Hurwitz series module HM g . Let Mg
be a right R-module and H M be the set of all maps ¢ : ZT — M. With pointwise
addition, HM is an abelian additive group. It becomes a module over the skew
Hurwitz series ring (H R,w), under the scalar multiplication for each ¢ € HM
and g € (HR,w) is defined by:

P
$9(p) = Y _ CRo(k)" (g9(p — k)
k=0
for every p € Z". For any m € M and any n € Z", we define h,, € HM by
if n=0
h(n) =4 0T
0 ifn>0

Clearly the map m — hy, is a module embedding of M into HM.

Example 2.2. We get following extensions as special cases of skew Hur-
witz series module HM R .-

1) If w is an identity endomorphism of R, then HM g is isomorphic onto
(HRw)
(HM(gg,1,)- Thus Hurwitz series module is a special case of the skew
Hurwitz series module.
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(2) If f(n) = a, for all n € Z", the addition as component wise and multiplica-
tion of two elements as in a skew Hurwitz series module except for binomial
coefficients,then HM pp ) = M[[*]]r[zw)- Thus the skew formal power
series module is a special case of the skew Hurwitz series module.

3. Zip property of skew Hurwitz series rings. This section deals
with zip property of skew Hurwitz series rings. We establish an equivalence
relation between a right zip ring R and its skew Hurwitz series ring if a ring R
is a non-commutative skew Hurwitz series-wise Armendariz. In order prove our
main results we shall need following definitions and results. Due to Krempa [22],
a monomorphism w of a ring R is said to be rigid, if aw(a) = 0 implies a = 0, for
all @ € R. A ring R is called w-rigid if there exists a rigid endomorphism w of R.
Annin [1] called a ring R to be w-compatible if for every a,b € R, ab = 0 if and
only if aw(b) = 0. Hashemi and Moussavi [12], gave some examples of nonrigid
w-compatible rings. They proved the following Lemma.

Lemma 3.1. Let w be an endomorphism of a ring R. Then
(1) if w is compatible, then w is injective
(2) w is compatible if and only if for all a,b € R, w(a)b =0« ab=0
(3) the following conditions are equivalent:
(a) w is rigid
(b) w is compatible and R is reduced
(¢) for every a € R, w(a)a = 0 implies that a = 0.

Ahmadi et al. [1] introduced the concept of a skew Hurwitz series wise
Armendariz ring. He defined it as follows:

Definition 3.2. Let R be a commutative ring, and w : R — R be an en-
domorphism of R. The ring R is said to be skew Hurwitz series wise Armendariz
(SHA), if for every skew Hurwitz series f,g € (HR,w), the product fg = 0 if
and only if f(n)g(m) =0 for alln,m € Z™.

We extend the concept of skew Hurwitz series wise Armendariz in case of
a non-commutative ring, as follows:

Definition 3.3. Let R be a ring and w : R — R be an endomorphism of
R. The ring R is said to be skew Hurwitz series wise Armendariz, if for every
skew Hurwitz series f,g € (HR,w), fg = 0 implies f(n)w"g(m) = 0 for all
n,m e Z".

We begin with some interesting observations.
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Lemma 3.4. Let R be a ring and w : R — R be an endomorphism of
R. If R is skew Hurwitz series-wise Armendariz and w-compatible then R is a
torsion-free Z-module.

Proof. Suppose R is not torsion-free as a Z-module so there exists an
integer p > 0 such that and pa = 0 for any 0 # a € R. For a € R, define the
mapping o : ZT — R by

a if n=1
a(n) = .
0 if n>1.

Hence o € (HR,w). Thus

p

ahy(p) = ahy(1+p—1) = Z lea(k:)wk(hp(p —k)) = paw(hy(p — 1)) = 0.
k=0

Since R is skew Hurwitz series wise Armendariz and w-compatible we get
a(hy(p — 1)) = 0. But then a = 0 a contradict. Hence R is a torsion free
Z-module. O

In the following Theorem we show that every reduced ring (a ring with no
nonzero nilpotent elements) is skew Hurwitz series wise Armendariz under some
additional conditions.

Theorem 3.5. Let R be a ring and w be an endomorphism of R. If R
is reduced, w-compatible and torsion-free as a Z-module, then R is skew Hurwitz
series wise Armendariz.

