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Abstract. In the present paper, we derive a precise description to the
behavior of the spectrum of a self-adjoint operator T0 on a separable Hilbert
space H after a perturbation by an analytic operator

B(ε) := εT1 + ε2T2 + · · ·+ εkTk + · · · ,

where ε ∈ C and T1, T2, . . . are linear operators on H having the same
domain D ⊃ D(T0) and satisfying a specific growing inequality; while the
spectrum of T0 is discrete and its eigenvalues are not condense. Moreover,
we apply the obtained results to a Gribov operator in Bargmann space and
to a problem of radiation of a vibrating structure in a light fluid.

1. Introduction. The problem of determining the asymptotic behavior
of the spectrum of unbounded normal operator has been of great importance and
considerable difficulty. Since it presents an important tool to study the stability
of many systems and to prove the existence of bases for a class of non-normal
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perturbations of normal operator, it has long been studied by several authors such
as A. Jeribi [12] and A. S. Markus and V. I. Matsaev [17]. Mainly in [17], the
authors often considered an unbounded operator G on a separable Hilbert space
H writing as a perturbation of a leading normal component T by its p-subordinate
B, i.e.,

(1.1) ‖Bϕ‖ ≤ b‖Tϕ‖p‖ϕ‖1−p for every ϕ ∈ D(T ),

where p ∈ [0, 1] and b is strictly positive constant.
It should be noted here that the sharpest results on the comparison of

the spectrum which are due to A. S. Markus and V. I. Matsaev [17] dealt with
the subordinate condition (1.1). In fact, under Eq. (1.1), the authors in [16]
and [17] developed several approaches on the distribution of the eigenvalues of
the perturbed operator G. More precisely, they established asymptotic relations
between the eigenvalue-counting functions of G and T and provided sufficient
conditions to prove the existence of bases.

Now, if we try to weaken Eq. (1.1). Then, could we obtain an estimate
about the distribution of the eigenvalues of G in terms of the one of T ?

A positive answer to this question was given by A. A. Shkalikov [20].
Indeed, he replaced Eq. (1.1) by

(1.2) ‖Bψn‖ ≤ b,

where (ψn)n∈N∗ is an orthonormal system of eigenvectors of T associated to the
eigenvalues (µn)n∈N∗ and assumed that T is positive and self-adjoint and the
spectrum of T is discrete and its eigenvalues (µn)n∈N∗ are not condense, i.e.,

(1.3) µn+q − µn ≥ 1, for some q ∈ N
∗.

Using Eqs (1.2) and (1.3), he gave a precise description to the localization of the
spectrum of the perturbed operator G. More precisely, he constructed a half-strip
containing all the eigenvalues of T and G. As a consequence, he claimed that the
difference between the eigenvalue-counting functions of G and T is bounded by
a constant, i.e.,

(1.4) n(r,G) − n(r, T ) = O(1),

where n(r, T ) (respectively, n(r,G)) denotes the sum of multiplicities of all eigen-
values of T (respectively, G) contained in the disk {λ ∈ C such that |λ| ≤ r} (see
[20, Theorem 1]).

It is interesting to note that this outcome is of importance on itself. In
fact, it is quite hard to control the jump of the eigenvalue-counting function
of G. For instance, Theorems 8.2 and 8.4 stated in [16] guarantee the equiva-
lence between the eigenvalue-counting functions of G and T if the operator B is
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T -compact and the growth of n(r, T ) is regular. Further, [16, Theorem 9.2] char-
acterize the behavior of n(r,G) in terms of n(r, T ) if Eq. (1.1) holds. However,
[20, Theorem 1] improves these theorems in the sense that Eqs (1.2) and (1.3),
under which Eq. (1.4) holds, are much weaker.

Although, in certain applications, it is quite hard to verify Eq. (1.2). For
example, let us consider the following Gribov operator originated from Reggeon
field theory (see [1], [2], [5], [8], [11] and [13]):

(1.5) (A∗A)3 + εA∗(A+A∗)A+ ε2(A∗A)3u2 + · · · + εk(A∗A)3uk + · · · ,
where ε ∈ C and (uk)k∈N is a strictly decreasing sequence with strictly positive

terms such that u0 = 1 and u1 =
1

2
; while A (respectively, A∗) is the annihilation

(respectively, creation) operator acting in Bargmann space

E =

{

ϕ : C −→ C entire such that

∫

C

e−|z|2 |ϕ(z)|2dxdy <∞ and ϕ(0) = 0

}

,

where dxdy is the Lebesgue measure on R
2 identified with C and the expressions

of A and A∗ are given by






A : D(A) ⊂ E −→ E

ϕ −→ Aϕ(z) =
dϕ

dz
(z)

D(A) = {ϕ ∈ E such that Aϕ ∈ E}
and







A∗ : D(A∗) ⊂ E −→ E
ϕ −→ A∗ϕ(z) = zϕ(z)

D(A∗) = {ϕ ∈ E such that A∗ϕ ∈ E}.
This space is equipped with the following scalar product:







〈·, ·〉 : E × E −→ C

(ϕ,ψ) −→ 〈ϕ,ψ〉 = 1

π

∫

C

e−|z|2ϕ(z)ψ(z)dxdy

and its associated norm is denoted by ‖.‖.
Since {ϕn :=

zn√
n!
}n≥1 is an orthonormal basis of eigenvectors of (A∗A)3

associated to the eigenvalues {n3}n≥1, so for |ε| < 1 we get

(1.6)

∥
∥
∥
∥
∥

(

εA∗(A+A∗)A+
∞∑

k=2

εk(A∗A)3uk

)

ϕn

∥
∥
∥
∥
∥
≤ |ε|

1− |ε| (1 + 2
√
2)(1 + n3).

As we observe, Eq. (1.6) could not obey to the criteria (Eq. (1.2)) of A. A.
Shkalikov [20]. Consequently, we risk to loose [20, Theorem 1].
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Furthermore, let us consider the following integro-differential operator
suggested by P. J. T. Filippi et al. [10] (see also [6], [7], [9] and [13]) to describe
the radiation of a vibrating structure in a light fluid:

(I + εK)−1 d
4ϕ

dx4
+ ε (I + εK)−1K

(

d4

dx4
−
(
d4

dx4

) 1

2

)

ϕ = λ(ε)ϕ.

Here K is the integral operator with kernel the Hankel function of the first kind

and order 0 and ε is a complex number such that |ε| < 1

‖K‖ .
If we denote by (ϕn)n≥1 the system of eigenvectors of the operator







d4

dx4
: D
(
d4

dx4

)

⊂ L2
(
]− L,L[

)
−→ L2

(
]− L,L[

)

ϕ −→ d4ϕ

dx4

D
(
d4

dx4

)

= H2
0

(
]− L,L[

)
∩H4

(
]− L,L[

)

associated to the eigenvalues (λn)n≥1, where

(
(2n + 1)π

4L

)4

≤ λn ≤
(
(2n+ 3)π

4L

)4

,

we can easily see that (ϕn)n≥1 forms an orthonormal basis of L2
(
] − L,L[

)
and

for |ε| < 1

‖K‖ , we have

∥
∥
∥
∥
∥

∞∑

k=1

(−1)kεkKk

(
d4ϕn

dx4

) 1

2

∥
∥
∥
∥
∥
≤ |ε|‖K‖

1− |ε|‖K‖

(
(2n + 3)π

4L

)4

.

Hence, it is quite difficult to verify Eq. (1.2) and consequently [20, Theorem 1]
could not be applied.

As a tentative approach to grapple with such difficulty, we had the idea
to extend the outcomes obtained by A. A. Shkalikov [20] to an abstract analytic
operator introduced by B. Sz. Nagy in [19] and considered later in [3], [4] and
[6]–[9]. More precisely, we consider the following operator

(1.7) T (ε) := T0 + εT1 + ε2T2 + · · ·+ εkTk + · · · ,
satisfying the following hypotheses:

(H1) T0 is self-adjoint, positive and with domain D(T0) on a separable Hilbert
space H.

