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ABSTRACT. In this paper, we generalize the parametrization obtained by
Machado in [13] in the n-dimensional Euclidean space for hypersurfaces ¥ in
space forms WHH(C)7 ¢ = 0,%1. Using this parametrization we study the
class of Weingarten hypersurfaces of the spherical type in MHH(C), n>2,
this class of hypersurfaces includes the surfaces of the spherical type (La-
guerre minimal surfaces). We generalize the results and definitions of Wein-
garten hypersurfaces of the spherical type and we classify the Weingarten
hypersurfaces of the spherical type of rotation in forms space.

1. Introduction. The surfaces M C R? satisfying a functional relation
of the form W (H, K) = 0, where H and K are the mean and Gaussian curvatures
of the surface M, respectively, are called Weingarten surfaces. Examples of
Weingarten surfaces are the surfaces of revolution and the surfaces of constant
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mean or Gaussian curvature. In [12], the authors study an important class of
surfaces satisfying a linear relation of the form

aH +bK +c=0,

where a,b,¢ € R and a? + b # 0. These surfaces are called linear Weingarten
surfaces. The paper [11], is devoted to the integrability of linear Weingarten
surfaces.

In [6], Corro presented a way of parameterizing surfaces as envelopes of a
congruence of spheres in which an envelope is contained in a plane and with radius
function h associated with a hydrodynamic type system. As an application, it
studies the surfaces in hyperbolic space H? satisfying the relation

2(c—1) 2(c—1)

2ach™ < (H—-1)4+(a+b—ach <« )K;=0,

where a,b,c € R, a+b # 0, ¢ # 0, H is the mean curvature and K7 is the Gaussian
curvature. This class of surfaces includes the Bryant surfaces and the flat surfaces
of the hyperbolic space and are called generalized Weingarten surfaces of Bryant
type.

In [7] the authors study the surfaces M in the hyperbolic space H? satis-

fying the relation

2(H — 1)e** + K;(1 — e*) =0,
where p is a harmonic function with respect to the quadratic form ¢ = —KjI +
2(H — 1)II, I and II are the first and the second quadratic form of M. These
surfaces are called Generalized Weingarten surfaces of harmonic type.

A oriented surface ¢ : M — R?® with non-zero Gaussian curvature X and
mean curvature H is called a Laguerre minimal surface if

H
Arrr <f> =0,

where Ajrr is the Laplacian with respect to the third fundamental form I11 of
1. The study of these surfaces was done by W. Blaschke [2, 3, 4, 5], where such
surfaces appear as critical points of the functional

H?> - K

where dM is the area element.
In [14], the authors study Laguerre’s minimal surfaces as graphs of bihar-
monic functions in the isotropic model of Laguerre Geometry. In particular, they
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study the surfaces of the spherical type (Laguerre minimal surfaces), namely the

H(p)

surfaces M of R? such that the set of spheres with center p + m]\f (p)y,peM
p

are tangent to a fixed oriented plane.
In [10], the authors study a class of oriented hypersurfaces M" in hyper-
bolic space (n + 1)-dimensional that satisfy a Weingarten relation in the form

n

S (e—n+2r) <Z>H —0,

r=0

where c is a real constant and H, is the rth mean curvature of the hypersurface
M™. They show that this class of hypersurfaces is characterized by a harmonic
application derived from the two hyperbolic Gauss map. Looking these hyper-
surfaces as orthogonal to a congruence of geodesics, they also show the relation

of such hypersurfaces with solutions of the equation Au + k:uz_irg = 0, where
ke {-1,0,1}.

In [13], the author present a way to parameterize hypersurfaces as con-
gruence of spheres in which an envelope is contained in a hyperplane. Using this
parametrization is presented a generalization of the surfaces of the spherical type
(Laguerre minimal surfaces) studied in [14], namely the Weingarten hypersur-
faces of the spherical type, i.e. the oriented hypersurfaces of the Euclidean space
M c R™"! satisfying a Weingarten relation of the form

i(_l)ﬂrl,rfr*l <:’> Hr — 0’

r=1

where f € C°°(M;R) and H, is the rth mean curvature of M.

In this paper, we generalize the results obtained in [13], for hypersurfaces
in space forms, namely, we generalize the parametrization obtained by Machado
in [13] in the n-dimensional Euclidean space for hypersurfaces ¥ in space forms

Mn+1(c), ¢ = 0,+£1. Using this parametrization we study the class of Weingarten

hypersurfaces of the spherical type in Mn+1(c), n > 2, this class of hypersurfaces
includes the surfaces of the spherical type (Laguerre minimal surfaces). We gener-
alize the results and definitions of Weingarten hypersurfaces of the spherical type
and we classify the Weingarten hypersurfaces of the spherical type of rotation in
forms space.

2. Preliminaries. Let Mnﬂ(c) be, the simply connected space form
of sectional curvature ¢ = —1,1,0. Mnﬂ(c) will denote the (n + 1)-dimensional
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hyperbolic space H"!, if ¢ = —1, the Euclidean space R"*! when ¢ = 0 or
the sphere S"™!, if ¢ = 1. Let U C R" an open set of R™ such that u =
(u1,ug,...,uy) € U. The partial derivatives of f: U C R" — R™, with respect
to u;, 1 <@ < n, will be denoted by f;.

We denote by L""2 the space of (n + 2)-tuples u = (uy,us, . .., Uns2) €

n+1

R"*2 with the Lorentzian metric (u,v)y = Zuivi — Upt2oUnt2, Where
i=1

v = (v1,v9,...,Vn42) and we consider the hyperbolic space H"™! as a hyper-

surface of L""2, namely,
HP ! = {u e L2 (u,u) = —1, up o > O} .

Also, we consider the sphere S"*! as a hypersurface of R"™2 with the
Euclidean metric, namely,

S"H = {u € R"?; (u,u) = 1} .

Definition 2.1. Let M be a hypersurface of Mnﬂ(c). We say that M is
orientable, if there exist a unit vector field N normal to T,M, for allp € M. N
is known as Gauss map of M. In local coordinates,

n
N; = ZWZ»]»X,J-, 1<i<n,
j=1

where X is a parametrization of M. The matriz W = (W;;) is known as Wein-
garten matrix of M.

