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Abstract. Let UT4(F ) be 4× 4 upper triangular matrix algebra over F a
field of characteristic zero and let A be the subalgebra of UT4(F ) linearly
generated by {eij : 1 ≤ i ≤ j ≤ 4} \ e23, where eij , 1 ≤ i ≤ j ≤ 4 is the
standard basis of UT4(F ). We describe the set of all ∗-polynomial identities
for A with the transpose-like involution.

1. Introduction. Let F be a field of char(F ) 6= 2 (characteristic differ-
ent from 2). Let R be an unitary associative algebra over F . A map ∗ : R → R
is called an involution if it is an automorphism of the additive group R such that

(ab)∗ = b∗a∗ and (a∗)∗ = a
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for all a, b ∈ R. Let Z(R) be the center of R. If a∗ = a for all a ∈ Z(R), we say
that ∗ is an involution of the first kind on R. Otherwise ∗ is called an involution
of the second kind. In this paper, we will consider involutions of the first kind
only.

The description of the involutions on a given algebra is an important task
in ring theory. In the algebra UTk(F ) of the k×k upper triangular matrix over F,
we have an important involution of the first kind. For every matrix A ∈ UTk(F )
define A∗ = JAtJ where A 7→ At denotes the usual matrix transposition and J
is the following permutation matrix











0 · · · 0 1
0 · · · 1 0
...

...
...

1 · · · 0 0











.

If k is an odd integer, any other involution in UTk(F ) is completely determined
by ∗. The involution ∗ is called the transpose-like involution on UTk(F ). For
instance, if k = 2 we have that

(

a c
0 b

)

∗

=

(

b c
0 a

)

for all a, b, c ∈ F . When k is even integer, there exist two classes of inequivalent
involutions. One of them is the same transpose-like involution and the other is
defined by As = DA∗D for all A ∈ UTk(F ). Here, D is the matrix

(

Ik/2 0

0 −Ik/2

)

and Ik/2 is the identity matrix of the full matrix algebra Mk/2(F ). The involution
s is called the symplectic involution on UTk(F ). Details about this result can be
found in [1] and various others properties of involutions and involution-like maps
for the upper triangular matrix can be found in [5].

Let Y = {y1, y2, . . .} and Z = {z1, z2, . . .} be two disjoint countably infi-
nite sets. Denote by F 〈Y ∪Z〉 the free unitary associative algebra freely generated
by Y ∪ Z. The elements of F 〈Y ∪ Z〉 are polynomials in the associative non-
commutative variables Y ∪ Z with scalars in F . Let R be an unitary associative
algebra with involution ∗, we set

R+ = {a ∈ R : a∗ = a} and R− = {a ∈ R : a∗ = −a}.
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The elements in R+ are called symmetric and elements in R− are called skew-

symmetric. A given polynomial f(y1, . . . , yn, z1, . . . , zm) ∈ F 〈Y ∪ Z〉 is a ∗-
polynomial identity for R if

f(a1, . . . , an, b1, . . . , bm) = 0

for all a1, . . . , an ∈ R+ and all b1, . . . , bm ∈ R−. Denote by Id(R, ∗) the set of
all ∗-polynomial identities for R. There is a description of Id(UT2(F ), ∗) and
Id(UT2(F ), s) (see [1] when F is infinite and [4] when F is finite). It has also
been described Id(UT3(F ), ∗) when F is a field of char(F ) = 0 (see [1]). It is an
open problem to describe Id(UTk(F ), ∗) in other cases.

Let A be the subset of UT4(F ) consisting of all the elements

(

A C
0 B

)

such that A,B,C ∈ UT2(F ). It is easy to see that A is a subalgebra with the
transpose-like involution. By definition, we have that

(

A C
0 B

)

∗

=

(

B∗ C∗

0 A∗

)

for all A,B,C ∈ UT2(F ). In this paper, we describe the set of all ∗-polynomial
identities for A with transpose-like involution.

2. Preliminaries. Since charF 6= 2, UT4(F ) can be written as UT4(F ) =
UT4(F )+ ⊕ UT4(F )−. The center of the UT4(F ) consists of the scalar matrices
{λI4 : λ ∈ F}. Given an algebraR, the commutators inR are defined inductively
by

[a1, a2] = a1a2 − a2a1 and [a1, . . . , an] = [[a1, . . . , an−1], an]

for all a1, . . . , an ∈ R. Besides, R satisfies the Jacobi identity

[a3, a2, a1] + [a2, a1, a3] + [a1, a3, a2] = 0

for all a1, a2, a3 ∈ R.

Let X = {x1, x2, . . .} be a countably infinite set. Denote by F 〈X〉 the
free unitary associative algebra over F , freely generated by X. We say that
f(x1, . . . , xn) ∈ F 〈X〉 is a polynomial identity for R if

f(a1, . . . , an) = 0
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for all a1, . . . , an ∈ R. Denote by Id(R) the set of all polynomial identities for R.
A T -ideal of F 〈X〉 is an ideal closed under all algebra endomorphisms of F 〈X〉.
In other words, an ideal I is a T -ideal of F 〈X〉 if and only if

f(g1, . . . , gn) ∈ I

for all f(x1, . . . , xn) ∈ I and g1, . . . , gn ∈ F 〈X〉.

