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Abstract. This is a survey of most important results and unsolved prob-
lems about homogeneous finite-dimensional metric ANR-compacta. We also
discuss some partial results and possible ways of solutions.

1. Introduction. In this paper we will survey the most important re-

sults and unsolved problems concerning homogeneous finite-dimensional ANR-

compacta, their relationship to each other, as well as possible ways of solutions.

There are many interesting problems concerning this class of compacta. Defi-

nitely, the most important problem in this area is the Bing-Borsuk conjecture

[5] stating that every compact homogeneous ANR-compactum of dimension n is

an n-manifold. This is true in dimensions 1 and 2, but still unknown for n ≥ 3.

Recall that an n-manifold is a separable metric space such that each point has a

neighborhood homeomorphic to the Euclidean n-space Rn. It is well known that
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every compact connected n-manifold without boundary is homogeneous. The

importance of the Bing-Borsuk conjecture was confirmed by Jacobsche [31] that

the 3-dimensional Bing-Borsuk conjecture implies the celebrated Poincare conjec-

ture proven by Perelman, see [42]. A special case of the Bing-Borsuk conjecture

is the Busemann conjecture [18]–[19] stating that the Busemann G-spaces are

manifolds. The Busemann conjecture has been proven for G-spaces of dimension

≤ 4. For more information about the Busemann conjecture and related results,

see [33].

During the Spring Topology Conference in March 2018 J. Bryant and S.

Ferry announced they constructed a counter-example to the Bing-Borsuk conjec-

ture. This example is not published yet, so the Bing-Borsuk conjecture is still

open.

Recall that a metric space X is an absolute neighborhood retract (br.,

ANR) if for every embedding of X as a closed subset of a metric space M there

exists a neighborhood U of X in M and a retraction r : U → X, i.e. a continuous

map r with r(x) = x for all x ∈ X. A space X said to be homogeneous if for any

two points x, y ∈ X there is a homeomorphism of X onto itself taking x to y.

Unless stated otherwise, all spaces are separable metric and all maps are

continuous. Predominantly, reduced Čech homology Ȟn(X;G) and cohomology

Ȟn(X;G) with coefficients from an abelian group G will be considered. Singular

homology and cohomology groups are denoted, respectively, by Hk(X;G) and

Hk(X;G). By a dimension we mean the covering dimension dim, the cohomo-

logical dimension with respect to a group G is denoted by dimG.

2. Homogeneous spaces and generalized Cantor manifolds.

Although the Bing-Borsuk conjecture is still open, it is known there are some com-

mon properties of homogeneous finite-dimensional ANR-spaces and Euclidean

manifolds. Brouwer [17] proved a century ago that every n-manifold X has the

invariance of the domain property. This means that if U, V are homeomorphic

subsets of X, then U is open if and only if V is open. Cantor manifolds is an-

other notion introduced by Urysohn [51] in 1925 as a generalization of Euclidean

manifolds.

• An compact metric space X is a Cantor n-manifold if dimX = n and

X can not be expressed as the union of two closed proper subsets whose

intersection is of dimension ≤ n− 2.
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One of the first results about homogeneous ANR-spaces is the following result

of Lysko [41]:

Theorem 2.1 ([41]). Every connected n-dimensional homogeneous ANR-

compactum is a Cantor n-manifold and has the invariance of the domain property.

Lysko’s result was generalized by Seidel [46] for locally compact and lo-

cally homogeneous ANR’s. Recall that a spaceX is locally homogeneous provided

for every two points x, y ∈ X there exist neighbourhoods U and V of x and y,

respectively, and a homeomorphism h : U → V such that h(x) = y. Krupski [39]

extended the first part of Lysko’s result.

Theorem 2.2 ([39]). Every homogeneous, locally compact and connected

space of dimension n is a Cantor n-manifold.

