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ABSTRACT. A real univariate polynomial is hyperbolic if all its roots are
real. By Descartes’ rule of signs a hyperbolic polynomial (HP) with all
coefficients nonvanishing has exactly ¢ positive and exactly p negative roots
counted with multiplicity, where ¢ and p are the numbers of sign changes and
sign preservations in the sequence of its coefficients. We discuss the question:
If the moduli of all ¢+ p roots are distinct and ordered on the positive half-
axis, then at which positions can the p moduli of negative roots be depending
on the positions of the positive and negative signs of the coefficients of the
polynomial? We are especially interested in the choices of these signs for
which exactly one order of the moduli of the roots is possible.

1. Introduction. We consider real univariate polynomials with non-
vanishing coefficients. Such a polynomial is hyperbolic if all its roots are real.
Various problems concerning hyperbolic polynomials (HPs) are exposed in [9].

2020 Mathematics Subject Classification: 26C10, 30C15.
Key words: real polynomial in one variable, hyperbolic polynomial, sign pattern, Descartes’
rule of signs.
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In this paper we discuss the following question: Suppose that the moduli of all
roots of a HP are distinct and ordered on the positive half-axis. Then at which
positions can the moduli of the negative roots be depending on the signs of the
coefficients of the HP? In this sense we say that we are interested in the possible
orders on the positive half-axis of the moduli of roots of HPs with given signs of
their coeflicients.

Without loss of generality we consider only monic polynomials. A sign
pattern (SP) is a finite sequence of (+)- and/or (—)-signs. The SP defined by the

d

polynomial P := Z aja:j, aj € R*, ag =1, is the vector
§=0

U(P) = (+7 Sgn(ad—1)7 Sgn(ad—Q)v Tt 7Sgn(a0))'

Notation 1. When we write o(P) = X, mo,...ms, mi € N, mp 4+ -+ +
ms = d + 1, this means that the SP o(P) begins with a sequence of m; signs +
followed by a sequence of my signs — followed by a sequence of mg signs + etc.
The number s — 1 is the number of sign changes and the number d — s + 1 is the
number of sign preservations of the SP o(P).

The classical Descartes’ rule of signs says that the polynomial P has not
more than s — 1 positive roots. When applied to the polynomial P(—zx), this
rule implies that P has not more than d — s + 1 negative roots. Hence if P is
hyperbolic, then it has exactly s — 1 positive and exactly d — s + 1 negative roots
(all roots are counted with multiplicity).

Remark 1. Fourier has made Descartes’ rule of signs about real (but not
necessarily hyperbolic) polynomials more precise by showing that the number of
positive roots differs from s — 1 by an even integer, see [5]. For such polynomials,
Descartes’ rule of signs proposes only necessary conditions. Attempts to clarify
the question how far from sufficient they are have been carried out in [1], [2], [3],
[4], (6], [7] and [8].

Definition 1. Given a SP (of length d + 1 and beginning with +) we
construct its corresponding change-preservation pattern (CPP) (of length d) as
follows. For j > 2, there is a p (resp. a c¢) in position j — 1 of the CPP if in
positions j—1 and j of the SP there are two equal (resp. two different) signs. It is
clear that the correspondence between SPs beginning with + and CPPs is bijective.
Ezxzample: for d = 6, to the SP oo := (+,+,—, —,+,+,+) there corresponds the
CPP (p,¢,p,¢,p,p).
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Definition 2. (1) Suppose that a degree d HP P is given which defines
the SP o of length d + 1, suppose that the moduli of its roots are ordered on the
real positive half-line, and suppose that all moduli of roots are distinct. We define
formally the canonical order of the moduli of roots like this: the CPP correspond-
ing to the given SP o is read from the back, each p is replaced by an N and each
¢ by a P. For the SP oy from Definition 1 this gives (N, N, P, N, P, N) which
means that the moduli of the roots are 0 < v < --- < g, where the polynomial
has positive roots 3 and s, and negative roots —yi, —y2, —v4 and —yg.

