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ABSTRACT. In this paper we are looking for fast gcd algorithms in certain
quadratic number fields. These algorithms do not belong to the Euclidean
algorithm family rather the proposed algorithms can be viewed as general-
ization of the binary ged algorithm.

1. Introduction. If d is a greatest common divisor of the integers a and
b, then there are integers u and v such that d = ua + vb. There is a well-known
binary ged algorithm to compute d and it can be used to compute the coefficients u
and v too. We want to extend this binary algorithm to g-ary algorithms replacing
the prime 2 by a prime power gq. Further we are interested in extending these
algorithms to quadratic number fields. Since we want to work not only in the
ring of integers but in the ring of algebraic integers of certain imaginary quadratic
field we will describe the basic procedure in a more general setting in an integral
domain R. We assume that the unique factorization property holds in R. We
need a function N : R — {0,1,2,...}, that is, N is map from the ring R to the
nonnegative integers. We assume that N has the following properties
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(i) N(ab) = N(a)N(b),
(ii) N(a+b)+ N(a—b) =2N(a)+2N(b),
(iii) N(a) =0 implies a =0

for each a,b € R. Let us choose a prime p in R and let ¢ = p®, where « is
a positive integer. Consider the ideal I = (g) and let U be a complete set of
representatives modulo I. The numbers relatively prime to ¢ among these form a
group under multiplication modulo I. Let T be denote this group. Let us define
the numbers «a(r, s) by

(1) a(r,s)s =r (mod I)
for each r,s € T. If the a(r, s) numbers can be chosen such that
(2) 2[N(a(r;s)) +1] < N(p)

holds for each r,s € T, then one can construct a ged algorithm.

The algorithm is the following.
I. Forward phase to compute d.
Step 1. (Initial step) Set a1 = a, by = b. (These are the initial values of the
procedure.)
Step 2. (Iterated step) We compute agy1, bgpi1, di, Cr from the available values
a, bi.

We distinguish four cases.

(1) If N(ag) < N(bg), then set agi1 = by, bgy1 = ag, dp = 1, C, = swap.

(2) If b = 0 or ag, by, are associates, then ay, is a greatest common divisor
of a; and bg. In this case we set di = ax, Cy = back, up = 1, vy = 0 and the
forward phase of the algorithm terminates.

(3) If by is a unit, then by is a greatest common divisor of ax and bg. In
this case we set dj, = by, C), = back, ur, = 0, v = 1 and the forward phase of the
algorithm terminates.

(4) If none of (1), (2), (3) holds then we compute r, s, € U for which

ar =71 (mod I), by = s (mod I).

Set Cy = (rg, sk) and distinguish four cases depicted in Table 1. Then we return
to Step 2.

II. Backward phase to compute v and v.

Step 1. (Iterated step) We compute ug_1, vx_1 from the available values ug, vy,
Ci—1. We distinguish two cases.
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Table 1. The forwards phase of the algorithm

sp¢T sp €T

a1 = ap/p | Grp1 = ap/p
Tk €T | b1 =br/p | bry1 = by

dk =P dk =1

Gkt+1 = Gk ak+1 = ap — a1y, Sk )by
rk €T | b1 =br/p | brg1 = by

dp =1 dp =1

Table 2. The backward phase of the algorithm

Sk—1 € T rr—1 €T
Up—1 = Uk If t, € T then
Vp—1 = U Up—1 = U/p
Ve—1 =V
i1 T Ifktu1 S Tkthen
Up—1 = [ug — o(ty, Sg)bx]/p
V-1 = v + a(ty, Sk)ak
If t, € T then Up_1 = Uk
Up—1 = Up, Vg—1 = Uk — @(Th—1, Sk—1)Uk
Vi—1 = 0
T €T H{’th,l € Tkt/hpen
Up—1 = Uk + Oz(ty,rk)bk
vp—1 = v — by, ri)ag]/p

(1) If Cx—1 = swap, then set ug_1 = vg, Vp_1 = Uy.
(2) If Cp_q = (rg—1, Sk—1), then we compute t,,t, € U for which

ty =ur (modI), t, =v; (mod I).

We consider four cases given in Table 2. Then return to Step 1 until £ = 1 and
the backward phase terminates.

Theorem 1. (i) The algorithm terminates in finitely many steps.
(ii) If the algorithm terminates with k =n, then d =dy - - d,.
(iii) The equation d = ua + bv holds with the u = uy, v = vy, choices.