Proof. Suppose f,g € (HR,w), such that fg = 0 with u € supp(f)
and v € supp(g). To prove the result we need to show f(u)g(v) = 0 for every
u € supp(f) and v € supp(g). Suppose s = w(f) and t = 7(g). Now,

fals+t)= > CuTf(ww"(g(v) = CH f(s)w®(g(t)) = 0.

(w,v)E€Xs44(f,9)

Therefore f(s)g(t) = 0 as R is a torsion-free Z-module and w-compatible. Let
k € Z" be such that f(u)g(v) = 0 for every u € supp(f) and v € supp(g) with
u+ v < k. By induction on k, we prove that f(u)g(v) =0 for all u +v = k. Let
u € supp(f) and v € supp(g) be such that u +v = k. We have,

folu+v) = > CPHf (p)wP(9(q)),

1,9) EXutv=k(f,9)
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where Xy 1,=t(f,9) = {(p,9)|p + ¢ = k,p € supp(f), ¢ € supp(g)}. Now, without
loss of generality, we can assume that

{(phqz)|pl + q; = 'IC7Z - 172737 cee 7m} - Xp—l—q:k(fu g)

We obtain,
(3.1) g9(p+q) Z CPitai f(ps)w? (g(gi)) = 0.

Since p; + ¢; < p; + ¢; = k for each i > 2, we get CgllJFQif(pl)wpl (9(g;)) = 0 for
every ¢ > 2. Hence, f(p1)g(q;) = 0 since R is a torsion-free Z-module and w-
compatible. It follows that w”*(g(g;))f(p1) = 0 as R is w-compatible and reduced.
Multiplying (3.1) by f(p1) from right, we obtain, f(p1)w”*(g9(q1))f(p1) = 0. Since
R is reduced and w-compatible, therefore f(p1)g(q1) = 0 for every p; € supp(f)
and ¢; € supp(g). Now from (3.1), we get

(3:2) ZC}“% Dw? (g(a:) = 0.

Similarly multiplying (3.2) by f(p2), we get f(p2)g(g2) = 0. This reduces (3.2)
to,

(3.3) ch Dw (g(q:)) = 0.

Infact, continuing same way we can prove that f(p;)g(g;) = 0 for every p; €

supp(f), ¢; € supp(g) with p; + ¢; = k. Thus f(u)g(v) = 0 for all u € supp(f),
v € supp(g) which implies f(u)w“(g(v)) =0 . Hence, R is a skew Hurwitz series
wise Armendariz ring. O

Now, we prove our main result of this section.

Theorem 3.6. Let R be a ring and w be an endomorphism of R. If R is
skew Hurwitz series-wise Armendariz and w-compatible. The following statements
are equivalent:

(1) R is right zip
(2) (HR,w) is right zip

Proof.  We first prove that (2) implies (1). Suppose (HR,w) is a
right zip ring. We show that R is a right zip ring. For this consider ¥ C R
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with 7(Y) = 0. Since Y C R, hence Y is also a subset of (HR,w). We prove

T(HRw)(Y) = 0. Let f € rgp.)(Y) recall supp(f) = = {neZ*f(n)#0}. 1
follows that yf = 0 for each y € Y, and also that

0= ZC}Jh (f(n— k) =yf(n).

Therefore, f(n) € rgr(Y) = 0 this implies f = 0. Hence rgp.)(Y) = 0.
Since (HR,w) is a right zip ring, there exists a finite subset Yy of Y such that
T(HRw)(Yo) = 0. This makes 7r(Y0) = 7(gr ) (Yo) N R =0, and hence R is right
Zip.

Conversely, suppose R is a right zip ring. U be a subset of (HR,w) with
T(HRw)(U) = 0. If Cy = Usey{f(n)|f € U and n € supp(f)}. Then Cy is a
nonempty subset of R. We show that rz(Cy) = 0. Let a € rr(Cy) then f(n)a =
0 for any n € supp(f). This gives 0 = f(n)a = f(n)hg(0) = f(n)w"(he(0)) since
R is w-compatible. It follows that fh, = 0. Hence h, = 0 this implies that a = 0.
Therefore rr(Cy) = 0. Now R is right zip. Hence there exists a nonempty finite
subset X of Cy such that rr(X) = 0. Let X = {a1,a2,...,a;} be a subset of
Cy. Then, for every i = 1,2,3. ..,k there exists f; such that f;(n) = a; for some
n € ZT. Suppose Uy is a minimal subset of U such that f; € Uy for every a; € X
this implies that X C Cp,. Hence rr(Cy,) € rr(X) = 0. Now we prove that
T(HRw)(Uo) = 0. Suppose g € 7(gpw)(Uo). Let f; € Up, then f;g = 0. Since R
is skew Hurwitz series wise Armendariz and w-compatible, we get g = 0. This
proves that (HR,w) is right zip. O

As a consequence of the above theorem, we obtain the following corollary.