(2) For a HP P and the SP o(P), we say that the SP o(P) is realizable
by P.

Proposition 1. Fvery SP o of length d 4+ 1, d > 1, is realizable by a
degree d HP with canonical order of the moduli of its roots.

Proof. We construct the HP in d steps. At the first step we set
P := x + 1 if the first component of the CPP is a p and P, ==z —1ifitis a c.
Suppose that the degree K HP Py, is constructed which defines the SP o obtained
from o by deleting its last d — k components. Set Py1(x) := Pi(x)(x 4 ¢) if the
last two components of o1 are equal or Py 1(z) := Py(z)(x — ) if they are
different, where € > 0. One chooses ¢ so small that:

1) the signs of the first k4 1 coefficients of Py are the same as the ones
of Pk;

2) the number ¢ is smaller than all the moduli of roots of Pj.

It is clear that for k = d, the HP P; thus obtained defines the SP ¢ and
that the order of the moduli of its roots is the canonical one. O

Remarks 1. (1) The proposition can be generalized for real, but not
necessarily hyperbolic polynomials, see Lemmas 14 and 17 in [3]. The way of
constructing new polynomials by adding new roots of modulus much smaller
than the already existing moduli (which preserves the signs of the first d+ 1 coef-
ficients) can be called concatenation of polynomials (or of SPs). The construction
described in the proof of Proposition 1 extends at each step the SP by adding a
(+)- or (—)-sign at its rear.

(2) One can propose a similar concatenation, i.e. construction of HPs, in
which each new root has a modulus much larger than the moduli of the already
existing roots. Namely, given a degree d HP P(z) with no vanishing coefficients
one considers the HP (1 &+ ex)P(z) which for ¢ > 0 sufficiently small has the
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same signs of the last d + 1 coefficients as P. Its new root equals 1/(F¢). After
this one has to multiply the polynomial by +1/¢ to make it monic again. This
construction extends the SP by adding a (4)- or (—)-sign at its front.

Definition 3. A SP is called canonical if it is realizable only by HPs with
canonical order of the moduli of their roots.

Example 1. (1) The following SPs X, m,....m, are canonical:

S
Zml,la El,mga Zm1,1,m3 and fOI‘ meo Z 3, Zl,mg,la

see Theorem 1, Corollary 1, Theorem 5 and Theorem 2 in [10] respectively. The
SP 312, is not canonical — by part (1) of Example 2 therein the SP ¥; 9 is
realizable by each of the three polynomials (x + 1)(x — 1.5)(x — 1.6), (x + 1)(x —
1.5)(x — 0.6) and (x + 1)(x — 0.5)(z — 0.6).

(2) For m; > 2, mg > 2, the SP o¢ := %,,, m, is not canonical, see
Theorem 1 and Corollary 1 in [10].

In the present paper we give sufficient (see Theorem 1, Proposition 3 and
Corollary 1) and necessary conditions (see Theorem 2) for a SP to be canonical.
In Section 4 we consider non-canonical SPs with two sign variations and we give
a lower bound on the number of different orders of the moduli of roots for which
these SPs are realizable by HPs.

2. Preliminaries.

Notation 2. (1) We set ¢™(P) = o((—1)?P(-x)) and o"(P) =
o(z?P(1/x)/P(0)).

(2) We call first representation of a SP the one with signs (4) and/or (—).
For a SP in its second representation X, . m,, if each of its maximal sequences

of, say, k consecutive units is replaced by the symbol [k], then one obtains the
third representation of the SP. E.g. the SP

(+7 -+t _) = E1,2,1,1,1,3

can be represented also in the form Xy 9 313. We call the signs (+) and (—) of
the first representation and the numbers m; of the second one components of the
SP. The components larger than 1 and the maximal sequences of units in the
third representation are called elements of the SP.
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Remarks 2. (1) The polynomial z¢P(1/x) is the reverted of the polyno-
mial P (i.e. read from the back). Its roots are the reciprocals of the roots of P.
The roots of P(—x) are the opposite of the roots of P.