Definition 2.2. The mean curvature and the Gauss-Kronecker curvature

of M are given by
1 n n
H==> "k, K=]]k,
n
i=1 i=1

where ki, ..., k, are the principal curvatures of M.
Definition 2.3. The rth-mean curvature H, of M is defined by
Sy(W
Hr — T( )

()

where, for intergers 0 <r <n, S.(W), is defined by
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S(W) = S kiyecki

1<i1 < <ir<n
The following definitions were given in [15].

Definition 2.4. A congruence of geodesic spheres in Mn+1(c) is a family
of n-parameter geodesic spheres in Mm—l(c), such that the set of centers of the
geodesic spheres is a hypersurface of Mn+1(c) and the radii of the geodesic spheres
are given by a differentiable function on the hypersurface.

An involute of a congruence of geodesic spheres is an n-dimensional sub-
manifold M of MH—H(C), such that each point p € M 1is tangent to a geodesic
sphere of the congruence of geodesic spheres.

Let My and My be the hypersurfaces in Mm—l(c). We say that My and Mo
are associated by a congruence of geodesic spheres, if there exists a diffeomorfism
U : My — Ms such that, at the corresponding points p and V(p), My and My are
tangent to a same geodesic sphere of the congruence of geodesic spheres.

Definition 2.5. Let M; be an orientable hypersurface in Mnﬂ(c). An

orientable hypersurface Moy C Mnﬂ(c) is associated to My by a Ribaucour trans-
formation, if there exist a differentiable funtion h : M1 — R and a diffeomorphism
U My — Ms, such that

(1) exp,(h(p)N1(p)) = expy ) (h(p)N2(¥(p)), for all p € My, where exp is the
exponential map of MnJrl(c) and Ny, Ny are the unit normal vector fields
of My and My, respectively.

(2) The subset S = {exp,(h(p)N1(p)); p € M1} is an-dimensional submanifold
of VA (o).

(3) W preserves lines of curvature.

We say that My and My are locally associated by a Ribaucour transformation,
if for all p € My there exists a neighborhood of p € My which is associated by a
Ribaucour transformation to an open subset of Ms.

Remark 2.6. Let M be a hypersurface of Mn+1(c) and N its unit normal
vector field on Mn+1(c). If ¢ = £1, then (N(p),p) = 0, Vp € M. In fact,

suppose that X : U ¢ R"*! — MnH(C) is a local orthogonal parametrization of
p € Mnﬂ(c). Therefore, (X (u), X (u)) = £1 and (X ;(u), X(u)) =0, Vu € U,
1<i<n+1 Ifpe M, there exists 1 < i < n+1 and v € U, such that

N(p) = X i(u) with X(u) = p.
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Considering Mn+1(c) as R"™if ¢ = 0, S"™ c R"™2 if ¢ = 1 or H"! C
, if ¢ = —1, we can rewrite the condition (1) of the Definition 2.5 as p +
h(p)N1(p) = ¥(p) + h(p)N2(¥(p)), ¥ p € My, where

Ln+2

h(p) = { tan(é(p)), ¢ : My — (0, 5) ,ife=1,
tanh(¢(p)), ¢ : My — R, if ¢ = —1.

In fact, the points of S"*! which belong to the geodesic that passes through of

p € S""! in the direction Nj(p) can be parametrized as

cos(¢(p))p +sin(d(p)) N1 (p), ¢: " — (0,7).

As p € M; and ¥(p) € M, are tangents to the same geodesic sphere, hence,
s
o) € (0.5):
Similarly, the points of H"" which belong to the geodesic that passes
through of p € H" ! in the direction Ni(p) can be parametrized as

COSh(¢(p))p + Sinh(gb(p))Nl (p)’ b EntH SR
Thus,

| tan "N (h(p)), h: My — (0,00), ifc =1,
o) = { tanh ™' (h(p)), h : J\141 S (—1,1), ife= —1.

From now on, we will consider M"(c) a hypersurface of Mm—l(c), such that
M"(c) =H",ifc=—-1, M"(c) =R"if c=0or M"(c) =S", if ¢ = 1, with unit
normal vector field N(p) = e., V p € M"(c) given by

(0,0,...,0,1,0) € L"2 if ¢ = —1,
ec =14 (0,0,...,0,1) e R"™ if ¢ =0,
(0,0,...,0,1) e R"™2 if ¢ = 1.
Let Y : U — M"(c) be a local orthogonal parametrization of M"(c). If L;; =
<Ki7}/7j>’1 < i,j < n, then L“ 75 0 and Lij =0 for 1 75‘]
The Christoffel symbols of L;; are given by
I =0, for distinct 4, j, m,

A
Ffj: ILL for all 4, 7§,

(2.1) 2L -j’
ng = —211;#, for ¢ # j.

JJ
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We consider the sphere S"*1 c R"™2 ¢,,5 = (0,0,...,0,1) and —e,4n =
(0,0,...,0,—1) the north pole and south pole of S"*1, respectively. The stereo-
graphic projection P_ : S""! —{—¢, 19} — R"™ and P, : S"* —{e, 10} — R"!
are diffeomorphism given by

q— (¢, ent2) eny2 q— (g, ent2) ent2 n+1
2.2 P_ = P = , g€ ST
( ) (Q) 1+ <q, €n+2> +(Q) 1- <Q7 €n+2> 1

Therefore, the inverse mapping P~! and P;l, are given by

2p,1 — 2 —1
(23) P:l( ): ( D, <p7p>)7 PJ:I( ): ( D, <p¢p> )’ pe Rn—l—l‘
1+ (p,p) 1+ (p,p)

We consider H" ™! ¢ L"*? and we define

(2.4) P : H' R
u — P(u),
where P(u) is the intersection of the hyperplane
RnJrl = {(ul, U2,y ..oy Up+1, un+2) C Rn+2; Un4+2 = 0}

with the line that passes through the points u and (0,0,...,0,—1) € R"*2. P is
known as the hyperbolic stereographic projection. (See [1]).

Proposition 2.7. Let P : H""!' — R™" be given by
(2.5)

Uy U2 Un+1 n+1
P(u) = , e , u=(uy,ug,...,u e H" ™.
) <1+un+2 I+ Upqto 1+Un+2) (w1, w2 w+2)

Then P is a diffeomorphism of H"™ on B""(1) = {ue R || < 1}.
Therefore, P~ : B"™1(1) — H" ! given by

1

(2.6) P (u) = a?