The following result is well-known.

Lemma 2.1 ([2, Theorem 5.2.1]). A linear basis for

F 〈X〉 /Id(UT2(F ))

is given by the elements

xr11 · · · xrmm [xj1 , . . . , xjn ]
t + Id(UT2(F )),

where r1, . . . , rm ≥ 0, t ∈ {0, 1} and j1 > j2 ≤ · · · ≤ jn.

The free algebra F 〈Y ∪ Z〉, Y = {y1, y2, . . .}, Z = {z1, z2, . . .}, has an
involution, which we denote by ∗ as well, satisfying y∗i = yi and z∗i = −zi for all
i ≥ 1. Endowed with this involution, F 〈Y ∪ Z〉 is a free algebra of countably
infinite rank in the class of unitary associative algebras with involution. The
elements of Y are called symmetric variables and the elements of Z are called
skew-symmetric variables. An endomorphism ϕ of F 〈Y ∪Z〉 preserves involution
if ϕ(f∗) = (ϕ(f))∗ for all f ∈ F 〈Y ∪ Z〉. An ideal I of F 〈Y ∪ Z〉 is a ∗-ideal
if f ∈ I implies f∗ ∈ I. A T (∗)-ideal of F 〈Y ∪ Z〉 is a ∗-ideal closed under all
endomorphisms of F 〈Y ∪ Z〉 which preserve the involution. In other words, a
∗-ideal I is a T (∗)-ideal if and only if

f(g1, . . . , gn, h1, . . . , hm) ∈ I

for all f(y1, . . . , yn, z1, . . . , zm) ∈ I, g1, . . . , gn ∈ F 〈Y ∪ Z〉+ and h1, . . . , hm ∈
F 〈Y ∪ Z〉−. Then Id(R, ∗) is a T (∗)-ideal of F 〈Y ∪ Z〉.

A polynomial f(y1, . . . , yn, z1, . . . , zm) ∈ F 〈Y ∪Z〉 is called Y -proper if f
is a linear combination of polynomials

zr11 · · · zrmm c1 · · · ct

where r1, . . . , rm ≥ 0 and c1, . . . , ct are commutators in the variables Y ∪ Z
(c0 = 1 if t = 0). Denote by B the vector space of all Y -proper polynomials.
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Every polynomial f(y1, . . . , yn, z1, . . . , zm) ∈ F 〈Y ∪Z〉 is a linear combination of
polynomials

(1) ys11 · · · ysnn f(s1,...,sn),

where s1, . . . , sn ≥ 0 and f(s1,...,sn) ∈ B. When charF = 0 every T (∗)-ideal is
generated by its Y -proper multilinear ones (see [3, Lemma 2.1]). From now on,
we only consider a field of characteristic zero (charF = 0).

Consider the following order on the variables Y ∪ Z:

z1 < z2 < · · · < zm < · · · < y1 < y2 < · · · < yn < · · · .

We will use the next lemma for obtaining ordered commutators.

Lemma 2.2. Let u = [u1, . . . , un] be a multilinear commutator in the

variables u1, . . . , un ∈ Y ∪Z. Then u = v+ v′, where v is a linear combination of

multilinear commutators of length n and v′ is a linear combination of multilinear

products of at least two commutators in the variables u1, . . . , un of total length n.
All commutators participating in v and v′ are of the form

[uj1 , . . . , ujn ]

with uj1 > uj2 < · · · < ujn.

P r o o f. See [2, Theorem 5.2.1]. ✷

Denote by B the subalgebra of UT4(F ) consisting of all the matrices

(

A 0
0 B

)

such that A,B ∈ UT2(F ). Obviously,

Id(UT2(F )) = Id(B)(2)

The next proposition describes the ∗-polynomial identities of B.

Proposition 2.3. A linear basis for B/(B ∩ Id(B, ∗)) is given by its

elements of type

zi1 · · · zim [uj1 , . . . , ujs ]
t + Id(B, ∗),(3)

where i1 ≤ · · · ≤ im, m ≥ 0, t ∈ {0, 1}, uj1 > uj2 ≤ · · · ≤ ujs and uj1 , . . . , ujs ∈
Y ∪ Z.
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P r o o f. By (2) we have that the product of two commutators in
F 〈Y ∪ Z〉 is contained in Id(B, ∗). Next, by Lemma 2.2, we have that each
Y -proper polynomial, modulo Id(B, ∗), is a linear combination of elements in
(3).

Let f(z1, . . . , zm, y1, . . . , yn) ∈ F 〈Y ∪ Z〉 be a linear combination of ele-
ments in (3) such that f ∈ Id(B, ∗). Set

x1 = z1, . . . , xm = zm, xm+1 = y1, . . . , xm+n = yn,

f can be written in the form:

f =
∑

r,j

αr,jz
r1
1 · · · zrmm [xj1 , . . . , xjs ] +

∑

r

αrz
r1
1 · · · zrmm ,

where αr,j, αr ∈ F , r = (r1, . . . , rm), j = (j1, . . . , js), j1 > j2 ≤ · · · ≤ js. Let
A1, . . . , An, B1, . . . , Bm ∈ UT2(F ), then

Yi =

(

Ai 0
0 A∗

i

)

∈ B+ and Zk =

(

Bk 0
0 −B∗

k

)

∈ B−.

