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ABSTRACT. A Lorentz surface in the pseudo-Euclidean 4-space with neutral
metric is called quasi-minimal if its mean curvature vector is lightlike at
each point. We prove that any quasi-minimal Lorentz surface whose Gauss
curvature K and normal curvature s satisfy the condition K2 — 5% # 0 at
every point is determined (up to a rigid motion) by five geometric functions
satisfying a system of four partial differential equations.

1. Introduction. In the present paper we study Lorentz surfaces in the
pseudo-Euclidean space with neutral metric Eg. A submanifold in a Riemannian
or pseudo-Riemannian manifold is called minimal if its mean curvature vector
vanishes identically. The study of minimal surfaces is one of the main topics
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in differential geometry both in Euclidean and pseudo-Euclidean spaces, since
pseudo-Riemannian geometry has many important applications in Physics. In
[4] B.-Y. Chen classified minimal Lorentz surfaces in C3. Several classification
results for minimal Lorentz surfaces in indefinite space forms are obtained in [6].

A natural extension of minimal surfaces is the class of quasi-minimal sur-
faces. A surface in a pseudo-Riemannian manifold is called quasi-minimal if its
mean curvature vector is lightlike at each point of the surface [22]. When the am-
bient space is the Lorentz-Minkowski space E%, the quasi-minimal submanifolds
are also called marginally trapped — a notion borrowed from General Relativ-
ity. The concept of trapped surfaces was first introduced by Roger Penrose [21]
in connection with the theory of cosmic black holes. In Physics, a surface in
a 4-dimensional spacetime is called marginally trapped if it is closed, embedded,
spacelike and its mean curvature vector is lightlike at each point of the surface. In
the mathematical literature, it is customary to call a surface marginally trapped if
its mean curvature vector H is lightlike at each point, removing the other hypothe-
ses, i.e. the surface does not need to be closed or embedded. In the Minkowski
space, marginally trapped surfaces satisfying some extra conditions have recently
been intensively studied in connection with the rapid development of the theory
of black holes in Physics. For example, marginally trapped surfaces with positive
relative nullity were classified by B.-Y. Chen and J. Van der Veken in [11]. They
also classified marginally trapped surfaces with parallel mean curvature vector
in Lorentz space forms [12]. Marginally trapped surfaces in Lorentz-Minkowski
4-space which are invariant under boost transformations were studied by S. Hae-
sen and M. Ortega in [16], and marginally trapped surfaces which are invariant
under spacelike rotations were classified in [17]. A classification of marginally
trapped surfaces which are invariant under the group of screw rotations (a group
of Lorenz rotations with an invariant lightlike direction) is obtained in [18]. A
classification of marginally trapped surfaces with pointwise 1-type Gauss map
in E{ is obtained independently in [19] and [23]. In [14] G. Ganchev and the
second author studied marginally trapped surfaces in E% in terms of a geomet-
rically determined moving frame field. They proved a fundamental theorem of
Bonnet-type stating that each marginally trapped surface in ]R‘l1 is determined up
to a motion by seven invariant functions.

Quasi-minimal surfaces in the pseudo-Euclidean 4-space E% have also been
studied actively in the last few years. In [2] B.-Y. Chen classified quasi-minimal
Lorentz flat surfaces in E% and gave a complete classification of biharmonic quasi-
minimal surfaces. Quasi-minimal surfaces with constant Gauss curvature in Ej
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were classified in [3, 10]. Quasi-minimal Lagrangian surfaces and quasi-minimal
slant surfaces in complex space forms were classified, respectively, in [7] and [9].
A classification of quasi-minimal surfaces with parallel mean curvature vector in
E3 is obtained in [8], quasi-minimal rotational surfaces of elliptic, hyperbolic or
parabolic type are classified in [15]. The complete classification of quasi-minimal
Lorentz surfaces in Ej with pointwise 1-type Gauss map is given in [20]. The
quasi-minimal surfaces in the 4-dimensional de Sitter space with 1-type Gauss
map are studied in [24]. Recently, quasi-minimal surfaces with positive relative
nullity in the pseudo-Euclidean space Eg and the pseudo-sphere Sg were classified
[13].

In the present paper we study quasi-minimal surfaces in E%. Introducing a
geometrically determined moving frame field at each point of the surface we obtain
five geometric functions and prove that any quasi-minimal Lorentz surface whose
Gauss curvature K and normal curvature s satisfy the condition K2 — »% # 0 at
every point is determined (up to a rigid motion) by these five functions satisfying
a system of four partial differential equations (Theorem 3.2).