<2u, 1+ (u,u>2) ,u e B"(1),

is a parametrization of H*™ ¢ L2,

We will define rotation hypersurfaces in Mnﬂ(c). An orthogonal trans-
formation of L"*? is a linear map that preserves the Lorentzian metric; the
orthogonal transformations induce, by restriction, all the isometries of H"1. We
will denote by P* a k-dimensional subspace of L™"*? passing through the origin
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and by O(P?) set of orthogonal transformations of L"*? with positive determi-

nant that leave P? pointwise fixed. We will use [vq,vs,...,v;] to denote the
subspace generated by the vectors vy, vs,...,v;. We say that P* is Lorentzian,
if the restriction of the Lorentzian metric to P¥, is a Lorentzian metric; P¥ is
Riemannian, if the restriction of the Lorentzian metric to P¥, is a Riemannian
metric; P¥ is degenerate, if the restriction of the Lorentzian metric to Pk is a
degenerate quadratic form.

The following definition can be found in [9]

Definition 2.8. Choose P? and P? > P2, such that P2NH" ! £ (. Let C
be a regular curve in P2NH" ™ = H? that does not meet P*. The orbit of C' under
the action of O(P?) is called a rotation hypersurface M™(—1) C H"*! generated
by C around P?. If P* is Lorenztian, We say that is a rotation spherical, if P?
is Riemannian, we say that is a rotation hyperbolic and if P? s degenerate, we
say that is a rotation parabolic.

Changing H*"! by S"*! and L"*2 by R™™2 on the definition above, we
get a definition for rotation hypersurfaces in S***.

3. Hypersurfaces of M (¢) associated to M™(c) by a con-
gruence of geodesic spheres. The following Theorem generalizes the result
obtained by Machado in [13] for hypersurfaces in space forms.

Theorem 3.1. Let ¥ be an orientable hypersurface in Mnﬂ(c) and N

the unit normal vector field of ¥ in MnJrl(c), such that N(p) # e., ¥V p € X.
Then,

(3.1) v+ h(p)dNy(v) #0, Vp e Xandv € T,3, v #0,

if and only if, ¥ and M™(c) are locally associated by a congruence of geodesic

spheres in Mnﬂ(c), where h : ¥ — R is a differenciable function given by

_ (p,ec)
1- <N(p), €C>

Proof. Let h be a differentiable function defined by (3.2) and ¥ a
differentiable map given by

(3.2) h(p) ,pEX.

(3.3) U(p) =p+hip)[N(p) —el, peX.
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Therefore, VU is a local diffeomorphism, such that p + h(p)N(p) = ¥(p) + h(p)e.,
p € ¥ and ¥(X) C M"(c). In fact, from (3.3), we get

(34)  dW,(v) = v+ dhy(v) [N () — ed + h(p)AN,(v), p € B, v € T,
hence,

(d¥,(v),N(p)) = dhy(v)[1 — (N(p),ec)], p € X, v e T,X,
and
(d¥p(v), N(p))
1- <N(p), €C>

If there exists p € ¥ and v € 1,3, v # 0, such that d¥,(v) = 0, from (3.4) and
(3.5), we get that v+ h(p)dNy,(v) = 0. This is a contradiction with (3.1). On the
other hand, from (3.2) and (3.3), we get

(3.6) (U(p),ec) = (p+hp)[Np) —e,ee)
= (p,ec) —h(p)[1 = (N(p),e)] =0, VpeX.

If ¢ =0, then ¥(X) C R".
If ¢ = £1, from Remark 2.6, we get (N(p),p) =0, Vp € X, thus,

(W(p),¥(p)) = (p+h@) NP —ed,p+hp)[Np) —el)

= (p,p) +2h(p) (p, N(p) — ec) + h(p)* (N(p) — ec, N(p) — ec)
+1 — 2h(p) (p, ee) + 2h(p)2(1 — (N(p), ec)) = £1, Vp € 3.

(3.5) dhp(v) = ,pEX, veT,X.

Consider the central manifold X° = {p + h(p)N(p);p € £} C Mn+1(c), we will
show that X' is a n-dimensional submanifold of Mnﬂ(c). Consider p € ¥ and
v € Tp%, v#0, then v+ h(p)dN,(v) # 0. Therefore,

(dXp(v),dX,)(v)) = (v+h(p)dNy(v)+dhy (V)N (p), v+h(p) ANy (v)+dhy(v) N (p))
= v + h(p)dN,(v)|* + |dh,(v)]* > 0, Vp € %, v € T,%, v #0,

it follows that X is a submanifold of Mm—l(c). Consequently, 3 is locally asso-
ciated to M"(c) by a congruence of geodesic sphere in Mn+1(c).

Conversely, from (3.4) and (3.6), we get
(370 = (d¥p(v),ec)
(v+ dhp(v) [N(p) — ec] + h(p)dNy(v), ec)
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= (v+ h(p)dNy(v),ec) + dhy(v)((N(p),ec) — 1), pe X, v e T,X.
Consider X° = {p+ h(p)N(p); pe X} C Mnﬂ(c), then
ng(’U) = v+ h(p)dNy(v) + dhy(v)N(p), p € X, v € TX.

Suppose that v 4+ h(p)dN,(v) = 0 at a point p € ¥ and v € T,X, v # 0, we get
from (3.7) that dh,(v)((N(p),ec) — 1) = 0 and therefore, dh,(v) = 0, otherwise,
(N(p),ec) =1, implies that N(p) = e., which is a contradiction. Hence, we have

dhp(v) = 0 and dXS(’U) = 0, this is a contradiction since X is a n-dimensional
submanifold of Mnﬂ(c). Thus, v + h(p)dNp(v) #0,Vp e X, v e T)X, v#0. O
The following result characterizes hypersurfaces in space forms locally

associated to M"(c) by a Ribaucour transformation.

Corollary 3.2. Let X be an orientable hypersurface of MH—H(C), N the
unit normal vector field of ¥ in Mm—l(c), such that N(p) #e., Vp e X, {ei};
orthonormal principal vector fields of ¥ in p, h and VU given by (3.2) and (3.3),
respectively. Then, 1+ h(p)k; #0, Vp € 3, 1 < i < n, where k; are the principal
curvatures of ¥ in MH—H(C), if and only if, ¥ and M"(c) are locally associated
by a Ribaucour transformation in MH—H(C).