By substituting in f , we have that f(Z1, . . . , Zm, Y1, . . . , Yn)

=

(

f(B1, . . . , Bm, A1, . . . , An) 0
0 f(−B∗

1 , . . . ,−B∗

m, A∗

1, . . . , A
∗

n)

)

= 0.

Thus, it follows that f(B1, . . . , Bm, A1, . . . , An) = 0. Since Ai and Bk are arbi-
trary, we have that f(x1, . . . , xm, xm+1, . . . , xm+n) ∈ Id(UT2(F )) seen as element
of F 〈X〉. By Lemma 2.1 the proof is complete. ✷

3. ∗-identities for A. Let A1, A2, A3 ∈ UT2(F ). It is easy to check
that [A1, A2](A3−A∗

3) = [A1, A2, A3] and that if C ∈ UT2(F )+ then A1C−CA∗

1 =
λ(A1 −A∗

1) where λ = 2−1tr(C) (here tr(C) is the sum of the diagonal elements
of C).

If Y ∈ A+, then

Y =

(

A C
0 A∗

)

for some A,C ∈ UT2(F ) with C∗ = C. If Z ∈ A− then

Z =

(

B D
0 −B∗

)

for some B,D ∈ UT2(F ) with D∗ = −D.
Denote by eij the element of M2(F ) with exactly one nonzero entry at

the (i-row and j-column), which is 1. We will prove some facts about A.
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Lemma 3.1. Let Pi, 1 ≤ i ≤ 6, be arbitrary elements of A. Then

(i) The elements

[P1, P2][P3, P4], [P1, P2]P3[P4, P5] and [P1, P2][P3, P4]P5

are of the type

(

0 αe12
0 0

)

, for some α ∈ F .

(ii) [P1, P2][P3, P4][P5, P6] = 0.

P r o o f. (i) The elements [P1, P2] and [P1, P2]P3 are matrices of the type

(4)

(

αe12 Θ
0 βe12

)

where α, β ∈ F , Θ ∈ UT2(F ). The product of two matrices of type (4) is
(

α1e12 Θ1

0 β1e12

)(

α2e12 Θ2

0 β2e12

)

=

(

0 Θ
0 0

)

,

where Θ = α1e12Θ2 +Θ1β2e12 = γe12, for some γ ∈ F .

(ii) The product of three matrices of type (4) is
(

0 γe12
0 0

)(

α3e12 Θ3

0 β3e12

)

= 0.

And this completes the proof. ✷

Lemma 3.2. Let Y ∈ A+. Then, there is α ∈ F such that

Q1Y Q2 = αQ1Q2

for all Q1, Q2 ∈ A such that

Qi =

(

αie12 Θi

0 βie12

)

and αi, βi ∈ F , Θi ∈ UT2(F ), i = 1, 2.

P r o o f. Let Y =

(

A C
0 A∗

)

where A = ae11 + be22 + ce12 and C ∈

UT2(F ). We can write Y = Y ′ + Y ′′ where

Y ′ =

(

ae11 + ce12 C
0 ae22 + ce12

)

and Y ′′ =

(

be22 0
0 be11

)

.
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We have that Q1Y
′ =

(

0 Θ
0 β1ae12

)

with Θ satisfying Θ = Θe22. Thus, Q1Y
′Q2 =

0. It is easy to verify that Q1Y
′′Q2 = bQ1Q2. Thus, the proof is complete. ✷

Proposition 3.3. Let v1, v2, v3 be commutators in the variables Y ∪ Z
and let u ∈ Y ∪ Z. Then, the following polynomials

v1v2v3, v1uv2 − (v1uv2)
∗ and v1v2u− (v1v2u)

∗

are ∗-polynomial identities for A. In particular, v1v2 − v∗2v
∗

1 ∈ Id(A, ∗).

P r o o f. The first polynomial is a ∗-identity for A by item (ii) of the
Lemma 3.1. For the other polynomials, let Pi ∈ A+∪A−, then by item (i) of the
Lemma 3.1 we obtain

([P1, P2]P3[P4, P5])
∗ = [P1, P2]P3[P4, P5],

([P1, P2][P3, P4]P5)
∗ = [P1, P2][P3, P4]P5.

This completes this proof. ✷

Proposition 3.4. The polynomial

[y4, y3][y2, y1] + [y3, y2][y4, y1] + [y2, y4][y3, y1]

is ∗-polynomial identity for A.