(2) The applications
tm 2 0(P) +— o™ (P) and ty:0(P)w— o"(P)
are two commuting involutions. We set
o™ (P) = ™ (0" (P)) = o" (a™(P)) =: 0" (P)).

For d > 1, it is always true that o(P) # o™ (P) (because their second signs are
opposite), but one might have o(P) = ¢"(P) or o(P) = ¢""(P). Thus the set
{a(P), c™(P), o"(P), c™" (P)} contains either four or two distinct SPs.

(3) The SPs o(P), c™(P), ¢"(P) and ¢™" (P) are simultaneously canon-
ical or not. With regard to Example 1 one has

0" (X1ms) = Bma1
Um(zl,mQ) = ZQ,[mg—l] ) O—mr(ZLmQ) = E[777,2—1],2 ’

UT(Emhl,m:a) = Zm3,17m1 ’
O—m(zmbl,mg) = Z[ml—l},&[mg—l] ) O—mr(zmhl,m?)) = Z[m3—1},37[m1_1] ’

0" (Z1,ms,1) = X1,mp,1 and 0" (X1me1) = 0" (E1mae1) = Xo my—2],2 -

Definition 4. (1) We say that a SP o of length d+1 is of type 1 (notation:
o € Ti,q) if either all its even or all its odd positions contain the same sign.

(2) We say that a SP o of length d + 1 is of type 2 (notation: o € T q4)
if

(7) in its second representation the SP o does not have two consecutive
components m; larger than 1;

(7i) for 2 < i < s—1, one has m; # 2 (but my = 2 and/or ms = 2 is
allowed).

Remark 2. SPs of type 1 are used in the formulation of a result con-
cerning another problem connected with Descartes’ rule of signs and formulated
for real (not necessarily hyperbolic) polynomials, see Proposition 4 in [3].
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Example 2. (1) For d = 6 and for the SP
ol i=(+,—, = — 4+, —+) =Z131,11 = Dy

one has 716 > ol e 72,6, because there are (—)-signs in all odd positions (namely,
1, 3 and 5) and conditions (i) and (ii) from Definition 4 hold true.

(2) The SP oy from Example 1 is neither a type 1 nor a type 2 SP.
(3) One has 717 ? 2[1}’47[3} S 7577.

(4) The following SPs are of type 1: X, g, X4,B, 24,2B+1],0
Y(a2B+1,jc) 4, B, C €N,

Remark 3. The SPso(P), c™(P), 0" (P) and ¢ (P) are simultaneously
of type 1 or not. E.g. of type 1 are the SPs o := X, ,m, for s odd (with
u:=d+1—my —my),

0 = Zpmy—1ut2[me—1] + To = Sy fulymy A0d 09" = X 17042 [my—1]-

Proposition 2. (1) One has Ti 4 C Tz.q4.
(2) One has vy (T2,0) = T2,a and 1 (T2,4) = T2.4-

Proof. Part (1). Indeed, if condition (i) of Definition 4 does not hold
true, then the SP is of the form

( ’_|_7_|_’_’_’...) or ( ’_7_’+’+’...)

and each of the sequences of signs of even or odd monomials has a sign variation.
If condition (ii) does not hold true, then the SP is of the form

( 7_’_|_7_|_’_7...) or ( 7_|_’_7_’_|_7...)

and again each of these sequences has at least one sign variation.

Part (2). The inclusion ¢,(72,4) C T2,q follows directly from Definition 4.
As 1, is an involution, this inclusion is an equality. For a SP o e 72,4, its image
tm(0?) is defined by the following rules:

(a) An element A > 1 of 0® is replaced by [A — 2] if A is not at one of
the ends of °, and by [A — 1] if it is.

(b) An element [B] of ¢” is replaced by B + 2 if [B] is not at one of the
ends of 0, and by B + 1 if it is.
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One can deduce from rules (a) and (b) that conditions (i) and (ii) of
Definition 4 hold true for the SP Lm(UA). Hence t,(72,4) C T2,4 and as ¢, is an
involution, this inclusion is an equality. O

3. Results on canonical sign patterns.

Theorem 1. FEvery type 1 SP is canonical.