Corollary 3.7. Let R be a ring, and w : R — R identity endomorphism
of R. If R is skew Hurwitz series-wise Armendariz. The following statements are
equivalent:

(1) R is right zip
(2) HR is right zip
We wish to highlight the importance of Theorem 3.5. Many results proved

by several authors, [1, 8, 30, 32, 33, 40] can be proved as a consequence of this
Theorem. We begin with the following result was proved by Cortes [8].

Deﬁnition 3.8 ([8, Definition 2.2(ii)]). A ring R is said to satisfy SA2'
if for f(x Zazw and g(x Z bja:j in R[[z;w]], and w an endomorphism

=0
of R, the pmduct f(2)g(z) = 0 implies that a;w'(b;) = 0 for all i and j.
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The following result was proved by Cortes [8]. It follows here as a corol-
lary.

Corollary 3.9 (Cortes [8, Theorem 2.8(ii)], Singh and Dixit [37, Corol-
lary 3.8]). Let w be an automorphism of R and R satisfies SA2'. The following
conditions are equivalent:

(1) R is right zip
(2) R[[z;w]] is right zip

Proof. From the Example 2.1 it is clear that (HR,w) = R[[z;w]]. The
result follows from Theorem 3.6. O
A ring R is said to be an Armendariz ring of power series type if whenever

flz) = Zaimi,g(m) = ijxj € R[[z]], the product f(z)g(x) = 0 holds if and
=0 j=0

only if a;b; = 0 for all 4,5 > 0.
The following result appears in [30] and [40].

Corollary 3.10 (Zhang and Chen [40, Theorem 2.3], Ouyang et al. [30,
Corollary 1.7]). Let R be an Armendariz ring of power series type. Then R is
right zip if and only if R[[x]] is right zip.

Proof. Ifw is an identity endomorphism of R. Then R[[x;w]] = R[[z]].
The result follows from corollary 3.9. O

Corollary 3.11 (Paykan [32, Corollary 2.15]). Let R be a ring such that
R is torsion-free as a Z-module and w be an endomorphism of R. If R is w-rigid,
then R is zip if and only if (HR,w) is zip.

Corollary 3.12 (Paykan [33, Corollary 2.16]). Let R be a reduced ring
and let R be torsion-free as a Z-module. Then R is zip if and only if (HR) is
21D.

The following result was proved by Ahmadi et al. [1, Theorem 2.19] for
commutative ring.

Corollary 3.13 (Ahmadi et al.[1, Theorem 2.19]). Let R be an SHA-
ring and w be an endomorphism of R. Then R is right zip if and only if (HR,w)
s right zip.

4. Zip property of skew Hurwitz series modules. This section
is devoted to the study of zip property of skew Hurwitz series modules. Zhang
and Chen [40], generalized the class of zip rings, and introduced the concept of



Zip property of skew Hurwitz series rings and modules 45

zip modules. A right R-module Mp is called zip if for any subset X of Mg, such
that rr(X) = 0 implies that there exits a nonempty finite subset Y of X such
that rg(Y) = 0. It is clear that R is a right zip ring if and only if Rp is a zip
right R-module. They proved that if Mp is an Armendariz right R-module of
power series type, then Mp is a zip right R-module if and only if M[[z]] is a
zip right R[[z]]-module. Luqnun et al. [30] extended this result and displayed
that: (i) If (S,<) is cancellative torsion-free strictly ordered monoid and Mg
is an S-Armendariz module, then the generalized power series module M[[S=]]
is a zip right R[[S=]]-module if and only if Mg is a zip right R-module. (i) If
(S, <) be a cancellative torsion-free strictly ordered monoid, w : S — End(R)
a monoid homomorphism, Mg a w-compatible and skew S-Armendariz right R-
module then the skew generalized power series module M[[S<]] is a zip right
R[S, w]]-module if and only if Mp is a zip right R-module.