P r o o f. Let Yi =

(

Ai Ci

0 A∗

i

)

∈ A+, 1 ≤ i ≤ 4. We have that

[Yj, Yi] =

(

[Aj , Ai] Λji

0 −[Aj , Ai]

)

where Λji = AjCi + CjA
∗

i −AiCj −CiA
∗

j = λi(Aj −A∗

j)− λj(Ai −A∗

i ) for some
λi ∈ F . Thus,

[Y4, Y3][Y2, Y1] =

(

0 Θ2

0 0

)

,

where Θ2 = [A4, A3]Λ21 − Λ43[A2, A1]. After some manipulations, we obtain

Θ2 = λ1[A4, A3, A2] + λ2[A3, A4, A1] + λ3[A2, A1, A4] + λ4[A1, A2, A3].

Set

[Y2, Y4][Y3, Y1] =

(

0 Θ3

0 0

)

and [Y3, Y2][Y4, Y1] =

(

0 Θ4

0 0

)

.
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By the Jacobi identity we obtain that Θ2 +Θ3 +Θ4 = 0. ✷

Let f(y1, y2, y3, w1, . . . , wm) ∈ F 〈Y ∪ Z〉 where w1 · · ·wm ∈ Y and let

Ja(y1,y2,y3)f

denote the polynomial

f(y1, y2, y3, w1, . . . , wm) + f(y2, y3, y1, w1, . . . , wm) + f(y3, y1, y2, w1, . . . , wm).

Corollary 3.5. Let w1, w2 ∈ Y . The polynomial

Ja(y1,y2,y3)[y1, y2, w1][y3, w2]

is a ∗-polynomial identity for A.

P r o o f. First, observe that [yi, yj , w1] = [yi, yj ]w1 −w1[yi, yj]. Thus, we
have that

Ja(y1,y2,y3)([y1, y2, w1][y3, w2])

= Ja(y1,y2,y3)([y1, y2]w1[y3, w2])− w1Ja(y1,y2,y3)([y1, y2][y3, w2]).

Let Y1, Y2, Y3,W1,W2, be elements of A+. By Lemma 3.2 there exists α ∈ F such
that

[Yi, Yj]W1[Yk,W2] = α[Yi, Yj ][Yk,W2]

for all i, j, k ∈ {1, 2, 3}. Therefore

Ja(y1,y2,y3)([Y1, Y2]W1[Y3,W2]) = αJa(y1,y2,y3)([Y1, Y2][Y3,W2]).

By Proposition 3.4 we obtain that Ja(y1,y2,y3)([Y1, Y2][Y3,W2]) = 0. Thus, the
proof is complete. ✷

Definition 3.6. Let I denote the T (∗)-ideal of F 〈Y ∪ Z〉 generated as

T (∗)-ideal by

Ja(y1,y2,y3)([y1, y2][y3, y4]), Ja(y1,y2,y3)([y1, y2, y4][y3, y5])

and by the set of polynomials

v1v2v3, v1uv2 − v∗2u
∗v∗1 and v1v2u− u∗v∗2v

∗

1

where v1, v2, v3 are commutators in the variables Y ∪ Z and u ∈ Y ∪ Z.
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By Proposition 3.3, Proposition 3.4 and Corollary 3.5 we have that

(5) I ⊆ Id(A, ∗).

Lemma 3.7. For every commutators v1, v2 in the variables Y ∪Z, there

exists α ∈ F such that 2z1v1v2 + [v1, z1]v2 + α[v2, z1]v1 ∈ I.

P r o o f. It is easy to verify that, given a commutator v, either v∗ = v or
v∗ = −v. Thus, there exists α ∈ F such that v∗2v

∗

1 = αv2v1, v1v2 −αv2v1 + I = I
and v1z1v2 + αv2z1v1 + I = I. Therefore, z1v1v2 + v1z1v2 + α[v2, z1]v1 + I = I.
The proof is complete. ✷

Lemma 3.8. Let f be a polynomial of F 〈Y ∪ Z〉 and let v1, v2, v3 be

commutators in the variables Y ∪ Z. Then v1fv2v3 ∈ I.

P r o o f. Let u ∈ Y ∪ Z. Then,

v1uv2v3 + I = uv1v2v3 + [v1, u]v2v3 + I = I.

Since f = f+ + f−, the proof is complete. ✷

Proposition 3.9. Let m ≥ 1. Let w1, . . . , wm+1 be symmetric variables.

Then,

Ja(y1,y2,y3)([y1, y2, w1, . . . , wm][y3, wm+1]) ∈ I.

P r o o f. We proceed by induction. The equality a[b, c] = [b, ac] − [b, a]c
is satisfied by the elements of F 〈Y ∪ Z〉. First observe that

[y1, y2][y3, w1w2] = w1[y1, y2][y3, w2] + [y1, y2, w1][y3, w2] + [y1, y2][y3, w2]w2.