Proof. We prove the theorem by induction on d. For d = 1, there is
nothing to prove. For d = 2, one has to consider the SPs ot = (+,+,—) and
0’ :=(+,—,—). ForaHP P := (z —a)(z+b) = 2° + g1z + go, one has g; = b—a
which is > 0 if b > a and < 0 for b < a from which for d = 2 the theorem follows.

Suppose that d > 3. Consider a HP P with all roots simple defining a SP
o. In the one-parameter family of polynomials P} := tP + (1 —t)P’, t € [0,1],
every polynomial is hyperbolic with all roots simple and for ¢ € (0, 1], all roots
of P} are nonzero. Moreover, for t € (0,1], the polynomial P; defines the SP o.

For t = 0, by inductive assumption, the moduli of the roots of the HP P’
define the canonical order. For t € (0, 1], there is no equality between a modulus
of a positive and a modulus of a negative root of P;". Indeed, if P;" has roots £+,

v > 0, then

(3.1) Qu(v) =P (v) £ P/ (=) =0.

This is impossible, because at least one of the two quantities Q¢ +(7) is a sum of
terms of the same sign.

Thus the d — 1 largest of the moduli of roots of P/ define the same order
as the roots of Py (which is the canonical order w.r.t. the SP obtained from o
by deleting its last component). The root of least modulus (for ¢ close to 0) is
positive if the last two components of o are different and negative if they are
equal. Thus for ¢ € (0, 1], the moduli of the roots of P (hence in particular the
ones of P;) define the canonical order. O

Theorem 2. A canonical SP is a type 2 SP.

Remark 4. Theorem 2 proposes necessary conditions for a SP to be
canonical. It would be interesting to know how far from sufficient these conditions
are.

Proof. Suppose that a given SP o has components m; = A > 1 and
mj+1 = B > 1. The SP ¥4 p is not canonical, see part (2) of Example 1. Hence
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one can construct two polynomials P and @ defining the SP ¥4 p and with
different orders of their moduli of roots. To construct two polynomials realizing
the SP o one starts with P and @ and then uses concatenation of polynomials
as described in the proof of Proposition 1 and in Remarks 1. At each new
concatenation the modulus of the new root is either much smaller or much larger
than the moduli of the previously existing roots. Hence the orders of the moduli
of the roots of the two polynomials constructed in this way after P and () remain
different.

If the SP ¢ has a component m; = 2, 2 < i < s — 1, then it suffices to
consider the case m;—; = m;;11 = 1. In this case one chooses two polynomials P
and @ realizing the SP ¥, 51 with different orders of the moduli of their roots;
such polynomials exist, see part (1) of Example 1. After this one again uses the
techniques of concatenation to realize the SP ¢ with two different orders of the
moduli of the roots, starting with P and @ respectively. O

Proposition 3. Ford > 5, the SP X[1] q_2, 2 15 canonical.

Corollary 1. For d > 5, the three SPs Y342 = 0 (Z[),d-2,2]);
Yo d—41,3 = 0" (Xp)d—2,21) and X3 q_g)2 = 0" (E[1),d—2,[2)) are canonical.

’

The corollary follows from part (3) of Remarks 2.

Proof of Proposition 3. For d > 5 odd, the SP is of type 1 and
one can apply Theorem 1. For d = 4, the SP is not canonical, see Theorem 2. So
we assume that d > 6 (the parity of d is of no importance in the proof). Without

loss of generality one can assume that the middle modulus of a positive root of a
d—1

HP P := 2%+ Z aj:vj realizing the SP X[1) 42 9] equals 1 (this can be achieved
=0

by a linear cha]nge of the variable z). So we denote the moduli of positive roots

by0<e<l< A and by 0 < vy <7y < --+ < yg_3 the moduli of negative roots.