Proof. We will show that v + h(p)dN,(v) #0,Vpe X, v e TpE, v#0
and (d¥,(e;),d¥,(e;)) =0,Vpe X, 1 <i#j<n.

n
Let v € T3, v # 0, then there exist v; € R, 1 <7 < n, such that v = Zviei,
i=1
where v; # 0, for some 1 <7 < n.
We assume that v + h(p)dNp(v) = 0, thus,

0=wv+ h(p)dN,(v) = Zviei + h(p)dN, (Z viei) = Z (14 h(p)ki)vies,

i=1 i=1 i=1
therefore, since {e;};_; is a linearly independent set, we get
(1+ h(p)ki)v; =0, 1 <i<n.

However, as there is some v; # 0, then, 1 + h(p)k; = 0 for some 1 < i < n, This
is a contradiction. From Theorem 3.1, we have that ¥ and M"(c¢) are associated
by a congruence of geodesic spheres.

Conversely, from (3.4) and (3.5), we get

(3.8) dVp(ei) = (14 h(p)ki)e; + dhp(e;) [N(p) — e
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and
(1 + h(p)ki) (eis ec) ,
3.9 dh,(e;) = ,peX, 1 <1< n.
) A= T Ve
Thus,

(dWp(ei), dWy(e;)) = (1 + h(p)ki)(1 + h(p)k;)dij — (1 + h(p)ki)dhy(ej) (ei, ec) —
(1 + h(p)k;j)dhy(ei) (ej, ec) +2dhy(ei)dhy(e;) (1= (N (p), ec))-

Using (3.9) in the equation above, we get (d¥,(e;),dV¥,(e;)) =0for 1 <i#j <
n. Then, {d¥(e;)};, is a orthogonal principal vector fields of M™(c) in Mnﬂ(c).
Thus, ¥ and M"(c) are locally associated by a Ribaucour transformation in
M) o

The following Theorem generalizes the result obtained by Machado in [13]
for hypersurfaces in space forms.

Theorem 3.3. Consider ¥ an omentable hypersurface of M n+1( ), N

the unit normal vector field of ¥ in M ( ) such that N(p) # e., Vp € ¥ and
X : U — ¥ a local parametrization of p € ¥. Suppose that (3.1) is true. Then,
there exist a local parametrization Y : U — M"™(c), such that

(3.10) X(u) =Y (u)+ h(u) [ec — N(u)], ueU.

If Yis a local orthogonal parametrization of M™(c), then

2h
(3.11) X=Y-= (Z LY — e +chY)
2 [ h
(3.12) N=— =Y, —e.+chY | +e.
S\ = Lii
where
n h2‘
(3.13) S = L—’Z—i—chQ—i—l#O.
i—1 %3

The first, second and third fundamental forms of 3 in MH—H(C), are given by

2h 4h? &
< ViiLii + VigLjj) + =5 > VieVik Lk,

k=1

(3.14) I=(X;X;) = Lij—
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4h 2
(815) II=—(NiX;) = o > VaVikLir — 5 ViiLi,
k=1
4 n
(816) III=(N;iN;) = o > VieVie L,
k=1
respectively, where
1 n
(3.17) Vij=7- (h,l-j - Zrﬁjh,z) +chéi;, 1<4,j<n,
73 =1

and I‘ﬁj are the Christoffel symbols of the metric Lij = (Y;,Y;), 1 <i,j <n.
The Weingarten matric W = (W;) is given by

(3.18) W =2V (ST, —2hV) 7L,

where I, is the identity matriz and V = (Vj;).
The condition of reqularity of X is given by

(3.19) det(SI, — 2hV) # 0.

Conversely, given a local orthogonal parametrization Y : U — M"(c) C Mm—l(c),
where U is a simply connected domain of R"™ and a differentiable function h : U —
R. Then (3.11) is a hypersurface of MnJrl(c) with Gauss map given by (3.12)
and (3.13)—(3.19) are satisfied.

Proof. Consider Y : U — M"(c) a local orthogonal parametrization of
M"(c), such that (3.10) is satisfied and N the unit normal vector field of ¥ in

n+1

M (c) given by
(3.20) N = z”: biY; + bpyiec + bp2Y, if c = £1,
i=1
and
(3.21) N = z”: biY; + bpyiec, if c =0,
i=1
such that
(3.22) (N,N) = ib?[m« + b2 g+ by =1.

=1
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From (3.10), we get
(3.23) Xi=Y;+hileec—N)—hN;, 1 <i<n.
Hence, from (3.20), (3.21) and (3.23), we get

0 = (N,X;)=bLi+hilbps1—1), 1<i<m,
which implies that

M7 1<i<n.
Li;

(3.24) b =
If ¢ = £1, from (3.10) and the Remark 2.6, we get

0 = (X,N)=(Y +h(e.—N),N)=(Y,N)+ h({e.,N) —1),
which implies that
(3.25) bnt2 = ch(l — bpt1).
Thus, using (3.24), (3.25) in (3.22), we have

z”: [(%)2 (1 = bnt1)?Lis

=1

+ b2+ ch (1 —byy1)? =1,

which implies that

n h2- n h24
(Z#+ch2—1> -2 (Z#+ch2> bnt1

i=1 i=1 %

n h24 ) )
+ ZL—;i+ch +1) b2, =

i=1
Using (3.13) in the above equation, we get
(3.26) (S —2) —2(S — 1)bpy1 + Sb2 4 = 0.
The solutions of (3.26) are given by

2
bn+1 =1lor bn+1 =1- g

271
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If b41 = 1, then N = e, this is a contradiction.
Thus,

2
(3.27) bor =1~ .

Using (3.24), (3.25) and (3.27) in (3.20) and (3.21), we get (3.12).

(3.12) in (3.10), we get (3.11).
On the other hand, from (3.13), we have

" 2h jh j;Lj; — Lj;ih?

