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Abstract. In this paper, we generalize the parametrization obtained by
Machado in [13] in the n-dimensional Euclidean space for hypersurfaces Σ in

space forms M
n+1

(c), c = 0,±1. Using this parametrization we study the

class of Weingarten hypersurfaces of the spherical type in M
n+1

(c), n ≥ 2,
this class of hypersurfaces includes the surfaces of the spherical type (La-
guerre minimal surfaces). We generalize the results and definitions of Wein-
garten hypersurfaces of the spherical type and we classify the Weingarten
hypersurfaces of the spherical type of rotation in forms space.

1. Introduction. The surfaces M ⊂ R
3 satisfying a functional relation

of the formW (H,K) = 0, where H and K are the mean and Gaussian curvatures
of the surface M , respectively, are called Weingarten surfaces. Examples of
Weingarten surfaces are the surfaces of revolution and the surfaces of constant
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mean or Gaussian curvature. In [12], the authors study an important class of
surfaces satisfying a linear relation of the form

aH + bK + c = 0,

where a, b, c ∈ R and a2 + b2 6= 0. These surfaces are called linear Weingarten
surfaces. The paper [11], is devoted to the integrability of linear Weingarten
surfaces.

In [6], Corro presented a way of parameterizing surfaces as envelopes of a
congruence of spheres in which an envelope is contained in a plane and with radius
function h associated with a hydrodynamic type system. As an application, it
studies the surfaces in hyperbolic space H

3 satisfying the relation

2ach
2(c−1)

c (H − 1) + (a+ b− ach
2(c−1)

c )KI = 0,

where a, b, c ∈ R, a+b 6= 0, c 6= 0, H is the mean curvature andKI is the Gaussian
curvature. This class of surfaces includes the Bryant surfaces and the flat surfaces
of the hyperbolic space and are called generalized Weingarten surfaces of Bryant
type.

In [7] the authors study the surfaces M in the hyperbolic space H
3 satis-

fying the relation
2(H − 1)e2µ +KI(1− e2µ) = 0,

where µ is a harmonic function with respect to the quadratic form σ = −KII +
2(H − 1)II, I and II are the first and the second quadratic form of M . These
surfaces are called Generalized Weingarten surfaces of harmonic type.

A oriented surface ψ :M → R
3 with non-zero Gaussian curvature K and

mean curvature H is called a Laguerre minimal surface if

∆III

(
H

K

)

= 0,

where ∆III is the Laplacian with respect to the third fundamental form III of
ψ. The study of these surfaces was done by W. Blaschke [2, 3, 4, 5], where such
surfaces appear as critical points of the functional

L(Ψ) =

∫
H2 −K

K
dM,

where dM is the area element.
In [14], the authors study Laguerre’s minimal surfaces as graphs of bihar-

monic functions in the isotropic model of Laguerre Geometry. In particular, they
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study the surfaces of the spherical type (Laguerre minimal surfaces), namely the

surfaces M of R3 such that the set of spheres with center p+
H(p)

K(p)
N(p), p ∈M

are tangent to a fixed oriented plane.
In [10], the authors study a class of oriented hypersurfaces Mn in hyper-

bolic space (n+ 1)-dimensional that satisfy a Weingarten relation in the form

n∑

r=0

(c− n+ 2r)

(
n

r

)

Hr = 0,

where c is a real constant and Hr is the rth mean curvature of the hypersurface
Mn. They show that this class of hypersurfaces is characterized by a harmonic
application derived from the two hyperbolic Gauss map. Looking these hyper-
surfaces as orthogonal to a congruence of geodesics, they also show the relation

of such hypersurfaces with solutions of the equation ∆u + ku
n+2
n−2 = 0, where

k ∈ {−1, 0, 1}.
In [13], the author present a way to parameterize hypersurfaces as con-

gruence of spheres in which an envelope is contained in a hyperplane. Using this
parametrization is presented a generalization of the surfaces of the spherical type
(Laguerre minimal surfaces) studied in [14], namely the Weingarten hypersur-
faces of the spherical type, i.e. the oriented hypersurfaces of the Euclidean space
M ⊂ R

n+1 satisfying a Weingarten relation of the form

n∑

r=1

(−1)r+1rf r−1

(
n

r

)

Hr = 0,

where f ∈ C∞(M ;R) and Hr is the rth mean curvature of M .
In this paper, we generalize the results obtained in [13], for hypersurfaces

in space forms, namely, we generalize the parametrization obtained by Machado
in [13] in the n-dimensional Euclidean space for hypersurfaces Σ in space forms

M
n+1

(c), c = 0,±1. Using this parametrization we study the class of Weingarten

hypersurfaces of the spherical type in M
n+1

(c), n ≥ 2, this class of hypersurfaces
includes the surfaces of the spherical type (Laguerre minimal surfaces). We gener-
alize the results and definitions of Weingarten hypersurfaces of the spherical type
and we classify the Weingarten hypersurfaces of the spherical type of rotation in
forms space.

2. Preliminaries. Let M
n+1

(c) be, the simply connected space form

of sectional curvature c = −1, 1, 0. M
n+1

(c) will denote the (n + 1)-dimensional
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hyperbolic space H
n+1, if c = −1, the Euclidean space R

n+1 when c = 0 or
the sphere S

n+1, if c = 1. Let U ⊂ R
n an open set of R

n such that u =
(u1, u2, . . . , un) ∈ U . The partial derivatives of f : U ⊂ R

n → R
m, with respect

to ui, 1 ≤ i ≤ n, will be denoted by f,i.
We denote by L

n+2 the space of (n + 2)-tuples u = (u1, u2, . . . , un+2) ∈

R
n+2 with the Lorentzian metric 〈u, v〉 =

n+1∑

i=1

uivi − un+2vn+2, where

v = (v1, v2, . . . , vn+2) and we consider the hyperbolic space H
n+1 as a hyper-

surface of Ln+2, namely,

H
n+1 =

{
u ∈ L

n+2; 〈u, u〉 = −1, un+2 > 0
}
.

Also, we consider the sphere S
n+1 as a hypersurface of R

n+2 with the
Euclidean metric, namely,

S
n+1 =

{
u ∈ R

n+2; 〈u, u〉 = 1
}
.

Definition 2.1. Let M be a hypersurface of M
n+1

(c). We say that M is
orientable, if there exist a unit vector field N normal to TpM , for all p ∈ M . N
is known as Gauss map of M . In local coordinates,

N,i =

n∑

j=1

WijX,j , 1 ≤ i ≤ n,

where X is a parametrization of M . The matrix W = (Wij) is known as Wein-
garten matrix of M .

Definition 2.2. The mean curvature and the Gauss-Kronecker curvature
of M are given by

H =
1

n

n∑

i=1

ki , K =

n∏

i=1

ki,

where k1, . . . , kn are the principal curvatures of M .

Definition 2.3. The rth-mean curvature Hr of M is defined by

Hr =
Sr(W )
(
n
r

) ,

where, for intergers 0 ≤ r ≤ n, Sr(W ), is defined by

S0(W ) = 1,
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Sr(W ) =
∑

1≤i1<···<ir≤n

ki1 · · · kir .

The following definitions were given in [15].

Definition 2.4. A congruence of geodesic spheres in M
n+1

(c) is a family

of n-parameter geodesic spheres in M
n+1

(c), such that the set of centers of the

geodesic spheres is a hypersurface of M
n+1

(c) and the radii of the geodesic spheres
are given by a differentiable function on the hypersurface.

