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ABSTRACT. Let UT4(F) be 4 x 4 upper triangular matrix algebra over F' a
field of characteristic zero and let A be the subalgebra of UT4(F') linearly
generated by {e;; : 1 < i < j < 4} \ eq3, where e;5, 1 < i < j < 4 is the
standard basis of UT,(F'). We describe the set of all x-polynomial identities
for A with the transpose-like involution.

1. Introduction. Let F be a field of char(F') # 2 (characteristic differ-
ent from 2). Let R be an unitary associative algebra over F. A map *: R - R
is called an involution if it is an automorphism of the additive group R such that

(ab)* =b*a* and (a*)*=a
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for all a,b € R. Let Z(R) be the center of R. If a* = a for all a € Z(R), we say
that * is an involution of the first kind on R. Otherwise * is called an involution
of the second kind. In this paper, we will consider involutions of the first kind
only.

The description of the involutions on a given algebra is an important task
in ring theory. In the algebra UTy(F') of the k x k upper triangular matrix over F,
we have an important involution of the first kind. For every matrix A € UTy(F)
define A* = JA'J where A — A? denotes the usual matrix transposition and J
is the following permutation matrix

0 0 1
0 10
1 .-« 0 0

If k is an odd integer, any other involution in UTy(F') is completely determined
by #. The involution * is called the transpose-like involution on UTy(F). For
instance, if k = 2 we have that

a c\ (b c
0b) \0 a
for all a,b,c € F. When £k is even integer, there exist two classes of inequivalent

involutions. One of them is the same transpose-like involution and the other is
defined by A° = DA*D for all A € UT(F). Here, D is the matrix

(5 )
0 —Iyp

and I}, j is the identity matrix of the full matrix algebra Mj, 5(F'). The involution
s is called the symplectic involution on UT(F). Details about this result can be
found in [1] and various others properties of involutions and involution-like maps
for the upper triangular matrix can be found in [5].

Let Y = {y1,92,...} and Z = {21, 22,...} be two disjoint countably infi-
nite sets. Denote by F(YUZ) the free unitary associative algebra freely generated
by Y U Z. The elements of F(Y U Z) are polynomials in the associative non-
commutative variables Y U Z with scalars in F'. Let R be an unitary associative
algebra with involution *, we set

Rt ={aeR: a* =a} and R ={aeR: a" =—a}
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The elements in R are called symmetric and elements in R~ are called skew-
symmetric. A given polynomial f(y1,...,Yn,21,...,2m) € F(Y UZ) is a *-
polynomial identity for R if

f(al,...,an,bl,...,bm):0

for all ay,...,a, € R" and all by,...,b,, € R™. Denote by Id(R,*) the set of
all #-polynomial identities for R. There is a description of Id(UT(F),*) and
Id(UT5(F),s) (see [1] when F is infinite and [4] when F is finite). It has also
been described Id(UT3(F),*) when F is a field of char(F) = 0 (see [1]). It is an
open problem to describe Id(UTy(F),*) in other cases.

Let A be the subset of UT(F') consisting of all the elements

A C

0 B
such that A, B,C € UTy(F). It is easy to see that A is a subalgebra with the
transpose-like involution. By definition, we have that

A C\* _ (B* c*

0 B) \0 A
for all A, B,C € UT»(F). In this paper, we describe the set of all x-polynomial
identities for A with transpose-like involution.

2. Preliminaries. Since char F' # 2, UTy(F') can be written as UTy(F) =
UTy(F)* @ UT4(F)~. The center of the UTy(F) consists of the scalar matrices
{A\I4: X € F'}. Given an algebra R, the commutators in R are defined inductively
by

[a1, as] = ajas — aza; and [a1,...,an] = [[a1,...,an—1], an]

for all aq,...,a, € R. Besides, R satisfies the Jacobi identity
lag, ag, a1] + laz, a1, as] + [a1,a3,a2] = 0

for all a1,a0,a3 € R.

Let X = {x1,x9,...} be a countably infinite set. Denote by F(X) the
free unitary associative algebra over F', freely generated by X. We say that
flxy,...,x,) € F(X) is a polynomial identity for R if

flay,...,a,)=0
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for all ay,...,a, € R. Denote by Id(R) the set of all polynomial identities for R.
A T-ideal of F(X) is an ideal closed under all algebra endomorphisms of F'(X).
In other words, an ideal I is a T-ideal of F(X) if and only if

f(glv"'vgn)ej

for all f(z1,...,2,) € I and g1,...,9n € F(X).
The following result is well-known.