(H2) The resolvent of T0 is compact and its eigenvalues (λn)n≥1 do not condense,
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i.e.,

λn+p − λn ≥ 1, for some p ∈ N
∗.

Setting T1, T2, T3, . . . linear operators on H having the same domain D
and verifying:

(H3) D ⊃ D(T0) and there exist a, b, q > 0 and β ∈]0, 1
2
[ such that for all k ≥ 1

‖Tkϕ‖ ≤ qk−1(a‖ϕ‖ + b‖T0ϕ‖β‖ϕ‖1−β), for all ϕ ∈ D(T0).

Following some ideas of [20], we derive a precise description to the local-
ization of the eigenvalues of the perturbed operator (1.7) and we give an asymp-
totic relation between the eigenvalue-counting functions of T0 and T (ε). More
precisely, we prove that:

Theorem 1.1. Assume that hypotheses (H1)–(H3) are satisfied. Then,
for |ε| enough small, the spectrum of the operator T (ε) is constituted by isolated
eigenvalues satisfying

n(r, T (ε)) = n(r, T0) +O(1) i.e., |n(r, T (ε)) − n(r, T0)| < C as r → ∞,

where n(r, T0) (respectively, n(r, T (ε))) denotes the sum of multiplicities of all
eigenvalues of T0 (respectively, T (ε)) contained in the disk {λ ∈ C such that |λ| <
r} and C is a constant.

We shall emphasize on the fact that Theorem 1.1 improves [8, Theo-
rem 3.1] since the spectral analysis method developed in [8] is based on the fact
that the eigenvalues (λn)n≥1 of T0 are with multiplicity one, whereas in Theorem
1.1, we control the jump of n(r, T (ε)) in terms of n(r, T0) by assuming that the
eigenvalues (λn)n≥1 of T0 are with finite multiplicity and do not condense.
Moreover, Theorem 1.1 extends the result of [20, Theorem 1] to an analytic
operator instead of the sum of two operators and this generalization enables us
to study the asymptotic behavior of the eigenvalues of some analytic operators
where the criteria of A. A. Shkalikov [20] can not be applied (see Section 4).

Now, let us outline briefly the contents of this paper: Section 2 is devoted
to present some basic definitions and auxiliary results connected to the main
body of the paper. In the third section, we prove the objective of this paper. In
the last section, we apply the obtained results to a Gribov operator in Bargmann
space and to a problem of radiation of a vibrating structure in a light fluid.

2. Preliminaries. In this section, we introduce some definitions and
preliminary results that we will need in the sequel. To this end, let us consider a
Hilbert space H.
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Definition 2.1 ([16, p. 55]). Let U be a domain in C, an operator-valued
function A(z) (z ∈ U) with values in L(H) is said to be uniformly holomorphic
if for any z0 ∈ U the uniform limit

lim
z→z0

A(z) −A(z0)

z − z0
(= A′(z0))

exists.

Definition 2.2. Let U be a domain in C, an operator-valued function
A(z) (z ∈ U) with values in L(H) is said to be meromorphic if it is holomorphic
in U except in certain points which are poles for it.

Lemma 2.1 ([20]). Let f(λ) be a bounded holomorphic function in the
rectangle

Π = {λ ∈ C such that |Reλ− r| < a1 and | Imλ| < c1}.
For δ ∈ (0, 1), we set a′ = a1(1− δ) and c′ = c1(1− δ), and we denote by Π′ the
rectangle defined by

Π′ = {λ ∈ C such that |Reλ− r| < a′ and | Imλ| < c′}.
Let M := sup

λ∈Π
|f(λ)| and M ′ := sup

λ∈Π′

|f(λ)|. Then:

(i) The number of zeros of the function f(λ) in the rectangle Π′, nf (Π
′), satisfies

the estimate

nf (Π
′) ≤ C(lnM − lnM ′),

(ii) if γ is a straight line segment contained in Π′ that does not pass through the
zeros of f in Π′, then the variation of the argument of the function f along γ is
estimated as

|[arg f(λ)]γ | ≤ C ′(lnM − lnM ′),

where the constants C and C ′ depend only on δ and the ratio
a1
c1

and do not

depend on r and f .

An important role in the comparison of spectra of operators is played by
the concept of determinant of operators having the form I + K, where K is a
finite rank operator on H.

Definition 2.3 ([17, p. 144]). The determinant of the operator I + K
is the product of all its eigenvalues with multiplicity taken into account. The
determinant of I +K is denoted by det(I +K).
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Proposition 2.1 ([16, p. 14]). The following assertions hold:
(i) |det(I +K)| ≤ (1 + ‖K‖)rk(K), where rk(K) designates the rank of K.
(ii) If A(z) is a holomorphic operator-valued function with values in L(H), then
the function det(I +KA(z)) is holomorphic.

Remark 2.1. We have

|det(I +K)| ≥ |1− ‖K‖|rk(K).

Lemma 2.2 ([17, p. 149]). Let γ be a Jordan curve that is not closed
(possibly unbounded) and K(z) (z ∈ γ) be a continuous operator-valued function
with ‖K(z)‖ < 1 and rk(K(z)) ≤ n. Then, we have

|[arg det(I +K(z))]γ | ≤ nπ.

Lemma 2.3 ([17, p. 149]). Let A and A+K be two operators on H with
compact resolvent and ∆ a bounded domain with rectifiable boundary Γ.

If σ(A) ∩ Γ = ∅ or σ(A+K) ∩ Γ = ∅, then we have

n(∆, A+K)− n(∆, A) =
1

2π
[arg det(I −KRλ(A))]Γ,

where n(∆, A) (respectively, n(∆, A+K)) denotes the sum of multiplicities of all
eigenvalues of A (respectively, A+K) in ∆.

In the remaining part of this section, we will state some basic results on
the behavior of the spectrum under a relatively compact perturbation (see [16]).

Let A and B be two linear operators on H such that the resolvent set of
A, ρ(A), is not empty.

Definition 2.4 ([16, p. 16]). The operator B is said to be A-compact
if its domain D(B) contains D(A) and the operator BRλ(A) is compact, where
λ ∈ ρ(A).

Lemma 2.4 ([16, Lemma 3.6, p. 17]). Suppose that A is normal with
compact resolvent, B is A-compact and σ(A)∩Ω(θ) ⊂ R, where Ω(θ) is the angle

{λ : | arg λ| < θ} and 0 < θ ≤ π

2
. Then the resolvent of the operator G = A+ B

is also compact and for δ > 0 only finitely many eigenvalues of G lie in the angles
Φ±(δ) = {λ : δ ≤ ± arg λ ≤ θ − λ}.

Proposition 2.2 ([16, Lemma 8.1, p. 41]). Assume that A is with com-
pact resolvent and B is A-compact. If ∆ is a bounded domain with rectifi-
able boundary Γ and σ(A + tB) ∩ Γ = ∅, for all t ∈ [0, 1], then the operator
A+ B also has a compact resolvent and n(∆, A +B) = n(∆, A), where n(∆, A)
(respectively, n(∆, A+B)) designates the sum of multiplicities of all eigenvalues
of A (respectively, A+B) in ∆.
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3. Main results. In this section, we follow some ideas of [20] to prove
that for |ε| enough small, the spectrum of the perturbed operator T (ε) (see [19]
and [6]–[9]) is constituted by isolated eigenvalues such that

n(r, T (ε)) = n(r, T0) +O(1).

3.1. The behavior of the spectrum of the perturbed operator

T (ε) under a finite rank perturbation. In order to prove Theorem 1.1, we
will study the comportment of the spectrum of the perturbed operator T (ε)
under a specific perturbation by a finite rank operator that we denote by Kr.
More precisely, we prove that

n(r, T (ε) −Kr) = n(r, T0).