Then, by the definition of I, we have that Ja(y1,y2,y3)([y1, y2][y3, w1w2]) ∈ I.
Suppose that m ≥ 2 and that

Ja(y1,y2,y3)([y1, y2, w1, . . . , wk−1][y3, wkwm+1]) ∈ I

and
Ja(y1,y2,y3)([y1, y2, w1, . . . , wk][y3, wm+1]) ∈ I

for all 1 ≤ k < m. Observe that

[y1, y2, w1, . . . , wm−1][y3, wmwm+1] = [y1, y2, w1, . . . , wm−2][y3, wm−1wmwm+1]

− [y1, y2, w1, . . . , wm−2][y3, wm−1]wmwm+1

− wm−1[y1, y2, w1, . . . , wm−2][y3, wmwm+1].
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Then, by induction we have that

Ja(y1,y2,y3)[y1, y2, w1, . . . , wm−1][y3, wmwm+1] + I

= Ja(y1,y2,y3)[y1, y2, w1, . . . , wm−2][y3, wm−1wmwm+1] + I.

Write wm−1wm = 2−1(w+z) where w = wm−1wm+wm−1wm and z = [wm−1, wm],
then

[y3, wm−1wmwm+1] = 2−1([y3, wwm+1] + z[y3, wm+1] + [y3, z]wm+1).

Since wm−1wm +wm−1wm ∈ F 〈Y ∪ Z〉+ and any product of three commutators
lies in I, we have that

Ja(y1,y2,y3)[y1, y2, w1, . . . , wm−2][y3, wm−1wmwm+1] + I

= Ja(y1,y2,y3)[y1, y2, w1, . . . , wm−2][y3, z]wm+1 + I = I.

Finally, since

[y1, y2, w1, . . . , wm][y3, wm+1] =[y1, y2, w1, . . . , wm−1][y3, wmwm+1]

− [y1, y2, w1, . . . , wm−1][y3, wm]wm+1

− wm[y1, y2, w1, . . . , wm−1][y3, wm+1]

then
Ja(y1,y2,y3)[y1, y2, w1, . . . , wm][y3, wm+1] ∈ I. ✷

Proposition 3.10. Let δ, γ, ε be integers such that δ ≥ 0, γ, ε ≥ 2. Let

ui ∈ Y ∪ Z where i ∈ N and

f = zr1 · · · zrδ [us1 , . . . , usγ ][ut1 , . . . , utε ].

Then, f + I is a linear combination of elements the type

ui1 · · · uim [uj1 , . . . , ujn ][uk1 , uk2 ] + I,

where

1) m ≥ 0, uk2 < uk1 , uj1 > uj2 ≤ · · · ≤ ujn and ui1 ≤ · · · ≤ uim .

2) uk2 ≤ ui1 , uj2 .

3) Every ui1 · · · uim [uj1 , . . . , ujn ][uk1 , uk2 ] has the same multidegree as f .
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P r o o f. Let

uk2 = min{zr1 , . . . , zrδ , us1 , . . . , usγ , ut1 , . . . , utε}.

We have two cases:

Case 1. δ = 0. In this case f = [us1 , . . . , usγ ][ut1 , . . . , utε ]. By definition of I, we
can suppose that uk2 it is in the second commutator of f . In addition, by Lemma
2.2, we can suppose that k2 = t2 and ut1 > ut2 ≤ ut3 ≤ · · · ≤ utε .Write

[ut1 , . . . , utε ] =
∑

m1,m2

m1[uk1 , uk2 ]m2,

where, m1,m2 are monomials such that m1[uk1 , uk2 ]m2 has the same multidegree
as [ut1 , . . . , utε ]. Now, for every m1, we have that [us1 , . . . , usγ ]m1 is a linear com-
bination of elements of the type ui1 · · · uil [uj1 , . . . , ujn ] with the same multidegree
as [us1 , . . . , usγ ]m1. Then, f + I is linear combination of elements of the type

ui1 · · · uil [uj1 , . . . , ujn ][uk1 , uk2 ]m2 + I.

By definition of I again, f + I is linear combination of elements of the type

ui1 · · · uim [uj1 , . . . , ujn ][uk1 , uk2 ] + I,

where each ui1 · · · uim [uj1 , . . . , ujn ][uk1 , uk2 ] has the same multidegree as f . Fi-
nally, by Lemma 2.2 we can suppose that uj1 > uj2 ≤ · · · ≤ ujn and by Lemma
3.8 we can suppose that ui1 ≤ · · · ≤ uim .

Case 2. δ > 0. In this case uk2 = zr for some r. By Lemma 3.7 and Lemma 3.8
we can suppose that uk2 it is in

[us1 , . . . , usγ ][ut1 , . . . , utε ].

In fact, if r = r1 then

f + I = uzrv1v2 + I = αu[v2, zr]v1 + βu[v1, zr]v2 + I,

where u = zr2 · · · zrδ , v1 = [us1 , . . . , usγ ], v2 = [ut1 , . . . , utε ] and for some α, β ∈ F .
Now, it is enough to apply the preceding case to [us1 , . . . , usγ ][ut1 , . . . , utε ] and,
if necessary, apply Lemma 3.8 to reorder the variables that eventually appear
outside of the commutators. So, we conclude the proof. ✷
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Corollary 3.11. Let v1, v2 be commutators involving symmetric variables

only. Then v1v2 + I is a linear combination of elements of the type

yi1 · · · yir [yj1 , . . . , yjs ][yk1 , yk2 ] + I

where

(a) r ≥ 0, k2 < k1, j1 > j2 ≤ · · · ≤ js and i1 ≤ · · · ≤ ir.

