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ABSTRACT. We estimate the order of magnitude of double Fourier coeffi-
cients of functions of (¢,)-(A,I')-bounded variation in the sense of Vitali
and Hardy.

1. Introduction. Let A = {)\,}22; and I" = {7, },2; be a non-decreas-

ing sequences of positive numbers such that lim A, = lim I';, = oo, where
n—oo n—oo

n n

A, = Z)\gl and I'), = Z'yk_l.
k=1 k=1
A convex function ¢ defined on [0, 00) such that ¢(0) = 0, 4G — 0 as
x

z — 04, and M — 00 as T — 00, is called an N-function.

x
We note that an N-function is necessarily continuous and strictly increas-
ing on [0, c0).
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An N-function ¢ is said to be a Ay function if there is a constant d > 2
such that ¢(2z) < d¢(x) for all = > 0.
For I = [a,b] and J = [¢, d], define

f(IXJ):f(bvd)_f(avd)_f(bvc)+f(avc)'

A complex valued measurable function f defined on TQ, where T = [0, 27), is said
to be of (¢,9)-(A,T')-bounded variation (that is, f € ((b,l/))(A,F)BV(TQ)) if

V(A,F)((b,w)(fa = sup <Z by} <Z (| f( Ik X Jy) ))) < 00,

where A and I' are as defined above; functions ¢ and 1 are convex and strictly
increasing on [0, 00) with ¢(0) = ¢(0) = 0; and Z and J are finite collections of
nonoverlapping subintervals {I;,} and {J;} in T respectively.

Consider a function f : T° — R defined by f(z,y) = g(x) + h(y), where
g and h are any two arbitrary not necessarily bounded functions from T into R.
Then ‘/(A’F)(é’w)(f7 TQ) = 0. Thus, a function f with ‘/(A’F)((ﬁ’w)(f, TQ) < o0 need
not be bounded.

If f e (qb,l/))(A,F)BV(TQ) is such that the marginal functions f(0,-) €
#T'BV(T) and f(-,0) € pABV(T) (refer [5, p. 2] for the definition of gf)ABV(T))
then f is said to be of (¢,¢)-(A,T')*-bounded variation (that is,
[ € (6. 0)(AT)" BV (T)).

Note that, for ¢(z) = 1(z) = z and A = T’ = {1} classes (¢, )(A, ) BV (T")
and ((b,l/})(A,F)*BV(TZ) reduce to classes BVV(TQ) (the class of functions of
bounded variation in the sense of Vitali (refer [4, p. 279] for the definition
of BVV(TQ))) and BVH(TQ) (the class of functions of bounded variation in the
sense of Hardy (refer [4, p. 280] for the definition of B VH(TQ))) respectively; for
P(x) = x classes (¢,¢)(A,F)BV(T2) and (¢,¢)(A,F)*BV(T2) reduce to classes
&(A,T)BV(T") [6, Definition 1] and ¢(A,T)* BV (T") respectively; for ¢(z) = =
and ¢(z) = 2P (p > 1) classes (qb,l/))(A,F)BV(TQ) and ((b,w)(A,I‘)*BV(TZ) re-
duce to classes (A, T)BV ) (TQ) [7, Definition 2.1] and (A,I‘)*BV(p)(TQ) respec-
tively; for ¢(x) = ¥ (x) = x classes (¢,1/))(A,F)BV(T2) and ((b,w)(A,I‘)*BV(TQ)
reduce to classes (A,I‘)BV(TQ) [2, Definition 2] and (A,I‘)*BV(TQ) respectively.

For a function of two variables several definitions of bounded variation
are given and various properties are studied (see, for example, [1]). In 2004, V.
Filop and F. Méricz [3] estimated the order of magnitude of multiple Fourier
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coefficients of functions of bounded variation in the sense of Vitali and Hardy.
Recently in [6], we have estimated the order magnitude of multiple Fourier coeffi-
cients of functions of ¢-(Al,. .. AN )-bounded variation in the sense of Vitali and
Hardy. Here, we estimate the order of magnitude of double Fourier coefficients
of functions of (¢,)-(A,T')-bounded variation in the sense of Vitali and Hardy.
Our new results with ¢(x) = x gives our earlier results [6] for functions of two
variables.

2. New results. Given a complex-valued function f € LI(TQ), where
f is 2m-periodic in each variable, its double Fourier series is defined as

f(a:,y) ~ Z Zf(mﬂl) ei(ma:-l—ny)7

mEZnEL

where the Fourier coefficients f(m,n) are defined by

£ 1 —i(m.
flmm) = 15 [ #ta) i ay

We prove the following results.

Theorem 2.1. If f € (¢,4)(A,T)BV(T°) N LY(T°) and (m,n) € Z2 is
such that m -n # 0, then

o mmofe (e ()

Proof. Since

~

1 —imx _—in
flmm) = 35 [ [ #le) e e do ay,

we have

A 1
4| f(m,n)| = o)

T (o 21 o e e

Because of the periodicity of f in each variable, we get

//T A, y)| de dy //T

where

Afjk(ﬂﬁyy)Zf([ﬂﬁJrqurj—ﬂ] X [er@erk%D

m m

(e ] e ) e
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for any j,k € Z.
Therefore

fmam) < gz [ [ 18 f) do dy

1
SIe /T2 A fin(z,y)| dz dy.

For ¢ > 0, using Jensen’s inequality for integrals, we have
- 1
plclf(m,n)]) < — [ [, ¢(cAfjk(z,y)]) dz dy.
47 ']1*2

Multiplying both the sides of above inequality by )\j_l, summing over j = 1 to
m|

|m|[, and letting A, = Z )\]71, we get
j=1

|m|
o(cl f(m,n)]) (M) < o //_2 C‘Af;\];(x 9)D) dz dy.