Lemma 2.1 ([2, Theorem 5.2.1]). A linear basis for
F(X)/Id(UTy(F))
1s given by the elements
ity ,a:jn]t + Id(UT»(F)),

where 11, ...,rm >0, t €{0,1} and j1 > jo < -+ < jn.

The free algebra F(Y UZ), Y = {y1,y2,...}, Z = {z1,22,...}, has an
involution, which we denote by * as well, satisfying y; = y; and 2z = —z; for all
i > 1. Endowed with this involution, F(Y U Z) is a free algebra of countably
infinite rank in the class of unitary associative algebras with involution. The
elements of Y are called symmetric variables and the elements of Z are called
skew-symmetric variables. An endomorphism ¢ of F(Y U Z) preserves involution
if (f*) = (p(f))" for all f € F(YUZ). An ideal I of F(Y U Z) is a *-ideal
if f € I implies f* € I. A T(x)-ideal of F(Y U Z) is a x-ideal closed under all
endomorphisms of F(Y U Z) which preserve the involution. In other words, a
«-ideal I is a T'(x)-ideal if and only if

f(gla"'?gnah‘la'“ahm) el

for all f(y1,. . Yns215---r2m) €1, g1,..., g0 € FY UZ)" and hy,..., hy €
F(YUZ)~. Then Id(R,*) is a T'(x)-ideal of F(Y U Z).

A polynomial f(y1,...,Yn,21,--.,2m) € F(Y UZ) is called Y -proper if f
is a linear combination of polynomials

ZIl ...Z;;mel ...Ct
where r1,...,r,, > 0 and cq,...,¢; are commutators in the variables Y U Z

(co = 1if t = 0). Denote by B the vector space of all Y-proper polynomials.
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Every polynomial f(y1,...,Yn,21,...,2m) € F(Y UZ) is a linear combination of
polynomials
(1) yil "'yflnf(sl,...,sn)y

where s1,...,8, > 0 and f,  5,) € B. When char F' = 0 every T'(x)-ideal is
generated by its Y-proper multilinear ones (see [3, Lemma 2.1]). From now on,
we only consider a field of characteristic zero (char F' = 0).

Consider the following order on the variables Y U Z:

We will use the next lemma for obtaining ordered commutators.

Lemma 2.2. Let u = [ui,...,uy] be a multilinear commutator in the
variables uy,...,u, € YUZ. Then u= v+, where v is a linear combination of
multilinear commutators of length n and v’ is a linear combination of multilinear
products of at least two commutators in the variables uy, ... ,u, of total length n.
All commutators participating in v and v' are of the form

[Ujl, e ,an]
with uj, > uj, < -+ < uj,.
Proof. See [2, Theorem 5.2.1]. O
Denote by B the subalgebra of UT,(F') consisting of all the matrices

A 0
0 B
such that A, B € UT(F'). Obviously,

(2) AUy (F)) = 1(B)

The next proposition describes the *-polynomial identities of B.

Proposition 2.3. A linear basis for B/(B N Id(B,*)) is given by its
elements of type

(3) Zil"'Zim[ujlv"'vujs]t+ld(67*)v

where i1 < -+ <ip, m>0,t€{0,1}, uj, > uj, <--- <y, and ujy, ..., uj, €
YuZ.
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Proof. By (2) we have that the product of two commutators in
F (Y UZ) is contained in Id(B,*). Next, by Lemma 2.2, we have that each
Y-proper polynomial, modulo Id(B,*), is a linear combination of elements in

(3).
Let f(z1,.-.2msY1,---,yn) € F (Y UZ) be a linear combination of ele-
ments in (3) such that f € Id(B,*). Set
TL=2Z21-+sTm = Zm> Tm+1 = Y1y - - - s Tmtn = Yn,

f can be written in the form:

= E STl LT ; . E T, LT
f - Qrj2y me [lev ce ’x]s] + Q2 me7
r,J r

where o, j, o € F,r = (r1,...,7m), 7 = (J1,---,Js), j1 > jo < -+ < js. Let
Al,...,An,Bl,...,BmEUTQ(F), then

YZ-:<Ai O>€B+ and Zk.:<Bk 0 >eB—.