To this end, we shall introduce some notations and state some preliminary results.
We have T0 is self-adjoint with compact resolvent, so let

T0f =

∞∑

n=1

λn〈f, ϕn〉ϕn

be its spectral decomposition, where λn is the nth eigenvalue of T0 associated to
the eigenvector ϕn. Denoting by

Kr := 2l
∑

r−2l<λn<r

〈·, ϕn〉ϕn − 2l
∑

r≤λn<r+2l

〈·, ϕn〉ϕn,

with r > 4l > 0 and l ∈ N
∗, we haveKr is a finite rank operator and rk(Kr) ≤ 4lp.

Let us consider Tr := T0 −Kr.

Lemma 3.1. Tr is positive and self-adjoint.

Moreover, Tr preserves the system of eigenvectors (ϕn)n and the eigen-
values (λn)n lying outside the interval ]r− 2l, r + 2l[ and changes only the (λn)n
lying inside the interval (see Fig. 1).

Fig. 1

More precisely, if we denote by (νn)n the eigenvalues of Tr numbered in
the increasing order, we get

νn =







λn − 2l if λn ∈]r − 2l, r[
λn + 2l if λn ∈ [r, r + 2l[
λn if λn 6∈]r − 2l, r + 2l[.
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Thus, ]r − 2l, r + 2l[ doesn’t contain any eigenvalues νn of Tr.

Lemma 3.2. The eigenvalues (νn)n of Tr verify:

νn+2p − νn ≥ 1, n = 1, 2, . . . .

Remark 3.1. As the spectrum of T0 is discrete then the spectrum of Tr.
Further, we have

n(r, Tr) = n(r, T0).

Now, we shall recall the following theorem developed in [8].

Theorem 3.1 ([8, Theorem 2.1]). Suppose that hypotheses (H1) and

(H3) hold. Then for |ε| < q−1, the series
∑

i≥0

εiTiϕ converges for all ϕ ∈ D(T0).

If T (ε)ϕ denotes its limit, then T (ε) is a linear operator with domain D(T0) and
for |ε| < (q + βb)−1, the operator T (ε) is closed.

In the sequel, we denote by B(ε) :=
∑

i≥1

εiTi. The first result of this

section asserts:

Proposition 3.1. Assume that hypotheses (H1)–(H3) hold. Then, for

|ε| < 1

q + βb
we have:

(i) The operator B(ε) is T0-compact. Further, the operator T (ε) is with compact
resolvent.

(ii) The operator B(ε) is Tr-compact. Moreover, the operator T (ε)−Kr is with
compact resolvent.

P r o o f. (i) Let n ∈ N
∗ and λn the nth eigenvalue of T0. Using hypothesis

(H3), we get

‖B(ε)ϕn‖ ≤
∞∑

i=1

‖εiTiϕn‖

≤
∞∑

i=1

|ε|iqi−1(a‖ϕn‖+ b‖T0ϕn‖β‖ϕn‖1−β)

≤
∞∑

i=1

|ε|iqi−1(a+ bλβn).(3.1)
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Then, for |ε| < 1

q
, Eq. (3.1) implies that

(3.2) ‖B(ε)ϕn‖ ≤ |ε|
1− |ε|q (a+ bλβn).

Hence,

‖B(ε)ϕn‖2
λ2n

≤ |ε|2
(1− |ε|q)2

(a+ bλβn)2

λ2n
.

Taking into account hypothesis (H2), we obtain

(3.3) λn+1 − λ1 = λn+1 − λ(n+1)−p
︸ ︷︷ ︸

≥1

+λ(n+1)−p − λ(n+1)−2p
︸ ︷︷ ︸

≥1

+ · · ·

+ λ1+p − λ(n+1)−n
p
p(=1)

︸ ︷︷ ︸

≥1

≥ n

p
.

Thus, Eq. (3.3) yields λn ≥ n− 1

p
+ λ1. So, writing

(a+ bλβn)2

λ2n
as

(a+ bλβn)2

λ2n
=
a2

λ2n
+

2abλβn
λ2n

+
b2λ2βn
λ2n

,

we conclude that the series
∑

n

2abλβn
λ2n

and
∑

n

b2λ2βn
λ2n

are convergent since

β ∈
]

0,
1

2

[

. So,
∑

n

‖B(ε)ϕn‖2
λ2n

is also convergent. Consequently,

∞∑

n=1

‖B(ε)ϕn‖2
λ2n

<∞.

Then, by [20, Lemma 1] the operator B(ε) is T0-compact and the spectrum of

the operator T (ε) is discrete for |ε| < 1

q + βb
. Moreover, since T0 is self-adjoint

with compact resolvent and its spectrum is positif, then in view of Lemma 2.4,
the operator T (ε) is with compact resolvent.

(ii) Making the same reasoning as the one in (i), we obtain B(ε) is Tr-
compact and T (ε)−Kr is with compact resolvent. ✷

Corollary 3.1. Suppose that hypotheses (H1) and (H3) are verified.
Moreover, assume that

(3.4) λ1−α
n+p − λ1−α

n ≥ 1, where 0 ≤ α < 1.
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Hence, for β ∈]0, 1 + α− 1

2
[ and |ε| < 1

q + βb
the spectrum of the operator T (ε)

is discrete.

P r o o f. In view of Eq. (3.4), we have λ1−α
n ≥ n− 1

p
+ λ1−α

1 . Hence, the

series
∑

n

2abλβn
λ2n

and
∑

n

b2λ2βn
λ2n

are convergent since β ∈]0, 1+ α− 1

2
[. So, making

the same reasoning as the one in the proof of Proposition 3.1, we conclude that

the spectrum of the operator T (ε) is discrete for |ε| < 1

q + βb
. ✷

Lemma 3.3. For |ε| < 1

q
and r− l ≤ Reλ ≤ r+ l, there exists a positive

number M(ε, a, 2p, q, l) such that

∞∑

n=1

‖B(ε)ϕn‖2
|λ− νn|2

< M(ε, a, 2p, q, l),

where νn is the eigenvalue number n of Tr.

P r o o f. Let n ∈ N
∗ and σ = Reλ. Then, there exists k ∈ N

∗ such that
νk−1 ≤ σ and νk > σ. Thus, we obtain

(3.5) νk − σ > νβk

(

ν1−β
k − σ1−β

)

≥ C1ν
β
k (C1 > 0)

and

(3.6) |λ− νk−1| ≥ ||λ| − νk−1| > |λ|β
(

|λ|1−β − ν1−β
k−1

)

≥ C2ν
β
k−1 (C2 > 0).

Further, we have

σ − νn > νk−1 − νn (n < k − 1), νn − σ > νn − νk (n > k).

Hence, we get

(3.7) νk−1−νn ≥ νβn(ν
1−β
k−1−ν1−β

n ) (n < k−1), νn−νk ≥ νβn(ν
1−β
n −ν1−β

k ) (n > k).

Consequently, using Eqs (3.5), (3.6) and (3.7) we obtain

∞∑

n=1

λ2βn
|λ− νn|2

≤
∞∑

n=1

λ2βn
|σ − νn|2

<
c

C2
1

+
c

C2
2

+
∑

n<k−1

λ2βn

ν2βn
(

ν1−β
k−1 − ν1−β

n

)2
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+
∑

n>k

λ2βn

ν2βn
(

ν1−β
n − ν1−β

k

)2

≤ 2c

C2
3

+
∑

n<k−1

c
(

ν1−β
k−1 − ν1−β

n

)2

+
∑

n>k

c
(

ν1−β
n − ν1−β

k

)2 ,(3.8)

where 0 < c ≤ 1 +
2l

ν1
and C3 := min{C1, C2}. As β ∈]0, 1

2
[, we get in view of

[16, p. 33]

(3.9) ν1−β
k−1−ν1−β

n ≥ (1−β)(νk−1−νn)ν−β
k−1 ≥ c1(1−β)(νk−1−νn)1−β , 0 < c1 < 1

and

(3.10) ν1−β
n − ν1−β

k ≥ (1− β)(νn − νk)ν
−β
n ≥ c2(1− β)(νn − νk)

1−β , 0 < c2 < 1.

