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ABSTRACT. In this paper we have described the Leibniz algebras, whose
subalgebras are left ideals.

1. Introduction. Let L be an algebra over a field F' with binary oper-
ations + and [,]. Then L is called a Leibniz algebra (more precisely a left Leibniz
algebra), if it satisfies the (left) Leibniz identity

[la,b],c] = [a,[b,c]] — [b,[a,c]] forall a,b,ce L.
We will also use another form of this identity:
la, [b, ]] = [[a, b], c] + [b, [a, c]].

Leibniz algebras appeared first in the papers of A. M. Bloh [3], in which
he called them the D-algebras. However, in that time these works were not in
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demand, and they have not been properly developed. Only after two decades, a
real interest to Leibniz algebras rose. It happened thanks to the J.-L. Loday work
[12] (see also [13, Section 10.6]), who “rediscovered” these algebras and used the
term Leibniz algebras since it was Gottfried Wilhelm Leibniz who discovered and
proved the Leibniz rule for differentiation of functions. Recently, the theory of
Leibniz algebras has been developing quite intensively (see, for example, [1]).

Note that the Lie algebras are the partial case of Leibniz algebras. Con-
versely, if L is a Leibniz algebra, in which [a,a] = 0 for every element a € L,
then L is a Lie algebra. Thus, Lie algebras can be characterized as anticommu-
tative Leibniz algebras. In this regard, a parallel comes to mind with associative
structures, such as, for example, groups and associative rings. There we see a
significant difference between abelian and non-abelian groups, between commuta-
tive and non-commutative rings. These differences are expressed not only in the
results, but also in ideas, approaches, methods. Of course, anticommutativity is
not such a good property as commutativity, but this is a rather strong restriction.
We see that the theory of Lie algebras is one of the most developed among other
non-associative structures. Therefore, it is natural to expect that the differences
between Lie algebras and Leibniz algebras will be very significant. This can be
seen immediately by looking at the cyclic Lie algebras and at the cyclic Leibniz
algebras. The structure of cyclic Lie algebras is very simple, they have dimension
1. But the structure of cyclic Leibniz algebras is more complicated, it can be
seen from the results of the paper [4], where cyclic Leibniz algebras have been
described. The significant difference between Lie algebras and Leibniz algebras,
which are distinguished by the same restriction, can be traced in [8, 9, 10, 14]. In
particular, such a situation takes place for the Leibniz algebras whose subalgebras
are ideals. Again, in the case of Lie algebras, we arrive at the abelian algebras,
while in the case of Leibniz algebras, the following interesting type of algebras
arises here.

The left (respectively, right) center (M(L) (respectively, ¢"8"(L)) of a
Leibniz algebra L is defined by the rule:
(L) = {z € L | [z,y] = 0 for each element y € L}

(respectively,

¢rieht — {4 e L | [y, 2] = 0 for each element y € L}).
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The center (L) of L is defined by the rule:
((L)y={x€ L|[z,yl =0=y,x| for each element y € L}.

The center is an ideal of L. In particular, we can consider the factor-
algebra L/((L).

A Leibniz algebra L is called an extraspecial algebra, if it satisfies the
following condition:

e ((L) is non-trivial and has dimension 1;
e L/¢(L) is abelian.

Leibniz algebras, whose subalgebras are ideals, were described in the pa-
per [8]. Such an algebra L has the following structure: L = E@ Z, where Z is a
subalgebra of the center of L and E is an extraspecial algebra such that [z, z] # 0
for each element x ¢ ((F).

An extraspecial algebra FE is called a strong extraspecial algebra, if [z, x] #
0 for each element = ¢ ((E).

In the paper [8], the strong extraspecial algebras were associated with a
specific bilinear form, in a sense similar to positively defined bilinear forms.

As for associative rings, in Leibniz algebras right and left ideals arise.
(This also shows their difference from Lie algebras.)

It will not be superfluous to recall their definitions.

A subalgebra A of a Leibniz algebra L is called a left (respectively, right)
ideal of L, if [y, z] € A (respectively, [x,y] € A) for every elements x € A, y € L.

A subalgebra A of L is called an ideal of L (more precisely, two-sided
ideal) if it is both a left ideal and a right ideal, that is [x,y] € A and [y,z] € A
for every elements x € A, y € L.

If A is an ideal of L, we can consider the factor-algebra L/A. Tt is not
hard to see that this factor-algebra is a Leibniz algebra.

If A, B are subspaces of L, then [A, B] will denote the subspace generated
by all elements [a, b], where a € A, b € B.

If M is a non-empty subset of L, then (M) denotes the subalgebra of L
generated by M.

The Leibniz algebra L is called abelian, if [a,b] = 0 for any a,b € L.

Every Leibniz algebra L possesses the following specific ideal. Denote by
Leib(L) the subspace, generated by all elements [a, a], a € L. Then Leib(L) is an
ideal of L. The ideal Leib(L) is called the Leibniz kernel of the algebra L.
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We note that the factor-algebra L/ Leib(L) is a Lie algebra, and conversely
if H is an ideal of L such that the factor-algebra L/H is a Lie algebra, then
Leib(L) < H.

It is not hard to prove that the left center of L is an ideal, but it is not
true for the right center. Moreover, Leib(L) < ¢'*%(L), so that L/¢*%(L) is a Lie
algebra. The right center is a subalgebra of L, and in general, the left and right
centers are different. Moreover, they even may have different dimensions. See [6]
for some corresponding examples.

In the current paper we consider the Leibniz algebras whose subalgebras
are left ideals. Our first result describes the cyclic Leibniz algebras with this
property.