2. Preliminaries. Let Ej be the pseudo-Euclidean 4-space endowed
with the canonical pseudo-Euclidean metric of index 2 given in local coordinates

by
go = da + das — dxi — da?,

where 1,9, x3, x4 are rectangular coordinates of the points of E%. As usual, we
denote by (,) the indefinite inner scalar product associated with gg. Since gq is
an indefinite metric, a vector v € E3 can have one of the three casual characters:
spacelike, if (v,v) > 0 or v = 0, timelike if (v,v) < 0, and lightlike if (v,v) = 0
and v # 0. This terminology is inspired by General Relativity and the Minkowski
4-space Ef.

A surface M? in Ej is called Lorentz if the induced metric g on M? is
Lorentzian. So, at each point p € M12 we have the following decomposition

E5 = T,M{ ® N, M}

with the property that the restriction of the metric onto the tangent space Tpr
is of signature (1,1), and the restriction of the metric onto the normal space
N, M? is of signature (1,1).
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We denote by V and V the Levi Civita connections of M? and Ej3, re-
spectively. For vector fields X, Y tangent to M12 and a vector field £ normal to
M?, the formulas of Gauss and Weingarten, giving a decomposition of the vector
fields VxY and V x¢& into tangent and normal components, are given respectively
by:

VxY = VxY +0(X,Y);
Vxé=—AcX + Dx€.
These formulas define the second fundamental form ¢, the normal connection D,

and the shape operator A with respect to £. In general, A; is not diagonalizable.
The shape operator and the second fundamental form are related by the formula

<U(X> Y)v £> = <A§X7 Y>

for X, Y tangent to M7 and £ normal to ME.
At a given point p € M12, the first normal space of M12 in Eg, denoted by
Im oy, is the subspace given by

Imo, = span{o(X,Y) : X,Y € T,M{}.

1
The mean curvature vector field H of M? in Ej is defined as H = = tro.

The surface is called minimal if its mean curvature vector vanishes identically,
i.e. H = 0. The surface is called quasi-minimal if its mean curvature vector is
lightlike at each point, i.e. H # 0 and (H, H) = 0. Obviously, quasi-minimal
surfaces are always non-minimal.

3. Fundamental theorem for quasi-minimal surfaces in E;‘. It
is known that for each Lorentz surface M7 in Ej locally there exists a coordinate
system (u,v) such that the metric tensor is given by

(1) g =—F*(u,v)(du @ dv + dv @ du),

fore some positive function f(u,v) [5]. Let z = z(u,v), (u,v) € D (D C R?) be a
local parametrization on M7 such that (1) holds. Then

(zuy 2u) = 05 (zu, 20) = —f2(u,v); (zy,20) = 0.
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2y
!
of the tangent bundle of M? such that (z,2) = 0, (z,y) = —1, (y,y) = 0. Hence,
the mean curvature vector field H is given by

Denoting x = ZTu and y = —, we obtain a pseudo-orthonormal frame field {z,y}

H=—o(z,y).

Now, let M12 be quasi-minimal, i.e. its mean curvature vector is lightlike
at each point. Then there exists a pseudo-orthonormal frame field {n,ns} of the
normal bundle such that ny = —H, (n1,n1) =0, (n1,n2) = —1, (ne,n2) = 0.

By a direct computation we obtain the following derivative formulas:

6xaz =yx + Ang + ping, 6yaz = —Yox + N1,
Vey = =y + n, 6yy = Yoy + Aoni + pang,
@) Voni = —my + fina, Vyni = —pox + fony,
Vaeng = —& — Ay — Bina, Vyno = —Xox —y — fana,
for some smooth functions Ay, Ao, p1, o, B1, B2, where v = % and vy = ]]:—U

Note that the pseudo-orthonormal frame field {z,y,n1,n2} is geometri-
cally determined as follows: = and y are the two lightlike directions in the tan-
gent bundle of the surface, —n; is the mean curvature vector field, no is uniquely
determined by the conditions (ng,ng) = 0, (n1,n2) = —1. We call this pseudo-
orthonormal frame field a geometric frame field of the surface. The functions
A1, Ao, pi1, po, B1, B1 are determined by the geometric frame field as follows:

)\1 = —(V$x,n2>, )\2 = _<vyy7n2>>

= —(Vez,n1), po= —(Vyy,n1),

B = —(Vani,ng), fa=—(Vyni, no).

We call these functions geometric functions of the surface since they are deter-
mined by the geometric frame field {z,y,ni,no}.
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It follows from (2) that the Gaussian curvature K and the normal curva-
ture s of M12 are expressed by

K = —-R(z,y,y,x) = v(72) + y(11) + 27172,

3
®) s = —RP(x,y,n1,n2) = 2(82) — y(B1) + 71 P2 — 121,

where R and RP are the curvature tensors associated with the connections V
and D, respectively.