Then, it follows from Eqs (3.8), (3.9) and (3.10) that

∞∑

n=1

λ2βn
|λ− νn|2

<
2c

C2
3

+
∑

n<k−1

c

c21(1− β)2 (νk−1 − νn)
2(1−β)

+

∑

n>k

c

c22(1− β)2 (νn − νk)
2(1−β)

≤ 2c

C2
3

+
∑

n<k−1

c

c′2(1− β)2 (νk−1 − νn)
2(1−β)

+

∑

n>k

c

c′2(1− β)2 (νn − νk)
2(1−β)

,(3.11)

where c′ := min{c1, c2}. Hence, using the fact that νn ≥ n− 1

2p
+ ν1, Eq. (3.11)

yields

∞∑

n=1

λ2βn
|λ− νn|2

<
2c

C2
3

+
∑

n<k−1

c(2p)2(1−β)

c′2(1− β)2 (k − 1− n)2(1−β)

+
∑

n>k

c(2p)2(1−β)

c′2(1− β)2 (n− k)2(1−β)

≤ 2c

C2
3

+
c(2p)2(1−β)

c′2(1− β)2

(
∑

n<k−1

1

(k − 1− n)2(1−β)
+

∞∑

m=1

1

m2(1−β)

)
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<
2c

C2
3

+
2c(2p)2(1−β)

c′2(1− β)2

∞∑

m=1

1

m2(1−β)
<∞.

Further, we have

∞∑

n=1

λβn
|λ− νn|2

<
2c

C2
3

+
8c(2p)2−β

c′2(2− β)2

∞∑

m=1

1

m2−β
<∞.

Hence, the series
∑

n

2abλβn
|λ− νn|2

and
∑

n

b2λ2βn
|λ− νn|2

are convergent. So, let ξ be a

positive constant such that

(3.12) ξ :=

∞∑

n=1

2abλβn
|λ− νn|2

+

∞∑

n=1

b2λ2βn
|λ− νn|2

.

On the other hand, since the interval ]r−2l, r+2l[ does not contain any eigenvalue
νn of Tr, then there exists k ∈ N

∗ such that νk−1 ≤ r − 2l and νk ≥ r + 2l.
Moreover, by Lemma 3.2 and for any σ ∈ [r − l, r + l] we obtain

(3.13) νk+j+2sp − σ ≥ l + s and σ − νk−j−2sp−1 ≥ l + s,

where j = 0, 1 . . . , 2p − 1 and s = 0, 1 . . . .

In view of hypothesis (H3) and Eqs (3.2) and (3.12), we get for |ε| < 1

q

(3.14)

∞∑

n=1

‖B(ε)ϕn‖2
|λ− νn|2

<
|ε|2

(1− |ε|q)2

(

ξ +

∞∑

n=1

a2

|σ − νn|2

)

.
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Now, let σ ∈ [r − l, r + l]. Using Eqs (3.13) and (3.14), we obtain

∞∑

n=1

‖B(ε)ϕn‖2
|λ− νn|2

<
|ε|2

(1− |ε|q)2

(

ξ + a2

(
k−1∑

n=1

1

|σ − νn|2
+

∞∑

n=k

1

|νn − σ|2

))

≤ |ε|2
(1− |ε|q)2




ξ + a2






k
2p

−1
∑

s=0

2p

(l + s)2
+

∞∑

s=0

2p

(l + s)2











≤ |ε|2
(1− |ε|q)2

(

ξ + 2a2

( ∞∑

s=1

2p

(l + s)2
+

2p

l2

))

<
|ε|2

(1− |ε|q)2
(

ξ + 4pa2
(∫ ∞

0

dx

(l + x)2
+

1

l2

))

≤ |ε|2
(1− |ε|q)2

(

ξ + 4pa2
l + 1

l2

)

=:M(ε, a, 2p, q, l). ✷

Lemma 3.4. Let τ be an arbitrary positive number. If | Imλ| ≥ τ , then

for |ε| < 1

q
there exists a positive constant N(ε, a, 2p, q, τ) such that

(3.15)
∞∑

n=1

‖B(ε)ϕn‖2
|λ− νn|2

< N(ε, a, 2p, q, τ).

If Reλ ≤ −τ , then for |ε| < 1

q
there exists also a positive constant N1(ε, a, 2p, q, τ)

such that

(3.16)
∞∑

n=1

‖B(ε)ϕn‖2
|λ− νn|2

< N1(ε, a, 2p, q, τ).

P r o o f. Let n ∈ N
∗, σ = Reλ and λ = σ ± iτ, where τ > 0. Then, there

exists k ∈ N
∗ such that νk−1 ≤ σ and νk > σ. In view of hypothesis (H3) and

Eq. (3.2), we get for |ε| < 1

q

(3.17)
‖B(ε)ϕn‖2
|λ− νn|2

≤ |ε|2
(1− |ε|q)2

(

a2

|λ− νn|2
+

2abλβn
|λ− νn|2

+
b2λ2βn

|λ− νn|2

)

.
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• Let us consider | Imλ| ≥ τ . In view of Lemma 3.2, we obtain

(3.18) νk+j+2sp − σ ≥ s and σ − νk−j−2sp−1 ≥ s,

where j = 0, 1, . . . , 2p − 1 and s = 0, 1, . . . .

Hence, for |ε| < 1

q
, Eqs (3.12), (3.17) and (3.18) yield

∞∑

n=1

‖B(ε)ϕn‖2
|λ− νn|2

<
|ε|2

(1− |ε|q)2

(

ξ + a2
∞∑

n=1

1

(νn − σ)2 + τ2

)

≤ |ε|2
(1− |ε|q)2




ξ + 2a2p






k
2p

−1
∑

s=0

1

s2 + τ2
+

∞∑

s=0

1

s2 + τ2











<
|ε|2

(1− |ε|q)2
(

ξ + 4pa2
(

1

τ2
+

∫ ∞

0

dx

x2 + τ2

))

.

Consequently, for |ε| < 1

q
we get

∞∑

n=1

‖B(ε)ϕn‖2
|λ− νn|2

<
|ε|2

(1− |ε|q)2
(

ξ + 2a2
p

τ

(

π +
2

τ

))

=: N(ε, a, 2p, q, τ).

• Now, if Reλ ≤ −τ . Then, for |ε| < 1

q
we obtain

∞∑

n=1

‖B(ε)ϕn‖2
|λ− νn|2

≤ |ε|2
(1− |ε|q)2

(

ξ + 2pa2

( ∞∑

s=0

1

(τ + s)2

))

<
|ε|2

(1− |ε|q)2
(

ξ + 2pa2
(∫ ∞

0

dx

(τ + x)2
+

1

τ2

))

≤ |ε|2
(1− |ε|q)2

(

ξ + 2a2
p

τ

(

1 +
1

τ

))

=: N1(ε, a, 2p, q, τ). ✷

Now, let us estimate the relation between ‖B(ε)(λ− Tr)
−1‖ and

∞∑

n=1

‖B(ε)ϕn‖2
|λ− νn|2

.

Proposition 3.2. We have

‖B(ε)(λ − Tr)
−1‖2 ≤

∞∑

n=1

‖B(ε)ϕn‖2
|λ− νn|2

.
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We denote by Ωr,h the intersection of Sh with the half-plane Reλ < r,
where

Sh := {λ ∈ C such that | Imλ| < h and Reλ > −h} and h > 3l

(see Fig. 2)

h

−h

−h 0

Sh

r

Reλ < r

Ωr,h

Fig. 2

Now, we are ready to prove the following result.

Proposition 3.3. Assume that hypotheses (H1)-(H3) are verified. Then,
for |ε| enough small, we have

n(r, T (ε) −Kr) = n(r, T0).

P r o o f. Since the interval ]r−2l, r+2l[ does not contain any eigenvalue
νn of Tr and Tr is positive, we have

σ(Tr) ∩ ∂Ωr,h = ∅.
Now, let λ ∈ ∂Ωr,h and t ∈ [0, 1]. We have

(3.19) λ− Tr − tB(ε) = [I − tB(ε)(λ− Tr)
−1](λ− Tr).

