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ABSTRACT. In this article, we characterize the unit group of the group
algebra F,G where F, is a finite field with ¢ = p* elements for prime p > 2
and G is the Pauli group of order 16.

1. Introduction. Let F,G denote the group algebra of the finite group
G over the of finite field F, with ¢ = p* elements for an odd prime, where p, k is
any positive integer. We refer to [16] for elementary definitions and applications
about group algebras. The description of the units of F,G is a classical problem
and very important from the applications point of view. Hurley in [9] suggested
the construction of convolutional codes from the units in group rings. Many
researchers from the latest decades have made great efforts in the description of
these units. We shall discuss some of the literature survey of these efforts. Perlis
and Walker in [17] studied the structure of F'G for a finite abelian group G and
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a finite field F. For dihedral groups, the structure of the unit group U(F'G) is
discussed in [4, 7, 15, 13] where F' is a finite field. Sharma et al. gave the structure
of U(FG) for the alternating group A4 and the symmetric group Ss in [18, 19],
respectively. For some of the other non-abelian groups the structure of the unit
groups of F'G is established in [12, 21, 1, 2, 14, 20, 6].

Bakshi et al. [2] determined the Wedderburn decomposition of F;,G for a
metabelian group G and a finite field F'. The technique employed there involves
the computation of primitive central idempotents which further involves the de-
termination of strongly Shoda pair (Hy, Ha) [7, Definition 5] and the g-cyclotomic
coset of the set Irr(Hs/Hy) of irreducible characters of Ho/H; over the algebraic
closure F' of F, corresponding to a generator of Irr(Hy/Hj), see [3, Theorem 7).
In this paper, we completely characterize F,G and its unit group for all p > 2,
when G is the Pauli group of order 16, without using strongly Shoda pair (H;, H2)
and g-cyclotomic coset of the set Irr(Hy/Hy). For p = 2, Gildea [6] determined
the structure of the unit group of the group algebra of the Pauli group. In this
way the description of the unit group of the group algebra of the Pauli group over
any finite field is complete. Note that the Pauli group of order 16 is isomorphic
to Cy o Dy, i.e., the central product of a cyclic group of order 4 and the dihedral
group of order 8 where the central product of two groups a is way of producing
a group from two smaller groups. See, for instance, [8] for its formal definition.

2. Preliminaries. Let F denote an arbitrary finite field, e is the expo-
nent of G, and 7 a primitive ' root of unity. Further as in [5], we define

Ir = {n | n — n" is an automorphism of F(n) over F}.

Clearly, I is a subgroup of the multiplicative group Z; (the group of integers
which are invertible with respect to multiplication modulo e) because the Galois
group Gal(F(n),F) is a cyclic group and for any 7 € Gal(F(n),F), there exists
a positive integer z € Z; such that 7(n) = n°. An element g € G is p-regular
provided p is not a factor of its order. Now, for any p-regular element g € G, let
the sum of all conjugates of g be denoted by 74, and the cyclotomic [F-class of v,
be denoted by

S(vg) = {19 [ n € Ir}-
The number of cyclotomic F-classes and the cardinality of S(v,) will be computed
later on for the characterization of the unit groups.

Next, we recall two results from [5]. The first one relates the number
of simple components of FG/J(FG) with the number of cyclotomic F-classes.
Here J(FG) denotes the Jacobson radical of FG. The second result is about the
cardinality of a cyclotomic F-class in G.
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Theorem 2.1. The number of simple components of FG/J(FG) and the
number of cyclotomic F-classes in G are equal.

Theorem 2.2. Let Gal(F(n)/F) be cyclic and j be the number of cy-
clotomic F-classes in G. If K;, 1 < i < j, are the simple components of the
center of FG/J(FG) and S;, 1 < i < j, are the cyclotomic F-classes in G, then
|Si| = [K; : F] for each i after suitable ordering of the indices if required.