0 A 0 —-B;
By substituting in f, we have that f(Z1,...,Zy,Y1,...,Yy)
:<f(Bl,...,Bm,A1,...,An) 0 ):o
0 f(=By,...,—B,,Al,..., A7)
Thus, it follows that f(Bi,...,Bm,A1,...,A,) = 0. Since A; and By, are arbi-
trary, we have that f(z1,...,Zm, Tmi1s .- Tmin) € LIA(UT(F')) seen as element

of F(X). By Lemma 2.1 the proof is complete. O

3. x-identities for A. Let Ay, Ay, A3 € UTy(F). It is easy to check
that [Al, AQ](A?)—AE;) = [Al, AQ, A3] and that if C S []TQ(F’)Jr then AlC—CA*{ =
AMA; — A}) where A = 2717(C) (here tr(C) is the sum of the diagonal elements

of C).
A C

for some A,C € UT,(F) with C* =C. If Z € A~ then

B D
=0 )
for some B, D € UT,(F) with D* = —D.

Denote by e;; the element of My(F') with exactly one nonzero entry at
the (i-row and j-column), which is 1. We will prove some facts about A.

IfY € A", then
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Lemma 3.1. Let P;, 1 <1i <6, be arbitrary elements of A. Then
(i) The elements
[P, P2)[P3, Pa],  [Pr, P2 P3[Py, P5]  and  [P1, P2][Ps, Py| Ps

are of the type (8 a((e)u); for some a € F.

(i7) [Py, P2|[Ps, Py][Ps, Ps] = 0.
Proof. (i) The elements [Py, P»] and [Py, P»]P3 are matrices of the type

(1) ("5 sos)

where o, 8 € F, © € UT5(F). The product of two matrices of type (4) is

<a1e12 @1 > <a2e12 @2 > _ <0 @)
0 pre12 0 Bae1o 0o 0/’

where © = aj€1209 + O152€15 = yeqo, for some v € F.
(74) The product of three matrices of type (4) is

0 ~vei2) (azer2 O3 _ 0
0 O 0 ,33612

And this completes the proof. O
Lemma 3.2. Let Y € AT. Then, there is a« € F such that

Q1Y Q2 = aQ1Q2
for all Q1,Q2 € A such that

_ (e O
@i < 0 ﬁz‘em)

and oy, B; € F, ©; € UTQ(F),i: 1,2.

61 f{l) where A = aeq; + bess + cejo and C €

UTy(F). We can write Y =Y’ +Y"” where

y' _ [aen +cer C and V" — beas 0 '
0 aeor + ceq2 0 bell

Proof. LetY = <
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0 )

0 Braers
0. It is easy to verify that Q1YY" Q2 = bQ1Q2. Thus, the proof is complete. O

We have that QY = ( ) with © satisfying © = Gegs. Thus, Q1Y'Qs =

Proposition 3.3. Let vy,vo,vs be commutators in the variables Y U Z
and let w € Y UZ. Then, the following polynomials

V1U2V3, viuve — (viuvy)* and v1vou — (v1vou)*

are *-polynomial identities for A. In particular, vive — vyv] € Id(A, ).

Proof. The first polynomial is a *-identity for A4 by item (ii) of the
Lemma 3.1. For the other polynomials, let P, € AT U.A™, then by item (4) of the
Lemma 3.1 we obtain

([Pr, P2 P3Py, P5))" = [P1, Po) P3Py, Ps],
([P1, Po)[Ps, Py Ps)* = [P1, Po|[Ps, Py] Ps.
This completes this proof. O
Proposition 3.4. The polynomial
[ya, y3ly2, 1] + [y, yol[ya, va] + [y2, vallys, vl

is x-polynomial identity for A.

Proof. LetY; = (1%2 §i> € AT, 1 <i<4. We have that
v (A Al Ay
Y5 v = ( 0 —[4;.4]

where Aji = AJCZ + CJA: - AZC] - 61214;< = )‘Z(AJ - A;) - )\](AZ - A;k) for some
A € F. Thus,

(0 O
[Y47}/3]D/27Y1] - (O 0 ) ’
where Og = [Ay, A3]A21 — Ay3[Az, A1]. After some manipulations, we obtain
O2 = A\[Ay, A3, Ag] + Xo[As, Ay, A1) + A3[Ao, A1, Ag] + M[A1, Ag, As].

