Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

Serdica
Mathematical Journal

Cepauka

MareMaTnuyeCcKo CIIMCAHUE

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic reprints.
Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to third party websites are prohibited.

For further information on

Serdica Mathematical Journal
which is the new series of

Serdica Bulgaricae Mathematicae Publicationes
visit the website of the journal http://www.math.bas.bg/~serdica

or contact: Editorial Office

Serdica Mathematical Journal

Institute of Mathematics and Informatics
Bulgarian Academy of Sciences
Telephone: (+359-2)9792818, FAX:(+359-2)971-36-49
e-mail: serdica@math.bas.bg



Serdica Math. J. 45 (2019), 305-316 Serdica
Mathematical Journal

Bulgarian Academy of Sciences
Institute of Mathematics and Informatics

UNIT GROUPS OF SEMISIMPLE GROUP ALGEBRAS
OF CERTAIN DIHEDRAL GROUPS

Meena Sahai, Sheere Farhat Ansari

Communicated by V. Drensky

ABSTRACT. Let F' be a finite field of characteristic p > 0 having ¢ = p"
elements. Let D,, denote the dihedral group of order 2n. In this article,
we have obtained the structure of the unit groups of the semisimple group
algebras FDH, FD13, FD17, FD19 and FD23.

1. Introduction. Let U(FG) be the unit group of the group algebra
FG of a finite group G over a finite field F' of characteristic p. We denote
characteristic of the field F' by Char(F'). Recently, some techniques have been
developed to find the decomposition of F'G and hence the structure of U(FG),
when p { |G|. Let D, be the Dihedral group of order 2n, presented as D, =
(r,s | " = s* = rsrs = 1). In [9], Makhijani, Sharma and Srivastava, obtained
the structure of the unit group of F'D,, for any odd n > 3 and Char(F) = 2.
This is an extension of [7] and [8] in which they have studied the unit group of
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FD,, where p is a prime number. In [10], the structure of the unitary subgroup
Us(FDpn) is established for an odd prime p and Char(F') = p. Also the structure
of the center of the maximal p-subgroup of U(F Dy ) is given. Unitary units of
some modular group algebras have also been studied in [1, 2]. In [11], the unit
group of F'Dy5 is described. In [5], Gildea has obtained the order of U(FDpym),
where p is an odd prime and Char(F) = p.

In this paper, we are interested in the structure of U(FD,), n = 11,
13,17,19 and 23, such that pt|D,], i.e., the semisimple case. This is a continu-
ation of our work in [13, 14]. For our work, we use the well known Witt-Berman
theorem [6, Chapter 17, Theorem 5.3]. Our notations are standard. For a finite
subset H of G, H = Z h. Also M(n, F') is the algebra of all n x n matrices over

heH
F and GL(n, F) is the general linear group of degree n over F. Further, F, is

the extension field of F' of degree n, F* = F\{0} and F" is the direct summand
of n copies of F i.e,

F'=F@oF®---dF.

n-copies

Similarly C,, is the cyclic group of order n and C’ff is the direct product of k
copies of Cy,. An element g € G is p-regular, if (p,0(g)) = 1, m is the Lc.m. of
the orders of p-regular elements of G, n is a primitive mth root of unity, 7" is the
multiplicative group of integers ¢ modulo m for which n — 7' is an automorphism
of F(n) over F. Two p-regular elements x,y € G are F-conjugate if y' = g~ 'zg
for some g € G and t € T. This is an equivalence relation and partitions the
p-regular elements of G into F-conjugacy classes. Witt-Berman theorem states
that the number of F-conjugacy classes of p-regular elements of GG is equal to the

number of non-isomorphic simple F'G-modules.
By Wedderburn-Artin theorem [12, Theorem 2.6.18], a ring R is semisim-

ple if and only if it is a direct sum of matrix algebras over division rings Kj,
ie.,

R=M(ni, K1) ® - @® M(ng, Ky).

By [12, Proposition 3.6.11], if F'G is a semisimple group algebra and G’ is
the commutator subgroup of G, then FG = F(G/G' )& A(G, G'), where F(G/G")
is the sum of all the commutative simple components of FG and A(G,G’) is the
sum of all the other components.
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2. Structure of U(F Dq1).