Denote by 0 < §; < - -+ < §4_3 the moduli of negative and by 0 < ¢ < 9

the moduli of positive roots of P’ (recall that P’ defines the SP >1,d—2,1 which is

canonical, see part (1) of Example 1). As ¥; 421 is canonical, one has ¢ < 4y,

and by Rolle’s theorem, v; < ;41 < ¥j41, 7 = 1, ..., d — 4. For 01, one has
0< 51 <. Thus

<< <.
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Denote by 0 < n; < --- < n4_3 the moduli of negative and by 0 < A < p
the moduli of positive roots of the HP Pli=aP —dP = —ay_ 1271 —2a4 o272~
-++ —dag. The latter defines the SP X, 5 9) which is canonical, see part (1) of
Example 1. The positive roots of P and P' interlace, and so do their negative
roots as well; we will see below that this is not true about all the roots of P
and P'. The leading coefficient of Pt is positive, so the limits at +0o of P and
pt equal +o0o0. Their limits at —oo are opposite. The leftmost root of P equals
—Y4—3. One has PT(—v4_3) = —74_3P'(—7a—3). Hence

either lim P(z) = —oo, P'(—y4-3) > 0,

T—r—00

lim P'(z) = 400, P'(—ys3) < 0

T——00

or lim P(z) = +oo, Pl(—v43) < 0,
T——00
lim Pf(z) = —co, Pf(—y43) > 0.
T—r—00

In both cases the leftmost root —ny_3 of Plis < —v4—3. By Rolle’s theorem and
using the fact that the SP ¥ 5 9 is canonical,

D<A<I< <y <y <n.

One can show that —m; < —7y; < € < A which means that the interlacing of
the roots of P and P is interrupted when the variable x passes through 0. The
condition ag_1 < 0 reads:

d—3
(3.2) At+l4e=> ;>0
j=1

As 4 > € and 2 > 1 > ¢, condition (3.2) is possible only if A > ~4_3. Thus
€<y <+ <793 < A and to prove the proposition there remains to show
that 1 < 7. Set

d—3

o1 = Y 1/, oy = > 1Y),
=3 3<i<j<d—3
1 1 1 1 1

B = Z+1+g and C = A_€+Z+g
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The conditions ag < 0, a1 > 0 and as < 0 imply

1 1
B - <—+—+01> > 0 and
Y2
1 1
(3.3) ® = A - B|—+—+o01 > 0, where
4! 72
1 1 1
A= C + —+<—+—>01+02-
Y172 Y2

Suppose that v < 1. Then the following inequalities hold true:

1 1
3.4 — - — <0,
(3-4) Ae e
because A > 79,
1 /1 1 1 1
3.5 —— =+ - —+-<0,
(3.5) %(A+E>+A+E_
1 1
(3.6) —Bo1 + <——|——) o1+ o9 <0,
T2

(because —Boy < —(1/v1 + 1/7v2 + 01)01, see the first of inequalities (3.3), and
one has 09 < (01)?) and as vo > 1,

(3.7) ——+— <0
The sum of the left-hand sides of inequalities (3.4), (3.5), (3.6) and (3.7) equals
1 1 /1 1 1 1 1 1 1
A- <—+—<—+—) +B01+—) :A—B<—+—+01> +—+—.
Ye M \A € gl o2 Y2 1A

1 1 1 1

Thus A — B (— + —+ 01> 4+ — 4+ — < 0 which contradicts the second of
Moo Y2 A

inequalities (3.3). O
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4. On non-canonical sign patterns. The present section deals with
SPs with two sign changes, i.e. with s = 3, see Notation 1. For my > 2, my > 2,
ms > 2, such a SP is not canonical, see Theorem 2.

Notation 3. We set m := mqy, n := ms, q := m3 and we denote by
0 < B < «a the positive and by —v4_2 < -+ < —v1 < 0 the negative roots of a
degree d HP P realizing the SP %, ,, ,. By m*, n*, ¢ we denote the numbers
of negative roots of modulus larger than «, between § and « and smaller than £
respectively; hence m* +n* +¢*=d—-2. By 71 >0, % >0, >0, £ >0 and
r > 2, we denote integers, where d = § + 7 + To.