A new dimension, unifying both the covering and the cohomological di-

mension, was introduced in [37], and Theorem 2.2 was extended for this dimen-

sion. A sequence K = {K0,K1, . . . } of CW -complexes is called a stratum for a

dimension theory [24] if

• Kn ∈ AE(X), where X is a metric space, implies both Kn+1 ∈ AE(X ×

[0, 1]) and Kn+j ∈ AE(X) for all j ≥ 0.

Here, Kn ∈ AE(X) means that Kn is an absolute extensor for X. Given a

stratum K, the dimension function DK for a metrizable space X is defined as

follows:

1. DK(X) = −1 iff X = ∅;

2. DK(X) ≤ n if Kn ∈ AE(X) for n ≥ 0; if DK(X) ≤ n and Km 6∈ AE(X)

for all m < n, then DK(X) = n;

3. DK(X) = ∞ if DK(X) ≤ n is not satisfied for any n.

If K = {Sn}∞n=0 is the sequence of all n-dimensional spheres, we obtain

the covering dimension dim. If G is a group and K = {K(G,n)}∞n=0, where

K(G,n) are the Eilenberg-MacLane complexes for G, then the dimension DK

coincides with the cohomological dimension dimG. We denote by Dk
K
the class of

all metrizable spaces X with DK(X) ≤ k.

Mazurkiewicz established another property of Euclidean spaces: any re-

gion in Rn cannot be cut by subsets of dimension ≤ n − 2 (a subset cuts if its

compliment is not continuum-wise connected), see [29]. Inspired by this result,
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Hadjiivanov-Todorov [32] introduced the class of Mazurkiewicz manifolds. This

notion was generalized in [37].

• A normal space (not necessarily metrizable) X is a Mazurkiewicz manifold

with respect to C, where C is a class of spaces, if for every two closed, disjoint

subsets X0,X1 ⊂ X, both having non-empty interiors in X, and every Fσ-

subset F ⊂ X with F ∈ C, there exists a continuum K in X \F joining X0

and X1. If in that definition K can be chosen to be an arc, we say that X

is a Mazurkiewicz arc manifold with respect to C [50].

Next theorem provides the strongest property of type Cantor manifolds possessed

by homogeneous spaces.

Theorem 2.3 ([40]). Let K be a stratum and X be a homogeneous locally

compact, locally connected metric space. Then every region U ⊂ X with DK(U) =

n is a Mazurkiewicz manifold with respect to the class Dn−2
K

.

Alexandroff [2] introduced another property which is possessed by com-

pact closed n-manifolds, to so-called continua V n. Here is the general notion of

Alexandroff manifold, see [50]:

• A connected space X is an Alexandroff manifold with respect to a given

class C of spaces if for every two disjoint closed subsets X0,X1 of X, both

having non-empty interiors, there exists an open cover ω of X such that

no partition P between X0 and X1 admits an ω-map onto a space Y ∈ C.

The Alexandroff continua V n are Alexandroff manifolds with respect to the

class of all spaces Y with dimY ≤ n− 2.

Recall that a partition between two disjoint setsX0,X1 inX is a closed set F ⊂ X

such that X \ F is the union of two open disjoint sets U0, U1 in X with X0 ⊂ U0

and X1 ⊂ U1. An ω-map f : P → Y is such a map that f−1(γ) refines ω for

some open cover γ of Y . A cohomological version of V n-continua was considered

in [48], see also [36] and [49] for a subclass of the V n-continua:

• A compactum X is a V n
G -continuum [48], where G is a given group, if

for every open disjoint subsets U1, U2 of X there is an open cover ω of

X0 = X \ (U1∪U2) such that any partition P in X between U1 and U2 does

not admit an ω-map g onto a space Y with g∗ : Ȟn−1(Y ;G) → Ȟn−1(P ;G)

being a trivial homomorphism. If, in addition, there is also an element

γ ∈ Ȟn−1(X0;G) such that for any partition P between U1 and U2 and any
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ω-map g of P into a space Y we have 0 6= i∗P (γ) ∈ g∗(Ȟn−1(Y ;G)), where

iP is the embedding P →֒ X0, X is called a strong V n
G -continuum [56]. A

relative version of V n
G -continua was considered in [50].