An involute of a congruence of geodesic spheres is an n-dimensional sub-

manifold M of M
n+1

(c), such that each point p ∈ M is tangent to a geodesic
sphere of the congruence of geodesic spheres.

LetM1 and M2 be the hypersurfaces inM
n+1

(c). We say that M1 and M2

are associated by a congruence of geodesic spheres, if there exists a diffeomorfism
Ψ :M1 →M2 such that, at the corresponding points p and Ψ(p), M1 and M2 are
tangent to a same geodesic sphere of the congruence of geodesic spheres.

Definition 2.5. Let M1 be an orientable hypersurface in M
n+1

(c). An

orientable hypersurface M2 ⊂M
n+1

(c) is associated to M1 by a Ribaucour trans-
formation, if there exist a differentiable funtion h :M1 → R and a diffeomorphism
Ψ :M1 →M2, such that

(1) expp(h(p)N1(p)) = expΨ(p)(h(p)N2(Ψ(p)), for all p ∈M1, where exp is the

exponential map of M
n+1

(c) and N1, N2 are the unit normal vector fields
of M1 and M2, respectively.

(2) The subset S =
{
expp(h(p)N1(p)); p ∈M1

}
is a n-dimensional submanifold

of M
n+1

(c).

(3) Ψ preserves lines of curvature.

We say that M1 and M2 are locally associated by a Ribaucour transformation,
if for all p ∈ M1 there exists a neighborhood of p ∈ M1 which is associated by a
Ribaucour transformation to an open subset of M2.

Remark 2.6. LetM be a hypersurface ofM
n+1

(c) and N its unit normal

vector field on M
n+1

(c). If c = ±1, then 〈N(p), p〉 = 0, ∀p ∈ M . In fact,

suppose that X : U ⊂ R
n+1 →M

n+1
(c) is a local orthogonal parametrization of

p ∈ M
n+1

(c). Therefore, 〈X(u),X(u)〉 = ±1 and 〈X,i(u),X(u)〉 = 0, ∀u ∈ U ,
1 ≤ i ≤ n + 1. If p ∈ M , there exists 1 ≤ i ≤ n + 1 and u ∈ U , such that
N(p) = X,i(u) with X(u) = p.
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Considering M
n+1

(c) as Rn+1, if c = 0, Sn+1 ⊂ R
n+2 if c = 1 or Hn+1 ⊂

L
n+2, if c = −1, we can rewrite the condition (1) of the Definition 2.5 as p +

h(p)N1(p) = Ψ(p) + h(p)N2(Ψ(p)), ∀ p ∈M1, where

h(p) =

{

tan(φ(p)), φ :M1 →
(

0,
π

2

)

, if c = 1,

tanh(φ(p)), φ :M1 → R, if c = −1.

In fact, the points of Sn+1 which belong to the geodesic that passes through of
p ∈ S

n+1 in the direction N1(p) can be parametrized as

cos(φ(p))p + sin(φ(p))N1(p), φ : Sn+1 → (0, π) .

As p ∈ M1 and Ψ(p) ∈ M2 are tangents to the same geodesic sphere, hence,

φ(p) ∈
(

0,
π

2

)

.

Similarly, the points of Hn+1 which belong to the geodesic that passes
through of p ∈ H

n+1 in the direction N1(p) can be parametrized as

cosh(φ(p))p + sinh(φ(p))N1(p), φ : Hn+1 → R.

Thus,

φ(p) =

{
tan−1(h(p)), h :M1 → (0,∞) , if c = 1,

tanh−1(h(p)), h :M1 → (−1, 1), if c = −1.

From now on, we will consider Mn(c) a hypersurface of M
n+1

(c), such that
Mn(c) = H

n, if c = −1, Mn(c) = R
n if c = 0 or Mn(c) = S

n, if c = 1, with unit
normal vector field N(p) = ec, ∀ p ∈Mn(c) given by

ec =







(0, 0, . . . , 0, 1, 0) ∈ L
n+2, if c = −1,

(0, 0, . . . , 0, 1) ∈ R
n+1, if c = 0,

(0, 0, . . . , 0, 1) ∈ R
n+2, if c = 1.

Let Y : U → Mn(c) be a local orthogonal parametrization of Mn(c). If Lij =
〈Y,i, Y,j〉 , 1 ≤ i, j ≤ n, then Lii 6= 0 and Lij = 0 for i 6= j.
The Christoffel symbols of Lij are given by

(2.1)

Γm
ij = 0, for distinct i, j,m,

Γj
ij =

Ljj,i

2Ljj

, for all i, j,

Γj
ii = −

Lii,j

2Ljj

, for i 6= j.
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We consider the sphere S
n+1 ⊂ R

n+2, en+2 = (0, 0, . . . , 0, 1) and −en+2 =
(0, 0, . . . , 0,−1) the north pole and south pole of Sn+1, respectively. The stereo-
graphic projection P− : Sn+1−{−en+2} → R

n+1 and P+ : Sn+1−{en+2} → R
n+1

are diffeomorphism given by

(2.2) P−(q) =
q − 〈q, en+2〉 en+2

1 + 〈q, en+2〉
, P+(q) =

q − 〈q, en+2〉 en+2

1− 〈q, en+2〉
, q ∈ S

n+1.

Therefore, the inverse mapping P−1
− and P−1

+ , are given by

(2.3) P−1
− (p) =

(2p, 1− 〈p, p〉)

1 + 〈p, p〉
, P−1

+ (p) =
(2p, 〈p, p〉 − 1)

1 + 〈p, p〉
, p ∈ R

n+1.

We consider Hn+1 ⊂ L
n+2 and we define

P : H
n+1 → R

n+1(2.4)

u→ P (u),

where P (u) is the intersection of the hyperplane

R
n+1 =

{
(u1, u2, . . . , un+1, un+2) ⊂ R

n+2;un+2 = 0
}

with the line that passes through the points u and (0, 0, . . . , 0,−1) ∈ R
n+2. P is

known as the hyperbolic stereographic projection. (See [1]).

Proposition 2.7. Let P : Hn+1 → R
n+1 be given by

(2.5)

P (u) =

(
u1

1 + un+2
,

u2

1 + un+2
, . . . ,

un+1

1 + un+2

)

, u = (u1, u2, . . . , un+2) ∈ H
n+1.

Then P is a diffeomorphism of Hn+1 on Bn+1(1) =
{
u ∈ R

n+1; |u| < 1
}
.

Therefore, P−1 : Bn+1(1) → H
n+1 given by

(2.6) P−1(u) =
1

1− 〈u, u〉2

(

2u, 1 + 〈u, u〉2
)

, u ∈ Bn+1(1),

is a parametrization of Hn+1 ⊂ L
n+2.

We will define rotation hypersurfaces in M
n+1

(c). An orthogonal trans-
formation of L

n+2 is a linear map that preserves the Lorentzian metric; the
orthogonal transformations induce, by restriction, all the isometries of Hn+1. We
will denote by P k a k-dimensional subspace of Ln+2 passing through the origin
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and by O(P 2) set of orthogonal transformations of Ln+2 with positive determi-
nant that leave P 2 pointwise fixed. We will use [v1, v2, . . . , vk] to denote the
subspace generated by the vectors v1, v2, . . . , vk. We say that P k is Lorentzian,
if the restriction of the Lorentzian metric to P k, is a Lorentzian metric; P k is
Riemannian, if the restriction of the Lorentzian metric to P k, is a Riemannian
metric; P k is degenerate, if the restriction of the Lorentzian metric to P k, is a
degenerate quadratic form.