(b) k2 ≤ i1, j2.

(c) k1 ≤ j1.

(d) Every yi1 · · · yir [yj1 , . . . , yjs ][yk1 , yk2 ] has the same multidegree as v1v2.

P r o o f. By Proposition 3.10, there exist αj,k1 ∈ F such that

v1v2 + I =
∑

j,k1

αj,k1yi1 · · · yim[yj1 , yj2 , . . . , yjn ][yk1 , yk2 ] + I,(6)

where k2 < k1, j = (j1, . . . , jn), j1 > j2 ≤ · · · ≤ jn, i1 ≤ · · · ≤ im, k2 ≤ i1,
k2 ≤ j2. Suppose that one of the terms of the sum in (6) is such that k1 > j1.
By Proposition 3.9, we have that [yj1 , yj2 , . . . , yjn ][yk1 , yk2 ]+ I = g−h+ I, where

g = [yk1 , yj2 , yj3 , . . . , yjn ][yj1 , yk2 ], h = [yk1 , yj1 , yj3 , . . . , yjn ][yj2 , yk2 ].

If j1 > j3, the Jacobi identity [yk1 , yj1 , yj3 ] = [yk1 , yj3 , yj1 ] − [yj1 , yj3 , yk1 ] can be
applied in h, and, modulo I, the variables yk1 , yj2 , . . . , yjn in

[yj1 , yj3 , yk1 , yj2 , . . . , yjn ]

can be ordered as desired. ✷

Proposition 3.12. Let Ωz be the subset of F 〈Y ∪ Z〉 of multilinear poly-

nomials of the type

ui1 · · · uir [uj1 , . . . , ujs ][uk, z1]

where, r ≥ 0, ui ∈ Y ∪Z, ui1 < · · · < uir and uj1 > uj2 < · · · < ujs. Then, Ωz is

linearly independent modulo Id(A, ∗).

P r o o f. Let f(z1, . . . , zm, y1, . . . , yn) be a linear combination of polyno-
mials in Ωz such that f ∈ Id(A, ∗). Without loss of generality we can suppose
that f is multilinear polynomial. We can rewrite f as

f =

m
∑

i=2

hi[zi, z1] +

n
∑

j=1

gj [yj, z1],

where
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(i) Each of hi and gj is a multilinear polynomial in the variables

{y1, . . . , yn, z2, . . . , zm} \ zi and {y1, . . . , yn, z2, . . . , zm} \ yj,

respectively.

(ii) Each of hi and gj is a linear combination of polynomials of the type

ui1 . . . uir [uj1 , . . . , ujs ]

with ui ∈ Y ∪ Z, ui1 < · · · < uir and uj1 > uj2 < · · · < ujs .

Fix 2 ≤ k ≤ n. Denote by D = e11 − e22 and set

Z1 =

(

I2 0
0 −I2

)

and Zk =

(

0 D

0 0

)

.

Let Aj , Bi ∈ UT2(F ) where 1 ≤ j ≤ n, 1 ≤ i ≤ m, i 6= 1, k. Set

Yj =

(

Aj 0
0 A∗

j

)

and Zi =

(

Bi 0
0 −B∗

i

)

.

Since f ∈ Id(A, ∗) we have that f(Z1, . . . , Zm, Y1, . . . , Yn) = 0. A straightforward
verification shows that [Yj , Z1] = 0 for 1 ≤ j ≤ n, [Zi, Z1] = 0 for all i 6= k and

[Zk, Z1] =

(

0 −2D
0 0

)

.

Thus, by substituting these matrices in f , we have that hk[Zk, Z1] = 0 and
therefore

hk(B2, . . . , B̂k, . . . , Bm, A1, . . . , An) = 0.

Therefore, hk seen as an element of F 〈X〉 is a polynomial identity for UT2(F ),
and by Lemma 2.1 we have that hk = 0. Thus

f =

n
∑

j=1

gj [yj , z1].

Analogously, given l such that 1 ≤ l ≤ m, we can be show that gl = 0 by
considering the following elements

Yl =

(

0 I2
0 0

)

, Z1 =

(

I2 0
0 −I2

)
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and the following arbitrary elements in A

Yj =

(

Aj 0
0 A∗

j

)

and Zi =

(

Bi 0
0 −B∗

i

)

,

where Aj , Bi ∈ UT2(F ), 1 ≤ j ≤ n, j 6= l, 1 ≤ i ≤ m, i 6= 1. ✷

Lemma 3.13. Consider the following elements of A+: Y =

(

0 I2
0 0

)

and Yi =

(

Ai 0
0 A∗

i

)

, where Ai ∈ UT2(F ), 1 ≤ i ≤ n. Then,

1. For all n ≥ 3 we have that

[Y, Y3, . . . , Yn][Y2, Y1] =

(

0 −[A2, A1, A3, . . . , An]
0 0

)

.

2. For all n ≥ 4 we have that

[Y3, . . . , Yn, Y ][Y2, Y1] = 0.