We remind that the canonical order of the roots corresponds to the case
m*=m-—1,n"=n—1, ¢" =q— 1, see Definition 2.

Theorem 3. (1) For
P <d<(r+1)% §—re2Z+1,
m>00—r+1)/2, ¢>0—r+1)/2 and n=r,

the SP ¥y, p q is realizable by HPs with all possible values of m*, n*, ¢* such that
m*>mni=m—-0—-r+1)/2andq¢" > :=q—(0—r+1)/2.
(2) For

r2<d<(r+1)% §—re2z,
m>(6—r1)/2, q>(0—r)/2 and n=r+1,

the SP ¥y, p q is realizable by HPs with all possible values of m*, n*, ¢* such that
m*>7m:=m—(0—7r)/2and ¢* > 1:=q— (6 —1)/2.
(3) For 6 =12, the SP

(ri4r(r=1)/24+1,r,7o+r(r—1)/2) (resp. (m+r(r—1)/2,r,a+7r(r—1)/2+1))

is realizable by HPs with all possible values of m*, n*, ¢* such that m* > 7 + 1
and ¢* > 1o (resp. m* > 711 and ¢F > 1o+ 1).

Remarks 3. (1) Consider the case 71 = 72 = 0. Hence d = § and
all possible orders of the moduli of the d — 2 negative and 2 positive roots are
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realizable. The number of these orders is

d—2d—-2—-k d—2

1= d=1-k)=d(d—1)/2

k=0 7=0 k=0
(here k and j are the numbers of moduli of negative roots larger than « and
between 8 and « respectively). At the same time d ~ r?, i.e. d ~n? Thus the
theorem guarantees the possibility to realize the SP X, , , by ~ n? /2 HPs with
different orders of the moduli of their roots when m and ¢ are (almost) equal.
The latter condition is essential — for ¢ = 1, the number of different orders is
~ 2n, see Theorem 4 in [10].

(2) The theorem gives only sufficient conditions for realizability of certain
SPs with two sign changes by HPs with different orders of the moduli of their
roots. It would be interesting to obtain necessary conditions as well.

In order to prove the theorem we need a technical lemma.

Notation 4. We set Py(z) := (z — 1)*(z + 1)%, £ > 2. This polynomial
contains either 0 or 2 vanishing coefficients, see Lemma 1. By X(¢) we denote
its SP which, in the case when there are 2 vanishing coeflicients, we represent in
the form (v,0,n,0,w). This means that 3(¢) begins with v = m — 1 signs (4)
followed by a zero followed by n = n(X(¢)) signs (—) followed by a zero followed
by w = ¢ — 1 signs (+). If there are no vanishing coefficients, then we write
¥(¢) = (v,n,w) in which case v =m and w = q.

Lemma 1. (1) Forr* =2 < /(< (r+1)*> -2 and { —r € 2Z + 1,

Y0)=((L—-r+3)/2,r,( —7+3)/2)),

son(X(l) =r.
(2) Forr? —2<t<(r+1)*-2andl—r €27,

YO =((L—r+2)/2,r+1,({—1+2)/2),

son(X(l)=r+1.
(3) For £ = r* —2, the SP %({) equals

X)) = (r(r—1)/2,0,r —1,0,r(r —1)/2).

Hence n(X(¢)) =r — 1.
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3 ¢ ¢ ¢
Proof. Clearly P, = c':cj, where c-:<,>—2<. )+< >
> = )G,

=0
The condition ¢; = 0 is equivalent to

452 —4(+2)j + (L+1)(+2) =0
which yields
j=j+l):=(l+2L£Vl+2)/2.

For ¢ = r> —2, one gets j = (r? £7)/2 from which part (3) follows (both numbers
(r? £ 7)/2 are natural).