The following definition can be found in [9]

Definition 2.8. Choose P 2 and P 3 ⊃ P 2, such that P 3∩Hn+1 6= ∅. Let C
be a regular curve in P 3∩Hn+1 = H

3 that does not meet P 2. The orbit of C under
the action of O(P 2) is called a rotation hypersurface Mn(−1) ⊂ H

n+1 generated
by C around P 2. If P 2 is Lorenztian, We say that is a rotation spherical, if P 2

is Riemannian, we say that is a rotation hyperbolic and if P 2 is degenerate, we
say that is a rotation parabolic.

Changing H
n+1 by S

n+1 and L
n+2 by R

n+2 on the definition above, we
get a definition for rotation hypersurfaces in S

n+1.

3. Hypersurfaces of M
n+1

(c) associated to M
n(c) by a con-

gruence of geodesic spheres. The following Theorem generalizes the result
obtained by Machado in [13] for hypersurfaces in space forms.

Theorem 3.1. Let Σ be an orientable hypersurface in M
n+1

(c) and N

the unit normal vector field of Σ in M
n+1

(c), such that N(p) 6= ec, ∀ p ∈ Σ.
Then,

(3.1) v + h(p)dNp(v) 6= 0, ∀ p ∈ Σ and v ∈ TpΣ, v 6= 0,

if and only if, Σ and Mn(c) are locally associated by a congruence of geodesic

spheres in M
n+1

(c), where h : Σ → R is a differenciable function given by

(3.2) h(p) =
〈p, ec〉

1− 〈N(p), ec〉
, p ∈ Σ.

P r o o f. Let h be a differentiable function defined by (3.2) and Ψ a
differentiable map given by

(3.3) Ψ(p) = p+ h(p) [N(p)− ec] , p ∈ Σ.
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Therefore, Ψ is a local diffeomorphism, such that p+ h(p)N(p) = Ψ(p) + h(p)ec,
p ∈ Σ and Ψ(Σ) ⊂Mn(c). In fact, from (3.3), we get

(3.4) dΨp(v) = v + dhp(v) [N(p)− ec] + h(p)dNp(v), p ∈ Σ, v ∈ TpΣ,

hence,
〈dΨp(v), N(p)〉 = dhp(v) [1− 〈N(p), ec〉] , p ∈ Σ, v ∈ TpΣ,

and

(3.5) dhp(v) =
〈dΨp(v), N(p)〉

1− 〈N(p), ec〉
, p ∈ Σ, v ∈ TpΣ.

If there exists p ∈ Σ and v ∈ TpΣ, v 6= 0, such that dΨp(v) = 0, from (3.4) and
(3.5), we get that v+h(p)dNp(v) = 0. This is a contradiction with (3.1). On the
other hand, from (3.2) and (3.3), we get

〈Ψ(p), ec〉 = 〈p+ h(p) [N(p)− ec] , ec〉(3.6)

= 〈p, ec〉 − h(p) [1− 〈N(p), ec〉] = 0, ∀ p ∈ Σ.

If c = 0, then Ψ(Σ) ⊂ R
n.

If c = ±1, from Remark 2.6, we get 〈N(p), p〉 = 0, ∀ p ∈ Σ, thus,

〈Ψ(p),Ψ(p)〉 = 〈p+ h(p) [N(p)− ec] , p + h(p) [N(p)− ec]〉

= 〈p, p〉+ 2h(p) 〈p,N(p)− ec〉+ h(p)2 〈N(p)− ec, N(p)− ec〉

= ±1− 2h(p) 〈p, ec〉+ 2h(p)2(1− 〈N(p), ec〉) = ±1, ∀ p ∈ Σ.

Consider the central manifold X0 = {p+ h(p)N(p); p ∈ Σ} ⊂ M
n+1

(c), we will

show that X0 is a n-dimensional submanifold of M
n+1

(c). Consider p ∈ Σ and
v ∈ TpΣ, v 6= 0, then v + h(p)dNp(v) 6= 0. Therefore,

〈
dX0

p (v), dX
0
p (v)

〉
= 〈v+h(p)dNp(v)+dhp(v)N(p), v+h(p)dNp(v)+dhp(v)N(p)〉

= |v + h(p)dNp(v)|
2 + |dhp(v)|

2 > 0, ∀p ∈ Σ, v ∈ TpΣ, v 6= 0,

it follows that X0 is a submanifold of M
n+1

(c). Consequently, Σ is locally asso-

ciated to Mn(c) by a congruence of geodesic sphere in M
n+1

(c).
Conversely, from (3.4) and (3.6), we get

0 = 〈dΨp(v), ec〉(3.7)

= 〈v + dhp(v) [N(p)− ec] + h(p)dNp(v), ec〉
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= 〈v + h(p)dNp(v), ec〉+ dhp(v)(〈N(p), ec〉 − 1), p ∈ Σ, v ∈ TpΣ.

Consider X0 = {p+ h(p)N(p); p ∈ Σ} ⊂M
n+1

(c), then

dX0
p (v) = v + h(p)dNp(v) + dhp(v)N(p), p ∈ Σ, v ∈ TpΣ.

Suppose that v + h(p)dNp(v) = 0 at a point p ∈ Σ and v ∈ TpΣ, v 6= 0, we get
from (3.7) that dhp(v)(〈N(p), ec〉 − 1) = 0 and therefore, dhp(v) = 0, otherwise,
〈N(p), ec〉 = 1, implies that N(p) = ec, which is a contradiction. Hence, we have
dhp(v) = 0 and dX0

p (v) = 0, this is a contradiction since X0 is a n-dimensional

submanifold of M
n+1

(c). Thus, v + h(p)dNp(v) 6= 0, ∀ p ∈ Σ, v ∈ TpΣ, v 6= 0. ✷
The following result characterizes hypersurfaces in space forms locally

associated to Mn(c) by a Ribaucour transformation.

Corollary 3.2. Let Σ be an orientable hypersurface of M
n+1

(c), N the

unit normal vector field of Σ in M
n+1

(c), such that N(p) 6= ec, ∀ p ∈ Σ, {ei}
n
i=1

orthonormal principal vector fields of Σ in p, h and Ψ given by (3.2) and (3.3),
respectively. Then, 1 + h(p)ki 6= 0, ∀p ∈ Σ, 1 ≤ i ≤ n, where ki are the principal

curvatures of Σ in M
n+1

(c), if and only if, Σ and Mn(c) are locally associated

by a Ribaucour transformation in M
n+1

(c).

P r o o f. We will show that v + h(p)dNp(v) 6= 0, ∀ p ∈ Σ, v ∈ TpΣ, v 6= 0
and 〈dΨp(ei), dΨp(ej)〉 = 0, ∀ p ∈ Σ, 1 ≤ i 6= j ≤ n.

Let v ∈ TpΣ, v 6= 0, then there exist vi ∈ R, 1 ≤ i ≤ n, such that v =

n∑

i=1

viei,

where vi 6= 0, for some 1 ≤ i ≤ n.
We assume that v + h(p)dNp(v) = 0, thus,

0 = v + h(p)dNp(v) =

n∑

i=1

viei + h(p)dNp

(
n∑

i=1

viei

)

=

n∑

i=1

(1 + h(p)ki)viei,

therefore, since {ei}
n
i=1 is a linearly independent set, we get

(1 + h(p)ki)vi = 0, 1 ≤ i ≤ n.

However, as there is some vi 6= 0, then, 1 + h(p)ki = 0 for some 1 ≤ i ≤ n, This
is a contradiction. From Theorem 3.1, we have that Σ and Mn(c) are associated
by a congruence of geodesic spheres.