Remark 1. Note that, if M12 is a quasi-minimal surface with parallel
mean curvature vector field, i.e. D,H = 0,D,H = 0, then M12 has flat normal
connection (s = 0).

Using the equations of Gauss and Codazzi, from formulas (2) we obtain
the following integrability conditions:

r(A2) = —A2B1 — 2Xam1 + B,
z(p2) = pabr — 2p271,
y(M1) = —A1B2 — 2M172 + B,
@) y(p) = B2 — 2u172,
z(72) + y(1) + 2m72 = Apz + paAe,
z(B2) —y(B1) — Bivz2 + Bay1 = A1z — pa e

Equalities (3) and (4) imply that the Gauss curvature K and the normal
curvature s are expressed as follows:

K = Ao + p1Ag,

5
(5) 7= A2 — i1 A2.

Remark 2. If gy = pg = 0, then the first equality of (5) implies K = 0,
i.e. M} is aflat surface. Moreover, M} has flat normal connection. In [2, Theorem
4.1], B.-Y. Chen obtained a complete classification of flat quasi-minimal surfaces
in E%. Following the proof of B.-Y. Chen, one can see that a quasi-minimal
surface in E% satisfying pq = po = 0 is congruent to a surface parametrized by

u—v u+ov

2(u,v) = <9(u,v), NCREE ,9(u,v)>
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for a smooth function 6.

The flat quasi-minimal surfaces can be characterized in terms of the so
called null allied mean curvature vector field. The allied vector field of a nor-
mal vector field £ of an n-dimensional submanifold M"™ of (n + m)-dimensional
Riemannian manifold M™*"™ is defined by B.-Y. Chen [1] by the formula

a€) = LS (x4, 0 4036
k=2

3

where {& = w, €2,...,&m} is a local orthonormal frame of the normal bundle
of M", and A; = Ag,, i =1,...,m is the shape operator with respect to &. The

allied vector field a(H) of the mean curvature vector field H is called the allied
mean curvature vector field of M™ in M"*™_ The notion of allied mean curvature
vector field is extended by S. Haesen and M. Ortega [18] to the case when the
normal space is a two-dimensional Lorenz space and the mean curvature vector
field is lightlike as follows. Denote by {H,H'} a pseudo-orthonormal basis of
the normal space such that (H, H) = 0; (H+, HY) =0; (H,H') = —1. The null
allied mean curvature vector field is defined as

(6) a(H) = %tr(AH o Ay ) HY.

Now, if M7 is a quasi-minimal surface, then using equalities (2) we get

0 - ~1 -
AH:A_m:(_m 6‘1>; AHL:A_M:<_)\2 _11>.

Hence, formulas (6) and (5) imply that the null allied mean curvature vector field
of M7 is expressed as follows:

a(H) =

K
B ny.

Thus we obtain the following result.

Proposition 3.1. Let M? be a quasi-minimal surface in R3. Then M?
1s a flat surface if and only if M12 has vanishing null allied mean curvature vector

field.
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The same proposition holds for marginally trapped surfaces in R} [14].

Now, let us consider again equalities (4). In the case A\jpuiAops # 0 we
can express the functions 87 and By as follows:

Br=x(Inlpaf?); Bo=y(Inluf?).

Then, the first and the third equality of (4) imply that the functions A1, Ag, 11, 1o
satisfy the conditions

1
z (InAopaft]) = Y (In | f2)) 5

1
y (In|Apa fY) = N (In |2 f?l) -
Using that z = %u, y= Z—v, from the last two equalities in (4) we get

2f fuv — 2fufo = Frap2 + pr12);

(111 \& ) = 2 (Aip2 — p1a).
’LL2 uv

In the local theory of surfaces in Euclidean space a statement of significant
importance is a theorem of Bonnet-type giving the natural conditions under which
the surface is determined up to a motion. A theorem of this type was proved for
surfaces with flat normal connection in Euclidean space by B.-Y. Chen in [1]. In
[14] the fundamental existence and uniqueness theorem for marginally trapped
surfaces in E‘f is proved in terms of seven invariant functions. Now we shall prove
a similar theorem for the class of quasi-minimal surfaces in Ej.

Theorem 3.2. Let \i(u,v), u1(u,v), Aa(u,v), p2(u,v), f(u,v) be smooth
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functions, defined in a domain D, D C R?, and satisfying the conditions

>0 Apidepe # 0, (u,v) € D;
1

(In Ay f4), = " (Inp2f?)), ;
1
o (In hopia fY)), = " (In |p1f?)), 5

2f fuv — 2fufo = FHMp2 + pia);

<1ﬂ |& > = f2(\1p2 — 1 )2).
K2/

Let {xg, yo, (n1)o, (n2)o} be a pseudo-orthonormal frame at a point py € R3.
Then, there exist a subdomain Dy C D and a unique quasi-minimal Lorentz
surface M7 : z = z(u,v), (u,v) € Dy passing through the point py.