(iv) The algorithm terminates in at most
21ogy[N(a) N (b)]
logs N(p)

steps mot counting the “swap” steps.
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Proof. (i) Let hy be defined to be N(ay)N(bg). Clearly hy is a non-
negative integer. We will call h; the height at step k. Note that if C) = swap,
then hy = hgy1. Suppose that Cy = (rg, sg). An inspection shows that

re €T, sp ¢ T implies  hyyy = hi/N(p?),
Tk ¢ T, s, €T implies hk+1 = hk/N(p),
rr €T, sp €T implies hii1 = hi/N(p)
ry €T, s, €T implies hgis < hg.

)

Let us check the ry, € T, s € T case. Now agy1 = ax — a(7k, Sk )bk, bpr1 = bx.
There are two possibilities to deal with depending on N(agy1) < N(bgt1) or
N(agy1) > N(bgy1). Since the cases are fairly similar we check only the first
one. Suppose that N(agy1) < N(bg41). Consequently ario = bgi1, bkto = Qpt1-
After this step N(agi2) > N(bky2) and bgyo is divisible by p. Therefore Cyyo =
(Tht2s Skt2) With 740 € T, spr0 € T. So apy3 = agy2, bprs = bpyo/p. Note
that ay, by are not associates since otherwise the algorithm terminates. From
N(a+b)+ N(a—0b) =2N(a)+2N(b) it follows that N(a+b) = 2N (a)+ 2N (b) —
N(a —b). Therefore N(a +b) < 2N(a) + 2N (b) and equation holds only when
a = b. Using that N(ag) > N(bx) and (2) it follows that

hrys = N(ags3)N(bgys)
= N(ar — a(rg, sk)bg)/p|N (bx)
= Nl(ax — a(ry, sk)bx)|N (b) /N (p)
< [2N(ag) + 2N (—a(rk, sg)br)|N (bx) /N (p)
= [2N(ax) + 2N (—a(rg, sx))N (br)| N (bx) /N (p)
= [2N(ay) 4 2N (a(rk, sx)) N (bg)]N (bx) /N (p)
< [2N(ax) + 2N (a(ry, sk))N(ag)]N (bx)/N (p)
= 2[N(a(rg,sk)) + 1N (ax) N (b)/N (p)
< N(ag)N(bg)
= hy.

Equation can hold only if ay = a(rg, sg)bg. If a(rg,si) is a unit then aj and
b are associates and the algorithm terminates. If a(rg,sx) is not a unit, then
N(ak) > N(bk) and so hk+3 < hy.

(ii) The equation d,, = ged(an, by,) clearly holds. We assume that

(3) di - - dy, = ged(ay;, b,)
holds and by inspecting the cases we show that

(4) dig—1 -+ dp = ged(ag—1,bx—1)
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holds too.

If Cy_1 = swap, then ay = by_1, by, = ax_1, dx—1 = 1. Clearly ged(ag, by) =
ged(ag—1,bp—1) and (4) follows.

If reeqy €T, sy & T, then from Table 1, ap = ag—1/p, by = bx—1/p,
dr_1 = p. Hence

ged(ag—1,br—1) = pged(ar,by)
= pdy---dp
— dy_ydy - d,

as required.

Ifrp1 €T, spg—1 €T, then ap, = ag—1/p, by, = bg—1, di—1 = 1. Let gi be
a greatest common divisor of ai, by and let gr_1 be a greatest common divisor
of ag_1, by_1. Now

gk | ar, gk | brs gr—1| ak—1, gr—1| b\k;;l/

pag bk

As s 1 € T, by is relatively prime to p and so gx_1 is prime to p. Then from
gi—1 | pay it follows that gp_1 ‘ ar. Now gr_1 ‘ ks k1 ‘ br. hold and implies that
Jik—1| gr- On the other hand from gk| by we get gk.| bi_1 and from g | ap we get
Jk | pap = ap_1. Therefore gk| gi—1. Consequently

ged(ag—1,bp—1) = ged(ag, by)
— dp---d,
= dg1dg - dy

asdi_1 =1. Therp_1 € T, sp_1 € T case can be settled in a similar manner.