Conversely, from (3.4) and (3.5), we get

(3.8) dΨp(ei) = (1 + h(p)ki)ei + dhp(ei) [N(p)− ec]
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and

(3.9) dhp(ei) =
(1 + h(p)ki) 〈ei, ec〉

1− 〈N(p), ec〉
, p ∈ Σ, 1 ≤ i ≤ n.

Thus,

〈dΨp(ei), dΨp(ej)〉= (1 + h(p)ki)(1 + h(p)kj)δij − (1 + h(p)ki)dhp(ej) 〈ei, ec〉 −

(1 + h(p)kj)dhp(ei) 〈ej , ec〉+2dhp(ei)dhp(ej)(1− 〈N(p), ec〉).

Using (3.9) in the equation above, we get 〈dΨp(ei), dΨp(ej)〉 = 0 for 1 ≤ i 6= j ≤

n. Then, {dΨ(ei)}
n
i=1 is a orthogonal principal vector fields ofMn(c) inM

n+1
(c).

Thus, Σ and Mn(c) are locally associated by a Ribaucour transformation in

M
n+1

(c). ✷
The following Theorem generalizes the result obtained by Machado in [13]

for hypersurfaces in space forms.

Theorem 3.3. Consider Σ an orientable hypersurface of M
n+1

(c), N

the unit normal vector field of Σ in M
n+1

(c) such that N(p) 6= ec, ∀ p ∈ Σ and
X : U → Σ a local parametrization of p ∈ Σ. Suppose that (3.1) is true. Then,
there exist a local parametrization Y : U →Mn(c), such that

(3.10) X(u) = Y (u) + h(u) [ec −N(u)] , u ∈ U.

If Y is a local orthogonal parametrization of Mn(c), then

(3.11) X = Y −
2h

S

(
n∑

i=1

h,i

Lii

Y,i − ec + chY

)

,

(3.12) N =
2

S

(
n∑

i=1

h,i

Lii

Y,i − ec + chY

)

+ ec,

where

(3.13) S =
n∑

i=1

h2,i

Lii

+ ch2 + 1 6= 0.

The first, second and third fundamental forms of Σ in M
n+1

(c), are given by

I = 〈X,i,X,j〉 = Lij −
2h

S
(VjiLii + VijLjj) +

4h2

S2

n∑

k=1

VikVjkLkk,(3.14)
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II = −〈N,i,X,j〉 =
4h

S2

n∑

k=1

VikVjkLkk −
2

S
VjiLii,(3.15)

III = 〈N,i, N,j〉 =
4

S2

n∑

k=1

VikVjkLkk,(3.16)

respectively, where

(3.17) Vij =
1

Ljj

(

h,ij −
n∑

l=1

Γl
ijh,l

)

+ chδij , 1 ≤ i, j ≤ n,

and Γl
ij are the Christoffel symbols of the metric Lij = 〈Y,i, Y,j〉, 1 ≤ i, j ≤ n.

The Weingarten matrix W = (Wij) is given by

(3.18) W = 2V (SIn − 2hV )−1,

where In is the identity matrix and V = (Vij).
The condition of regularity of X is given by

(3.19) det(SIn − 2hV ) 6= 0.

Conversely, given a local orthogonal parametrization Y : U →Mn(c) ⊂M
n+1

(c),
where U is a simply connected domain of Rn and a differentiable function h : U →

R. Then (3.11) is a hypersurface of M
n+1

(c) with Gauss map given by (3.12)
and (3.13)–(3.19) are satisfied.

P r o o f. Consider Y : U →Mn(c) a local orthogonal parametrization of
Mn(c), such that (3.10) is satisfied and N the unit normal vector field of Σ in

M
n+1

(c) given by

N =
n∑

i=1

biY,i + bn+1ec + bn+2Y, if c = ±1,(3.20)

and

N =

n∑

i=1

biY,i + bn+1ec, if c = 0,(3.21)

such that

〈N,N〉 =
n∑

i=1

b2iLii + b2n+1 + cb2n+2 = 1.(3.22)
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From (3.10), we get

X,i = Y,i + h,i(ec −N)− hN,i, 1 ≤ i ≤ n.(3.23)

Hence, from (3.20), (3.21) and (3.23), we get

0 = 〈N,X,i〉 = biLii + h,i(bn+1 − 1), 1 ≤ i ≤ n,

which implies that

bi =
h,i(1− bn+1)

Lii

, 1 ≤ i ≤ n.(3.24)

If c = ±1, from (3.10) and the Remark 2.6, we get

0 = 〈X,N〉 = 〈Y + h(ec −N), N〉 = 〈Y,N〉+ h(〈ec, N〉 − 1),

which implies that

bn+2 = ch(1 − bn+1).(3.25)

Thus, using (3.24), (3.25) in (3.22), we have

n∑

i=1

[(
h,i

Lii

)2

(1− bn+1)
2Lii

]

+ b2n+1 + ch2(1− bn+1)
2 = 1,

which implies that

(
n∑

i=1

h2,i

Lii

+ ch2 − 1

)

− 2

(
n∑

i=1

h2,i

Lii

+ ch2

)

bn+1

+

(
n∑

i=1

h2,i

Lii

+ ch2 + 1

)

b2n+1 = 0.

Using (3.13) in the above equation, we get

(S − 2)− 2(S − 1)bn+1 + Sb2n+1 = 0.(3.26)

The solutions of (3.26) are given by

bn+1 = 1 or bn+1 = 1−
2

S
.
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If bn+1 = 1, then N = ec, this is a contradiction.
Thus,

bn+1 = 1−
2

S
.(3.27)

Using (3.24), (3.25) and (3.27) in (3.20) and (3.21), we get (3.12). Also, using
(3.12) in (3.10), we get (3.11).
On the other hand, from (3.13), we have

S,i =
n∑

j=1

2h,jh,jiLjj − Ljj,ih
2
,j

L2
jj

+ 2chh,i,

=

n∑

j=1

2

Ljj

(

h,ji −
Ljj,ih,j

2Ljj

)

h,j + 2chh,i

+






n∑

j=1
j 6=i

Lii,j

LiiLjj

h,ih,j −
n∑

j=1
j 6=i

Lii,j

LiiLjj

h,ih,j




 ,

=

n∑

j=1
j 6=i

2

Ljj

(

h,ji −
Ljj,ih,j

2Ljj

)

h,j +

n∑

j=1
j 6=i

Lii,j

LiiLjj

h,ih,j −
n∑

j=1
j 6=i

Lii,j

LiiLjj

h,ih,j

+
2

Lii

(

h,ii −
Lii,ih,i

2Lii

)

h,i + 2chh,i,

=
2

Lii




h,ii − Γi

iih,i −
n∑

l=1
l 6=i

Γl
iih,l




h,i

+

n∑

j=1
j 6=i

2

Ljj

(

h,ji −
n∑

l=1

Γl
ijh,l

)

h,j + 2chh,i,

= 2
n∑

j=1

[

1

Ljj

(

h,ji −
n∑

l=1

Γl
ijh,l

)

+ chδij

]

h,j , 1 ≤ i ≤ n.

Using (3.17) in the above equation, we get

(3.28) S,i = 2

n∑

j=1

Vijh,j, 1 ≤ i ≤ n.
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We observe that

(3.29) Y,ij =
n∑

k=1

Γk
ijY,k + bn+1ec + bn+2Y, if c = ±1, 1 ≤ i, j ≤ n,

and

(3.30) Y,ij =

n∑

k=1

Γk
ijY,k + bn+1ec, if c = 0, 1 ≤ i, j ≤ n.