In this section, we study zip property of the skew Hurwitz series modules
and generalize some earlier results [40, Thoerem 2.3], [30, Corollary 1.6], and [30,
Corollary 1.9(i)]. We shall need some definitions.

Due to Annin [2] called a module Mg to be w-compatible if for any m €
Mp and p € R, then mp = 0 if and only if mw(p) = 0, where w : R — R is
an endomorphism of R. It follows that, if My is w-compatible, then mp = 0 if
and only if mw”(p) = 0 for every k. In [23], Lee-Zhou introduced the concept of
w-Armendariz of power seris type as follows:

Definition 4.1. A module Mg is said to be w-Armendariz of power seris
type if the following conditions are satisfied:

(1) For any m(z) = Zmzmz € Mlz;w]] and f(z) = Zaj:vj € R[[z;w]],
m(x)f(x) =0 impl;:;) miwi(aj), for alli,j > 0. =

(2) For everym € Mr and p € R, mp = 0 if and only if mw(p) = 0.

We introduce the concept of w-Armendariz of skew Hurwitz series type
as a generalization of w-Armendariz of power series type:

Definition 4.2. Let Mg be a module and w : R — R be an endomorphism
of R. The ring Mg is said to be w-Armendariz of Hurwitz series type if the
following conditions are satisfied:

(1) For every skew Hurwitz series € HMpgryy and g € (HR,w), ¢g = 0
implies ¢(p)wPg(q) =0 for all p,q € Z*, and
(2) For any m € M and a € R, ma = 0 if and only if mw(a) = 0.
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Lee and Zhou [23] called a module Mg to be w-reduced, if for every m € M
and a € R, ma = 0 implies mR N Ma = 0 and w-compatible, where w: R — R
is a ring of endomorphism with w(1) = 1. They also demonstrated the following
Lemma:

Lemma 4.3. The following are equivalent for a module Mp:

(1) Mg is w-reduced

(2) The following conditions hold: For any m € M and a € R
(a) ma =0 implies mRa = mRw(a) =0
(b) maw(a) =0 implies ma =0
(¢) ma® =0 implies ma = 0.

Lemma 4.4. Let Mpr be a module and w be an endomorphism of R.
If R is w-Armendariz of skew Hurwitz series type then Mp is torsion-free as a
Z-module.

Proof. Proof is similar to Lemma 3.4. O
In the following theorem we show that every w-reduced module is
w-Armendariz of skew Hurwitz series type under some additional conditions.

Theorem 4.5. Let Mp be a module and w be an endomorphism of R. If
Mpg is w-reduced and torsion-free as a Z-module, then Mg is w-Armendariz of
skew Hurwitz series type.

Proof. Let for every ¢, g € (HR,w), such that ¢g = 0 with u € supp(¢)
and v € supp(g). In order to prove the result we need to show ¢(u)g(v) = 0 for
every u € supp(¢) and v € supp(g). Suppose s = w(f) and t = 7(g). We get,

bg(s+t)= Y Cie(uw(g(v) = C5Me(s)w (9(t)) = 0.

(uﬂv)GXSth (4’79)

Hence ¢(s)g(t) = 0 as R is torsion-free as a Z-module and w-compatible. Let
k € Z" such that for every u € supp(¢) and v € supp(g) with u +v < k,
¢(u)g(v) = 0. By induction we prove that ¢(u)g(v) = 0 for all u+v = k. We
check for every u € supp(¢), v € supp(g) such that u 4+ v = k. We have,

¢g(u+v) = > CET(p)w” (9(q)),

(p,Q)GXu+v:k (¢,g)

where X, ,=£(¢,9) = {(p,0)|[p + ¢ = k,p € supp(¢), ¢ € supp(g)}. Now, without
loss of generality, we can assume that
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{(pZ7QZ)|pZ + qi = kall = ]-7 27 o 7m} = Xp+q:k(¢7 g) We Obta‘ina
(4.1) 9(p+q) = ZCW‘” i)w”i (9(gi)) = 0.