Set
0 © 0 ©
iyl = (o §7) and paoamavi= ().
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By the Jacobi identity we obtain that ©s + ©3 + ©4 = 0. O
Let f(y1,y2,y3,w1,...,wy) € F(Y UZ) where wy ---wy, € Y and let

Jay, yo ) f

denote the polynomial

f(y17y27y3>w17 s awm) + f(y27y37y17w1?' .- >wm) + f(y?)?ylvy%wla' .. ,’U)m).

Corollary 3.5. Let wi,wg € Y. The polynomial

Ja(yl Y2,Y3) [ylv Y2, wl] [y?,, ’U)Q]

is a *-polynomial identity for A.

Proof. First, observe that [y;, y;, w1] = [y, y;lwi — w1[yi, y;]. Thus, we
have that

Ja(y1 ,y2,y3)([yly Y2, w1)[y3, wa))
= Ja(yl73127y3) ([yla y2]w1 [937 w2]) - lea(yLsz/B)([yl’ 92] [?/37 w2])~
Let Y7, Y, Y3, Wi, Wa, be elements of AT. By Lemma 3.2 there exists a € F such

that
D/iu }/]]Wl [Yk7 WQ] = OZD/“ }/]] [Yk7 WQ]

for all 4, j, k € {1,2,3}. Therefore

Ja(yl,ym%)([yh YQ]Wl [Y3’ WQ]) = aJa( Y1, Y2] [Y37 W2])

y17y2,y3)([

By Proposition 3.4 we obtain that Ja
proof is complete. O

Definition 3.6. Let I denote the T'(x)-ideal of F (Y U Z) generated as
T'(x)-ideal by

y17y27y3)([yl,}6][}%,W2]) = 0. ThUS, the

Ja(yl \Y2,Y3) ([ylu yQ] [y37 94] )7 Ja(y1 ,Y2,Y3) ([?le Y2, y4] [y37 y5])

and by the set of polynomials
V1203, viuvy — vautvy  and  vivou — utvav]

where vy, vy, v3 are commutators in the variables Y UZ andu € Y U Z.
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By Proposition 3.3, Proposition 3.4 and Corollary 3.5 we have that
(5) I CId(A,=*).

Lemma 3.7. For every commutators vi, vy in the variables Y U Z, there
exists a € F' such that 2z1vi1vs + [v1, z1]va + afve, z1]v1 € 1.

Proof. It is easy to verify that, given a commutator v, either v* = v or
v* = —v. Thus, there exists a € F such that v3v] = avovy, vive —avovy +1 =1
and vy21vg + avezivy + I = I. Therefore, zqvivy 4+ v1210v2 + afvg, z1]v1 + 1 = 1.
The proof is complete. O

Lemma 3.8. Let f be a polynomial of F (Y UZ) and let vi,v9,v3 be
commutators in the variables Y U Z. Then vy fuovs € I.

Proof. Let u € Y UZ. Then,
viuvavs + I = uviveus + [v1, ujveus + I = I.
Since f = fT 4 f7, the proof is complete. O

Proposition 3.9. Let m > 1. Let wy,...,wns+1 be symmetric variables.
Then,

Ja(y17y27y3)([y1, Y2, W1, - - ,wm] [y3, wm+1]) el
Proof. We proceed by induction. The equality a[b, c|] = [b, ac] — [b, a]c
is satisfied by the elements of F' (Y U Z). First observe that

1, y2llys, wiwsa] = wilyr, y2|[ys, wa] + (Y1, y2, wi[ys, wa] + [y1, y2l[y3, we]wo.