When ¢ is not of the form 72 — 2 the condition ¢; = 0 does not provide
a natural solution. Hence no coefficient of P, vanishes. The formula expressing
J+(£) implies that ¢; > 0 for j < [(£+2 — (r + 1)) /2] while ¢j12_(r41))/2141 < 0;
here [.] stands for the integer part of. If £ and r are of different parity, then

[(+2—(r+1)/2] = (L—1r+1)/2
which proves part (1). If £ and r are of one and the same parity, then
[(l+2—(r+1))/2] = (L—1)/2

which proves part (2). O

Proof of Theorem 3. To prove parts (1) and (2) of Theorem 3 we use
parts (1) and (2) of Lemma 1 respectively. We consider first the case 71 = 7 = 0.
In this case the conditions

m>0—-r+1)/2, ¢>0—r+1)/2 and n=r from part (2) or
m > (0 —r)/2, qg>(0—r)/2 and n=r+1 from part (3)
are possible only if

m=0—-r+1)/2, ¢g=0—r+1)/2 and n=r or

m=(§—r)/2, g=(—-r)/2 and n=r+1

respectively, because m +n+q =9 + 1.
Set d = § := ¢ + 2. We deform the polynomial P, corresponding to part
(1) or (2) of Lemma 1 so that the moduli of the roots are all distinct and define
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any possible order (fixed in advance) on the positive half-axis. The positive roots
B < a of the deformed polynomial (denoted by P;) remain close to 1 and the ¢
negative roots remain close to —1. Hence the signs of the coefficients of Py are
the same as the signs of the coefficients of P, and

o(P)=(0—r+1)/2, r,(§ —r+1)/2) in the case of part (2) or
o(P)=(0-7r)/2,r+1,(00 —r)/2) in the case of part (3).

This proves the theorem for 4 = 75 = 0.

In the general case, i.e. for 71 > 0 and 79 > 0, one first constructs
the polynomial P, as above. Then one performs 7 concatenations of Py with
polynomials of the form 1 + ¢z, j = 1, ..., 71, as explained in part (2) of
Remarks 1, where

O<en <K K KL

This adds 7 negative roots whose moduli are larger than «. After this one
performs 75 concatenations, see part (1) of Remarks 1, with polynomials of the
form x +¢j, j =7 +1, ..., 71 + 72, where

0< Eram Entn1 K KLeqr K &q.

This adds 7 negative roots whose moduli are smaller than 5.

Part (3). Consider first the case 71 = 7 = 0. We use Lemma 1 with
¢ = r? — 3. Hence one can apply part (2) of Lemma 1 with r — 1 substituted for
r (because £ — (r — 1) € 2ZZ). This implies that the polynomial P,2_5 realizes the

d

SP (r(r—1)/2,r,7(r —1)/2). Setting P.2_3 := Zaj:vj one deduces that

j=0
arr—1)/2 <0, ar(r—1)/2-1 >0, apr_1)2 + arr_1)2-1 =0,
arir41y/241 > 0, Gprg1)2 <0, Ar(r41) /241 + Ar(r41)2 = 0.

The two equalities to 0 result from the polynomial P.2_5 = (x 4+ 1)P,2_3 having
vanishing coefficients of 2""~1/2 and 2"("+1/2 see part (3) of Lemma 1. Hence
for the SPs defined by the polynomials Py := (x + 1+ ¢)P,2_3, € > 0, one has

o(Py)=(r(r=1)/24+1,r,7(r—1)/2) and o(P-) = (r(r—1)/2,r,r(r—1)/2+1).
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Then one perturbs the roots of P.2_3 (the perturbed negative roots must keep
away from the root —1 Fe of Py). In the case of Py (resp. P_) the largest (resp.

the smallest) of the moduli of perturbed roots is the one of the negative root

—1—¢ (resp. —1+¢) and the order of the remaining d — 3 negative and 2 positive
roots can be arbitrary. This proves part (3) for 71 = 75 = 0. In the general case,
i.e. for 71 > 0 and 7 > 0, the proof is finished in the same way as for parts (1)
and (2). O

1]
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