If c = ±1, then 〈Y, Y,j〉 = 0, 1 ≤ j ≤ n, thus, 〈Y,i, Y,j〉 + 〈Y, Y,ji〉 = 0, therefore,
bn+2 = −cLij.
On the other hand, since 〈Y,j, ec〉 = 0, 1 ≤ j ≤ n, then 〈Y,ji, ec〉 = 0, hence,
bn+1 = 0.

Using bn+1 = 0 and bn+2 = −cLij in (3.29) and (3.30), we get Y,ij =

n∑

k=1

Γk
ijY,k −

cLijY , 1 ≤ i, j ≤ n. Thus,

n∑

j=1

h,j

Ljj

Y,ji =

n∑

j=1

h,j

Ljj

[
n∑

k=1

Γk
jiY,k − cLjiY

]

,

=

n∑

j=1

h,j

Ljj

Γj
jiY,j +

n∑

j=1

h,j

Ljj

n∑

k=1
k 6=j

Γk
jiY,k − c

n∑

j=1

h,jLji

Ljj

Y ,

=

n∑

j=1

h,j

Ljj

Γj
jiY,j +

n∑

k=1
k 6=i

h,i

Lii

Γk
iiY,k +

n∑

j=1
j 6=i

h,j

Ljj

n∑

k=1
k 6=j

Γk
jiY,k − ch,iY,

=

n∑

j=1

h,j

Ljj

Γj
jiY,j +

n∑

j=1
j 6=i

h,i

Lii

Γj
iiY,j +

n∑

j=1
j 6=i

h,j

Ljj

Γi
jiY,i − ch,iY.

Using (2.1) in the above equation, we get

n∑

j=1

h,j

Ljj

Y,ji =

n∑

j=1

h,jLjj,i

2L2
jj

Y,j −
n∑

j=1
j 6=i

h,iLii,j

2LjjLii

Y,j +

n∑

j=1
j 6=i

h,jLii,j

2LiiLjj

Y,i − ch,iY,

therefore,

(3.31)

n∑

j=1

h,j

Ljj

Y,ji =

n∑

j=1

h,jLjj,i

2L2
jj

Y,j +

n∑

j=1
j 6=i

Lii,j

2LiiLjj

(h,jY,i − h,iY,j)− ch,iY.
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We define

C = Y + hec and D =

n∑

i=1

h,i

Lii

Y,i + chY +

(
S

2
− 1

)

ec.(3.32)

Differentiating, we obtain

C,i = Y,i + h,iec, 1 ≤ i ≤ n,(3.33)

D,i =

n∑

j=1

[(

h,ji

Ljj

−
Ljj,ih,j

L2
jj

)

Y,j +
h,j

Ljj

Y,ji

]

+ ch,iY + chY,i + chh,iec

+

n∑

j=1

(

2h,jh,jiLjj − Ljj,ih
2
,j

2L2
jj

)

ec,

=
n∑

j=1

[(

h,ji

Ljj

−
Ljj,ih,j

L2
jj

)

Y,j +
h,j

Ljj

Y,ji +

(

h,jh,ji

Ljj

−
Ljj,ih

2
,j

2L2
jj

)

ec

]

+ chC,i

+ch,iY.

Using (3.31) in the above equation

D,i =

n∑

j=1

(

h,ji

Ljj

Y,j −
Ljj,ih,j

2L2
jj

Y,j +
h,jh,ji

Ljj

ec −
Ljj,ih

2
,j

2L2
jj

ec

)

+ chC,i

+

n∑

j=1
j 6=i

Lii,j

2LiiLjj

(h,jY,i − h,iY,j),

=

n∑

j=1

1

Ljj

(

h,ji −
Ljj,ih,j

2Ljj

)

C,j +

n∑

j=1
j 6=i

Lii,j

2LiiLjj

(h,jY,i − h,iY,j) + chC,i

+






n∑

j=1
j 6=i

Lii,jh,jh,i

2LiiLjj

ec −
n∑

j=1
j 6=i

Lii,jh,jh,i

2LiiLjj

ec




 ,

=
h,ii

Lii

C,i −
Lii,ih,i

2LiiLii

C,i +

n∑

j=1
j 6=i

1

Ljj

(

h,ji −
Ljj,ih,j

2Ljj

)

C,j +

n∑

j=1
j 6=i

Lii,jh,j

2LiiLjj

C,i

−
n∑

j=1
j 6=i

Lii,jh,i

2LiiLjj

C,j + chC,i,
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=

n∑

j=1
j 6=i

1

Ljj

(

h,ji − Γj
ijh,j − Γi

ijh,i

)

C,j +
1

Lii




h,ii − Γi

iih,i −
n∑

j=1
j 6=i

Γj
iih,j




C,i

+chC,i,

=
n∑

j=1

[

1

Ljj

(

h,ji −
n∑

l=1

Γl
ijh,l

)

+ chδij

]

C,j.

Using (3.17) in this expression, we have

(3.34) D,i =

n∑

j=1

VijC,j, 1 ≤ i ≤ n.

We observe that

X = C −
2Dh

S
and N =

2D

S
.(3.35)

Thus, from (3.35) and using (3.28), (3.33) and (3.34), we get

X,i = C,i −
2h,iD

S
+



2
n∑

j=1

Vijh,j




2hD

S2
−

2h

S

n∑

j=1

VijC,j,(3.36)

= C,i − h,iN +





n∑

j=1

Vijh,j




2hN

S
−

2h

S

n∑

j=1

VijC,j,

= C,i − h,iN +
2h

S

n∑

j=1

Vij (h,jN − C,j) , 1 ≤ i ≤ n.

and

(3.37) N,i =
2

S





n∑

j=1

VijC,j −





n∑

j=1

Vijh,j




2D

S



 =
2

S

n∑

j=1

Vij (C,j − h,jN) .

Since, X,i + h,iN + hN,i = C,i, for 1 ≤ i ≤ n, we obtain

(3.38) C,i − h,iN = X,i + hNi, 1 ≤ i ≤ n.

Using (3.38) in (3.37) and N,i =

n∑

k=1

WikX,k, we have

S

n∑

k=1

WikX,k − 2h

n∑

j=1

Vij

n∑

k=1

WjkX,k = 2

n∑

k=1

VikX,k,
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hence,
n∑

k=1



SWik − 2h

n∑

j=1

VijWjk



X,k = 2

n∑

k=1

VikX,k.

Thus,

SWik − 2h
n∑

j=1

VijWjk = 2Vik,

this equation can be written as

(SIn − 2hV )W = 2V,

from this expression it follows (3.18).
On the other hand, 〈C,k, C,l〉 = Lkl + h,kh,l and 〈C,k, N〉 = h,k, 1 ≤ k, l ≤ n.
Thus, using (3.36) the first fundamental form is given by

I = 〈X,i,X,j〉 =

〈

C,i − h,iN +
2h

S

n∑

k=1

Vik (h,kN − C,k) , C,j − h,jN

+
2h

S

n∑

l=1

Vjl (h,lN − C,l)

〉

,

= Lij −
2h

S

n∑

l=1

VjlLil −
2h

S

n∑

k=1

VikLjk +
4h2

S2

n∑

k,l=1

VikVjlLkl,

= Lij −
2h

S
VjiLii −

2h

S
VijLjj +

4h2

S2

n∑

k=1

VikVjkLkk, 1 ≤ i, j ≤ n,

this equation is equivalent to (3.14).
From (3.36) and (3.37) the second fundamental form is given by

II =−〈X,i, N,j〉

=

〈

C,i − h,iN +
2h

S

n∑

k=1

Vik (h,kN − C,k) ,−
2

S

n∑

l=1

Vjl(C,l − h,lN)

〉

,

=−
2

S

n∑

l=1

VjlLil +
4h

S2

n∑

k,l=1

VikVjlLkl, 1 ≤ i, j ≤ n,

this equation is equivalent to (3.15).
Finally, from (3.37) the third fundamental form is given by

III = 〈N,i, N,j〉 =
4

S2

〈
n∑

k=1

Vik (C,k − h,kN) ,

n∑

l=1

Vjl (C,l − h,lN)

〉

,
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=
4

S2

n∑

k,l=1

VikVjlLkl, 1 ≤ i, j ≤ n,

this equation is equivalent to (3.16). ✷

4. Applications.

Proposition 4.1. Let X : U ⊂ R
n → Σ ⊂ M

n+1
(c) be the parametriza-

tion of a hypersurface Σ given by (3.11). Then the Gauss-Kronecker curvature
K of Σ is given by

(4.1) K =
2n

P
det(V ),

where P = det(SIn − 2hV ).