Because Ȟn−1(Y ;G) = 0 for every group G and every compact space Y with

dimY ≤ n− 2, all V n
G -continua are V n.

The following question is one of the remaining problems in that direction,

see [36]:

Question 2.4. Let X be a homogeneous ANR-continuum and G a group.

(1) Is X a V n-continuum provided dimX = n?

(2) Is X a V n
G -continuum provided dimGX = n?

Karassev [35] provided a positive answer to Question 2.4(1) ifX is strongly

locally homogeneous. Recall that a space is strongly locally homogeneous if every

point x ∈ X has a local basis of open sets U such that for every y, z ∈ U there

is a homeomorphism h on X with h(y) = z and h is identity on X \ U . Every

connected strongly locally homogeneous space is homogeneous. Question 2.4 has

also a positive answer if additionally Hn(X;G) 6= 0, see [56, Corollary 1.2].

3. Homology manifolds and the Modified Bing-Borsuk con-

jecture. Topological n-manifolds X have the following property: For every

x ∈ X the groupsHk(X,X\{x};Z) are trivial if k < n andHn(X,X\{x};Z) = Z.

A space with this property is said to be a Z-homology n-manifold. A generalized

n-manifold is a locally compact n-dimensional ANR-space which is a Z-homology

n-manifold. Every generalized (n ≤ 2)-manifold is known to be a topological n-

manifold [58]. On the other hand, for every n ≥ 3 there exists a generalized

n-manifold X such that X is not locally Euclidean at any point, see for example

[21]. Any n-dimensional resolvable space is a generalized n-manifold.

• Recall that a space X is resolvable if there exists a proper surjective map

f : M → X, where M is a manifold, such that for each x ∈ X, f−1(x)

is contractible in any neighborhood of itself in M . Such maps are said to

be cell-like maps. The following property utilized by Cannon [20] plays a

key role in geometric topology: A space X has the disjoint disks property

if arbitrary maps f, g : B2 → X from the 2-dimensional disk B2 into X can

be approximated, arbitrary closely, by maps having disjoint images.
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The characterization of manifolds culminated with the Edwards’s theorem:

Theorem 3.1 ([27]). Topological n-manifolds, n ≥ 5, are precisely the

n-dimensional resolvable spaces having the disjoin disks property.

Daverman-Repovš [24] provided a similar characterization of 3-manifolds

replacing the disjoint disks property by the so-called simplicial spherical approx-

imation property, see also [23]. Only partial results in dimension 4 are known,

see [4], [24]. Theorem 3.1 shows the importance of the question as to whether

generalized manifolds are resolvable, and this question had been for a long time,

see [21].

Conjecture 3.2 (Resolution conjecture). Every generalized (n ≥ 3)-

manifold is resolvable.

In dimension 3 the Resolution conjecture implies the Poincare conjec-

ture [45], and only partial cases are known. In higher dimensions the Resolution

Conjecture is false. According to Bryant-Ferry-Mio-Weinberger [15] there ex-

ist non-resolvable generalized n-manifolds for every n ≥ 6. The same authors

extended this result to the following theorem:

Theorem 3.3 ([14]). For every n ≥ 6 there exist non-resolvable general-

ized n-manifolds with the disjoint disks property.

Theorem 3.3 is a corollary of the main result in [14] stating that every

generalized n-manifold, n ≥ 6, is the cell-like image of a generalized n-manifold

possessing the disjoint disks property. This theorem was conjectured in [16].

Another conjecture from [16] is the Homogeneity conjecture:

Conjecture 3.4 ([16]). Every connected generalized (n ≥ 5)-manifold

satisfying the disjoint disks property is homogeneous.