Since p; + q1 < p; + q; = k for each i > 2, so
CPt g (py)wPi (g(q1)) = 0

for each i > 2. Thus ¢(p;)g(q1) = 0 since Mp, is torsion-free as a Z-module and
w-compatible. It follows that ¢(p;)Rg(q1) = 0 from Lemma 4.3. Multiplying (4.1)
(41))9

by g(q1), we get, ¢(p1)w”* (g (q1) = 0. It follows that ¢(p1)g(q1)? = 0 as Mg
is w-reduced. Thus ¢(p1)g(q1) = 0 for every p; € supp(¢) and ¢; € supp(g) from
Lemma 4.3. Therefore from (4.1), we have

m

(4.2) > CPit(p)w (g(gi)) = 0.

i=2
Similarly multiplying (4.2) by g(p2), we get ¢(p2)g(g2) = 0. Thus from (4.2),

m

(4.3) > Critg(p;)wP (g(gi)) = 0.

=3

Continuing this way we can prove that, ¢(p;)g(q;) = 0 for all p; € supp(¢),
q; € supp(g) with p; + ¢; = k. Thus ¢(u)g(v) = 0 for every u € supp(¢) and
v € supp(g). Hence, My is w-Armendariz of skew Hurwitz series type. O

Theorem 4.6. Let Mp be a module and w be an endomorphism of R. If
Mpg is w-Armendariz of skew Hurwitz series type and w-compatible. The following
conditions are equivalent:

(1) Mg is a zip right R-module
(2) HM(gRy is a zip right (HR,w)-module

Proof. We first prove that (2) implies (1). Suppose that HM g .
is a zip right (HR,w)-module. We show that Mg is a zip right R-module. For
this consider Y C Mp with rr(Y) = 0. Since Y C Mpg, Y is also subset of
HMpgR,,)- Now, we prove 7(gry)(Y) = 0. Let f € r(gp,)(Y) with supp(f) =
{n€Z+|f ) #0}. It follows that mf = 0 for all m € Y, 0 = hy,f(n) =

Zc;;hm F(f(n—k)) = mf(n). Thus, f(n) € rg(Y) = 0. This implies
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f = 0. It follows that 7(gr.)(Y) = 0. Since HM g, is a zip right (HR,w)-
module, there exists a finite subset Yy of Y such that rgg.)(Yo) = 0. Thus
rr(Y0) = r(#Rrw)(Yo) N R = 0. Hence Mg is a zip right R-module.

Conversely, assume that Mp is a zip right R-module and U € HMyp )
with r(gr,)(U) = 0. Let Cy = UgeyCy, where Cy = {¢(n)|¢ € U and
n € supp(¢)}.Then Cy is a nonempty subset of Mp. Now, we show rr(Cy) = 0.
Let a € rg(Cy), ¢(n)a = 0 for all n € supp(®). Which gives 0 = ¢(n)a =
d(n)he(0) = ¢(n)w™(he(0)) as Mg is w-compatible. It follows that ¢h, = 0,
¢ € T(HRw)(U). Thus h, = 0 this implies a = 0. Therefore rz(Cy) = 0. Since
Mp, is a zip right R-module, so there exists a nonempty finite subset X of Cy
such that rg(X) = 0. Consider X = {mq,ma,...,my} subset of Cyy. Now, for
each m; there exists f,,, for each i = 1,2...,k such that f,,,(n) = m; for some
n € Z*. Suppose Uy is a minimal subset of U such that fm,; € Ug for each m; € X.
Which implies that X C Cy,. Thus rg(Cy,) € rr(X) = 0. Now we demonstrate
that r(gp.)(Uo) = 0. Suppose that g € r(gr.)(Uo) and f € Up. Thus fg = 0.
Since Mg is w-Armendariz of skew Hurwitz series type, we get f(m)g(n) = 0 for
every m € supp(f) and n € supp(g). It follows that g(n) € rr(Cy,) = 0 for all
n € supp(g). This implies that g = 0. Hence r(gg ) (Uo) = 0. Thus HMpp,
is a zip right (HR,w)-module. O

Here, we obtain the following result as special case of the Theorem 4.6.