P r o o f. The Weingarten matrix W of Σ is given by (3.18), therefore,

K = det(W ) = det(2V [SIn − 2hV ]−1) = 2n det(V ) det([SIn − 2hV ]−1). ✷

Proposition 4.2. Let X : U ⊂ R
n → Σ ⊂ M

n+1
(c) be the parametriza-

tion of a hypersurface Σ given by (3.11). The following statements are equivalent

(1) X is parametrized by lines of curvature.

(2) Vij = 0, for 1 ≤ i 6= j ≤ n.

(3) N,i = −k,iX,i, for all 1 ≤ i ≤ n, where

(4.2) ki =
2Vii

2hVii − S
, 1 ≤ i ≤ n,

are the principal curvatures of X.

P r o o f. From (3.18), the Weingarten matrix W is a diagonal matrix, if
and only if, the matrix V is a diagonal matrix. Therefore, V is a diagonal matrix,
if and only if, X is parametrized by lines of curvature.
If Vij = 0 for 1 ≤ i 6= j ≤ n, then from (3.37) and (3.38), we get

N,i =
2

S
Vii(X,i + hN,i),
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thus,

N,i =

(
2Vii

S − 2hVii

)

X,i.

As V is a diagonal matrix, Vii are the eigenvalues of V .
From (3.18), we have

−ki =
2Vii

S − 2hVii
, 1 ≤ i ≤ n. ✷

Remark 4.3. From (4.2), the eigenvalues σi of V are given by

(4.3) σi =
Ski

2(hki − 1)
, 1 ≤ i ≤ n,

where ki are the eigenvalues of the Weingarten matrix W .

Example 4.4. Let Y : U ⊂ R
n → S

n ⊂ S
n+1 be a local orthogonal

parametrization of Sn given by

(4.4)







u1 = cos(φ1),
u2 = sin(φ1) cos(φ2),
u3 = sin(φ1) sin(φ2) cos(φ3),
...
un = sin(φ1) sin(φ2) · · · cos(φn),
un+1 = sin(φ1) sin(φ2) · · · sin(φn),
un+2 = 0.

Therefore,

Y,1 = (− sin(φ1), cos(φ1) cos(φ2), cos(φ1) sin(φ2) cos(φ3), . . . ,

cos(φ1) sin(φ2) · · · sin(φn−1) cos(φn),

cos(φ1) sin(φ2) · · · sin(φn−1) sin(φn), 0),

Y,2 = (0,− sin(φ1) sin(φ2),− sin(φ1) cos(φ2) cos(φ3), . . . ,

sin(φ1) cos(φ2) · · · sin(φn−1) cos(φn),

sin(φ1) cos(φ2) · · · sin(φn−1) sin(φn), 0),

Y,3 = (0, 0,− sin(φ1) sin(φ2) sin(φ3), . . . ,

sin(φ1) sin(φ2) cos(φ3) · · · sin(φn−1) cos(φn),

sin(φ1) sin(φ2) cos(φ3) · · · sin(φn−1) sin(φn), 0),
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...

Y,n−1 = (0, 0, . . . , 0, sin(φ1) sin(φ2) · · · sin(φn−2) cos(φn−1) cos(φn),

sin(φ1) sin(φ2) · · · sin(φn−2) cos(φn−1) sin(φn), 0) ,

Y,n = (0, 0, . . . , 0,− sin(φ1) sin(φ2) · · · sin(φn−2) sin(φn−1) sin(φn),

sin(φ1) sin(φ2) · · · sin(φn−2) sin(φn−1) cos(φn), 0) .

We observe that Lij = 0, i 6= j and for 1 ≤ i ≤ n

L11 = 1, L22 = sin2(φ1), . . . , Lii = sin2(φ1) sin
2(φ2) · · · sin

2(φi−1).(4.5)

Thus, for 1 ≤ i < j ≤ n, the Christoffel symbols are given by

Γi
ij = Γi

ji =
Lii,j

2Lii

= 0 and Γj
ij = Γj

ji =
Ljj,i

2Ljj

= cot(φi),

using these expressions in (3.17), we get

Vij =
1

Ljj

(h,ij − cot(φi)h,j) , 1 ≤ i 6= j ≤ n.

Proposition 4.5. If h 6= 0, is a solution of the linear system of partial
differential equations given by h,ij − cot(φi)h,j = 0, 1 ≤ i 6= j ≤ n. Then the
hypersurface Σ of Sn+1 given by (3.11) is parametrized by lines of curvature.

P r o o f. It follows from Proposition 4.2. ✷

Remark 4.6. Let Y : (0, π)× (0, 2π) ⊂ R
2 → S

2 ⊂ S
3 be a local orthog-

onal parametrization of S2 given by (4.4). If h(φ1, φ2) = sin(φ1)f(φ2) + g(φ1),
where f , g are real-valued functions, then the hypersurface given by (3.11) is
parametrized by lines of curvature.

Example 4.7. Let Y : U ⊂ R
n → H

n ⊂ H
n+1 be a local orthogonal

parametrization of Hn given by

(4.6)







u1 = sinh(φ1),
u2 = cosh(φ1) sinh(φ2),
u3 = cosh(φ1) cosh(φ2) sinh(φ3),
...
un = cosh(φ1) cosh(φ2) · · · sinh(φn),
un+1 = 0,
un+2 = cosh(φ1) cosh(φ2) · · · cosh(φn).



280 E. O. S. Reyes, C. M. C. Riveros

Hence,

Y,1 = (cosh(φ1), sinh(φ1) sinh(φ2), sinh(φ1) cosh(φ2) sinh(φ3), . . . ,

sinh(φ1) cosh(φ2) · · · cosh(φn−1) sinh(φn), 0, sinh(φ1) cosh(φ2) · · ·

· · · cosh(φn−1) cosh(φn)),

Y,2 = (0, cosh(φ1) cosh(φ2), cosh(φ1) sinh(φ2) sinh(φ3), . . . ,

cosh(φ1) sinh(φ2) · · · cosh(φn−1) sinh(φn), 0, cosh(φ1) sinh(φ2) · · ·

· · · cosh(φn−1) cosh(φn)),

Y,3 = (0, 0, cosh(φ1) cosh(φ2) cosh(φ3), . . . , cosh(φ1) cosh(φ2) sinh(φ3) · · ·

· · · cosh(φn−1) sinh(φn), 0, cosh(φ1) cosh(φ2) sinh(φ3) · · ·

· · · cosh(φn−1) cosh(φn)),

...