Theorem 2.1. Let F' be a finite field of characteristic p having q¢ = p"
elements. If p1|D11|, then

GL(2,F)° x C3 |, if p=+1mod 11;
U(FDy) =
GL(2,F5) x Cg_y, if p==£2,43,44,+5 mod 11.

Proof. Since p{|D11],
FDyy = M(ny, K1) © M(n2, K2) © - - © M(ng, Ky),
where K;’s are finite fields. Since F'D7; is non-commutative, at least one n; > 1.
Obviously, F(Dy1/D},) & FCy = F®F by [4, Proposition 1.2] and dimp Z(F D) =
7. Due to dimension constraints zt:[KZ : F] =7 and n, < 2 for all k. Thus we

i=1
have the following possibilities:

F)Yo M2, F)®M2,F)®M2,F)® FaF, or

M(2, F)
M(2,F)®M2,F)® M(2,F,) & F®F, or
M(?,FQ)@M(?,FQ)@F@F, or

y 8, G = {1}, 3 = {Ti1}7 C3 = {Ti2}7 Cy = {Tig}v C = {Ti4}7
Cs = {r*®} and C; = {s,rs,...,71%} are all the conjugacy classes of Dy;.
Now by [12, Theorem 3.6.2],

Z(FDi1) = FCy + FCy + FC3 + FCy + FC5 + FCq + FCr.

If p = £1 mod 11, then p™ = £1 mod 11 for all n. So, for all 1 < ¢ < 7,

C;’ = C;. Thus 2" =z, for all z € Z(FDy;) and

Ci

FD 1 M2, F)®eM(2,F)® M2,F)®& M(2,F)®& M(2,F)® F&F.
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If p = £2, i3 +4 or +5 mod 11, then p°® = 41 mod 11 for all n. So,
forall 1 <i<7, Cp = C;. Thus 22" = z, for any = € Z(F D) and

FD 1= MQ2,F5) @ FoF.
Hence,

D M2, F°®Fa@F, if p==+1mod 11;
11 —
M2,F5)® F&F, if p=42 43,44, +5 mod 11. O

3. Structure of U(F D13).

Theorem 3.1. Let F' be a finite field of characteristic p having ¢ = p"
elements. If p1|D1s|, then

GL(2,F)% x 02 if ¢==+1 mod 13;

GL(2, Fg) x C if ¢ ==42,4+6 mod 13;
U(FDq3) = ‘

GL(2,F3)? x C%_ if ¢ =+3,+4 mod 13;

GL(2,F)? x 1, if ¢==+5mod 13.

Proof. Since, F(Dy3/D}3) = FCy, we have
FDi3s~F&F® (@leM(ni, KZ-)) ,
where n; > 2 and K;’s are finite fields. Hence,

Z(FDi3) 2 F & F @ < or, K)

k
As dimp Z(FDy3) =8, 50 > [K;: F] =6.

i=1
y B, G = {1}, G2 = I}, Cs = {Tﬂ} Ci = {17}, G = {r™},
Ce = {r*5}, Cr = {r*%) and Cg = {s,7s,...,7'%s} are all the conjugacy classes

of D13.

Now for any | € N, we have 27 =z for all z € Z(FDq3) if and only if
(//’\Zgl = C; for all i € {1,2,...,8}. This happens, if and only if rd =r or r1 e,
if and only if 13|(¢' — 1) or 13|(¢' + 1).
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For each i € {1,2,...,k}, let K] = (y;). Then, 2t = g for all z €

Z(FDq3) if and only if ygl = y;. This is possible if and only if [K; : F]|l for
all i = 1,...,k. Thus the least number ¢ such that 13|(¢" — 1) or 13|(¢" + 1) is
t=lemA{[K;: F]:1<i<k}.

1.
2.
3.
4.

If,
g = £1 mod 13, then t = 1.

g = £2,£6 mod 13, then ¢ = 6.
q = £3,£4 mod 13, then t = 3.
q = £5 mod 13, then t = 2.