Then, by the definition of I, we have that Ja,, ., ,.)([y1, y2][y3, wiws]) € I.
Suppose that m > 2 and that

Ja(yl,yz,ys)([yly Y2,W1, . - - 7w]€—1] [y37 wkwm+1]) el

and
Ja(y17y27y3)([y1, Y2,W1, - - . ,wk][yg, wm+1]) el

for all 1 < k < m. Observe that

(Y1, Y2, Wi, - oy Win—1][Y3, Wi Wint1] = [Y1, Y2, W1, - -, Win—2] [Y3, Winp— 1 Wi W41
— [Y1,y2, w1, - . ., Wn—2][Y3, Wrn—1]Wm W41

— Wm—1 [yla Y2, W1y, wm72] [?JB; wmwm+1]'
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Then, by induction we have that

Ja(yhyQ,yg) [yh Y2,W1, . - - 7wm71] [y37 wmwm+1] +1

— Ja(y17y27y3)[y1> 927 wl) ce 7wm—2] [y-?)) wm—lwmwm—i—l] + I

Write wy,— 1w, = 2_1(w+z) where w = Wy, 1Wy + Wi —1 Wiy, and 2 = [Wip—1, Wiy,
then

(Y3, Win—1Wm Wi 11] = 27 ([Y3, WWmi1] + 2[Y3, Wnt1] + [Y3, 2Jwmi1)-

Since Wy,—1 Wy, + Wp—1wy, € F(Y U Z >+ and any product of three commutators
lies in I, we have that

Ja(y, oy Y1, Y2, W1, - Wi —2][Y3, Win—1WmWm 1] + 1

= Ja(yl,y%yg)[yly Y2,W1, .- 7wm—2”y3> Z]wm—l—l +1=1

Finally, since

[yla Yo, W1, . .. 7wm] [y37 wm—f—l] :[y17 Y2, W1,y ... 7wm—1][y3? wmwm—i—l]
— Y1, y2, w1, - -+ s Win—1][Y3, Win|Wint1
- wm[ylv Y2,wWq, ... awm—l][y?n wm—l—l]
then
Ja(yl,yg,yg) [yh Y2, W1, . - - 7wm] [y37 wm+1] el ]

Proposition 3.10. Let 6,7v,¢ be integers such that § > 0, v,e > 2. Let
u; € Y UZ wheret € N and

J =2 2rglUsyy ooy Us Uy, - oo U]
Then, f+ I is a linear combination of elements the type
Wiy = Wi, (W s ooy W, | [ Uk s Uky | + 1,
where
1) m >0, ug, < Uk, uj; > Ujp < -+ < wy, and ugy <o <y,
2) up, < Ui, Uj,.

3) Every u;, - - - u;, (Wi, ..., u;,|[uk,, uk,] has the same multidegree as f.
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Proof. Let
Uky = MIN{ 27, ooy Zrg, Usyy v vy Uy gy s - -y U, }e

We have two cases:

Case 1. § = 0. In this case f = [ug,,...,Us |[Usy, ..., us]. By definition of I, we
can suppose that uy, it is in the second commutator of f. In addition, by Lemma
2.2, we can suppose that ko = t2 and uy, > ug, < Uy < - < ug Write

gy, u ] = > mafugy, ug,ma,
mi,m2

where, mj, my are monomials such that m; [ug, , uk,]me has the same multidegree

as [ug,, ..., us.]. Now, for every my, we have that [us,, ..., us Jm; is a linear com-

bination of elements of the type u;, - - - wj,[uj,, ..., u;,] with the same multidegree

as [usy,...,us,)Jm1. Then, f 4 I is linear combination of elements of the type
Ujy ** = Uy, [Ujl, . ,an][ukl,qu]mg + I.

By definition of I again, f + [ is linear combination of elements of the type

Ugy = uim[ujl’ s vujn][uknulw] +1,
where each u;, - - i, [uj,, ..., uj,][ug,, uk,] has the same multidegree as f. Fi-
nally, by Lemma 2.2 we can suppose that u;, > u;, <--- < wu;, and by Lemma

3.8 we can suppose that u;; <--- <w,,,.

Case 2. ) > 0. In this case uy, = 2, for some r. By Lemma 3.7 and Lemma 3.8
we can suppose that ug, it is in

[Usy sy Us [ty o U]
In fact, if » = r{ then
f+1=uzvivy + I = aulvy, z,Jv1 + Bulvy, z;Jve + I,
where u = 2, - 25, V1 = [Usy, -+, Us, |, V2 = [Ugy, ..., us.] and for some o, B € F.
Now, it is enough to apply the preceding case to [ug,,. .., us ][us, ..., us] and,

if necessary, apply Lemma 3.8 to reorder the variables that eventually appear
outside of the commutators. So, we conclude the proof. O



x-Polynomial identities for the block upper triangular matrix algebra ... 209

Corollary 3.11. Let vy, vo be commutators involving symmetric variables
only. Then vivy + I is a linear combination of elements of the type
Yip - yir[yjn cee 7?st][yk1ayk2] +1
where
(@) r>0, ke <ki, 1 >752<---<jsandig <--- <i,.

b) ko <iy,Ja.