S?i = Z , : 2 ]j’z ’j + 26hh77’7
j=1 ij
n
2 Li::h .
— = (h.. =22\ b4 2chh
;ij ( 2Ly ) e
n n

M2V N N E T
il g 2L I
LiLj; "7 & Tyl

Also, using

J#L i
n n
2 ( Liih L;
= — | A JJst 73) + “7] hih 1,j h h
jzl ij e 2L33 7 Zl L“L]J ! Z LuLJ]
i i T
2 Liiih s

2 , -
= i hii = Tihy =Y Thhy | hy

[
n 2 n
D 1 (h,jz' =) Tih ) h.j + 2chh,,

Jj=1 17 =1

JF#i

n

- 22[ ( ZF >+Ch5zj hj, 1<i<n.

j=1 JJ

Using (3.17) in the above equation, we get

n
(3.28) Si=2)» Vihj 1<i<n.
j=1
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We observe that

n
=Y THYh+bugiee +bpga if e = =1,

(3.29) 1<i,j<n,
k=1

and

(3.30) ZFU &+ bnriee, ife=0, 1<i,j<n.

If ¢ = +1, then (Y,Y;) = 0,1 < j

)

bpi2 = CL’L]

< n, thus, (Y, Y;) +

273

(Y,Y ;) = 0, therefore,

On the other hand, since (Yj,e.) = 0, 1 < j < n, then (Yj;,e.) = 0, hence,

)

Using bp41 = 0 and bp42 =

CLZ'jY, 1<4,5<n. Thus,

n
h .
S = 3 S rn e |
j=1 73 j=1 ]
n n
h h L
= DAY +Z - Zfﬂ Vi—e) =Y
j=1 Lij j=1 7
k#]
SO AORS SRS DTS we R
=1 g=t T k=
fivh i ket
SIS SRS S T
7=l Hﬁz J#l
Using (2.1) in the above equation, we get
n n n
h; Bl BiLi: h L
_7Y — )] ].77ZY' _ Ay + 7.7 ’”7] Y _ Ch Y
jZ; L]j ]t Jz; 2L§] J le: QLJJL“ 7 ]z: QLZZLJ]
J#i J#i
therefore,
" hj h;L; .
(331) Y ﬁygz => 2L2J] SR 571 (Y —hYy) —ch;Y.
j=1 "9 j=1 Jj j=1 w3

J#i

—cL;j in (3.29) and (3.30), we get Y;; =

Zr Y —
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We define

(3.32)

Differentiating, we obtain

C=Y + he, and D:Z
i=1

E. O. S. Reyes, C. M. C. Riveros

h, S
L—Y +chY + (5 — 1> Ce-

C,i :Y:Z'—l-hﬂ‘ec, 1<t <n,

h .
LY j;

+ Ch,iY + ChY:Z‘ + chhwc
Lj;

(3.33)
D; = ” [(% sz’;h’j> Y+
j=1 Ji jj
N z": 2h jh jiLj; — Ljjih?
: 2L2.
7j=1 17
n
hji  Ljjih
j=1 17 JJ
+Ch,iY

Using (3.31) in the above equation

>€C7

Ljj;

Ljj;

Ljjih?% )
5= | ec| +chC;
2ij

n 2
h o Liiih hh o Ljjih%
D,i = Z ( JZY:]' — j]72 ) Y:j + - Jzec - 72 ] €c | + ChC,i
= Lj; 2ij Lj; 2ij
n
- —— (h;Yi = hiYj),
“~ 2LyLj; B
i
n n
1 Ljjih.; Liij
= g (ho = ) o S apit (¥ hat)
J=1 J.:l.
JF1T
n n
Lji jh jh; Li; jh jh
—|— 9. 9. 9 e _ 9. 9. ) ,
; 2L;L;; ¢ ; 2L;Lj; ¢
i i
R Li::h - "1 Liiih " Liiih
3 21,1 (2 2 (2
= ) ,'—#C,H- —<h—M> 07.4_ AC,-
j#i J#i
n
Lii jh i
— — C,' + ChCJ‘,
“~2L;Lj; 7

i
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n n

275

1 . , 1 , .
D1 (h,jz‘ —Ih; — Fﬁﬂ%z’) Cj+ = | hii = Tishi = ) Tiihy | Ca
j=1 7 L j=1
i i
—I-Chc,i,
n 1 n
Z L— (h,ji — ZF%hJ) + chéij CJ'.
j=1 L7 =1

Using (3.17) in this expression, we have

(3.34)

n
D;=)Y V;Cj, 1<i<n.
j=1

We observe that

(3.35)

2Dh 2D
X:C_T and N:?

Thus, from (3.35) and using (3.28), (3.33) and (3.34), we get

(3.36)

and

(3.37)

2h ;D " 2hD  2h —
Xi = Cim ===+ (2> Vishj | =7 — 5 D_VisCy»
j=1 j=1

= 2hN  2h
= Cﬂ' — h,iN + jZIVijh’j T — g jZIVZ'jCJ,

2h .
= C,i_h,iN+§j;‘/;j(h,jN—C7j), 1<i<n.

9 [ 2D\ 2

Since, X ; +h ;N +hN; = C;, for 1 <i <n, we obtain

(3.38)

Ci—h,N=X;+hN;, 1<i<n.

n
Using (3.38) in (3.37) and N,; = Z Wit X i, we have

k=1

n n n n
S WiXp =20 Vig Y WiXp=2Y VieXp,
k=1 j=1 k=1 k=1
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hence,

3

SWZ;@—%ZVUW];@ Xk—2ZVZka
j=1

T
I

Thus,

SWik — 20> VijWji, = 2Vi,
j=1
this equation can be written as
(SI, —2hV)W = 2V,

from this expression it follows (3.18).
On the other hand, (C,C;) = Ly + hyhy and (Cp, N) = hy, 1 <k, 1 < n.
Thus, using (3.36) the first fundamental form is given by

2h &
I=(X;,X;) = <c —h;N + 5 Z Vit (N —C),Cj —h ;N
k=1

2h
+§Zvjz (haN —Cy) ),
=1

2h 4h?
= Lij—— > ViLa - Z VirLje + o3 Z Vik Vit L,
=1 k=1
2h 2h h2 -
= Lij = o Viilii = 5 VisLjj + <3 2 VieVieLwe, 1 < 8,5 < n,
k=1

this equation is equivalent to (3.14).
From (3.36) and (3.37) the second fundamental form is given by

IT=—(X;,N;)

:<C hN+—ZV2k hpN —Cp), SZVJZ h,lN)>>

k=1

Z——ZVJZLZHF 2 Z VieVirLg, 1 < 4,5 <,
k=1

this equation is equivalent to (3.15).
Finally, from (3.37) the third fundamental form is given by