Clearly m = 26. Let a be the number of simple components in the Wedderburn
decomposition of F'Dy3. Then, for

1.

g =1 mod 13.
T = {1} mod 26. Thus C;, ¢ € {1,2,...,8} are the p-regular F-conjugacy
classes. Hence a = 8.

q = —1 mod 13.
T = {1,-1} mod 26. Thus C;, i € {1,2,...,8} are the p-regular F-
conjugacy classes. Hence a = 8.

q = +2 or +6 mod 13.
={1,3,5,7,9,11,15,17,19,21,23,25} mod 26. Since (r?)* = r~7, 9 =
r 4 , 77 = 7% Thus the p—regularF conjugacy classes are {1}, {r*!, 72 %3,

Pt pES, jEG} and {s,rs,...,r'%s}. Hence a = 3.

q =3 or —4 mod 13.

= {1,3,9} mod 26. Since r° = 4, (2)3 = 77, (+2)? = 15, Thus the
p—regular F- conJugacy classes are {1}, {r*!, %3, j[4} {r®2, ¢35 %6} and
{s,7s,...,r'%s}. Hence a = 4.

q =4 or —3 mod 13.
T = {1,3,9,17,23,25} mod 26 Since 77 = 74 % = 71 T = g4

3 =773 ()3 =77, (r?)® = r°. Thus the p-regular F conjugacy classes

are {1}, {r*,r*3, j[4} {r2,r ﬂ’ r0} and {s,rs, 125}, Hence a = 4.

¢ = +5 mod 13.

T = {1,5,21,25} mod 26. Since r*! = r=5 ¥ = 71 (12)> = 73,
()5 = =5, Thus the p-regular F-conjugacy classes are {1}, {r*!, r*°},
{2 7B}, {r r%0) and {s,7s,...,71%s}. Hence a = 5.
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Now, we have the following possibilities for [K; : F]¥_; depending on g.
1. ¢ = +1 mod 13, then [K; : F]¥_, = (1,1,1,1,1,1).
2. ¢ = +2,46 mod 13, then [K; : F]¥_; = (6).
3. ¢ = £3,+4 mod 13, then [K; : F|*_; = (3,3).
4. ¢ = +5 mod 13, then [K; : F]¥_, = (2,2,2).
Due to dimension constraints, n; > 2 is impossible for any 1 < ¢ < k. Therefore,
)Y oFaF, if q=41mod 13;
) F @ F, if ¢= 42,46 mod 13;

B e FaF, if ¢=43,+4 mod 13;

M(2

M(2
FDys =

M(2

M2, R} @& Fa&F, if ¢=+5mod 13. O

4. Structure of U (F Ds7).

Theorem 4.1. Let F' be a finite field of characteristic p having ¢ = p"
elements. If p1|D17|, then

GL(2,F)®* x Cy |, if q¢=+1 mod 17;
N GL(2,Fy)* x C;_y, if q¢=+2,48 mod 17;
U(EDr) = GL(2,Fy) x C2_1, if q=+3,%5,46,+7 mod 17;
GL(2,F2)' x C7_y, if ¢=+4mod 17.

Proof. Since, F(D17/D};) = FCs,
FD17 ==FBF® <@i‘€:1 M(nluKZ)>7

where n; > 2 and K;’s are finite fields. Also dimp Z(FDy7) = 10, so
k

> K F) =8

i=1

By [3]7 G = {1}7 Cy = {Ti1}7 C3 = {Ti2}7 Cs = {Tig}v Cs = {Ti4}7
Cs = {r*°}, Cr = {r*8), Cs = {r*7}, Co = {r*®} and Cyo = {s,7s,...,r' 05} are
all the conjugacy classes of Di7.
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As in the previous theorem, 2t =gz forallzeZ (FDq7) if and only if

17)(¢" = 1) or 17|(¢' +1) and [K; : F]|l for all i = 1,...,k. Thus the least number
t such that 17|(¢" — 1) or 17|(¢" + 1) is t = L.em {[K; : F] : 1 <14 < k}.

1
2
3
4

Now if,
. ¢ ==£1mod 17, then t = 1.
. ¢q=+2,£8 mod 17, then ¢t = 4.
. ¢ ==£3,£5,£6,4+7 mod 17, then t = 8.