In Bryant [13] it was shown that a generalized n-manifold X, n ≥ 5,

having the disjoint disks property also satisfies a general position property for

maps of polyhedra into X that genuine n-manifolds possess. More precisely,

if P and Q are polyhedra of dimensions p and q, respectively, then all maps

f : P → X and g : Q → X can be approximated by maps f ′ and g′ such that (i)

dim(f ′(P )∩g′(Q)) ≤ p+q−n and (ii) p+q−n ≤ n−3 implies X \(f ′(P )∩g′(Q))

is 1 − LCC in X. Moreover, if 2p + 1 ≤ n, then every map of P into X can be

approximated by 1− LCC embeddings.

• Recall that a set A ⊂ X is 1-locally co-connected in X (br., 1−LCC) if for



Homogeneous metric ANR-compacta 7

every x ∈ A and a neighborhood U of x in X there is a neighborhood V of x

in X such that the inclusion induced homomorphism π1(V \A) → π1(U \A)

is trivial. A map (or embedding) f : Y → X is said to be 1−LCC provided

the set f(Y ) is 1− LCC.

According to Theorem 3.3, a positive solution of Conjecture 3.4 would

imply that the Bing-Borsuk conjecture is false for n ≥ 6. On the other direction,

Bryant [10] suggested the following modification of the Bing-Borsuk conjecture:

Conjecture 3.5 ([10], Modified Bing-Borsuk conjecture). Every locally

compact homogeneous ANR-space of dimension n ≥ 3 is a generalized n-manifold.

A partial result concerning the Modified Bing-Borsuk conjecture is an old

result of Bredon [8], reproved by Bryant [12]:

Theorem 3.6 ([8, 12]). If X is a locally compact homogeneous ANR-

space of dimension n such that the groups Hk(X,X \ {x};Z), k ≤ n, are finitely

generated, then X is a generalized n-manifold.

Another result related to the Modified Bing-Borsuk conjecture was ob-

tained by Bryant [9] answering a question of Quinn [44]:

Theorem 3.7 ([9]). Every n-dimensional homologically arc-homogeneous

ANR-compactum is a generalized manifold.

• Here, a space X is homologically arc-homogeneous [44] if for every path

α : I = [0, 1] → X the inclusion induced map

H∗(X × {0},X × {0} − (α(0), 0)) → H∗(X × I, (X × I)− Γ(α))

is an isomorphism, where Γ(α) is the graph of α.

More information about generalized manifolds can be found in Bryant

[11].

The last two theorems in this section show that Z-homology manifolds

have also common properties with Euclidean manifolds.

Theorem 3.8 ([38]). Let X be a locally compact, locally connected Z-

homology n-manifold with dimX = n > 1 at each point. Then X is a local

Cantor manifold, i.e. every open connected subset of X is a Cantor manifold.

This result was extended in [50, Corollary 4.2].
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Theorem 3.9 ([50]). Let X be a complete metric space which is a Z-

homology n-manifold. Then every open arcwise connected subset of X is a Ma-

zurkiewicz arc manifold with respect to the class of all spaces of dimension ≤ n−2.

4. Local homological and cohomological structure of homo-

geneous ANR-compacta. We are going to show in this section that the local

cohomological and homological structure of homogeneous n-dimensional ANR-

continua is similar to the corresponding local structure of Rn.

• Recall that for any abelian group G the cohomology group Ȟn(X;G) is iso-

morphic to the group of pointed homotopy classes of maps from X into the

Eilenberg-MacLane space K(G,n) of type (G,n), see [47]. The cohomologi-

cal dimension dimGX is the largest integer m such that there exists a closed

set A ⊂ X with Ȟm(X,A;G) 6= 0. Equivalently, dimGX ≤ n if and only if

every map f : A → K(G,n) can be extended to a map f̃ : X → K(G,n).

Suppose (K,A) is a pair of closed subsets of a space X with A ⊂ K. Then

we denote by jnK,A : Ȟn(K;G) → Ȟn(A;G) and inA,K : Ȟn(A;G) → Ȟn(K;G),

respectively, the inclusion induced cohomology and homology homomorphisms.