If rpo_q € T, s_1 € T, then ap, = ap_1 — Oz(?“kfl,skfl)bkfl, by = bp_1,
di_1 = 1. Let g be a greatest common divisor of ag, bx and let g;_1 be a greatest
common divisor of ax_1, bx_1. From gi_1 | bi_1 it follows that g1 | by, and from
Jk—1 ‘ Ap_1, gk_l‘ by._1 it follows that

Gh—1 | ar—1 — (sp—1,7k—1)bj—1 -

ag

Hence g1 ‘ br, gr_1 ‘ ag implies gp_1 ‘ gr. Conversely from gy ‘ b we get
gk | br—1. From gk| ag, gk| by_1 it follows that

g | ar + (rr—1, sp—1)be—1 -

ak—1
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Therefore gk| ap_1, gk‘ bi_1 implies gk‘ gr—1. Finally

ged(ag—1,bp—1) = ged(ag, by)
dy---d,
— dp_ydy--dy

as dp_1=1.

(iii) Suppose the forward phase is terminated with k& = n. If d,, = a,,
then as u,, = 1, v, = 0, the equation d,, = u,a, +v,b, plainly holds. The d,, = b,
case is similar. We assume that

(5) di; -+ - dp = ugak, + vgby
holds and by inspecting all the arising cases we verify that
(6) di—1 -+ dp = Ug—1ak—1 + V101

also holds.

If Cy_1 = swap, then ap = bg_1, by = ap_1, Up_1 = Vg, Vg1 = U, dp_1 =
1. Substituting these into (5) we get (6). Assume that Cy_1 = (rp_1, sx_1) and
distinguish four cases.

If reqy €T, sy & T, then from Table 1, ap = ag_1/p, by = bx—1/p,
dr_1 = p and from Table 2, up = ug_1, v = vp_1. Plugging these into (5) we get

dy - dp = up_1(ag—1/p) + ve—1(bx—1/p).
Multiplying both sides by p gives
pdy -+ dp = ug 101 + Vg —1bg_1-

As di_1 = p we get (6).
Suppose that ry_1 € T, sp_1 € T, then ap = ag_1/p, by = bi_1. I t, €T,
then up_1 = ug/p, vg—1 = vg. Substituting these into (5) we get (6). If t, € T,
then
Uk—1 — [uk — a(tu, Sk)bk]/p, V-1 = Vg + a(tu, sk)ak.
Plugging these in to (5) we get

dy, - dy,

= [pug—1 + a(ty, sk)bx)(ar—1/p) + [Vk—1 — a(tu, Sk)ar]br—1
= (pug—1)(ax—1/p) + a(ty, sk)bk (ax—1/p) +vk—1bg—1 — a(tu, sk)ar by—1
—— —~—

ag bk
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= Up_10k—1 + Vgp_1bg_1.

As di_1 = 1, (6) follows. The 1,1 € T, sx—1 ¢ T case can be settled in an
analogous way.
Ifrp_1 €T, sp_1 €T, then

ap = ap—1 — a(rp—1,55—1)br—1,
by = bp_1,

Up—1 = Uy,

Vp—1 = Uk — (TR_1, Sk—1)Up-

A routine computation shows that (5) implies (6).

(iv) Let us watch the algorithm at a step when Cjy = (rk,sk). From
the proof of (i) we can read of that hy1 = hi/N(p?) or hyr1 = hi/N(p) unless
ri € T, sg € T. In order to simplify the situation we assume that hy11 = hy/N(p)
in these cases and hy41 = hy when ry € T, s € T. Note that if ry, € T, s, €T,
then after a “swap” step we end up at a step where the height is divided by
N (p) or the forward phase of the algorithm terminates. In short at least at every
other (counted) steps the height is divided by N(p). Suppose that the algorithm
terminates in z steps not counting the “swap” steps. Then [N (p)]*/? < N(a)N(b).
From this the claim follows. O

2. The ring of integers. One can check that when the ring R is the
ring of integers, then we may choose N(a) to be a2 Inthep=2,¢=2,a=1
special case U = {0,1} is a complete set of residues and 7' = {1} is a reduced
residue system modulo 2. With the «(1,1) = 1 choice we get a ged algorithm.
Tables 1 and 2 are reduce to Tables 3 and 4 respectively.

This is the well-known binary ged algorithm. (See J. Stein [4].) It appears
as Algorithm B vol. 2 Sec. 4.5.2 in D. E Knuth [3]. Because of the backward
phase the binary ged algorithm can be used to compute v and v.