4 n n
HI=(N;N;) = = <Z Vi (Coe = heN) . D Vi (C = h,zN)> ,
k=1 =1
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4 & -
= % Z VitViillig, 1 <i,5 <mn,
k=1

this equation is equivalent to (3.16). O

4. Applications.

Proposition 4.1. Let X : U CR" — ¥ C Mn+1(c) be the parametriza-
tion of a hypersurface ¥ given by (3.11). Then the Gauss-Kronecker curvature
K of 3 is given by

on
(4.1) K = 52 det(V),

where P = det(SI, — 2hV).
Proof. The Weingarten matrix W of 3 is given by (3.18), therefore,

K = det(W) = det(2V [ST, — 2hV] 1) = 2% det(V) det([SI, — 2pV]!). O

Proposition 4.2. Let X : U CR" — ¥ C Mn+1(c) be the parametriza-
tion of a hypersurface X given by (3.11). The following statements are equivalent

(1) X is parametrized by lines of curvature.
(2) Vij =0, for1 <i#j<n.

(3) N;=—k;X;, for all1 <i <n, where

2V

4.2 S
(42) K TR VA

are the principal curvatures of X.

Proof. From (3.18), the Weingarten matrix W is a diagonal matrix, if
and only if, the matrix V is a diagonal matrix. Therefore, V' is a diagonal matrix,
if and only if, X is parametrized by lines of curvature.

If Vi; =0 for 1 <i# j <mn, then from (3.37) and (3.38), we get

2
N,; = EVM(XZ + hN;),

)
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thus,

2Vi;
N;,=|——7—| X,
" (S - QhVii) i
As V is a diagonal matrix, V;; are the eigenvalues of V.
From (3.18), we have

2V .
-k = — <1 <n. O
k; [SEETAT 1<i<n

Remark 4.3. From (4.2), the eigenvalues o; of V are given by

Sk;
4. i= 5 1sSisn,
(4.3) o Sk — 1) i<n

where k; are the eigenvalues of the Weingarten matrix W.

Example 4.4. Let Y : U ¢ R® — S" ¢ S*™™! be a local orthogonal
parametrization of S" given by

uy = cos(¢1),
ug = sin(¢1) cos(p2),
uz = sin(¢1) sin(¢pz) cos(ds),

(4.4) :
uy, = sin(¢y) sin(gs) - - - cos(¢y),
Upt1 = sin(¢y) sin(¢2) - - - sin(¢py,),
\ Un+2 = 0.
Therefore,

Y1 = (—sin(¢1),cos(¢1) cos(p2), cos(¢1) sin(epz) cos(¢s), . . -,
cos(¢1) sin(¢z) - - - sin(dp—1) cos(¢n),
cos(¢1) sin(¢2) - - - sin(¢py,—1) sin(¢py,), 0),

Yo = (0,—sin(¢1)sin(¢z), — sin(¢1) cos(¢pz) cos(¢s), - . -,
sin(¢1) cos(¢2) - - - sin(¢n—1) cos(én),

51n(¢1)cos(¢2) -+ sin(¢p—1) sin(¢y), 0),

Y3 = (0,0, —sin(¢1)sin(¢2) sin(¢s), .
Sln(¢1)51n(¢2)005(¢3) Sln(¢n 1) s(én),
sin(¢1) sin(¢2) cos(¢s) - - - sin(¢n—1) sin(¢n ), 0),
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Y,-1 = (0,0,...,0,sin(¢q)sin(¢z) - - - sin(¢pn—2) cos(¢dn—1) cos(¢n),
sin(¢1) sin(¢2) - - - sin(¢n—2) cos(dn—1) sin(¢n), 0) ,
Yo = (0,0,...,0,—sin(¢1)sin(¢z) - - - sin(¢p—2) sin(¢n—1) sin(¢y),
sin(¢q) sin(¢2) - - - sin(pp—2) sin(pp—1) cos(¢y),0) .

We observe that L;; =0, i # j and for 1 <i <n
(45) L11 = 1, L22 = sin2(¢1), e )Lii = sin2(¢1) sin2(¢2) R sin2(¢i_1).

Thus, for 1 < i < j < n, the Christoffel symbols are given by

7L = 0and IY; = T, = —H= = cot(gy),

¢ =Tt = =
K 7t 2Ly 2L;;

using these expressions in (3.17), we get

1

Vii= —
T Ly

(h,ij - COt(qbi)h,j) s 1 S 7 75] S n.

Proposition 4.5. If h #£ 0, is a solution of the linear system of partial
differential equations given by h;; — cot(¢;)h; =0, 1 < i # j < n. Then the
hypersurface ¥ of S*™t given by (3.11) is parametrized by lines of curvature.

Proof. It follows from Proposition 4.2. O

Remark 4.6. Let Y : (0,7) x (0,27) € R? = S? C S? be a local orthog-
onal parametrization of S? given by (4.4). If h(¢y,¢o) = sin(p1)f(d2) + g(o1),
where f, g are real-valued functions, then the hypersurface given by (3.11) is
parametrized by lines of curvature.

Example 4.7. Let Y : U ¢ R® — H" c H""! be a local orthogonal
parametrization of H" given by

( U = sinh(qbl),
ug = cosh(¢1) sinh(¢s),
ug = cosh(¢q) cosh(¢ps) sinh(¢s),

'un = cosh(¢q) cosh(¢2) - - - sinh(¢y, ),
Upt+1 =0,
[ Unt2 = cosh(¢q) cosh(¢s) - - - cosh(ey,).
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Hence,

Y1 = (cosh(¢i),sinh(¢q)sinh(¢p2),sinh(pq) cosh(ps)sinh(gs), ...,
c

sinh(¢1) cosh(¢g) - - - cosh(¢y,—1) sinh(¢y,), 0,sinh(¢q) cosh(pe) - - -
-+ cosh(¢n—1) cosh(¢n)),
Yo = (0,cosh(¢1)cosh(gz),cosh(¢q)sinh(¢ps)sinh(es),. ..,

cosh(¢q)sinh(¢p2) - - - cosh(¢p_1) sinh(¢gy, ), 0, cosh(¢1) sinh(¢pa) - - -
- cosh(¢p—1) cosh(¢y,)),
Y3 = (0,0, cosh(¢y)cosh(gy)cosh(ps),. .., cosh(pr)cosh(ps)sinh(ps) - --
-+ cosh (¢, 1) sinh(¢y,,), 0, cosh(¢ )cosh(¢2)sinh(¢3)---
-~ cosh(¢,,—1) cosh(¢py,)),

Y1 = (0,0,...,0,cosh(¢q)cosh(¢s)---cosh(¢n_2)sinh(pp_1) sinh(¢y,),
0, cosh(¢) cosh(¢2) - - - cosh(¢y—2) sinh(¢,—1) cosh(¢py,)),

Y, = (0,0,...,0,cosh(¢i)cosh(¢s)---cosh(pp_2)cosh(pn_1)cosh(¢y),
0, cosh(¢1) cosh(¢2) - - - cosh(¢,—2) cosh(¢y,—1) sinh(¢py,)).