P r o o f. We shall show the part 1 only. The proof can be done
by induction, we shall omit the case n = 3. Suppose that n > 3 and write
[Y, Y3, . . . , Yn][Y2, Y1] = P1 − P2, where

P1 = [Y, Y3, . . . , Yn−1]Yn[Y2, Y1] and P2 = Yn[Y, Y3, . . . , Yn−1][Y2, Y1].

Let [Y, Y3, . . . , Yn−1] =

(

0 Θ
0 0

)

, then

[Y, Y3, . . . , Yn−1][Y2, Y1] =

(

0 −Θ[A2, A1]
0 0

)

.

By induction, Θ[A2, A1] = [A2, A1, A3, . . . , An−1]. Thus

P2 =

(

0 −An[A2, A1, A3, . . . , An−1]
0 0

)

and

P1 =

(

0 Θ
0 0

)(

An 0
0 A∗

n

)(

[A2, A1] 0
0 −[A2, A1]

)

=

(

0 Ψ
0 0

)

where Ψ = −ΘA∗

n[A2, A1] = −Θ[A2, A1]An = −[A2, A1, A3, . . . , An−1]An as de-
sired. ✷
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Lemma 3.14. Let W =

(

e22 0
0 e11

)

and let Y1, . . . Yn, n ≥ 4, be arbitrary

elements of A+. Then, [Y3, . . . , Yn,W ][Y2, Y1] = [Y3, . . . , Yn][Y2, Y1].

P r o o f. There exist αi, βi ∈ F and Θi ∈ UT2(F ) such that

[Y3, . . . , Yn] =

(

α1e12 Θ1

0 β1e12

)

and [Y2, Y1] =

(

α2e12 Θ2

0 β2e12

)

.

Then, [Y3, . . . , Yn,W ] =

(

α1e12 Θ1e11 − e22Θ1

0 −β1e12

)

and

[Y3, . . . , Yn,W ]− [Y3, . . . , Yn] =

(

0 Θ1e11 − e22Θ1 −Θ1

0 −2β1e12

)

.

Since that (Θ1e11 − e22Θ1 −Θ1)e12 = −e22Θ1e12 = 0, this proof is complete. ✷

Proposition 3.15. Let Ωy ⊆ F 〈Y ∪ Z〉 be the subset of multilinear poly-

nomials of the type

[yj1 , . . . , yjs ][yk, y1]

where j1 > j2 < · · · < js and j1 > k. Then, Ωy is linearly independent modulo

Id(A, ∗).

P r o o f. Let n ≥ 4 and let f(y1, . . . , yn) be a linear combination of
polynomials in Ωy such that f ∈ Id(A, ∗). Without loss of generality, we may
suppose that f is a multilinear polynomial. We write f = f4 + · · ·+ fn, where

ft =

t−1
∑

k=2

α
(t)
k [yt, yk4 , . . . , ykn ][yk, y1] , (4 ≤ t ≤ n) (α

(t)
k ∈ F ).

Observe that the indices (k4 < · · · < kn) are uniquely determined by k and t.
Consider the following elements in A+:

Yn =

(

0 I2
0 0

)

and Yj =

(

Aj 0
0 A∗

j

)

,

where j < n. If n = 4 we have that

f = f4 = α
(4)
2 [y4, y3][y2, y1] + α

(4)
3 [y4, y2][y3, y1].

By Lemma 3.13 item 1, we obtain α
(4)
2 [A2, A1, A3] + α

(4)
3 [A3, A1, A2] = 0, there-

fore, α
(4)
2 = α

(4)
3 = 0. Let 4 ≤ t < n, then by Lemma 3.13 item 2 we have that
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[Yt, Yk4 , . . . , Ykn−1
, Yn][Yk, Y1] = 0 for all k < t. Thus ft(Y1, . . . , Yn) = 0 for all

4 ≤ t < n and

f(Y1, . . . , Yn) = fn(Y1, . . . , Yn) =
n−1
∑

k=2

α
(n)
k [Yn, Yk4 , . . . , Ykn ][Yk, Y1] = 0.

Now, by Lemma 3.13 item 1 again, we conclude that

n−1
∑

k=2

α
(n)
k [Ak, A1, Ak4 , . . . , Akn ] = 0

for all A1, . . . , An−1 ∈ UT2(F ). By Lemma 2.1 we have that α
(n)
k = 0 for all

2 ≤ k < n. Therefore, f = f4 + · · · + fn−1.
Define g = g4 + · · ·+ gn−1 where

gt(y1, . . . , yn−1) =

t−1
∑

k=2

α
(t)
k [yt, yk4 , . . . , ykn−1

][yk, y1] , 4 ≤ t < n.

We claim that g ∈ Id(A, ∗). In fact, let W =

(

e22 0
0 e11

)

then by Lemma 3.14,

for all Y1, . . . , Yn ∈ A+ and 4 ≤ t < n, we have that

gt(Y1, . . . , Yn−1) = ft(Y1, . . . , Yn−1,W ).