Again, using Jensen’s inequality for integrals, we have
g g q y g

|m|

o (9l Fm ) () < 525 [0 Z“'Afﬂ“”y)') o dy

Multiplying both the sides of above inequality by 7, ! summing over k = 1 to
id

In|, and letting I'j,| = 271;17 we get
k=1

||

¥ (BlelFom. m)l) (M) ) (T < //_Z ~y C‘Af;’;(”)') d dy

j=1

=2
(22) S ‘/(A7F)(¢;’¢}) (Cf? T )7

where cf € (¢,4)(A,T)BV (T") for c € (0,1].
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Since ¢ and 9 are convex and ¢(0) = ¥(0) = 0, for ¢ € (0,1] we have
od(cx) < cop(z) and YP(cx) < e(x), and hence we can choose sufficiently small

¢ € (0,1] such that Viar), w)(cf, TZ) < 1. Thus, in view of equation (2.2), we get

Fonmi< (o (v (7))

This completes the proof of theorem. O
Lemma 2.2. If f € (¢,¢)(A,F)*BV(T2), then f is bounded on T .

Proof. For any f € ((b,w)(A,I‘)*BV(TZ),

[f (@, y)| < 1F((0, 2] < [0,y + 1£(0,9) = f(0,0)] + [f(,0) = f(0,0)] + [£(0,0)]

<o MY T VA D) o (F: %)) + ¢~ (mVi, ((0,-),T))
+¢71()\1VA¢(J£('¢0)¢T)) + |f(070)|
implies f is bounded on ™. O

Corollary 2.3. If f € (¢,¢)(A,F)*BV(T2) and (m,n) € Z? is such that
m-n #0, then (2.1) holds true.

Proof. In view of Lemma 2.2, f € (¢,1/))(A,F)*BV(T2) is bounded on

T. Since (¢,¢)(A,F)*BV(T2) C ((b,l/))(A,F)BV(TQ), the corollary follows from
Theorem 2.1. O

Lemma 2.4. If ¢ and ¢ are Ay and f € (¢,4)(A,T)*BV(T"), then

IVas(F(o9) Do < d (471 Viary) (T + Va, (£ 0.T) )

where

IV, (f (%), Tlloe = sup Va,(f(59),T).

Proof. Since ¢ is increasing and Ao, for any z,y > 0, we have

p(x+y) < ¢ (2max{z,y}) < do (max{z,y}) < d(o(z) + o(y)).

For any y € T and for any finite collection of non-overlapping subintervals
{[zj,xj4+1]} in T, we have

Z ¢(|f(93j+1,y)?j— [, 9))
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Z oS (), 2] x [0,9]) + f(2541,0) — f(=;,0)])

Aj
- Z O(f ([, xj41] X [ij])\/\t |f(@41,0) — f(;,0)])
<y (o (1S ([, zj1] x [0,9])]) + ¢(f (2)+1,0) — f(;,0)]))

j Aj

_ d(qu(f([ﬂfjaxjj\rjl] 0.4)) +Z¢>\f 1210~ f@ﬂ))).

Thus,

Vi, (F). ) < d (W7 00 Viaryy, (FT) + Va, (F(,0).T)) , forall y € T.

Hence, the lemma follows. O

Corollary 2.5. If ¢ and ¥ are As, f € (6,0)(A,T)*BV(T") and (m,0) €
72 is such that m # 0, then

we have

2| f(m,0)]

//2 93+—,y f(a:,y)) e~ dy dy‘.

Because of the periodicity of f in each variable, we get

L asadedy= [[]7 (o4 Zo) = f )| do an

Afiey) = f <x+i,y> —f<x+ (j_””,y>, for any j € Z.

4 A2

where
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Therefore

A 1
fn0l < o ([ 1856 o dy

1
< 7 [ L1an) o dy

For ¢ > 0, using Jensen’s inequality for integrals, we have
p 1
o(clf(m,0)]) < = [ |, o(clAfj(x,y)]) da dy.
47 T2

Multiplying both the sides of above inequality by )\j_l, summing over j = 1 to
||

|m|, and letting A, = Z )\]71, we get
j=1

; 1 LRI i(x,
el im0 m) < 7 ([ ZM do dy

=1
< VA¢ (Cf('> y)v T)'

Thus, in view of Lemma 2.4, we get

(23)  $(elfm, 0D pm) < i (1 Vin ), (€. T) + Vi, (e (,0), T

Since ¢ and 1 are convex and ¢(0) = 1(0) = 0, so we can choose sufficiently small

2 1 1

) < — <i> and Vi, (cf(.,0),T) < —

¢ € (0,1] such that ‘/(AJ*)((#’IP)(C]&,T o 53 ST

Hence, from equation (2.3), we have

. 1,/ 1
Fom0) < 2o (5 ).

This completes the proof of corollary. O
Similarly, one gets the analogue of the above Corollary, which is stated
below.

Corollary 2.6. If ¢ and 1 are As, f € (¢,4)(A,T)* BV (T) and (0,n) €
72 is such that n # 0, then

-0 (&)
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