Table 3. The forward phase of the modulo 2 algorithm

bkEO bkEl

Ap+1 = ak/2 Ap+1 = ak/2
ap = 0 bk+1 = bk/2 bk+1 = bk

dr, =2 drp =1

Qk+1 = G Af4+1 = bi,

ap = 1 bk+1 = bk/2 bk+1 = ar — bk
dip =1 drp =1
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Table 4. The backward phase of the modulo 2 algorithm

bk—l =0 bk—l =1
Up—1 = Uk If up, =0 then
Vgp—1 = Uk Up—1 = Ug/2
Vg1 =V
k-1 =0 Ifkuif = 1kthen
Up_1 = (uk — bk)/Z
Vp—1 =V + ag
If v, = 0 then Up_1 = Vg
Uk—1 = Uk Vg—1 = Uk — Vg
V-1 = Vg 2
-1 =1 Ifo,=1 t/hen
Up—1 = Uk + by
Ve—1 = (’Uk — ak)/2

Table 5. A modulo 2 example with a = 1000, b = 133

k ak bk dk Ck Uk Vi
1] 1000 | 133 11(0,1) | =106 | 797
2| 500|133 ] 1] (0,1)| —79| 297
31 250|133 1| (0,1)| —25| 47
4 125 | 133 1 | swap 83 | =78
5| 133125 | 1| (1,1)| —-78| 83
6 8 | 125 1 | swap —78 )
71 125 8| 1] (1,0 5| —78
8 125 4 11 (1,0) 1] =31
9 125 2 11 (1,0) 1] —62
10 125 1 1 | back 0 1

We illustrated the algorithm with the instance when a = 1000, b = 133.
Table 5 contains the details.

Interestingly the algorithm does not contain multiplications or divisions
except multiplying and dividing by 2. One can carry out the computations being
able to test if a given integer is even or odd and able to compare magnitudes of
integers.

Inthep=3,¢g=3,a=1case U ={0,1,2}, U' = {—1,0, 1} are complete
sets of representatives and T = {1,2}, T = {-1,1} are reduced systems of
representatives modulo 3. Set

1) = 1, «afl1,2) = -1,
) = -1, «a2,2) = 1



Modulo q greatest common divisor algorithms 129

Now N(a(r,s)) = 1. Consequently 4 = 2[N(«a(r,s)) + 1] < N(3) = 9 and (2)
holds. By Theorem 1 there is a modulo 3 ged algorithm in Z. (People whose
computer uses the base 3 number system will be particularly pleased.) We replace
Tables 1 and 2 by Tables 6 and 7 to get the details of the algorithm.

Table 6. The forward phase of the modulo 3 algorithm

bk =0 bk =1 bk =2

Ap+1 = ak/3 Ap+1 = ak/3 Ap+1 = ak/3
ar = 0 bk+1 = bk/S bk+1 = bk bk+1 = bk

dp, =3 dp, =1 dp =1

k41 = ak ak+1 =ar — by | ar41 =ar + by
ar =1 | b1 =bi/3 | bpg1 =bi b1 = by

dp =1 dp =1 dr =1

k41 = Ak k41 = ar + by | ar41 = ar — by
ar = 2 bk+1 = bk/S bk+1 = bk bk+1 = bk

dp, =1 dp, =1 dp =1

Table 8 depicts a test run with the a = 1000, b = 133 choices.
It should be clear by now that for each prime p, there is a ged algorithm.
We state this more formally as a theorem.

Theorem 2. For each prime p there is a modulo p gcd algorithm in Z.

Proof. For p < 3 the theorem has already been proved and so we
assume that p > 5. Clearly

U = {0,1,...,p—1},
U = {~(p-1)/2...,(p—1)/2}

are complete sets of representatives modulo p. Further 7= U\ {0}, T/ = U’\ {0}
are reduced residue systems modulo p. For each r,s € T there is an a(r,s) € T”
satisfying (1). Note that N(a(r,s)) < [(p —1)/2]* and so

P’ N(p)
2[N(a(r,s)) +1]
2[(p - 1)/2)* + 2
(p—1)%/2+2.

1AV AVART

So (2) holds and by Theorem 1 there is a modulo p ged algorithm in Z. O
When p = 2, g = 4, o = 2, then U = {0,1,2,3} is a complete set of
representatives and T' = {1,3}, T" = {—1, 1} are reduced residue systems modulo
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Table 7. The backward phase of the modulo 3 algorithm

bk—l =0 bk—l =1 bk—l =2
Uk—1 = Uk If up, = 0 then If up, = 0 then
Vg—1 = Vg Up—1 = ug/3 Up—1 = ug/3
Vg1 = U Vg1 = Uk
If u, =1 then If up, =1 then
ar—1 =0 up—1 = (up —bg)/3 | ug—1 = (ug + bx)/3
Vgp—1 = Vi + Qg Vg—1 = Vi — A
If up, = 2 then If up, = 2 then
Up—1 = (uk + bk)/3 Uk—1 = (uk — bk)/?)
Vg—1 = Vg — Gk Vg—1 = Uk + Qg
If v, = 0 then Up_1 = Uk Up_1 = Uk
Uk—1 = Uk Vg—1 = Vg — Uk Vg—1 = Vg + Uk
Ve—1 = Uk/?)
If v, =1 then

ar—1 =1 | up—1 = up + by,

If v = 0 then Up—1 = Uk Uk—1 = Uk
Uk—1 = Uk Vg—1 = Vg + Uk Vg—1 = Vg — Uk
Vg—1 = Vg /3