. ¢ =244 mod 17, then t = 2.

Clearly, m = 34. Let a be the number of simple components in the Wedderburn
decomposition of FDy7. Then

1

. ¢ =1mod 17.
T = {1} mod 34 and hence C;, ¢ € {1,2,...,10} are the p-regular F-
conjugacy classes. Hence a = 10.

q = —1 mod 17.
T = {1,—1} mod 34 and hence C;, i € {1,2,...,10} are the p-regular F-
conjugacy classes. Hence a = 10.

q = £2 or £8 mod 17.

T ={1,9,13,15,19,21, 25,33} mod 34. Since r*? = 72, 2 = ¢4 3 =48
=78 () =77 ()3 =5, (r3)® = 75, Therefore the p-regular
F-conjugacy classes are {1}, {rﬂ,rﬂ,rﬂ,rﬂ}, {rﬂ,ri‘:’,rﬂ,ri?} and
{s,7s,...,r'%}. Hence a = 4.

. ¢ =23 or £5 or £6 or £7 mod 17.
T =1{1,3,57,9,11,13,15,19, 21, 23, 25,27, 29, 31, 33} mod 34. Since r? =
2, g2l =t 25 g8l 6 (39 T (3Y13 5 (3)15 6
Therefore the p-regular F-conjugacy classes are {1}, {ril, pE2 pE3 gt A5
rE0 =T ) and {s,7s,...,r%s}. Hence a = 3.

q = +4 mod 17.

T = {1,13,21,33} mod 34. Since 72! = ¢4 ¢13 =71 33 = =1 (42)13 =
8, (r%)1 = r=7. Therefore the p-regular F-conjugacy classes are given
by {1}, {rEL, e, (P2 r 38, (B2 Y (rF0 T and {s,7s, ..., r1%s).
Hence a = 6.

Now, we have the following possibilities for [Kj : F]i-“:l depending on gq.
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—_

. ¢=+1mod 17, then [K; : F]F.; = (1,1,1,1,1,1,1,1).
2. ¢ = +2,+8 mod 17, then [K; : F|F_; = (4,4).

.

q = 43,45,4+6,+7 mod 17, then [K; : F]¥_; = (8).

W

. ¢ =+4mod 17, then [K; : F|F_; = (2,2,2,2).

Due to dimension constraints, n; > 2 is impossible for any 1 < ¢ < k. Therefore,

M@2,F¥@F®F, if ¢=+1modlT7;

FDy. o M(2,F)*®FaF, if ¢=+2 48 mod 17;
M2,F)®F@®F, if q=+3,+5, 46,47 mod 17;
M2, FB)*®FaF, if ¢=+4mod17. 0

5. Structure of U(F Dqy).

Theorem 5.1. Let F' be a finite field of characteristic p having q¢ = p"
elements. If p1|D1g|, then

GL(2,F)? x C2_;, if ¢=+1 mod 19;
U(FDig) = ¢ GL(2,Fy) x CZ_y, if q=+2,43,+4,45,£6,+9 mod 19;
GL(2,Fs)* x C7_y, if ¢=+7,+8 mod 19.

Proof. Since F(D19/D}g) = FCs, we have

FDy=FoFa (@i;l M(ni,Kz-)>,

k
where n; > 2 and K’s are finite fields. As dimp Z(F D19) = 11, so Z[Kz : F) =
i=1

By [8], C1 = {1}, Co = {r™'}, C3 = {r™*}, Ca = {1}, G5 = {1}, Cs =
{r5), Cr = {r*0), Cg = {rTTY, Co = {r8Y, C1o = {rT°}, C11 = {s,7s,..., 785}
are all the conjugacy classes of Dqg.

Now, 27 =z forall w e Z(FDyy) if and only if 19](¢' — 1) or 19|(¢' + 1)
and [K; : F]|l for all i = 1,...,k. So the least number ¢ such that 19|(¢" — 1) or
19/(¢" + 1) is t = Leem {[K; : F]: 1 <i < k}. Thus we have

9.

1. ¢ = +1 mod 19, then t = 1.
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2. ¢q=+42,43,+4,+5, 46,49 mod 19, then t = 9.
3. ¢q =+7,+8 mod 19, then t = 3.