Due to Lemma 3.3 and Proposition 3.2, for Reλ ∈ [r − l, r + l] and |ε| < 1

q
we

have

‖B(ε)(λ − Tr)
−1‖2 < M(ε, a, 2p, q, l).

Then, it is easy to see that for Reλ ∈ [r − l, r + l] and |ε| < 1

q +
√

ξ + 4pa2 l+1
l2

we obtain

(3.20) ‖B(ε)(λ − Tr)
−1‖ < 1.
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Similarly, by Eq. (3.15) and Proposition 3.2, we get for | Imλ| ≥ h and |ε| < 1

q

‖B(ε)(λ − Tr)
−1‖2 < N(ε, a, 2p, q, h).

So, it is easy to check that for | Imλ| ≥ h and |ε| < 1

q +
√

ξ + 2a2 p
h
(π + 2

h
)

we have

(3.21) ‖B(ε)(λ − Tr)
−1‖ < 1.

Furthermore, for Reλ ≤ −h and |ε| < 1

q
, Eq. (3.16) and Proposition 3.2

imply that

‖B(ε)(λ− Tr)
−1‖2 < N1(ε, a, 2p, q, h).

Hence, for Reλ ≤ −h and |ε| < 1

q +
√

ξ + 2a2 p
h
(1 + 1

h
)
we obtain

(3.22) ‖B(ε)(λ − Tr)
−1‖ < 1.

Consequently, since h > 3l Eqs (3.20), (3.21) and (3.22) yield for

|ε| < 1

q +
√

ξ + 4pa2 l+1
l2

‖tB(ε)(λ − Tr)
−1‖∂Ωr,h

≤ ‖B(ε)(λ− Tr)
−1‖∂Ωr,h

< 1.

Hence, I − tB(ε)(λ − Tr)
−1 is invertible with bounded inverse. So, Eq.

(3.19) implies that λ− Tr − tB(ε) is invertible with bounded inverse. Then,

σ(Tr + tB(ε)) ∩ ∂Ωr,h = ∅.
On the other hand, Tr is self-adjoint with discrete spectrum, then due to [17,
p. 146] Tr is with compact resolvent. Moreover, by Proposition 3.1 (ii) the
operator B(ε) is Tr-compact. Hence, Proposition 2.2 allows us to conclude that

n(r, T (ε) −Kr) = n(r, Tr).

In view of Remark 3.1, we obtain

n(r, T (ε) −Kr) = n(r, T0). ✷

3.2. The behavior of the spectrum of the perturbed operator

T (ε). In this part, we will study the comportment of the eigenvalues of T (ε) in
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terms of the one of T0. To this end, we shall emphasize on the fact that Lemma
2.3 and Proposition 3.3 imply that

n(r, T (ε)) = n(r, T0) +
1

2π
[argDε(λ)]∂Ωr,h

,

where Dε(λ) := det(I −Kε(λ)) and Kε(λ) := Kr(λ− T (ε) +Kr)
−1.

So to prove Theorem 1.1, it suffices to estimate the increment of the
argument of Dε(λ) along the boundary of Ωr,h.

To this interest, we shall need the following results enabling us to get such
estimates.

Remark 3.2. Dε(λ) is well defined for λ /∈ σ(T (ε)−Kr). In fact, due to
[15, p. 160], Kε(λ) is with finite rank for λ /∈ σ(T (ε) −Kr). Furthermore, Dε(λ)
is a meromorphic function.

Proposition 3.4. Suppose that hypotheses (H1)–(H3) hold. Then:

(i) In the strip Reλ ∈ [r − l, r + l] and for |ε| enough small, the function Dε(λ)
is holomorphic and is estimated as

|Dε(λ)| ≤
(

1 + 2
(

1−
√

M(ε, a, 2p, q, l)
)−1

)4lp

.

(ii) In the same strip, for Imλ = ±h and for |ε| enough small, the following
lower estimate holds

|Dε(λ)| ≥
(

1− 2l

h

(

1−
√

N(ε, a, 2p, q, h)
)−1

)4lp

.

P r o o f. (i) Let λ ∈ C such that Reλ ∈ [r − l, r + l]. Since [r − l, r + l]
does not contain any eigenvalue of Tr, then we have

λ− Tr −B(ε) = [I −B(ε)(λ− Tr)
−1](λ− Tr).

Furthermore, combining Lemma 3.3 and Proposition 3.2, we obtain for |ε| <
1

q +
√

ξ + 4pa2 l+1
l2

‖B(ε)(λ − Tr)
−1‖ <

√

M(ε, a, 2p, q, l) < 1.

Hence, I − B(ε)(λ − Tr)
−1 is invertible with bounded inverse. Conse-

quently, for |ε| < 1

q +
√

ξ + 4pa2 l+1
l2

the operator Kε(λ) can be written as

(3.23) Kε(λ) := Kr(λ− Tr)
−1[I −B(ε)(λ − Tr)

−1]−1.
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Taking into account the fact that Dε(λ) is meromorphic and the strip
Reλ ∈ [r − l, r + l] does not contain any eigenvalue of Tr, we get Dε(λ) is
holomorphic in the strip Reλ ∈ [r − l, r + l].

Now, we are going to estimate |Dε(λ)| for Reλ ∈ [r − l, r + l] and

|ε| < 1

q +
√

ξ + 4pa2 l+1
l2

.

Due to Proposition 2.1 (i), we have

(3.24) |Dε(λ)| ≤ (1 + ‖Kε(λ)‖)rk(Kε) ≤ (1 + ‖Kε(λ)‖)4lp.

On the other hand, Eq. (3.23) implies that

(3.25) ‖Kε(λ)‖ ≤ ‖Kr‖ ‖(λ− Tr)
−1‖ ‖[I −B(ε)(λ − Tr)

−1]−1‖.
As

‖Kr‖ ≤ 2l, ‖(λ− Tr)
−1‖ ≤ 1

d(λ, σ(Tr))
≤ 1

l

and
∥
∥
∥

[
I −B(ε)(λ− Tr)

−1
]−1
∥
∥
∥ ≤

(

1−
√

M(ε, a, 2p, q, l)
)−1

,

we obtain in view of Eqs (3.24) and (3.25)

|Dε(λ)| ≤
(

1 + 2
(

1−
√

M(ε, a, 2p, q, l)
)−1

)4lp

.

(ii) Let λ ∈ C such that Reλ ∈ [r − l, r + l] and Imλ = ±h.
In view of Eq. (3.15) and Proposition 3.2, we have for | Imλ| ≥ h and

|ε| < 1

q +
√

ξ + 2a2 p
h
(π + 2

h
)

‖B(ε)(λ − Tr)
−1‖ <

√

N(ε, a, 2p, q, h) < 1.

So, for | Imλ| ≥ h and |ε| < 1

q +
√

ξ + 4pa2 l+1
l2

we get

∥
∥
∥

[
I −B(ε)(λ− Tr)

−1
]−1
∥
∥
∥ ≤

(

1−
√

N(ε, a, 2p, q, h)
)−1

.

Moreover, we have

‖(λ− Tr)
−1‖ ≤ 1

| Imλ| =
1

h
and ‖Kr‖ ≤ 2l.
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Hence, for Imλ = ±h and |ε| < 1

q +
√

ξ + 4pa2 l+1
l2

, Eq. (3.23) implies

that

(3.26) ‖Kε(λ)‖ ≤ 2l

h

(

1−
√

N(ε, a, 2p, q, h)
)−1

.

Consequently, by Remark 2.1 we obtain for Imλ = ±h and

|ε| < 1

q +
√

ξ + 4pa2 l+1
l2

∣
∣Dε(λ)

∣
∣ ≥

∣
∣
∣
∣
1− 2l

h

(

1−
√

N(ε, a, 2p, q, h)
)−1

∣
∣
∣
∣

rk(Kε(λ))

.