(b)
(c) k1 < ji1.
(d) Every yi, -+ Yir[Yjr» - - -+ Yjs) [Yky» Uko| has the same multidegree as vivs.

Proof. By Proposition 3.10, there exist o, € F' such that
(6) v +1 = Z Yt Yir " Yim Y1 Yizo -+ > Yia) ks Yko) + 1

j7kl

where k2 < kh j = (jlw"ujﬂ)ﬂ jl > j2 S S jn7 il S S /ima k2 S ilu
ko < ja. Suppose that one of the terms of the sum in (6) is such that k; > ji.
By Proposition 3.9, we have that [y;,,Yj, - Ui [Yky» Yko) +1 = g — h+ I, where

g= [ykl7yj2’yj3’ s vyjn”yjuykg]v h = [yk‘nyjlvyjsv s vyjn”yjzvykg]'

If J1 > J3, the Jacobi identity [yklvijyjs] = [yknyj?nyﬁ] - [yjl’yj37ykl] can be
applied in h, and, modulo I, the variables yi,,yj,,. .., ¥}, in
[yjnyjzavykwyjzv s ’yjn]

can be ordered as desired. O

Proposition 3.12. Let §2, be the subset of F (Y U Z) of multilinear poly-
nomials of the type

Uiy« * U, [Ujl, N ,ujs][uk, Zl]

where, r >0, w; €Y UZ, u;y <--- <y, and uj, > uj, < --- <wuj,. Then, Q, is
linearly independent modulo Id(A,*).

Proof. Let f(z1,...,2m,¥1,---,Yn) be a linear combination of polyno-
mials in Q, such that f € Id(A,x). Without loss of generality we can suppose
that f is multilinear polynomial. We can rewrite f as

m n
F=Y"hilz, 2+ gilys 2,
i=2 Jj=1

where
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(7) Each of h; and g; is a multilinear polynomial in the variables

{yi,- s yns22, - 2zmt \ 2z and {y1,...,YUn, 22, s Zm} \ ¥j,
respectively.
(it) Each of h; and g; is a linear combination of polynomials of the type
Wiy - W, Uy -, UG
with u; € Y U Z, uyy < -+ <wy, and uj, > uj, < -0 < uy,.

Fix 2 < k < n. Denote by D = e11 — e22 and set

(I, 0 (0D
Z1—<0 _12) and Zk—<0 0)

Let Aj, B; € UT5(F) where 1 < j <n,1<i<m,i#1,k. Set

(4 0 (B, 0
= () maz= (0 ),

Since f € Id(A, x) we have that f(Z1,...,Zn, Y1,...,Y,) = 0. A straightforward
verification shows that [Y;, Z1] =0 for 1 < j < n, [Z;, Z1] = 0 for all i # k and

(Zk, Z1] = (8 _§D> :

Thus, by substituting these matrices in f, we have that hg[Zy,Z1] = 0 and
therefore

~

hi(Bs, ..., By, ..., Bm, A1, ..., Ap) = 0.

Therefore, hy seen as an element of F' (X) is a polynomial identity for UT,(F),
and by Lemma 2.1 we have that hy = 0. Thus

F=>"gilyj, =)
j=1

Analogously, given [ such that 1 <1 < m, we can be show that g; = 0 by
considering the following elements

(0 I (1, 0
Yl_(o o>’21_<o —12>
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and the following arbitrary elements in A

~(A4; 0 (B 0
(b ) e (5

where Aj, Bi e UTy(F), 1<j<n,j#1,1<i<m,i#1. 0

Lemma 3.13. Consider the following elements of AT: Y = (0 IQ)

0 0
A 0
0 A

1. For all n > 3 we have that

[Y,}@,,...,Yn][yg,yl]:<0 —[Ag,Al,Ag,...,An])

and Y; = < ), where A; € UT5(F'), 1 <i <n. Then,

0 0

2. For all n > 4 we have that

D/?))' . 7Yn7Y]D/Q>Y1] =0.