We get that L;; = 0,4 # jand for 1 <7< n
(4.7) Ly =1, Lyy = cosh?(¢1), ..., Ly = cosh?(¢) cosh? () - - - cosh? (¢hi_1).

Thus, for 1 < i < j < n, the Christoffel symbols are given by

L;
=-2L =0 and T, =TJ =2 = tanh
J? 2L“ an 2[/]] an (¢2)

using these expressions in (3.17), we have

Vij = — (hg; —tanh(¢;)h;), 1 <i#j<n

Lj;
Proposition 4.8. If h # 0, is a solution of the linear system of partial
differential equations given by h;; — tanh(¢;)h; =0, 1 < i # j < n. Then the

hypersurface ¥ of H™ ™! given by (3.11) is parametrized by lines of curvature.
Proof. It follows from Proposition 4.2. O

Remark 4.9. Let Y : U ¢ R> — H? C H® be a local orthogonal
parametrization of H? given by (4.6). If h(¢1,¢2) = cosh(¢1)f(d2) + g(¢1),
where f, g are real-valued functions, then the hypersurface given by (3.11) is
parametrized by lines of curvature.
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As a consequence of the Remark 4.3, for n = 2, we get

(4.8) Vit + Va2 = o1+02
_ Sk, Sk
S(hk1 — 1) 2(hks — 1)
S(hK — H)

(hky = 1) (hkg — 1)

where H, K are the mean curvature and the Gaussian curvature of ¥ in A (¢),
respectively, h is the radius function and S is given by (3.13). Thus, V14 Vas = 0,

H
if and only if, h = 73 with K # 0.

Definition 4.10. A surface ¥ C Mg(c) is a surface of the spherical type

in MB(C), if there exist a congruence of geodesic spheres between ¥ and M?(c)

with radius function h = where H, K are the mean curvature and Gaussian

?7
curvature of ¥ in MB(C).

Definition 4.11. Let ¥ be a hypersurface of MH—H(C), n>2 Yisa
Weingarten hypersurface of the spherical type in Mn+1(c), if the rth mean cur-
vatures of X in Mn+1(c) satisfy the equation

n

Z (_1)r—1rfr—1Hr =0,

r=1
for some function f € C(3,R).
The following Lemma was obtained in [13].

Lemma 4.12. Define B;, for1 <i:<mn andn > 2,
—
Py = (1—hki) (1= hkg) - (1= hk;)--- (1 — hkyp—1) (1 — hky),

e —
here (1 — hk;) means that the factor is absent in the expression and h,k; : U C
R"™ — R, where U is an open of R". Then

P, = 1—h(51—k‘i)—|—h2 Sy — Z kjlk'i —h3 S3 — Z k‘j k‘iji
1<j1<n 1<j1<jo<n
J17#i J1,d2#1t
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+ o4 (_1)n71hn71 Sn—l _ E kj kj - kjn72ki ,
1<j1<<jn_2<n
J15--Jn—27t

where
ST: Z ]{Jj]{?j'--kjr,lgTSn.
1<ii<<jr<n
The following result characterizes the Weingarten hypersurfaces of the
spherical type in terms of the trace of the matrix V.

Proposition 4.13. Let X be an orientable hypersurface oanH(c), n >
2, given by the Theorem 3.3. Then % is a Weingarten hypersurface of the spherical

type in MnJrl(c), if and only if, Z Vi =0.
i=1

Proof. From Remark 4.3, we get

Zn:v,, — § k1 4 ks _|_..._|_k7”
P o 2| (hky—1)  (hky—1) (hk, — 1)

S[ k1P +koPo+ -+ k,P,
( b

2 |(1 = hky) (1 = hky)--- (1 — hky)

n

therefore, » Vi =0, if and only if, ki Py + ke Pa + -+ + kn Py = 0.
=1

From Lemma 4.12, we have that

0 = ki — k1hSy + kihky + kih?Sy — kah® Y kjky 4 -

1<ji<n
J1#i

+ (1) kS = (=) R A >, Kjy oo kg ok -
1<j1<<jn_2<n
J1seees Jn—27#1

+ kn — knhSy + knhkn + knh®Sy = knh® > kjk 4o+ (1) k1S,

1<ji<n
J1#i

- (_1)n71knhnil Z kjy - Kj ok,

1<j1<dp—2<n
J1seedn—27#1i

thus,
0= (ki+ko+ - +kn)—h(kiSi — kI + kaS1 — k3 + - + k51 — k2)
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+ B [ kiSo—kr Y kjki+tkeSy—ky Y kjka+ o+ knSo
1<ji<n 1<j1<n
J1#t Jj1#%

— kn > Kk

1<j1<n
J1#t

o (DR RS =k Y ke kg, ok A+ B Snoy
1<j1 < jp—2<n
jl vvvv ]n—?éz

— k, Z ki Ky, o kn

1<j1 <+ Jpn—2<n
J1sdn—271

0 = Sy — 2hSy + 3h2S5 +--- + (=1)" A" Ing,,.

From Definition 4.11, it follows the result. O

Remark 4.14. Let Y be a local orthogonal parametrization of M"(c) C
n+1

M (c), given by
P-L PR 5 ST ife =1,
(4.9) Y ={ I:R"—=R" ifc=0,
P71 B"(1) - H", ifc = —1,

where P~ 1, P;l are given by (2.3), I is the identity function of R” and P~ ! is
given by (2.6). Let J. be the function defined by

4 . .
m, ueR s if ¢c= 1,
(4.10) Je(u) =< 1, u e R™, if ¢=0,
4

W’ UEBn(l)’ if c=—1.