We say that an element γ ∈ Ȟn(A;G) is not extendable over K if γ is not

contained in the image jnK,A(Ȟ
n(A;G)).

• If (K,A) is as above, we say that K is an (n,G)-homology membrane

spanned on A for an element γ ∈ Ȟn(A;G) provided inA,K(γ) = 0, but

inA,P (γ) 6= 0 for every proper closed subset P of K with A ⊂ P . Similarly,

K is said to be an (n,G)-cohomology membrane spanned on A for an ele-

ment γ ∈ Ȟn(A;G) if γ is not extendable over K, but it is extendable over

any proper closed subset P of K containing A.

The continuity of the Čech cohomology [28] implies the following fact: If A is

a closed subset of a compact space X and γ ∈ Ȟn(A;G) is not extendable over

X, then there is an n-cohomology membrane for γ spanned on A. We also note

that under the same assumption for A and X, the existence of a non-trivial

γ ∈ Ȟn(A;G) with inA,X(γ) = 0 yields the existence of a closed set K ⊂ X

containing A such that K is an n-homology membrane for γ spanned on A, see

[5].

Next theorem provides the local cohomological structure of homogenous

ANRs.
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Theorem 4.1 ([55]). Let X be a homogeneous ANR-continuum with

dimGX = n ≥ 2 and G be a countable principal ideal domain. Then every point

x ∈ X has a basis Bx of open sets U ⊂ X satisfying the following conditions:

(1) intU = U and the complement of bdU has exactly two components;

(2) Ȟn−1(bdU ;G) 6= 0, Ȟn−1(U ;G) = 0 and U is an (n − 1, G)-cohomology

membrane spanned on bdU for any non-zero γ ∈ Ȟn−1(bdU ;G);

(3) bdU is a cohomological (n− 1, G)-bubble;

(4) The inclusion homomorphism jnU,V : Ȟn(X,X \ U ;G) → Ȟn(X,X \ V ;G)

is non-trivial for any U, V ∈ Bx with U ⊂ V .

• Here, a closed set A ⊂ X is called a cohomological (n,G)-bubble if

Ȟn(A;G) 6= 0 but Ȟn(B;G) = 0 for every closed proper subset B ⊂ A.

Considering in that definition Čech homology instead of cohomology, we

obtain the notion of homological (n,G)-bubble.

Corollary 4.2 ([55]). Let X be a homogeneous ANR-compactum with

dimGX = n ≥ 2 and G be a countable group. Then

(1) f(U) is open in X provided U ⊂ X is open and f : U → X is an injective

map;

(2) dimGA = n, where A ⊂ X is closed, if and only if A has a non-empty

interior in X.

• For any abelian group G Alexandroff [1] introduced the dimension dGX of

a space X as the maximum integer n such that there exists a closed set

F ⊂ X and a non-trivial γ ∈ Ȟn−1(F ;G) such that in−1
F,X (γ) = 0. We have

the following inequalities for any finite-dimensional metric compactum X

and any G: dGX ≤ dimX = dQ1
X = dS1X, where S1 is the circle group

and Q1 is the group of rational elements of S1.

Because the definition of dGX does not provide any information for the homology

groups Ȟk−1(F ;G) when F ⊂ X is closed and k < dGX − 1, we consider the set

HX,G of all integers k ≥ 1 such that there exist a closed set F ⊂ X and a non-

trivial element γ ∈ Ȟk−1(F ;G) with ik−1
F,X(γ) = 0. Obviously, dGX = maxHX,G.
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Theorem 4.3 ([53]). Let X be a finite dimensional homogeneous metric

ANR-continuum with dimX ≥ 2. Then every point x ∈ X has a basis Bx = {Uk}

of open sets such that for any abelian group G and n ≥ 2 with n ∈ HX,G and

n+ 1 6∈ HX,G almost all Uk satisfy the following conditions:

(1) Ȟn−1(bdUk;G) 6= 0 and Uk is an (n − 1, G)-homology membrane spanned

on bdUk for any non-zero γ ∈ Ȟn−1(bdUk;G);

(2) Ȟn−1(Uk;G) = Ȟn(Uk;G) = 0 and X \ Uk is connected;

(3) bdUk is a homological (n− 1, G)-bubble.