Here m = 38. Let a be the number of simple components in the Wedderburn
decomposition of F'Dig. Then

1. ¢ =1 mod 19.
= {1} mod 38 and hence C;, i € {1,2,...,11} are the p-regular F-
conjugacy classes. So a = 11.

2. ¢ = —1 mod 19.
T = {1,—1} mod 38 and hence C;, i € {1,2,...,11} are the p-regular F-
conjugacy classes. So a = 11.

q=2,3,—4,-5,—6 or —9 mod 19.
T=1{1,3,5"7,9,11,13,15,17,21, 23, 25 27,29, 31,33,35,37} mod 38. Since
2 _ 2 7"23 = 7“4, % r6, 27 — 48, the p-regular F-conjugacy classes are

r
{1}, {ril rﬂ,ri?’,rﬂ,ri5,ri6,ri7,ri8,ri9} and {s,rs 188}. Hence
a=3

4. ¢q=-2,-3,4,5,6 or 9 mod 19.
T = {1,5,7,9,11,17,23,25,35} mod 38. Since r'" = r7%, r® = 4,

25 =6 35 =r 3, it = 778, the p-regular F-conjugacy classes are {1},

_’T188}’ (pE 2 B o D L6 T S Y Henee o — 3.
g =7 or —8 mod 19.

T = {1, 7 11} mod 38. Since r't =778, (r2)" =75, (PHL =3, (P =
r, (r , the p-regular F-conjugacy classes are {1}, {r¥ r i7 r8),
{r 2,2, ﬂ)}a {rE4 0+ and {s,rs,...,r8s}. Hence a = 5.

6. g = —7 or 8 mod 19.
T = {1,7,11,27,31,37} mod 38. Since r!t = r78, r31 =7, 3T =7
2T =8 (P =3, (7)) =175, (P =17, (1"4)11 = 1%, the p-regular F-
conjugacy classes are {1}, {rﬂ,ri7 r8), {7“ 2 A3 i5} {rEd pE6 N

and {s,rs,...,r%s}. Hence a = 5.
We have the following possibilities for [K; : F] ", depending on q.
1. ¢ ==+1 mod 19, then [K; : F]*, = (1,1,1,1,1,1,1,1,1).

2. ¢ =42, +3,+4, 45, 46,49 mod 19, then [K; : F]¥_, = (9).



314 M. Sahai, S. F. Ansari

3. ¢ = +7,+8 mod 19, then [K; : F]F_; = (3,3,3).
Due to dimension constraints, n; > 2 is impossible for any 1 < ¢ < k. Hence
M2, FY@®FaoF, if ¢=+1mod 19;

FDig={ M(2,Fy)®F®F, if q=42,+3, +4,45,+6,+9 mod 19;
M2, ®FaF, if g=47,48 mod 19.

6. Structure of U(F Da3).

Theorem 6.1. Let F' be a finite field of characteristic p having ¢ = p"
elements. If p1|Das|, then

GL(2, F)"' x C7_,, if p=+1 mod 23;
U(FDa3) = o
GL(2,F11) x Cy_q, if p==+2,43,...,+11 mod 23.
Proof. Since p1|Das|,
F Doz = M(n1, K1) © M(ng, Ka) & -+ & M(ny, K),

where K;’s are finite fields and at least one ny > 1. Obviously, F(Da3/Dj;) =
F & F and dimp Z(FDs3) = 13.

. If p = £1 mod 23, then p" = £1 mod 23 for all n. So, for all 1 <7 < 13,
@p = (/Z\Z Thus 2" = z, for all z € Z(FDy3) and

FDy3= M2, F)' o FaF.

If p=42,43,...,411 mod 23, then p''™ = +1 mod 23 for all n. So, for
~plln —~ n
P =C;. Thus2?"" =z, for any z € Z(FDs3) and

all 1<i<13,C
FDy3 = M(2,F11)@F@F
Hence,

M2,FY'eFaF, if p=+1modll;
FDy3 =

M@2,Fy)&Fa&F, if p=+2,4+3,...,+11 mod 23.
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