Proof. We shall show the part 1 only. The proof can be done
by induction, we shall omit the case n = 3. Suppose that n > 3 and write
Y, Y3,..., Y, ][Ys,Y1] = P, — P, where

P =[Y,Y3,.... Y [Yn[Y2,Y1] and P =Y,[Y.Y3,..., Y, ][Y2, V1]

Let [Y,Ys,...,Y,1] = <8 ((;)), then

Y, Vs, ...,V 1][Ya, V1] = (8 _@[‘%2’ Al]) .

By induction, C“)[AQ, Al] = [AQ, Al, Ag, [P ,Anfl]. Thus

P = <0 _An[A27A17A37"'>An—1]>
27 \0 0

0 DO )6

where U = —@A:[AQ,Al] = —@[AQ,Al]An = —[AQ,Al,Ag, e aAn—l]An as de-
sired. O

and
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€929 0
O €11
elements of AT. Then, [Y3,...,Y,, W][Ys, Y1] = [V3,..., Y, ][Ys, Y1].

Proof. There exist oy, 5; € F and ©; € UTy(F) such that

arers Oq asels Oy
Ya, ... Y] = d Y5,V = .
[¥s ] < 0 51912> and Y2, 1] < 0 52912>

Lemma 3.14. Let W = < ) and let Y1,...Y,, n > 4, be arbitrary

Then, [Y3,...,Y,, W] = <a1(()312 @16&5;;:22@1) and

0 @1811 —822@1 — @1
Y, ...V, W] = 1[Ys,...,Y,] = .
(Y3 ] —1[Ys ] <O 9861 >

Since that (©1e17 — €220 — O1)e12 = —e92071e12 = 0, this proof is complete. O

Proposition 3.15. Let Q, C F' (Y U Z) be the subset of multilinear poly-
nomials of the type

[yjly cee 7yjs][yk7 yl]

where j1 > jo < --- < js and j1 > k. Then, €, is linearly independent modulo
Id(A, ).

Proof. Let n > 4 and let f(y1,...,yn) be a linear combination of
polynomials in €2, such that f € Id(A,*). Without loss of generality, we may
suppose that f is a multilinear polynomial. We write f = f4 + --- + f,,, where

t—1
ft = Zal(:) [ytuyk47 . 7ykn][yk7y1] ) (4 S t S n) (Oé](ct) c F)
k=2

Observe that the indices (k4 < --- < k,) are uniquely determined by k and ¢.
Consider the following elements in A™:

(0 I (A5 0
e () ) (3 1)

where j < n. If n = 4 we have that

f=f= 0454) [y4, y3][y2, y1] + 04:(),4) [ya, y2llyz, y1]-

By Lemma 3.13 item 1, we obtain agl) [Ag, Ay, As] + ag4) [As, A1, As] = 0, there-
fore, ag4) = a:(;l) = 0. Let 4 <t < n, then by Lemma 3.13 item 2 we have that
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I:}/Vt?Yk47”’7Yk
4 <t <mnand

Yol[Ye, Y1) = 0 for all & < ¢. Thus fi(Y1,...,Y,) = 0 for all

n—17

n—1

f(}/laayn) = fn(Yb )Yn) = Za](gn)[ynaykzpaykn][yka}/l] =0.
k=2

Now, by Lemma 3.13 item 1 again, we conclude that

n—1
S oA, A Ay, A, ] =0
k=2

for all Ay,...,A,—1 € UT»(F). By Lemma 2.1 we have that oz](gn) = 0 for all
2 < k < n. Therefore, f = fs+ - -+ frn_1.
Define g = g4 + - - - + gn—1 where

t—1
t
gt(ylu cee 7yn71) = E a](g)[yhylmu s 7ykn71”yk7yl] ) 4 S t<n.
k=2

€922 0
0 en
for all Yi,...,Y, € AT and 4 < t < n, we have that

We claim that g € Id(A, ). In fact, let W = ( > then by Lemma 3.14,

g (Y1, Y1) = fr(Y1,... Yooy, W),

Since g € Id(A,x) is a polynomial in n — 1 variables, by induction, we obtain
that a,(:) =0 for all 2 <k <t < n. Thus, the proof is complete. O
The next Theorem is our main result.