Y,n−1 = (0, 0, . . . , 0, cosh(φ1) cosh(φ2) · · · cosh(φn−2) sinh(φn−1) sinh(φn),

0, cosh(φ1) cosh(φ2) · · · cosh(φn−2) sinh(φn−1) cosh(φn)),

Y,n = (0, 0, . . . , 0, cosh(φ1) cosh(φ2) · · · cosh(φn−2) cosh(φn−1) cosh(φn),

0, cosh(φ1) cosh(φ2) · · · cosh(φn−2) cosh(φn−1) sinh(φn)).

We get that Lij = 0, i 6= j and for 1 ≤ i ≤ n

(4.7) L11 = 1, L22 = cosh2(φ1), . . . , Lii = cosh2(φ1) cosh
2(φ2) · · · cosh

2(φi−1).

Thus, for 1 ≤ i < j ≤ n, the Christoffel symbols are given by

Γi
ij = Γi

ji =
Lii,j

2Lii

= 0 and Γj
ij = Γj

ji =
Ljj,i

2Ljj

= tanh(φi),

using these expressions in (3.17), we have

Vij =
1

Ljj

(h,ij − tanh(φi)h,j) , 1 ≤ i 6= j ≤ n.

Proposition 4.8. If h 6= 0, is a solution of the linear system of partial
differential equations given by h,ij − tanh(φi)h,j = 0, 1 ≤ i 6= j ≤ n. Then the
hypersurface Σ of Hn+1 given by (3.11) is parametrized by lines of curvature.

P r o o f. It follows from Proposition 4.2. ✷

Remark 4.9. Let Y : U ⊂ R
2 → H

2 ⊂ H
3 be a local orthogonal

parametrization of H
2 given by (4.6). If h(φ1, φ2) = cosh(φ1)f(φ2) + g(φ1),

where f , g are real-valued functions, then the hypersurface given by (3.11) is
parametrized by lines of curvature.
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As a consequence of the Remark 4.3, for n = 2, we get

V11 + V22 = σ1 + σ2(4.8)

=
Sk1

2(hk1 − 1)
+

Sk2

2(hk2 − 1)

=
S(hK −H)

(hk1 − 1)(hk2 − 1)
,

where H,K are the mean curvature and the Gaussian curvature of Σ in M
3
(c),

respectively, h is the radius function and S is given by (3.13). Thus, V11+V22 = 0,

if and only if, h =
H

K
, with K 6= 0.

Definition 4.10. A surface Σ ⊂M
3
(c) is a surface of the spherical type

in M
3
(c), if there exist a congruence of geodesic spheres between Σ and M2(c)

with radius function h =
H

K
, where H,K are the mean curvature and Gaussian

curvature of Σ in M
3
(c).

Definition 4.11. Let Σ be a hypersurface of M
n+1

(c), n ≥ 2, Σ is a

Weingarten hypersurface of the spherical type in M
n+1

(c), if the rth mean cur-

vatures of Σ in M
n+1

(c) satisfy the equation

n∑

r=1

(−1)r−1rf r−1Hr = 0,

for some function f ∈ C∞(Σ,R).

The following Lemma was obtained in [13].

Lemma 4.12. Define Pi, for 1 ≤ i ≤ n and n ≥ 2,

Pi = (1− hk1) (1− hk2) · · ·
︷ ︸︸ ︷

(1− hki) · · · (1− hkn−1) (1− hkn) ,

here
︷ ︸︸ ︷

(1− hki) means that the factor is absent in the expression and h, ki : U ⊂
R
n → R, where U is an open of Rn. Then

Pi = 1− h (S1 − ki) + h2




S2 −

∑

1≤j1≤n

j1 6=i

kj1ki




− h3




S3 −

∑

1≤j1<j2≤n

j1,j2 6=i

kj1kj2ki





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+ · · ·+ (−1)n−1hn−1






Sn−1 −

∑

1≤j1<···<jn−2≤n

j1,...,jn−2 6=i

kj1kj2 · · · kjn−2ki






,

where
Sr =

∑

1≤j1<···<jr≤n

kj1kj2 · · · kjr , 1 ≤ r ≤ n.

The following result characterizes the Weingarten hypersurfaces of the
spherical type in terms of the trace of the matrix V .

Proposition 4.13. Let Σ be an orientable hypersurface of M
n+1

(c), n ≥
2, given by the Theorem 3.3. Then Σ is a Weingarten hypersurface of the spherical

type in M
n+1

(c), if and only if,

n∑

i=1

Vii = 0.

P r o o f. From Remark 4.3, we get

n∑

i=1

Vii =
S

2

[
k1

(hk1 − 1)
+

k2

(hk2 − 1)
+ · · · +

kn

(hkn − 1)

]

= −
S

2

[
k1P1 + k2P2 + · · ·+ knPn

(1− hk1) (1− hk2) · · · (1− hkn)

]

,

therefore,
n∑

i=1

Vii = 0, if and only if, k1P1 + k2P2 + · · ·+ knPn = 0.

From Lemma 4.12, we have that

0 = k1 − k1hS1 + k1hk1 + k1h
2S2 − k1h

2
∑

1≤j1≤n

j1 6=i

kj1k1 + · · ·

+ (−1)n−1k1h
n−1Sn−1 − (−1)n−1k1h

n−1
∑

1≤j1<···<jn−2≤n

j1,...,jn−2 6=i

kj1 · · · kjn−2k1 + · · ·

+ kn − knhS1 + knhkn + knh
2S2 − knh

2
∑

1≤j1≤n

j1 6=i

kj1kn + · · ·+ (−1)n−1knh
n−1Sn−1

− (−1)n−1knh
n−1

∑

1≤j1<···jn−2≤n

j1,...,jn−2 6=i

kj1 · · · kjn−2kn,

thus,

0 = (k1 + k2 + · · ·+ kn)− h
(
k1S1 − k21 + k2S1 − k22 + · · ·+ knS1 − k2n

)
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+ h2




k1S2 − k1

∑

1≤j1≤n

j1 6=i

kj1k1 + k2S2 − k2
∑

1≤j1≤n

j1 6=i

kj1k2 + · · ·+ knS2

− kn
∑

1≤j1≤n

j1 6=i

kj1kn






+ · · · (−1)n−1hn−1






k1Sn−1 − k1

∑

1≤j1<···jn−2≤n

j1,...,jn−6=i

kj1 · · · kjn−2k1 + · · ·+ knSn−1

− kn
∑

1≤j1<···jn−2≤n

j1,...,jn−2 6=i

kj1 · · · kjn−2kn







0 = S1 − 2hS2 + 3h2S3 + · · ·+ (−1)n−1hn−1nSn.

From Definition 4.11, it follows the result. ✷

Remark 4.14. Let Y be a local orthogonal parametrization of Mn(c) ⊂

M
n+1

(c), given by

(4.9) Y =







P−1
− , P−1

+ : Rn → S
n, if c = 1,

I : Rn → R
n, if c = 0,

P−1 : Bn(1) → H
n, if c = −1,

where P−1
− , P−1

+ are given by (2.3), I is the identity function of Rn and P−1 is
given by (2.6). Let Jc be the function defined by

(4.10) Jc(u) =







4

(1 + 〈u, u〉)2
, u ∈ R

n, if c = 1,

1, u ∈ R
n, if c = 0,

4

(1− 〈u, u〉)2
, u ∈ Bn(1), if c = −1.