For the description of the structure of the unit group U(FG), we need to
determine the Weddeeburn decomposition of the group algebra FG or, in other
words, we need to determine the simple components of FG. At this point, we
can always claim F to be one of the simple components in the decomposition of
FG/J(FG). We give a simple proof of the same for the sake of completeness.

Lemma 2.1. Let S1 and So be finite dimensional algebras over F. Fur-
ther, let Sy be semisimple and g be an epimorphism of S1 onto Sy. Then we have
S1/J(S1) = S35+ Sy where S3 is some semisimple F-algebra.

Proof. From [10, Chapter 1, Proposition 6.16], we have J(S1) C Ker(g).
This means that there exists a F-algebra homomorphism g; from S;/J(S7) to So
which is also onto. In other words, we have

g1 :51/J(S1) — Sy defined by g1(s + J(51)) = g(s), s € S.
As S1/J(S1) is semisimple, there exists an ideal I of S;/J(S1) such that
Sl/J(Sl) = Ker(gl) P 1.
Our claim is that I = Sy. Note that any element s € S;/J(S1) can be uniquely
written as s = s + sg where s1 € Ker(g1),s2 € I. So, define

g2 : 51/J(51) = Ker(g1) @ Sz by g2(s) = (s1,91(s2))-
Since Ker(g;) is a semisimple algebra over F and Ss is an isomorphic F-algebra,
claim and the result hold. O
Note that if J(FG) = 0, then the above lemma implies that F is one of
the simple components of FG. Further, we characterize the set Iy defined in the
beginning of this section.

Theorem 2.3 ([11, Theorem 2.21]). Let F be a finite field with prime
power order q. If e is such that ged(e,q) = 1, n a primitive e root of unity and
lg| is the order of ¢ modulo e, then modulo e we have

I]F = {]—7 q, q27 .. 7q‘q‘71}’

The next result is Proposition 3.6.11 from [16] and is handy in determi-
nation of the commutative simple components in the Wedderburn decomposition
of F@G.
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Theorem 2.4. If RG is a semisimple group algebra, then
RG = R(G/G") & A(G,G"),

where G’ is the commutator subgroup of G, R(G/G/) is the sum of all commuta-
tive simple components of RG, and A(G,G'") is the sum of all others.

3. Unit group of F,G where G is Pauli group of order 16.
In this section, we give our main result which is the characterization of the unit
group of the finite group algebra F,G, where G is the Pauli group of order 16
and p > 2. The Pauli group G is a matrix group consisting of the Pauli matrices

I 0 1 0 —i 1 0
{1 o]" i o]0 —1]°
together with the product of these matrices with +4 and —1. Observe that G has

10 conjugacy classes as discussed below:

1. Four conjugacy classes have only one element in their class. Representatives

of these classes are g; = B ﬂ, go = [_01 _01], gz = [é ﬂ,

—i 0
94 =1 —z}' Also note that |g1]| = 1, |g2] = 2, |g3| = |g4| = 4.

2. Each of the remaining 6 conjugacy classes with respective representatives
{95, 97, 99, 911, 913, 915 } have two elements. Explicitly, these classes are

T PO | S DR T
O R IR R O [P o
O ) B S e

Also |g5| = |g7| = \913| =2, \99| = \g11| = \915| =4.

[an}

Clearly, the exponent of G is 4 and as p is an odd prime, ged(|G|,p) = 1
which further implies that J(F,G) = 0. Now, before moving on to the Wed-
derburn decomposition of F,G, first we give the Wedderburn decomposition of
Fq(CQ x Oy X Cg) for p > 2.