Corollary 4.7. Let R be a ring, M a right R-module and w an identity
endomorphism of R. If My is w-Armendariz Hurwitz series type. The following
conditions are equivalent:

(1) Mg is a zip right R-module
(2) HMpr is a zip right HR-module

Proof. Let w be an identity endomorphism of R. So from Example 2.2
we have HM ) = HMppr. The result follows from Theorem 4.6. O

The following corollary was proved by Ouyang [30], the same can also be
obtained as a corollary of the Theorem 4.6.

Corollary 4.8 (Ouyang et al. [30, Corollary 1.9]). Let R be a ring, Mg
a right R-module and w an endomorphism of R. If Mg is w-compatible and skew
Armendariz power series type module. The following conditions are equivalent:

(1) Mg is a zip right R-module
(2) M[[x]]rljzw) i @ zip Tight R[[z;w]]-module
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Proof.  From Example 2.2, R[[z;w]] = (HR,w). Result from the
Theorem 4.6. O

The following corollary appears in [40, Theorem 2.3], and in [30, Corol-
lary 1.6].

Corollary 4.9 (Zhang and Chen [40, Theorem 2.3], Ouyang et al. [30,
Corollary 1.6]). Let R be a ring and Mg be a right R-module. If Mp is Armen-
dariz power series type module. The following conditions are equivalent:

(1) Mg is a zip right R-module
(2) M[[z]] g2y is a zip right R[[z]]-module

5. ¥- Zip property of skew Hurwitz series rings. Ouyang et
al.[31] defined I : X = {z € R| Xz C I} for two nonempty subsets I and X of a
ring R. If X contains only single element say y, then I : X is simply denoted by
I:y. If I and X are two right ideals of R, then I : X is an ideal of R and called
quotient of I by X. Using this Ouyang et al. [31] generalized zip rings to X-zip
rings as follows:

Definition 5.1. A ring R is called X1-zip if for any subset X of R where
X s not a subset of an ideal I, if I : X = I, then there exists a finite subset
Y C X such thatI:Y =1.

From this definition it is clear that if I = 0, then for any subset X of R,
we have I : X = rg(X) =0, and so R is ¥¢-zip if and only if R is right zip.

Recall Hashemi et al. [12], called an ideal I to be ¥-compatible if for each
a,be€ R, ab e I < aw(b) € I. They proved the following lemma:

Lemma 5.2. Let I be a X-compatible ideal of R. For every a,b € R,
ab € I if and only if aw®(b) € I for every positive integer k.

Lemma 5.3. Let I be a X-compatible semi prime ideal of R, and
char(R/I)=0, and f,g € (HR,w). Then fg € (HI,w) if and only if f(u)g(v) € I
for every u,v € ZT.

Proof. Let f,g € (HR,w) be such that fg = 0 with v € supp(f) and
v € supp(g). Suppose s = 7(f) and t = w(g). So, we have

Jos+t = 3 CEf(u)t(g(v) = CIFf(s)wr(g(t) € I.

(u’U)GXS+t (f’g)

Since char(R/I) = 0 and I is Y-compatible we get f(s)g(t) € I. Let k € Z* be
such that for every u € supp(f) and v € supp(g) with u +v < k, f(u)g(v) € I.
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By induction we prove that f(u)g(v) € I for all uw+ v = k. Hence we check this
for every u € supp(f) and v € supp(g) such that u + v = k. Now,

fo(u+v) = > Ca™ f(u)w" (g(v)),
(P,4)EXutv=k(f.9)

where Xy 1v=k(f,9) = {(p,@)lp +q = k,p € supp(f),q € supp(g)}. We can as-
sume that

{(pZ>QZ)|pZ +qi = k‘lvz = 17 2> cee ,’I?’L} = Xerq:k(fa g) We Obtain>
(5.1) g9(p+q) ZC’”% DwP (g(gi) € 1.

Since p1 + ¢ < pi + ¢ = k, we get C’é’lﬁ%f(pl)wpi(g(qi)) € I for each
i > 2. Thus f(p1)g(q:i) € I since char(R/I) = 0 and [ is ¥-compatible. Hence
wP(g(q:)) f(p1) € I since I is X-compatible and semiprime. Multiplying (5.1) by
f(p1) on the right, we obtain, f(p1)w? (g(¢1))f(p1) € I. Thus

1) (g(q1)) f(p1) € I.