If v, =1 then

k-1 =2 | Up—1 = U — by,

4. With the
al,1) = 1, ol,3) = -1,
a(3,1) = -1, a3,3) = 1

choices we get a ged algorithm. So the prime power case of the construction is
not vacuous.

3. The Gaussian integers. The ring of algebraic integers of the field
Q(7) is Z[i] and is called the ring of Gaussian integers. The function N here can
be taken to be the norm, that is if a = a; + agi, then N(a) = a? + a3 since it
has the required properties (i), (ii) and (iii). The factorization 2 = (1 +4)(1 — )
shows that the number 2 is not irreducible in Z[i]. As 2i = (1 4+ 4)(1 4+ 4) is,
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Table 8. A modulo 3 example with a = 1000, b = 133

k ag bk dk Ck Uk Vi
11000 [ 1331 | (1,1) | 27| —203
2| 867|133 ] 1 | (0,1)| 27| —176
3] 289133 1 | (1,1) | =52 | 113
41 156|133 | 1 | (0,1) | =52 61
5 52 | 133 | 1 | swap | —23 9
6| 133| 52| 1 | (1,1) 9| —23
71 81| 52| 1 (0,1) 9| —14
8 27 92 | 1 | swap | —25 13
9 52| 27| 1 | (10| 13| —25
10 52 9] 1|(,0) 41 —23
11 521 3] 1 |(1,0) 1| —17
12 52 1| 1 | back 0 1

the prime 1+ ¢ is going to play the role of p and 2¢ is going to play the role of
q. Consider the ideal I = (2). The elements of I are linear combinations of 2
and 2¢ with coefficients from Z. In other words 2 and 2:¢ form an integer basis
for I. Therefore U = {0,1,4,1 + i} is complete set of representatives modulo I
and T' = {1,4} is a reduced residue system modulo /. Let us choose the numbers
a(r, s) to be

a(l,1) = 1, a(li) = —i,

a(i, 1) = 4, ofi,i) = 1.

Here (2) holds for each r,s € T and by Theorem 1 there is a ged algorithm in
Z[i]. This algorithm is known. (See A. Weilert [5].)

The 3 is a prime in Z[i]. Consider the ideal I = (3). As 3 and 3i form an
integer basis for I, it follows that

U {0,1,2,i,1 40,2 + 4,2, 1+ 20,2 + 2i},
U = {-1,0,1,—1+4,i,1+4,—-1—14,—i,1 —i}

are complete sets of representatives modulo I and T'= U\ {0}, T" = U’ \ {0} are
reduced residue systems modulo I. It is a straightforward matter to define the
a(r, s) numbers for which a(r, s) € T" and satisfies (1). Using N(a(r,s)) < 2 one
can check that 6 = 2[N(a(r,s)) + 1] < N(3) = 9 holds for each r,s € T and so
there is a modulo I ged algorithm in Z[i].

Theorem 3. If p € Z is a prime in Z such that p = 3 (mod 4), then p
is prime in Z[i] and there is a modulo p ged algorithm in Z[i].
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Proof. It is a well-known fact that if p € Z is a prime in Z such that
p =3 (mod 4), then p is prime in Z[i]. The elements p, pi form an integer basis
for the ideal I = (p). So

U = {kp+lpi:0<kl<p-—1},
U’ {kp+lpi:—(p—1)/2<kI1I<(p—1)/2}

are complete sets of representatives modulo I and 7' = U \ {0}, T" = U’ \ {0}
are reduced residue systems modulo I. For each r,s € T, there is an a(r,s) € T”
satisfying (1). Now

N(a(r,s)) < [(p—1)/2>+[(p—1)/2]?
= (p—1)%/2.
It follows that
P> = N(p)
> 2[N(a(r,s)) +1]
= (p— 1)2 + 2.