From (2.1), the Christoffel symbols associated to Lij = 〈Y,i, Y,j〉 are given by

(4.11) Γi
ii =

Jc,i

2J c

and Γi
ij =

J c,j

2J c

= −Γj
ii, 1 ≤ i 6= j ≤ n.
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Proposition 4.15. Let Σ be an orientable hypersurface of M
n+1

(c),
n ≥ 2 given by Theorem 3.3. Then Σ is a Weingarten hypersurface of the spher-

ical type in M
n+1

(c), if and only if, h is a solution of the equation given by

(4.12)
△h

Jc

+
(n− 2)

2J
2
c

〈
∇Jc,∇h

〉
+ nch = 0,

where Jc is defined by (4.10).

P r o o f. By Proposition 4.13, we will show that
n∑

i=1

Vii = 0. From (3.17)

and Remark 4.14, we have that

Vii=
1

Jc

(

h,ii +
Jc,1

2Jc

h,1+· · ·+
Jc,i−1

2Jc

h,i−1−
Jc,i

2J c

h,i+
Jc,i+1

2Jc

h,i+1 + · · ·+
Jc,n

2J c

h,n

)

+ch,

therefore,

n∑

i=1

Vii =
1

Jc

(h,11 + · · ·+ h,nn) +
(n − 2)

2J
2
c

(
Jc,1h,1 + · · · + J c,nh,n

)
+ nch,

hence, it follows the result. ✷

Remark 4.16. From Proposition 4.15, we have:

1. For n = 2, the equation (4.12) is reduced to

(4.13) △h+ 2cJ ch = 0,

this equation is known as the Helmholtz equation, solutions for this equa-
tion were found in [8]. Using these solutions we find explicit examples of
Weingarten surfaces of the spherical type in form spaces.

2. For c = 0, Σ ⊂ R
n+1 is a Weingarten hypersurface of the spherical type if,

and only if, h is harmonic, which coincides with the result obtained in [13].

Theorem 4.17. Let Σ be an orientable hypersurface of M
n+1

(c) given

by Theorem 3.3. Then Σ is a rotation spherical hypersurface of M
n+1

(c) (see [9])
if, and only if, h is a radial function.

P r o o f. The proof for c = 0, can be seen at [13].
For c = −1, 1, without loss of generality we assume that the plane of rotation
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is given by [ec, Y ]. Let Σ be a rotation spherical hypersurface. Therefore, the
orthogonal sections of Σ with parallels hyperplane to [Y,1, Y,2, . . . , Y,n], determine
in Σ (n − 1)-dimensional spheres centered in [ec, Y ]. Let Σ be, the intersection
between Σ and a parallels hyperplane to [Y,1, Y,2, . . . , Y,n], thus, from (3.11), Σ
can be parametrized by

X = −
2h

S

(
n∑

i=1

h,i

Lii

Y,i

)

.

Thus,

∣
∣X
∣
∣
2
=
〈
X,X

〉
=

(
2h

S

)2
(

n∑

i=1

h2,i

Lii

)

= h2

(

4

S2

n∑

i=1

h2,i

Lii

)

= A,

where A ≥ 0 is constant.

If A = 0 and h 6= 0, then,
n∑

i=1

h2,i = 0, hence, h,i = 0 for all 1 ≤ i ≤ n, thus, h is

constant.

If A > 0, we have that h2

(

4

S2

n∑

i=1

h2,i

Lii

)

is constant on (n − 1)-dimensional

spheres, since
1

h2
6=

4

S2

n∑

i=1

h2,i

Lii

, this implies that h is constant on (n − 1)-

dimensional spheres. Consequently, h is a radial function.

Conversely, let Y be the parametrization of Mn(c) ⊂ M
n+1

(c) given by
Remark 4.14, then, Lii = Jc for all 1 ≤ i ≤ n, where Jc is the radial function
given by (4.10). Suppose that h is a radial function, then

S =

n∑

i=1

h2,i

Lii

+ ch2 + 1 =

n∑

i=1

(2h′ui)
2

Jc

+ ch2 + 1 =
4(h′)2

Jc

|u|2 + ch2 + 1,

therefore, S is a radial function.
On the other hand,

〈
X,X

〉
= h2

(

4

S2

n∑

i=1

h2,i

Lii

)

= h2

(

4

S2

n∑

i=1

4(h′)2u2i
Jc

)

=
16h2(h′)2

S2Jc

|u|2 .

Thus,
〈
X,X

〉
is constant on (n − 1)-dimensional spheres. It implies that Σ is a

rotation spherical hypersurface centered on [ec, Y ]. ✷
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Remark 4.18. For n ≥ 2, suppose that h is a radial function i.e.
h(u1, . . . , un) = f(r), r = u21 + · · · + u2n.
For the case c = 0, we obtain that the equation (4.12) is satisfied if, and only if,
h is harmonic and explicit solutions of h are obtained (see [13]).
For the case c = ±1, using (4.10), the equation (4.12) is reduced to

(4.14) 2rf ′′ +
f ′(n+ cr(4− n))

1 + cr
+

2cnf

(1 + cr)2
= 0.

i) For n = 2, we have

(4.15) rf ′′ + f ′ +
2cf

(1 + cr)2
= 0.

The solutions of the equation (4.15) are given by

If c = 1, M
3
(c) = S

3, thus,

(4.16) f(r) =
(r − 1)C1 + C2(ln(r)(r − 1)− 4)

1 + r
.

If c = −1, M
3
(c) = H

3, thus,

(4.17) f(r) =
(r + 1)C1 + C2(ln(r)(r + 1) + 4)

r − 1
.

ii) For n ≥ 3, the solutions to the equation (4.14) are given by
(4.18)

f(r) =
2(c2r − c)

n
2AppellF1

[
2−n
2 ,−n, n2 ,

4−n
2 , 2

1−cr
, 1
1−cr

]

C2

c2(n− 2)(1 + cr)
+

(cr − 1)C1

c(1 + cr)
,

where C1, C2 ∈ R,, AppellF1 is the Appell hypergeometric function. With these
solutions we classify the Weingarten hypersurfaces of the spherical type of rota-
tion in S

n+1 and H
n+1.

The next result classify the Weingarten hypersurface of the spherical type
of rotation in form spaces and generalizes the result obtained in [13].

Theorem 4.19. Let Y be a orthogonal parametrization of Mn(c) ⊂

M
n+1

(c), given by (4.9), h : U → R a differentiable function and X : U →Mn(c)
the immersion given by (3.11) with Gauss map N given by (3.12). Under these
conditions X(U) is a Weingarten hypersurface of the spherical type of rotation
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if, and only if, h is given by
For c = 0,

h(u) =







C ln(u21 + u22) +D, if n = 2,
2C

2− n
(u21 + · · ·+ u2n)

2−n
2 +D, if n ≥ 3,

where C and D are constants, C > 0.
For c = ±1, h is given by (4.16), (4.17) and (4.18).

P r o o f. The proof for c = 0, can be seen at [13] and for c = ±1, it
follows from Remark 4.18. ✷
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[2] W. Blaschke. Über die geometrie von Laguerre: I. grundformeln der
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[14] H. Pottmann, P. Grohs, N. J. Mitra. Laguerre minimal surfaces,
isotropic geometry and linear elasticity. Adv. Comput. Math. 31, 4 (2009),
391–419.

[15] K. Tenenblat, Q. Wang. Ribaucour transformations for hypersurfaces in
space forms. Ann. Global Anal. Geom. 29, 2 (2006), 157–185.

Edwin O. S. Reyes

Centro das Ciências Exatas e das Tecnologias

Universidade Federal do Oeste da Bahia

47808-021 Barreiras-BA, Brazil

e-mail: edwin.reyes@ufob.edu.br

Carlos M. C. Riveros

Departamento de Matemática
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