Lemma 3.1. The Wedderburn decomposition of F,H with H = C x
Cy x Cy, where Cy is a cyclic group of order 2, for p > 2 is F?S.
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Proof. Clearly, H has exponent 2. Further, being abelain each element
of H is itself a conjugacy class and as p > 2, we have J(F,H) = 0. Therefore,
the Wedderburn decomposition of F,H is

7
FoH =Ty ¢ M, (Fs),
s=
where for each s, F is a finite extension of Fy, ns > 1. Now since [F H is abelian,
we have ng; = 1 for each s and hence the above implies
7
F,H=F, @ F,.
r=1
Since p is an odd, this means p¥ = 1 (mod 2) for any k. Thus Iy = {1} and
hence Theorems 2.1 and 2.2 imply that
F H = FZ®. O

Theorem 3.1. The Wedderburn decomposition of F,G, for p > 2, where
G is the Pauli group of order 16 is as follows:

(1) If p=1 (mod 4) and k is any positive integer or p = 3 (mod 4) and k is
even, then
F,G = F2® @ My(F,) & Ma(F,).

(2) If p=3 (mod 4) and k is odd, then
F,G 2 FS® @ My(F ).

Proof. Since J(F,G) = 0, the Wedderburn decomposition of F,G is

given by
T
F .G 6 M. (F).

where for each ¢, F; is a finite extension of Fy, s; > 1. So, the Wedderburn
decomposition of F,G' can be completely known if we know the integers s;, and

F; for each t from 1 to r. Incorporating Lemma 2.1 and re-ordering the indexes
(if needed) we obtain

r—1
(1) F,G=F, & M, (F).

Further, any odd prime p is either of the form 4z + 1 where the integer z > 1 or
4z 4+ 3 where z > 0. So, now we consider both the possibilities. If p =1 (mod 4)
and k is any positive integer, then clearly

g=p"=1 (mod 4).
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So, we have [S(vy4)| =1 for each g € G as Ir = {1}. Now from (3.1), Theorems
2.1 and 2.2 we derive

9
F,G 2 F, & M, (F,)

Computing dimensions on both sides we obtain

9
15=>Y s}
t=1
The only possible values of s;’s satisfying the above equation are s; = 1 for
1<i<T7ands; =2for 8 <i<9. Thus, whenever p =1 (mod 4), we have
(2) F,G 2 FS® @ My(F,) & Ma(F,).
Now we move on to the possibility p = 3 (mod 4). First let k£ be even. Then this

means ¢ = p* =1 (mod 4) and hence the Wedderburn decomposition of F,G is
similar to that in (3.2). If £ is odd, then clearly

¢g=p"=3 (mod 4).
So, Ir = {1,3} and this implies that
S(v9s) = {793, V94 }>

and S,, = 7, for every other representative g. Therefore from (3.1), Theorems
2.1 and 2.2 we derive

7
F,G2Fy & My (F,) & Moy (F).

By the dimension formula, we have

7
15 =) " s7 + 2s}.
t=1

From the above, we obtain two possibilities for s;’s. Oneis s; =1 for 1 <7 < 5,
sg = s7 =2, sg =1 and other one is s; = 1 for 1 <1 <7, sg = 2. Accordingly,
we have
FoG 2 FS® @ My(Fy) ® My(Fy) ® F e
or
FoG 2 FS® @ My(F ).
Now observe that the commutator subgroup of G is isomorphic to Co and G /G’

is isomorphic to Co x Cy X Cy. So by Lemma 3.1 and Theorem 2.4, we conclude
that from the choices obtained above, we have

F,G = F2® @ My(F ). O

The following is now straightforward.
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Corollary 3.1. The unit group of F,G, for p > 2, where G is the Pauli

group of order 16 s

(1) If p=1 (mod 4) and k is any positive integer or p = 3 (mod 4) and k is

even, then

U(FG) = (F})*® x GLy(Fq) x GLy(Fy).

(2) If p=3 (mod 4) and k is odd, then

U(F,G) = (F;)*® x GLy(F ).

Here [, is the unit group of ¥y and GLo(F,), GL2(Fyp2) are the general linear

groups of 2 x 2 invertible matrices over the fields F, and F

1]

g2, respectively.
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