From (2.1), the Christoffel symbols associated to L;; = (Y;,Y ;) are given by

N

(4.11) [, =22 and Ii=-2=_T/

L 1< I < n.
i i #J

[\]

<
[S)

[\

o
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Proposition 4.15. Let ¥ be an orientable hypersurface of Mn+1(c),
n > 2 giwen by Theorem 3.3. Then X is a Weingarten hypersurface of the spher-
ical type in Mn+1(c), if and only if, h is a solution of the equation given by
Ah  (n—2)
2

_l’_

(4.12) = =
Je 2J

<Vjc, Vh> 4+ nch =0,

C

where J. is defined by (4.10).

n
Proof. By Proposition 4.13, we will show that » _Vj; = 0. From (3.17)
=1
and Remark 4.14, we have that

J JCZ j ch 7CTL
Vieo (h i+ g T R T8 R TS -+T’h,n> +ch,
Je 2J. 2J. 2J, 2J, 2J.
therefore,
(n—2) — —
Z ‘/ZZ = j_ h 11 —+ -+ h,nn) + Tj? (Jc,lh,l + .o+ Jc,nh,n) + nch,

C

hence, it follows the result. O

Remark 4.16. From Proposition 4.15, we have:

1. For n = 2, the equation (4.12) is reduced to
(4.13) Ah+2¢J.h =0,

this equation is known as the Helmholtz equation, solutions for this equa-
tion were found in [8]. Using these solutions we find explicit examples of
Weingarten surfaces of the spherical type in form spaces.

2. For ¢ =0, ¥ c R""! is a Weingarten hypersurface of the spherical type if,
and only if, h is harmonic, which coincides with the result obtained in [13].

Theorem 4.17. Let ¥ be an orientable hypersurface of Mnﬂ(c) given

by Theorem 3.3. Then X is a rotation spherical hypersurface of Mn+1(c) (see [9])
if, and only if, h is a radial function.

Proof. The proof for ¢ = 0, can be seen at [13].
For ¢ = —1,1, without loss of generality we assume that the plane of rotation
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is given by [e., Y]. Let ¥ be a rotation spherical hypersurface. Therefore, the
orthogonal sections of ¥ with parallels hyperplane to [Y1,Ys,...,Y,], determine
in ¥ (n — 1)-dimensional spheres centered in [e.,Y]. Let ¥ be, the intersection
between ¥ and a parallels hyperplane to [Y1,Ys,...,Y,], thus, from (3.11), &

can be parametrized by
—  2h [ hy
X=— =Y, .

Thus,

N 20\ ? [ P 4 - h3
| X| :<X,X>:<§> (;L_u):;ﬁ (ﬁsz_ = A,
where A > 0 is constant.

n
If A=0 and h # 0, then, Zh% =0, hence, h; = 0 for all 1 <4 < n, thus, h is
i=1
constant. '
no 32
If A > 0, we have that h2 42}“ i tant on (n — 1)-dimensional
, we have tha 5'2 2 . is constant on (n -dimensiona

spheres, since —2 52 Z -, this implies that h is constant on (n — 1)-

dimensional spheres. Consequently, h is a radial function.

Conversely, let Y be the parametrization of M"(c) C Mnﬂ(c) given by
Remark 4.14, then, L; = J, for all 1 < i < n, where J. is the radial function
given by (4.10). Suppose that h is a radial function, then

20 u; 4(h')?
S = Z + h2+1_2%+ ch® +1 = (j) lul> + ch? + 1,

i=1 ¢ ¢

therefore, S is a radial function.
On the other hand,

Ly )2u? 16h2(h')?
12 AN ) 2
(X,X)=h (SQE I > (SQE > 577, Jul .

Thus, <7, 7> is constant on (n — 1)-dimensional spheres. It implies that ¥ is a
rotation spherical hypersurface centered on [e., Y]. O




286 E. O. S. Reyes, C. M. C. Riveros

Remark 4.18. For n > 2, suppose that h is a radial function i.e.
R(ut, ... up) = f(r), r =ud 4+ +ul.
For the case ¢ = 0, we obtain that the equation (4.12) is satisfied if, and only if,
h is harmonic and explicit solutions of h are obtained (see [13]).
For the case ¢ = +1, using (4.10), the equation (4.12) is reduced to

s fl(n+er(4d—n)) 2enf
(4.14) o " + " t iy =0

i) For n = 2, we have

" / 2cf o

The solutions of the equation (4.15) are given by
If c=1, M?’(c) = S3, thus,

(r—1)Cy 4 Co(ln(r)(r — 1) — 4)'

(4.16) f(r) = 2

If c=—1, M(c) = H3, thus,

(4.17) f(r) = (r+1)Ch + Cj(ini’r)(r +1)+ 4)'

ii) For n > 3, the solutions to the equation (4.14) are given by
(4.18)

f( ) » 202 v 1—cr’ 1—cr I
)=
A(n—2)(1+cr) c(l+er)’

2(cr — o) AppellF1 258, —n, 3,452, 120 121Gy (0 1y

where C1,Cy € R,, AppellF'1 is the Appell hypergeometric function. With these
solutions we classify the Weingarten hypersurfaces of the spherical type of rota-
tion in S"*! and H" .

The next result classify the Weingarten hypersurface of the spherical type
of rotation in form spaces and generalizes the result obtained in [13].

Theorem 4.19. Let Y be a orthogonal parametrization of M"(c) C
MnJrl(c), given by (4.9), h: U — R a differentiable function and X : U — M"(c)
the immersion given by (3.11) with Gauss map N given by (3.12). Under these
conditions X(U) is a Weingarten hypersurface of the spherical type of rotation
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if, and only if, h is given by
For c =0,

C'ln(u? 4+ u3) + D, if =2,

= 2 —_n
h(u) ¢ (u%+---+ui)27+D7 if n>3,

2—n

where C' and D are constants, C' > 0.
For ¢ = +1, h is given by (4.16), (4.17) and (4.18).

Proof. The proof for ¢ = 0, can be seen at [13] and for ¢ = +£1, it

follows from Remark 4.18. O

1]
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