• A closed set F ⊂ X is called strongly contractible in X if there is a proper

closed subset A ⊂ X such that F is contractible in A and A is contractible

in X.

Corollary 4.4 ([53]). Let X be a homogeneous compact metrizable ANR-

continuum such that n ∈ HX,G and n + 1 6∈ HX,G. Then for every closed set

F ⊂ X we have:

(1) Ȟn(F ;G) = 0 provided F is contractible in X;

(2) F separates X provided Ȟn−1(F ;G) 6= 0 and F is strongly contractible in

X;

(3) If K is a homological membrane for some non-trivial element of Ȟn−1(F ;G)

and K is contractible in X, then (K \ F ) ∩X \K = ∅.

5. Cyclicity, full-valuedness and existence of non-degenerate

finite-dimensional homogeneous ARs. In this section we discuss more

problems about homogeneous ANR-compacta. We denote by H(n) the class of

all homogeneous metric ANR-compacta of dimension n. If not explicitly stated

otherwise, everywhere in this section X is a space from H(n).

Question 5.1 ([5], Cyclicity). Is it true that:

(1) X is cyclic in dimension n?

(2) No closed subset of X, acyclic in dimension n− 1, separates X?
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• We say that X is cyclic in dimension n if there is a group G such that

Ȟn(X;G) 6= 0. If a space is not cyclic in dimension n, it is called acyclic in

dimension n. Because X is n-dimensional ANR, the duality between Čech

homology and cohomology (see [34]) and the universal coefficient formulas

imply the following equivalence: Ȟn(X;G) 6= 0 for some group G iff and

only if X cyclic in dimension n.

Next results show that the two parts of the cyclicity Question 5.1 have simulta-

neously positive or negative answers.

Theorem 5.2 ([53]). The following conditions are equivalent:

(1) For all n ≥ 1 and X ∈ H(n) there exists a group G with Ȟn(X;G) 6= 0

(resp., Ȟn(X;G) 6= 0);

(2) If X ∈ H(n), n ≥ 1, and F ⊂ X is a closed set separating X, then there

exists a group G with Ȟn−1(F ;G) 6= 0 (resp., Ȟn−1(F ;G) 6= 0);

(3) If X ∈ H(n), n ≥ 1, and F ⊂ X is a closed set separating X with

dimF ≤ n − 1, then there exists a group G such that Ȟn−1(F ;G) 6= 0

(resp., Ȟn−1(F ;G) 6= 0).

On the other hand, the structure of cyclic homogeneous ANR continua is

described in [56] (see sections 2 and 4, respectively, for the definitions of a strong

V n
G -continuum and a cohomological (n,G)-bubble).

Theorem 5.3 ([56]). Let X be a homogeneous metric ANR-continuum

such that dimG X = n and Ȟn(X;G) 6= 0 for some group G. Then

(1) X is a cohomological (n,G)-bubble;

(2) X is a strong V n
G -continuum;

(3) Ȟn−1(A;G) 6= 0 for every closed set A ⊂ X separating X.

Items (1) and (3) were also established by Yokoi [52] for the case G is a

principal ideal domain.

Actually, the third item of Theorem 5.3 is true for every set A ⊂ X

cutting X between two disjoint open subsets of X, see [50]. Recall that A cuts

X between two disjoint sets U and V if A ∩ (U ∪ V ) = ∅ and every continuum

in X joining U and V meets A.
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Bing-Borsuk [5] proved that all locally homogeneous and locally compact

ANR spaces of dimension n = 0, 1, 2 are n-manifolds. Therefore, there is no such

a non-degenerated AR-space of dimension ≤ 2. So, next question is interesting

only in dimension ≥ 3.

Question 5.4 ([5, 6]). Does there exists non-degenerate finite-dimensional

homogeneous AR-compactum?