Since h > 3l, we have for |ε| < W

(3.27)
2l

h

(

1−
√

N(ε, a, 2p, q, h)
)−1

< 1,

where W := min







1

q +
√

ξ + 4pa2 l+1
l2

,
1

q + h
h−2l

√

ξ + 2a2 p
h
(π + 2

h
)






.

So, for |ε| < W we obtain

∣
∣Dε(λ)

∣
∣ ≥

(

1− 2l

h

(

1−
√

N(ε, a, 2p, q, h)
)−1

)4lp

. ✷

A key tool in this section is the following proposition.

Proposition 3.5. Assume that hypotheses (H1)–(H3) are verified. Sup-
pose that the line Reλ = r does not contain any eigenvalue of the operator T (ε).
Then, for |ε| enough small the variation of the argument of the function Dε(λ)
along the boundary of Ωr,h satisfies the estimate

∣
∣[argDε(λ)]∂Ωr,h

∣
∣ ≤ C1,ε,

where C1,ε is a constant.

P r o o f. • For Reλ ∈ [r − l, r + l], Imλ = ±h and |ε| < W , Eqs (3.26)
and (3.27) imply that

(3.28) ‖Kε(λ)‖ ≤ 2l

h

(

1−
√

N(ε, a, 2p, q, h)
)−1

< 1.

• On the other hand, for Reλ = −h and |ε| < 1

q +
√

ξ + 4pa2 l+1
l2

it follows from
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Eq. (3.16) and Proposition 3.2 that

‖B(ε)(λ− Tr)
−1‖ <

√

N1(ε, a, 2p, q, h) < 1 and ‖(λ− Tr)
−1‖ < 1

h
.

So, for Reλ = −h and |ε| < 1

q +
√

ξ + 4pa2 l+1
l2

, Eq. (3.23) implies that

‖Kε(λ)‖ ≤ 2l

h

(

1−
√

N1(ε, a, 2p, q, h)
)−1

.

As h > 3l, we have for |ε| < W1

(3.29)
2l

h

(

1−
√

N1(ε, a, 2p, q, h)
)−1

< 1,

where W1 := min







1

q +
√

ξ + 4pa2 l+1
l2

,
1

q + h
h−2l

√

ξ + 2a2 p
h
(1 + 1

h
)






.

Hence, for |ε| < min{W,W1} =:W , Eqs (3.28) and (3.29) yield

‖Kε(λ)‖∂Sh
< 1.

Since rk(Kε(λ)) ≤ 4lp, then in virtue of Lemma 2.2 we obtain for |ε| < W

(3.30) |[arg det(I −Kε(λ))]∂Sh
| ≤ 4lpπ.

To complete the proof, we apply Lemma 2.1. We consider the rectangle Γl,h

bounded by the straight lines Reλ = r ± l and Imλ = ±2h and the second
contracted rectangle Γ′

l,h with the same center r and bounded by the lines Reλ =

r ± l

2
and Imλ = ±h (see Fig. 3).
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h

0

−h

−h

Sh

rr − l r + l

2h

−2h Γl,h

r − l

2
r +

l

2

Γ′

l,h

Fig. 3

In view of Proposition 3.4, we have Dε(λ) is a bounded and holomorphic
function in the strip Reλ ∈ [r − l, r + l].

We denote by m1 = sup
λ∈Γl,h

|Dε(λ)| and m2 = sup
λ∈Γ′

l,h

|Dε(λ)|.

Taking into account that the line Reλ = r does not contain any eigenvalue
of T (ε) (i.e., does not contain zeros of Dε(λ) := det

(
(λ−T (ε))(λ−T (ε)+Kr)

−1
)
,

we get in view of Lemma 2.1 (ii)

(3.31) |[argDε(λ)]Re λ=r| ≤ C ′(lnm1 − lnm2), where C
′ > 0.

Hence, using Proposition 3.4, we obtain for |ε| < W

lnm1 − lnm2 ≤
[

ln

((

1 + 2
(

1−
√

M(ε, a, 2p, q, l)
)−1

)4lp
)

−

ln

((

1− 2l

h

(

1−
√

N(ε, a, 2p, q, h)
)−1

)4lp
)]

.(3.32)

So, Eqs (3.31) and (3.32) imply that for |ε| < W

|[argDε(λ)]Re λ=r| ≤ C ′
[

ln

((

1 + 2
(

1−
√

M(ε, a, 2p, q, l)
)−1

)4lp
)

−

ln

((

1− 2l

h

(

1−
√

N(ε, a, 2p, q, h)
)−1

)4lp
)]

.
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Then, for |ε| < W , we have

(3.33) |[argDε(λ)]Re λ=r| ≤ C ′
ε,

where

C ′
ε := 4lp C ′ ln






1 + 2
(

1−
√

M(ε, a, 2p, q, l)
)−1

1− 2l
h

(

1−
√

N(ε, a, 2p, q, h)
)−1




 .

Consequently, for |ε| < W , Eqs (3.30) and (3.33) yield

|[argDε(λ)]∂Ωr,h
| ≤ C1,ε,

where C1,ε := max{4lpπ,C ′
ε}. ✷

Using the results described above, we can now prove, by the similar way
to [20, Theorem 1], the objective of this section.

Theorem 3.2. Suppose that hypotheses (H1)-(H3) are satisfied. Then,
for |ε| enough small, the spectrum of the operator T (ε) is constituted by isolated
eigenvalues satisfying

n(r, T (ε)) = n(r, T0) +O(1) i.e., |n(r, T (ε)) − n(r, T0)| < C as r → ∞,

where C is a constant.

Remark 3.3. (i) Theorem 3.2 improves [8, Theorem 3.1] since we give
an asymptotic relation between the eigenvalue-counting functions of T0 and T (ε)
and we obtain results on the distribution of the eigenvalues of T (ε) in terms of the
one of T0 where the eigenvalues (λn)n of T0 are not necessarily with multiplicity
one.

(ii) Theorem 3.2 generalizes the result of [20, Theorem 1] to an analytic
operator instead of the sum of two operators.

P r o o f o f Th e o r em 3.2. Due to Proposition 3.1, the operators T (ε)

and T (ε) − Kr are with compact resolvent, for |ε| < 1

q + βb
. Further, making

the same reasoning as the one in the proof of Proposition 3.3, we have for |ε| <
1

q +
√

ξ + 4pa2 l+1
l2

σ(T (ε) −Kr) ∩ ∂Ωr,h = ∅.
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Consequently, for |ε| < 1

q +
√

ξ + 4pa2 l+1
l2

Lemma 2.3 implies that

n(r, T (ε)) − n(r, T (ε) −Kr) =
1

2π
[argDε(λ)]∂Ωr,h

.

Taking into account Proposition 3.3, we obtain for |ε| < 1

q +
√

ξ + 4pa2 l+1
l2

n(r, T (ε)) − n(r, T0) =
1

2π
[argDε(λ)]∂Ωr,h

.

On the other hand, due to Proposition 3.5 we have [argDε(λ)] is bounded
for any r by C1,ε when λ varies along the boundary of Ωr,h, for |ε| < W . As a
consequence, we get

|n(r, T (ε)) − n(r, T0)| ≤
1

2π
C1,ε = O(1) as r → ∞.

But, we obtain this result when we exclude the values of r for which the
straight line Reλ = r passes through the zeros of Dε(λ). However, all such zeros
lie in the rectangle Γ′

l,h (see Fig. 4).

h

0

−h

−h

Sh

r

2h

−2h Γl,h

Γ′

l,h

Fig. 4
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Therefore, in view of Lemma 2.1 (i) we have for |ε| < W

nDε(λ)(Γ
′
l,h) ≤ C ′′

[

ln

((

1 + 2
(

1−
√

M(ε, a, 2p, q, l)
)−1

)4lp
)

−

ln

((

1− 2l

h

(

1−
√

N(ε, a, 2p, q, h)
)−1

)4lp
)]

, where C ′′ > 0.