Proof. We introduce functions 1 and B by the formulas:
1
f

Let us consider the following system of partial differential equations for the un-
known vector functions x = z(u,v), y = y(u,v), n1 = ni(u,v), ng = na(u,v) in
R%:

ﬁ1:%(ln\ﬂ2f2|)u; By = = (In | /), -

Ty = (In flyx+ fA\ng + furng xy=—(Inflyx+ fn
yu:_(lnf)uy+fnl yv:(lnf)vy+f/\2n1+fﬂ2n2
B e =y + A (m)o = — 2z + [
(n2)u=—fx—fA\iy— fBine (n2)y = —flox — fy— fBang
We denote
WfHe 0  fM fm
v 0 —(Wfl f O
Z = y ; A=

n 0 —fm B0 |
"2 Y 5 N .
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—(Inf), 0 / 0
0 (I flo fAa fue

—fhe 0  fB2 O
—fA2 - 0 —fB

Using matrices A and B we can rewrite system (8) in the form:
Zy=AZ

(9) Z,=BZ

The integrability conditions of system (9) are

Zuv = Lyu,

i.e.

e .
(10) (a] ] —=blaf) =0, i,k=1,...,4,

1

_l’_

J

dal OBk !
dv  u —
where ag and bg are the elements of the matrices A and B. By direct computation,
using (7) we obtain that equalities (10) are fulfilled. Hence, there exist a subset
Dy C D and unique vector functions = = x(u,v), y = y(u,v), n1 = ni(u,v),
ng = na(u,v), (u,v) € Dy, which satisfy system (8) and the initial conditions

z(uo, vo) = o, Y(uo,v0) =yo, n1(uo,v0) = (n1)o, n2(uo,v0) = (n2)o.
We shall prove that for each (u,v) € D;p the vectors x(u,v), y(u,v),

n1(u,v), ng(u,v) form a pseudo-orthonormal frame in Rj. Let us consider the
following functions:

o1 = (T, z); e5 = (T, y) + 1; e8 = (y,m1);

P2 = (y,9); w6 = (r,n1); P9 = (Y, n2);

3 = (n1,11); o7 = (x,M2); @10 = (n1,n2) + 1;
pa = (n2,n2);
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defined for (u,v) € D;. Since z(u,v), y(u,v), ni(u,v), na(u,v) satisfy (8), for
the derivatives of ¢; we obtain the following system:

O .

8uZ - a? i

oo _ i=1,...,10,

ov i ¥
where az, ﬁij, i,7 =1,...,10 are functions of (u,v) € Dy. This is a linear system
of partial differential equations for the functions ¢;(u,v), i = 1,...,10, (u,v) €

D, satisfying the initial conditions ¢;(ug,v9) =0, ¢ = 1,...,10. Hence, p;(u,v) =
0, i=1,...,10 for each (u,v) € D;. Consequently, z(u,v), y(u,v), ni(u,v),
na(u,v) form a pseudo-orthonormal frame in Rj for each (u,v) € D;.

Now we consider the following system of partial differential equations for
the vector function z = z(u,v):

zZu=fx

(11) 2y = fy

By use of (8) we get that zy, = zyy, which means that the integrability conditions
of system (11) are fulfilled. Hence, there exist a subset Dy C D; and a unique
vector function z = z(u,v), defined for (u,v) € Dy, such that z(ug,vo) = po-
Now, we consider the surface M? : z = z(u,v), (u,v) € Dy. Using that

z(u,v) is a solution of system (11) and z(u,v), y(u,v) satisfy (8), we obtain

% _ fu

2T = ﬁl"f‘/\lnl + pi1ng,
S [
Vay = —f—; Y+ ni,

%yx = —%x—i—nl,

= /
Vyyzf—gerAzm + 2 na.

Hence, M? is a Lorentz surface in Rj with mean curvature vector field H = —n;.
So, M12 is quasi-minimal.

Consequently, the surface M7 : z = z(u,v), (u,v) € Dy satisfies the
assertion of the theorem. O
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It follows from (5) that K? — 3 = 4\ipidape. So, Theorem 3.2 states

that the quasi-minimal surfaces in ]R% with K2 — 22 # 0 are determined (up

to a rigid motion) by five geometric functions satisfying a system of four partial
differential equations. The class of quasi-minimal surfaces satisfying the condition
K? —3? =0, ie. K =4, will be studied separately.
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