Another questions in that direction was listed in[57].

Question 5.5 ([57]). Is the Hilbert cube Q the only homogeneous non-

degenerate compact AR?

Obviously, if every finite-dimensional homogeneous ANR is cyclic, then

the answer of Question 5.4 is no. Assuming that there exists a non-degenerate

homogeneous finite-dimensional AR-compactum X, a possible way to obtain a

contradiction is to find a continuous map f : X → X without having fix points.

This is equivalent to find a continuous selection of the set-valued map ϕ : X  X,

ϕ(x) = X \ {x}. To find such a selection we need to know that all sets X \ {x}

have nice properties of type Cn−1, and that is not clear. More refined homological

selection theorems (see [3] or [54]) could be helpful. For example, in case G is a

field, the following result could be useful:

Theorem 5.6 ([54]). Let X be a compact metric AR and Φ : X  X be

an upper semi-continuous compact-valued homological UV n−1(G)-map. Then Φ

has a fixed point, i.e. there is x0 ∈ X with x0 ∈ Φ(x0).

• Here, a set a closed set A ⊂ X is said to be homological UV k(G) [54] if for

every neighborhood U of A in X there exists another neighborhood V of A

such that V ⊂ U and all inclusion homomorphismsHm(V ;G) → Hm(U ;G),

m ≤ k, are trivial. A compact-valued map Φ : X  X is a homological

UV k(G)-map provided each Φ(x) is a homological UV k(G)-set in X.

Next question goes back to Bryant [10], it was also discussed in [22] and

[30].

Question 5.7. Is it true that any homogeneous finite-dimensional ANR-

compactum is dimensionally full-valued?

• A compactumX is dimensionally full-valued if dim(X×Y ) = dimX+dimY

for every compact space Y .
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Dranishnikov [26] constructed a family of 4-dimensional metric AR-compacta Mp,

where p is a prime number, such that dim(Mp×Mq) = 7 for all p 6= q. The spaces

Mp are not homogeneous. On the other hand, the classical Pontryagin surfaces

[43] is a family of 2-dimensional homogeneous metric, but not ANR-compacta

{Πp : p is prime} with dim(Πp ×Πq) = 3 for p 6= q.

Boltyanskii [7] provided a criterion for dimensional full-valuedness:

Theorem 5.8 ([7]). A finite-dimensional compactum is dimensionally

full-valued if dimGX = dimX for any group G.

Because dimQX ≤ dimG X for any ANR-compactum X and all groups G

(for example, see [25]), where Q is the group of rationals, it follows that a finite-

dimensional ANR-compactum is dimensionally full-valued iff dimQX = dimX.

Another criterion for ANR-space is established in [55]:

Theorem 5.9 ([55]). The following conditions are equivalent for every

X ∈ H(n):

(1) X is dimensionally full-valued;

(2) There exists a point x ∈ X with Ȟn(X,X \ {x};Z) 6= 0;

(3) dimS1 X = n.

Since H3(X,X \ {x};Z) 6= 0 for every x ∈ X [38], where X is a ho-

mogeneous metric ANR-compactum with dimX = 3, Theorem 5.9 implies the

following:

Corollary 5.10 ([55]). Every homogeneous metric ANR-compactum of

dimension 3 is dimensionally full-valued.

Theorem 5.9 also implies that every compact generalized n-manifold is

dimensionally full-valued. More generally, a positive answer of the following

question yields that every X ∈ H(n) is dimensionally full-valued:

Question 5.11 (A weaker version of the modified Bing-Borsuk conjec-

ture). Is it true that Ȟk(X,X \{x};Z) = 0 for every x ∈ X and k ≤ n−1, where

X ∈ H(n)?

We still don’t know if the dimension of any product of two homogeneous

ANR-compacta obeys the logarithmic law.

Question 5.12 ([22]). Does the equality dim(X × Y ) = dimX + dimY

hold for any homogeneous ANR-compacta X and Y ?
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