So, for |ε| < W , we get

nDε(λ)(Γ
′
l,h) ≤ C ′′

ε ,

where

C ′′
ε := 4lp C ′′ ln






1 + 2
(

1−
√

M(ε, a, 2p, q, l)
)−1

1− 2l
h

(

1−
√

N(ε, a, 2p, q, h)
)−1




 .

Then, the number of zeros of Dε(λ) inside Γ′
l,h does not exceed C ′′

ε (i.e., the
number of eigenvalues of T (ε) does not exceed C ′′

ε ). Consequently, the relation
remains valid for all r → ∞, i.e., n(r, T (ε)) − n(r, T0) = O(1). ✷

Corollary 3.2. Assume that hypotheses (H1) and (H3) and Eq. (3.4)

hold. Then, for β ∈
]

0, 1 +
α− 1

2

[

and |ε| enough small, the spectrum of the

operator T (ε) is constituted by isolated eigenvalues satisfying

n(r, T (ε)) = n(r, T0) +O(1) i.e., |n(r, T (ε)) − n(r, T0)| < C as r → ∞,

where C is a constant.

P r o o f. Using (H3) and making the same reasoning as the one developed

in the proof of Proposition 3.1, we get for |ε| < 1

q

‖B(ε)ϕn‖2
|λ− νn|2

≤ |ε|2
(1− |ε|q)2

(

a2

|λ− νn|2
+

2abλβn
|λ− νn|2

+
b2λ2βn

|λ− νn|2

)

.

Now, let σ = Reλ. Then there exists k ∈ N
∗ such that νk−1 ≤ σ and νk > σ.

Further, since ν1−α
n ≥ n− 1

2p
+ ν1−α

1 , thus νn ≥
(
n− 1

2p
+ ν1−α

1

) 1
1−α

. Hence, Eq.

(3.8) yields

∞∑

n=1

λ2βn
|λ− νn|2

<
2c

C2
3

+
∑

n<k−1

c
((

k−2
2p + ν1−α

1

) 1−β

1−α −
(
n−1
2p + ν1−α

1

) 1−β

1−α

)2
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+
∑

n>k

c
((

n−1
2p + ν1−α

1

) 1−β

1−α −
(
k−1
2p + ν1−α

1

) 1−β

1−α

)2 .

Using an elementary calculations, we reveal that for β ∈]0, 1 + α− 1

2
[ we get

∞∑

n=1

λ2βn
|λ− νn|2

<∞.

We note here that we should distinguish the cases when β ∈]0, α] and β ∈
]

α, 1 +
α− 1

2

[

. Further, we infer that

∞∑

n=1

λβn
|λ− νn|2

<∞.

Indeed, it is sufficient to replace β with
β

2
. Hence, the series

∑

n

2abλβn
|λ− νn|2

and

∑

n

b2λ2βn
|λ− νn|2

are convergent. So, let ξ′ be a positive constant such that

∞∑

n=1

2abλβn
|λ− νn|2

+
∞∑

n=1

b2λ2βn
|λ− νn|2

= ξ′.

Consequently, by a similar reasoning as the one of Theorem 3.2, we get for
|ε| < W2

n(r, T (ε)) = n(r, T0) +O(1),

where W2 := min







1

q +
√

ξ′ + 4pa2 l+1
l2

,
1

q + h
h−2l

√

ξ′ + 2a2 p
h
(π + 2

h
)






. ✷

4. Applications.

4.1. Application to a Gribov operator in Bargmann space. To
illustrate the applicability of the abstract results described above, we give an
application to the Gribov operator whose expression is given by Eq. (1.5).

Let T0 and H1 be the operators defined by:






T0 : D(T0) ⊂ E −→ E

ϕ −→ T0ϕ(z) = (A∗A)3ϕ(z)
D(T0) = {ϕ ∈ E such that T0ϕ ∈ E},
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and






H1 : D(H1) ⊂ E −→ E
ϕ −→ H1ϕ(z) = A∗(A+A∗)Aϕ(z)

D(H1) = {ϕ ∈ E such that H1ϕ ∈ E}.
Before going further, we state the following result from [8].

Proposition 4.1 ([8, Proposition 6.2]). We have the following assertions:

(i) T0 is a self-adjoint operator.

(ii) The resolvent of T0 is compact.

(iii)

{

en(z) =
zn√
n!

}∞

1

is a system of eigenvectors associated to the eigenvalues

{n3}n≥1 of T0.

In view of Proposition 4.1 (i) and (ii), T0 is a self-adjoint operator with
compact resolvent. Then, let

T0 =

∞∑

n=1

n3〈., en〉en

be its spectral decomposition, where n3 is the nth eigenvalue of T0 associated to

the eigenvector en(z) :=
zn√
n!
. Hence, for a strictly decreasing sequence (uk)k∈N

with strictly positive terms such that u0 = 1 and u1 =
1

2
, we define the operators

(T uk

0 )k≥0 by:






T uk

0 : D(T uk

0 ) ⊂ E −→ E

ϕ −→ T uk

0 ϕ =
∞∑

n=1

n3uk〈ϕ, en〉en

D(T uk

0 ) = {ϕ ∈ E such that

∞∑

n=1

n6uk |〈ϕ, en〉|2 <∞}.

It is easy to check that for all k ≥ 0, D(T uk

0 ) ⊂ D(T
uk+1

0 ). Then,
⋂

k≥2

D(T uk

0 ) = D(T u2

0 ).

Let D = D(T u2

0 ) ∩ D(H1), T1, (Tk)k≥2 the restrictions of H1 and T uk

0 to
D, respectively. So, the operators (Tk)k≥1 have the same domain D and we have
D(T0) ⊂ D.

In order to prove our theorem, we shall recall the following results.
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Proposition 4.2 ([8, Proposition 6.3]). There exist constants a, b, q > 0

and β ∈
[
1

2
, 1

]

such that for all ϕ ∈ D(T0) and for all k ≥ 1 we have

‖Tkϕ‖ ≤ qk−1(a‖ϕ‖ + b‖T0ϕ‖β‖ϕ‖1−β).

Remark 4.1. In Proposition 4.2, we take q = 1 and a = b = 1 + 2
√
2.

Proposition 4.3. For |ε| < 1, the series
∑

k≥0

εkTkϕ converges for all

ϕ ∈ D(T0). If we denote its sum by T (ε)ϕ, then we define a linear operator T (ε)

with domain D(T0). Also, for |ε| < 1

1 + βa
, the operator T (ε) is closed.

The objective of this subsection is formulated in the following theorem.

Theorem 4.1. For |ε| enough small and β ∈
[
1

2
,
5

6

[

, we have

n(r, T (ε)) − n(r, T0) = O(1).

P r o o f. Let λn be the eigenvalue number n of (A∗A)3 and

B(ε) =
∑

k≥1

εkTk. We have

(4.1) λ
1

3

n+p − λ
1

3
n = (n+ p)− n = p ≥ 1.

On the other hand, Proposition 4.2 implies that for all k ≥ 1 we have

(4.2) ‖Tkϕ‖ ≤ a
(

‖ϕ‖ + ‖T0ϕ‖β‖ϕ‖1−β
)

, for all ϕ ∈ D(T0)

where a = 1+2
√
2 and β ∈

[
1

2
,
5

6

[

. Consequently, the result follows immediately

from Corollary 3.2, Propositions 4.1 and 4.3 and Eqs (4.1) and (4.2). ✷

4.2. Application to a problem of radiation of a vibrating struc-

ture in a light fluid. We consider an elastic membrane lying in the domain
−L < x < L of the plane z = 0. The two half-spaces z < 0 and z > 0 are filled
with gas. The membrane is excited by a harmonic force F (x)e−iωt.