Since char(R/I) = 0, and [ is ¥-compatible and semiprime, hence f(p1)g(q1) € I
for each py € supp(f) and ¢1 € supp(g). Therefore from (5.1), we get

m

(5.2) > ChF f(pi)w (9(gi) € 1.

1=2

Similarly multiplying (5.2) by f(p2), we get f(p2)g(q2) € I. Again from (5.2), we
get

(5.3) ZCW% D’ (9(a:) € T.

Continuing, we get, f(p;)g(q;) € I for every p; € supp(f) and ¢; € supp(g)
with p; +¢; = k. Thus f(u)g(v) € I for every u € supp(f) and v € supp(g). The
converse is obvious. O

Theorem 5.4. Let I be a X-compatible semi prime ideal of R and
char(R/I) = 0. The following statements are equivalent:

(1) R is Xr-zip
(2) (HR,w) is X(f1,4)-2ip
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Proof. Suppose R is X;-zip and I a proper ideal of R. Then (HI,w)
is an ideal of (HR,w). Let Y be a nonempty subset of (HR,w) such that Y is
not a subset of (HI,w) and (HI,w) : Y = (HI,w). For any subset Y, define
Cy = UgerCy, where Cp = {¢p(n)|¢p € Y and n € supp(¢)}. Then Cy is a
nonempty subset of BR. We manifest that I : Cy = I. For, suppose a € I : Cy
and f € Y with f(n) € Cy. Hence,

fha(n) =Y Gl f()w" (ha(n — k) = f(n)o"(ha(n — k) = f(n)a € I.
k=0

Since [ is ¥j-compatible, h, € (HI,w) : Y = (HI,w). It follows that a € I. Thus
I:Cy = 1. Since R is X-zip, there exists a finite subset X = {a1,a2,...,a;}
of Cy such that I : X = I. For every a; € X there exists f,, € Y such that
fa;(n) = a; for some n € ZT. Suppose Yj is a minimal subset of Y such that
for each a; € X, fq, € Yp. Thus X C Cy,. It follows that [:Cy, C I: X = I.
Next we show (HI,w) : Yy = (HI,w). To prove this it enough to show that
(HI,w) : Yo C (HI,w). Now for any f € (HI,w) : Yy with supp(f) =
{F)|f(n) £ 0,0 € Z+} and g € Yo with supp(g) — {g(m)|f(m) £ 0,m € Z*}.
We get g(m) € Cy,, and gf € (HI,w). Thus g(m)f(n) € I for every m € supp(g)
and n € supp(f) from Lemma 5.2. We have f(n) € I : Cy, = I for ev-
ery n € supp(f). Thus f € (HI,w). Hence (HR,w) is X(py.)-zip. Con-
versely, suppose (HR,w) is ¥ (g7 )-zip, and X C R where X is not a subset
of I but I : X = I. Since X C R, hence X C (HR,w). Now we show
(HI,w) : X = (HI : w). For this let f € (HI,w) : X with n € supp(f)
and any y € X, (hyf)(n) = yf(n) € I. Thus f(n) € I : X = I this implies
that f € (HI,w). It follows that (Hl,w) : X = (HI : w). Since (HR,w)
is ¥ (p14)-7ip, hence there exists a nonempty finite subset X of X such that
(Hl,w) : Xo=(HI :w). Thus I : Xo = RN (HI,w): Xo = (HI,w). Hence R is
Yr-zip. O

We get the following result proved by Ouyang et al.[31, Corollary 4.5], as
a direct consequence of theorem 5.3.

Corollary 5.5 (Ouyang et al. [31, Corollary 4.5]). Let I be a X-compat-
ible semiprime ideal of R. Then R is Xr-zip if and only if the skew power series
ring R[[x;w]] is L[z -2ip-

Proof. If f(n) = a, for every n € Z* then (HR,w) = R[[x;w]]. Thus
from Theorem 5.3, we procured the result. O

If w is an identity endomorphism of R. Then (HR,w) = (HR,1r). The
following corollaries are immediate.
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Corollary 5.6. Let I be a X-compatible semiprime ideal of R and

char(R/I) = 0. The following statements are equivalent:
(1) R is Xy-zip
(2) HR is Xpr-zip

Corollary 5.7. Let I be a semiprime ideal of R. Then R is Xj-zip if and

only if the power series ring R[[x]] is ¥y -2ip-

1]
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