Theorem 3.16. Let F be a field of characteristic zero. Let I be defined
as in Definition 3.6, then I = Id(A, ).

Proof. We shall show that Id(A,x) C I. Let f(21,.-,2m,Y1,---,Yn) €
Id(A, ) be a Y-proper multilinear polynomial. Since char F' = 0, its suffices to
show that f € I. Since the product of three or more commutators lie in I, we
can write

fHI=hHh+/f+1,
where f; is a multilinear polynomial and a linear combination of the elements

(7) '211n1 "'Z;fbm[ujlv"'vujs]t7
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with 0 < rq,...,m <1,t € {0,1}, ujy,...,u;, € Y UZ, and fo is a multilinear
polynomial and a linear combination of the elements

ZII -'-z;;”[ujl,...,ujs][vkl,...,vkt],
where 0 < rq,...,1mn < 1, w0 U, Vkyy ..., Uk, €Y UZ. By Lemma 2.2, we

may assume that w;, > uj, < --- < wuj, in (7). Since I C Id(A,*) (see (5)), we
have that f1 + fo € Id(A,*) C Id(B,*). By (2) it follows that fo € Id(B,*).
Then f; € Id(B,*). By Proposition 2.3 we have that f; = 0. Thus fo € Id(A, %).
Now, we shall show that fs € I. For this, we consider two cases:

Case 1. m > 1. By Proposition 3.10, there exists a multilinear polynomial g
such that fo +1 = ¢+ I and g is a linear combination of the elements

Uiy == Ui, [Ujy s - -5 U, ] (U, 21]

withr >0, u; € YUZ, u;; < -+ <y, ujy > uj, < --- < uj,. Since fo € Td(A, ),
we have that g € Id(A,*). By Proposition 3.12, it follows that g = 0.
Case 2. m = 0. By Proposition 3.11 there exists a multilinear polynomial

g =9W1,...,yn) such that fo +1 = g+ I and g is a linear combination of the
elements

Yiq yzr[yjla?yjs][ykayl] +I>
where r >0, 11 < - <y, J1 > Jo < --- < js and k < j;. Write

gzzyhylrglu /i:(/i17°°°7/ir)7
i
where each g¢; is a multilinear polynomial in the variables

{yl?“‘7yn}\{yil7"'7yir}'

Suppose that there exists i = (i1,...,4,) such that g; # 0. Choose r as being
the maximum integer with this property and put y;;, = --- =¥;. = 1 in g. Then
gj = 0forall j # i. Since g € Id(A, *) we have that g; € Id(A, ). By Proposition
3.15 we have a contradiction. Therefore, g = 0. So, fo € I. O

Now, if we combine Proposition 3.10, Corollary 3.11, Proposition 3.12,
Proposition 3.15 and Theorem 3.16, we obtain the following:

Theorem 3.17. Let Iy, (A, *) be the subspace of the Y -proper multilin-
ear polynomials in the variables z1, ..., Zm, Y1, - - -, Yn Of the relatively free algebra
F(YUZ)/Id(A,x). A linear basis of the space I'y, (A, %), with m > 1, is given
by
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(@) ziy - Zip (g, ug, )"+ TA(A %), where i1 < -+ < dp, wjy, > Uy < Ujy <
- <y, t€{0,1}.

(0) wiy -+ wi, [wgy, - ug ) [ug, 21] + Td(A, %), where i1 < -+ < iy, uj; > uj, <
Ujy < v < Uy,

And, a linear basis of the space T'g (A, *) is given by
(©) Wjrs -+ v5:llye 1] + Td( A, ) where j1 > j2 < j3 <--- < js, k <71

4. Concluding remarks. Theorem 3.16 shows that the T'(x)-ideal of
the *-polynomial identities of A is finitely generated as T'(x)-ideal because, as
T'(x)-ideal, a commutator in the variables Y U Z is describe completely by either

[21,22] or [yi,y2] or [yi,z]

Over the study of the *-polynomial identities of UTy(F'), can be shown
that

(Y1, 21][y2, 22][y3, 23]
is not the #-polynomial identity for UT4(F'). That is,

(Ld(UTL(F)), ) S (Id(A),%).
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