We denote by u the displacement of the membrane and p the acoustic
pressure in the fluid. These functions satisfy the system:

(4.3)

(
d4

dx4
− mω2

D

)

u(x) =
1

D
(F (x) − P (x)) for all x ∈]− L,L[,

where

(4.4) u(x) =
∂u(x)

∂x
= 0 for x = −L and x = L,
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(4.5) P (x) = lim
η→0+

(p(x, η) − p(x,−η))

and

(4.6) p(x, z) =

−sgn zi
ρ0
2

∫ L

−L

H0(k
√

(x− x′)2 + z2)

(

ω2 − D

m

(

d4

dx4
−
(
d4

dx4

) 1

2

))

u(x′)dx′,

for z < 0 or z > 0, where H0 is the Hankel function of the first kind and order 0
stated in [14, p. 11] and given by

H0(x) =
−1

π
ei(x−

π
4 )
∫ +∞

0

e−xt

√

t
(
1 + i t2

) dt

and the mechanical parameters of the membrane are E the Young modulus, ν
the Poisson ratio, m the surface density, h the thickness of the membrane and

D:=
Eh3

12(1 − ν2)
the rigidity. The fluid is characterized by ρ0 the density, c the

sound speed and k:=
ω

c
the wave number.

The systems (4.3), (4.4), (4.5) and (4.6) lead to the boundary value prob-
lem

(
d4

dx4
− mω2

D

)

u(x)−iρ0
∫ L

−L

H0(k|x−x′|)
(

ω2

D
− 1

m

(

d4

dx4
−
(
d4

dx4

)1

2

))

u(x′)dx′

=
F (x)

D
,

for all x ∈]− L,L[ such that u(x) =
∂u(x)

∂x
= 0 for x = −L and x = L.

In order to study this problem, we consider the following operator






T0 : D(T0) ⊂ L2
(
]− L,L[

)
−→ L2

(
]− L,L[

)

ϕ −→ T0ϕ(x) =
d4ϕ

dx4
D(T0) = H2

0

(
]− L,L[

)
∩H4

(
]− L,L[

)
.

Now, we recall the following result from [14].

Lemma 4.1 ([14, Lemmas 3.1 and 3.2]). The following assertions hold:
(i) T0 is a self-adjoint operator.
(ii) The injection from D(T0) into L

2
(
]− L,L[

)
is compact.

(iii) The spectrum of T0 is constituted only of eigenvalues which are positive,
countable and of which the multiplicity is one and which have no finite limit
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points and satisfy

0 < λ1 ≤ λ2 ≤ · · · ≤ λn → +∞.

Further,
(
(2n+ 1)π

4L

)4

≤ λn ≤
(
(2n+ 3)π

4L

)4

,

i.e.,

λn ∼+∞
(nπ

2L

)4
.

Remark 4.2. Due to Lemma 4.1, T0 is a self-adjoint operator and has a
compact resolvent. Then, let

T0ϕ =

∞∑

n=1

λn〈ϕ,ϕn〉ϕn

be its spectral decomposition, where λn is the nth eigenvalue of T0 associated to

the eigenvector ϕn(x) = µe
4
√
λnx+ ηe−

4
√
λnx+ θei

4
√
λnx+ δe−i 4

√
λnx (see [14, p. 7]).

Hence, for γ > 0, we define the operator T γ
0 by







T γ
0 : D(T γ

0 ) ⊂ L2
(
]− L,L[

)
−→ L2

(
]− L,L[

)

ϕ −→ T γ
0 ϕ(x) =

∞∑

n=1

λγn〈ϕ,ϕn〉ϕn

D(T γ
0 ) =

{

ϕ ∈ L2(]− L,L[) such that

∞∑

n=1

λ2γn |〈ϕ,ϕn〉|2 <∞
}

.

In the sequel, we consider the following operators:






B = T
1

2

0 : D(B) ⊂ L2
(
]− L,L[

)
−→ L2

(
]− L,L[

)

ϕ −→ Bϕ(x) =

(
d4ϕ

dx4

) 1

2

D(B) =

{

ϕ ∈ L2(]− L,L[) such that

∞∑

n=1

λn|〈ϕ,ϕn〉|2 <∞
}

and






K : L2
(
]− L,L[

)
−→ L2

(
]− L,L[

)

ϕ −→ Kϕ(x) =
i

2

∫ L

−L

H0(k|x− x′|)ϕ(x′)dx′

and the following eigenvalue problem:
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Find the values λ ∈ C for which there is a solution ϕ ∈ H2
0

(
] − L,L[

)
∩

H4
(
]− L,L[

)
, ϕ 6= 0 for the equation

(4.7) T0ϕ+ εK(T0 −B)ϕ = λ(I + εK)ϕ

where λ =
mω2

D
and ε =

2ρ0
m

.

Due to [18, chapter 9, section 4], λ is the eigenvalue and ϕ is the eigen-
mode.

Note that λ and ϕ each depend on the value of ε. So, we designate by
λ := λ(ε) and ϕ := ϕ(ε).

For |ε| < 1

‖K‖ , the operator I+εK is invertible. Then, the problem (4.7)

becomes:
Find the values λ(ε) ∈ C for which there is a solution ϕ ∈ H2

0

(
]−L,L[

)
∩

H4
(
]− L,L[

)
, ϕ 6= 0 for the equation

(4.8) (I + εK)−1T0 + ε(I + εK)−1K(T0 −B)ϕ = λ(ε)ϕ.

The problem (4.8) is equivalent to:
Find the values λ(ε) ∈ C for which there is a solution ϕ ∈ H2

0

(
]−L,L[

)
∩

H4
(
]− L,L[

)
, ϕ 6= 0 for the equation

(

d4

dx4
− εK

(
d4

dx4

) 1

2

+ ε2K2

(
d4

dx4

) 1

2

+ · · ·+ (−1)nεnKn

(
d4

dx4

) 1

2

+ · · ·
)

ϕ

= λ(ε)ϕ.

We denote by Tn := (−1)nKn

(
d4

dx4

) 1

2

, for all n ≥ 1.

To state the objective of this subsection, we need first to introduce some
results.

Proposition 4.4 ([7, Proposition 4.1]). There exist positive constants

a, b, q > 0 and β ∈
[
1

2
, 1

]

such that for all ϕ ∈ D(T0) and for all k ≥ 1

‖Tkϕ‖ ≤ qk−1(a‖ϕ‖ + b‖T0ϕ‖β‖ϕ‖1−β).

Remark 4.3. It suffices to take a = b = q = ‖K‖.

Proposition 4.5 ([7, Proposition 4.1 ]). For |ε| < 1

‖K‖ , the series
∑

k≥0

εkTkϕ converges for all ϕ ∈ D(T0). If we designate its sum by T (ε)ϕ, we
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define a linear operator T (ε) with domain D(T0). For |ε| < 1

‖K‖(1 + β)
, the

operator T (ε) is closed.

The main result of this subsection is formulated as:

Theorem 4.2. For |ε| enough small and β ∈
[
1

2
,
7

8

[

, we have

n(r, T (ε)) − n(r, T0) = O(1).

P r o o f. Let λn be the eigenvalue number n of T0 and B(ε) =

∞∑

k≥1

εkTk.

It follows from Lemma 4.1 that
(2n+ 1)π

4L
≤ 4
√

λn ≤ (2n + 3)π

4L
.

Hence, using simple calculations, we reveal that

λ
1

4

n+p − λ
1

4
n =

pπ

2L
≥ 1, where p ≥ 2L

π
.

Further, it follows from Proposition 4.4 that for all k ≥ 1 and for β ∈
[
1

2
,
7

8

[

we

have

‖Tkϕ‖ ≤ ‖K‖k
(

‖ϕ‖ + ‖T0ϕ‖β‖ϕ‖1−β
)

, for all ϕ ∈ D(T0).

Then, for |ε| enough small it follows from Corollary 3.2, Remark 4.2, Lemma 4.1
and Proposition 4.5 that

n(r, T (ε)) = n(r, T0) +O(1). ✷
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Math. (Szeged) 14 (1951), 125–137.

[20] A. A. Shkalikov. On the basis property of root vectors of a perturbed self-
adjoint operator. Tr. Mat. Inst. Steklova 269 (2010), 290–303 (in Russian);
English translation in Proc. Steklov Inst. Math. 269, 1 (2010), 284–298.
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