Therefore (2) holds and by Theorem 1 there is a modulo p ged algorithm in
Z[i]. O

The factorization 5 = (2+1)(2—14) shows that 5 is not a prime in Z[i]. But
2+iis a prime in Z[i] and we will choose it to be p. Consider the ideal I = (2+1).
Note that 5, 2 + ¢ is an integer basis for I and consequently U = {0, 1,2,3,4}
is a complete set of representatives modulo I and T' = {1,2,3,4} is a reduced
residue system modulo I. A routine computation shows that 14¢,2i,3i,4¢ are
congruent to 3, 1,4, 2 modulo I, respectively. It follows that 1,2, 3,4 are congruent
to i%,43,4,4? modulo I, respectively. Therefore T = {1,i,4%,i%} is a reduced
residue system modulo I. We may choose the a(r,s) € T', r,s € T numbers as
given in Table 9. As 4 = 2[N(a(r,s)) + 1] < N(p) = 5 there is a further ged
algorithm in Z[i].

Table 9. The a(r, s) numbers in the p = 2 4 ¢ case in Z[i]

11234
11 [t ]34
2131|324t
31t 2] 1]4°
41211
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4. The Eisenstein integers. The ring of the algebraic integers of the
field Q(v/—3) is equal to Z[9], where ¥ = (1 ++/—3)/2. The function N is taken
to be the norm too.

The rational integer 2 is a prime in Z[1)] and we choose it to be p. Consider
the ideal I = (2). Here 2, 29 is an integer basis for I and so U = {0,1,9,1 + 9}
is a complete set of representatives modulo I and T' = {1,9,1 + ¢} is a reduced
residue system modulo I. Note that (14 ¢)9 =1 (mod I) from which it follows
that 1 +9 = 9> (mod I). We can see that T/ = {1,9,9°} is a reduced residue
system modulo I. Using this we choose a(r,s) € T', r,s € T as depicted in Table
10 As each a(r,s) is a unit in Z[¢] we have 4 = 2[N(«a(r,s)) + 1] < N(p) = 4,
that is we are provided with a ged algorithm in Z[¢]. A number of possible
applications of a ged algorithm in Z[¥] is discussed in [1].

Table 10. The «(r, s) numbers in the p = 2 case in Z[¥]

1[0 149
1 1 |9 Y
] 9|1 92

1+9 | 0° |9t 1

The equation 7 = (2 + 9)(2 + 9) shows that 7 is not a prime in Z[].
We choose p to be 2+ 3, o to be 1. Let us consider the ideal I = (2 + 9) for
which 7, 2 + 9 is an integer basis. Now U = {0,1,2,3,4,5,6} is a complete set
of representatives modulo I and 7' = {1,2,3,4,5,6} is a reduced residue system
modulo I. One can verify that 119, 299, 39, 419, 59, 69 are congruent to 5,3,1,6,4, 2
modulo I respectively. From this it follows that 9,92, 93, 9%, 95, 9% are congruent
to 5,4, 6,2,3, 1 respectively. Thus 7" = {9,092, 9%, 9%,9° 195} is a reduced residue
system modulo I. Consequently the numbers a(r,s) € T', r,s € T can be chosen
such that all of them are units. We have 4 = 2[N(a(r,s)) + 1] < N(p) = 7 and
so there is a ged algorithm in Z[9].

Theorem 4. Let p € Z be an odd prime in Z such that p =2 (mod 3).
Then p is a prime in Z[9] and there is a modulo p ged algorithm in Z[9).

Proof. It is a well-known fact that if p € Z is a prime in Z such that
p =2 (mod 3), then p is a prime in Z[)]. The ideal I = (p) has the integer basis
p, pY. So
U = {kp+ipd:0<k,l<p-1},
U = {p+ipd:—(p—1)/2 < k1< (p—1)/2)

are complete sets of representatives modulo I. Plotting the elements of U’ on
the complex plane we can see that they are in a parallelogram. Both sides of
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the parallelogram have length p. There is a complete residue system U” whose
elements are in a rectangle. One side of the rectangle is of length p and the length
of the other one is (v/3/2)p. Of course T = U \ {0}, T” = U" \ {0} are reduced
residue systems modulo I. For each r,s € T there is an a(r,s) € T” for which
(1) holds. Now

N(a(r,s)) < [(p—1)/2 + [(p — 1)V3/4]?
= (7/16)(p — 1)*.
It follows that
P’ N(p)
2[N(a(r,s)) +1]
(7/8)(p —1)® + 2.

Thus (2) holds and by Theorem 1 there is a modulo p ged algorithm in Z[¢]. O

v 1
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