Since g ∈ Id(A, ∗) is a polynomial in n − 1 variables, by induction, we obtain

that α
(t)
k = 0 for all 2 ≤ k < t < n. Thus, the proof is complete. ✷
The next Theorem is our main result.

Theorem 3.16. Let F be a field of characteristic zero. Let I be defined

as in Definition 3.6, then I = Id(A, ∗).

P r o o f. We shall show that Id(A, ∗) ⊆ I. Let f(z1, . . . , zm, y1, . . . , yn) ∈
Id(A, ∗) be a Y -proper multilinear polynomial. Since charF = 0, its suffices to
show that f ∈ I. Since the product of three or more commutators lie in I, we
can write

f + I = f1 + f2 + I,

where f1 is a multilinear polynomial and a linear combination of the elements

zr11 · · · zrmm [uj1 , . . . , ujs ]
t,(7)



214 R. I. Q. Urure

with 0 ≤ r1, . . . , rm ≤ 1, t ∈ {0, 1}, uj1 , . . . , ujs ∈ Y ∪ Z, and f2 is a multilinear
polynomial and a linear combination of the elements

zr11 · · · zrmm [uj1 , . . . , ujs ][vk1 , . . . , vkt ],

where 0 ≤ r1, . . . , rm ≤ 1, uj1 , . . . , ujs , vk1 , . . . , vkt ∈ Y ∪ Z. By Lemma 2.2, we
may assume that uj1 > uj2 < · · · < ujs in (7). Since I ⊆ Id(A, ∗) (see (5)), we
have that f1 + f2 ∈ Id(A, ∗) ⊆ Id(B, ∗). By (2) it follows that f2 ∈ Id(B, ∗).
Then f1 ∈ Id(B, ∗). By Proposition 2.3 we have that f1 = 0. Thus f2 ∈ Id(A, ∗).
Now, we shall show that f2 ∈ I. For this, we consider two cases:
Case 1. m ≥ 1. By Proposition 3.10, there exists a multilinear polynomial g
such that f2 + I = g + I and g is a linear combination of the elements

ui1 · · · uir [uj1 , . . . , ujs ][uk, z1]

with r ≥ 0, ui ∈ Y ∪Z, ui1 < · · · < uir , uj1 > uj2 < · · · < ujs . Since f2 ∈ Id(A, ∗),
we have that g ∈ Id(A, ∗). By Proposition 3.12, it follows that g = 0.

Case 2. m = 0. By Proposition 3.11 there exists a multilinear polynomial
g = g(y1, . . . , yn) such that f2 + I = g + I and g is a linear combination of the
elements

yi1 · · · yir [yj1 , . . . , yjs ][yk, y1] + I,

where r ≥ 0, i1 < · · · < ir, j1 > j2 < · · · < js and k < j1. Write

g =
∑

i

yi1 · · · yirgi , i = (i1, . . . , ir),

where each gi is a multilinear polynomial in the variables

{y1, . . . , yn} \ {yi1 , . . . , yir}.

Suppose that there exists i = (i1, . . . , ir) such that gi 6= 0. Choose r as being
the maximum integer with this property and put yi1 = · · · = yir = 1 in g. Then
gj = 0 for all j 6= i. Since g ∈ Id(A, ∗) we have that gi ∈ Id(A, ∗). By Proposition
3.15 we have a contradiction. Therefore, g = 0. So, f2 ∈ I. ✷

Now, if we combine Proposition 3.10, Corollary 3.11, Proposition 3.12,
Proposition 3.15 and Theorem 3.16, we obtain the following:

Theorem 3.17. Let Γm,n(A, ∗) be the subspace of the Y -proper multilin-

ear polynomials in the variables z1, . . . , zm, y1, . . . , yn of the relatively free algebra

F 〈Y ∪ Z〉 /Id(A, ∗). A linear basis of the space Γm,n(A, ∗), with m ≥ 1, is given
by
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(a) zi1 · · · zir [uj1 , . . . , ujs ]
t + Id(A, ∗), where i1 < · · · < ir, uj1 > uj2 < uj3 <

· · · < ujs, t ∈ {0, 1}.

(b) ui1 · · · uir [uj1 , . . . , ujs ][uk, z1] + Id(A, ∗), where i1 < · · · < ir, uj1 > uj2 <
uj3 < · · · < ujs.

And, a linear basis of the space Γ0,n(A, ∗) is given by

(c) [yj1 , . . . , yjs ][yk, y1] + Id(A, ∗) where j1 > j2 < j3 < · · · < js, k < j1.

4. Concluding remarks. Theorem 3.16 shows that the T (∗)-ideal of
the ∗-polynomial identities of A is finitely generated as T (∗)-ideal because, as
T (∗)-ideal, a commutator in the variables Y ∪Z is describe completely by either

[z1, z2] or [y1, y2] or [y1, z1].

Over the study of the ∗-polynomial identities of UT4(F ), can be shown
that

[y1, z1][y2, z2][y3, z3]

is not the ∗-polynomial identity for UT4(F ). That is,

(Id(UT4(F )), ∗) ( (Id(A), ∗).
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