Everywhere below the phrase “Let L be a Leibniz algebra means Let L
be a Leibniz algebra, which is not a Lie algebra”.

Theorem A. Let L be a Leibniz algebra over a field F, and let all subal-
gebras of L be left ideals. Suppose that L is cyclic and not abelian.

(¢) If L is nilpotent, then L = Fa & Fb, where b = [a,al], [b,a] = [a,b] =
[b,b] = 0.

(i3) If L is not nilpotent, then L = (a) = Fd®Fb, where b = [a,a], d = a—\""b,
[d,d] = [a,d] = [b,b] = [b,a] = [b,d] =0, [d,a] =0b and [a,b] = [d,b] = b,
where \ is a non-zero element of the field F.

(23i) If L is not nilpotent, L = Fd® Fb, where [d,d] = 0 = [b,b], then L is cyclic.

Conversely, if L is a Leibniz algebra of the above types (i) or (ii), then
every subalgebra of L is a left ideal.

The general case naturally splits into two subcases: locally nilpotent Leib-
niz algebras, and not locally nilpotent Leibniz algebras.

Theorem B. Let L be a Leibniz algebra over a field F', whose subalgebras
are left ideals.

(i) If L is locally nilpotent, then L = S®D, where S is a strong extraspecial sub-
algebra, D < ((L). In particular, ((S) = Leib(L) = [L, L], L is central-by-
-abelian and every subalgebra of L is an ideal.

(#3) If L is not locally nilpotent, then L = Leib(L) @ Fv and there ezists a non-
zero element o € F such that [v,a] = oa for every element a € Leib(L).
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Conversely, if L is a Leibniz algebra of types (i) or (ii), then every subal-
gebra of L is a left ideal.

We see that in a locally nilpotent Leibniz algebra, whose subalgebras are
left ideals, every subalgebra is a two-sided ideal.

As we can see, the difference between Lie algebras and Leibniz algebras,
whose subalgebras are ideals, lies in the presence of the latter strong extraspecial
algebra.

Our last result indicates some fields over which every strong extraspecial
algebra has finite dimension.

We say that the field F is 2-closed if the polynomial X2 + a € F[X] has
a root in the field F for every non-zero element o« € F. This means that the
multiplicative group U(F) of the field F' is 2-divisible.

In particular, every finite field F' of characteristic 2 is 2-closed. Indeed,
|F'| = 2" for some positive integer n, so that |[U(F)| = 2" — 1 is odd. It follows
that U(F) is 2-divisible.

Theorem C. Let E be a strong extraspecial algebra over a field F. If
field F' is 2-closed, then E has finite dimension at most 3.

2. On the structure of cyclic Leibniz algebras whose subal-
gebras are left ideals.

Lemma 2.1. Let L be a Leibniz algebra over a field F'. Suppose that every
subalgebra of L is a right (respectively left) ideal of L. Then the factor-algebra
L/ Leib(L) is abelian.

Proof. Indeed, the factor-algebra L/Leib(L) is a Lie algebra. In par-
ticular, L/ Leib(L) is anticommutative. Therefore every left (respectively right)
ideal is a two-sided ideal. In other words, every subalgebra of L/ Leib(L) is an
ideal. We note now that a Lie algebra with this property is abelian. O

Let L be a Leibniz algebra over a field F', M be non-empty subset of L,
and H be a subalgebra of L. Define

Al (M) = {a € H | [a, M] = (0)},

Ann#" (M) = {a € H | [M,a] = (0)}.

The subset Annlf* (M) is called the left annihilator or the left centralizer of M
in the subalgebra H. The subset Ann"#" (M) is called the right annihilator or
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the right centralizer of M in the subalgebra H. The intersection
Anng (M) = Annl$ft (M) N Aan 8 (M) = {a € H | [a, M] = (0) = [M,a]}

is called the annihilator or the centralizer of M in the subalgebra H.

It is not hard to see that all of these subsets are subalgebras of L. More-
over, if M is a left ideal of L, then Ann'*™ (M) is an ideal of L. Indeed, let z be
an arbitrary element of L, a € Ann'S(M), b € M. Then

[la,z],b] = [a,][z,b]] — [z, |a,b]] =0 — [z,0] =0, and

[[z,a],b] = [x,]a,b]] — [a,][z,b]] = [z,0] —0 = 0.

If M is an ideal of L, then Amnzight (M) is a left ideal. Indeed, let z be an arbitrary
element, of L, d € Ann#" (M), a € M. Then

la, [z,d]] = [[a,z],d]] + [z, [a,d]]] =0+ [z,0] = 0.

Furthermore, Anny, (M) is an ideal of L. Indeed, let x be an arbitrary
element of L, a € Anng (M), b € M. Using the above arguments, we obtain that

lla, 2], 5] = [[,a], b] = 0.
Further,
[b, [a, ]| = [[b, al, z]] + [a, [b, 2]]] = [0, 2] + 0 =0,
and
b, [z, a]] = (b, 2], a] + [z, [b,a)]] = 0 + [z,0] = 0.

Lemma 2.2. Let L be a Leibniz algebra over a field F', and let A be an
abelian ideal of L. Suppose that every subalgebra of A is a left ideal of L. Then
the factor-algebra L/ Ann't™(A) has dimension 1 and for every element x € L
there exists an element o, € F such that [x,a] = o,a for every element a € A.

Proof. For every element x € L consider the mapping ¢,: A — A,
defined by the rule ¢,(a) = [z, a], a € A. As remarked above, ¢, is a derivation of
A, and the set {{; | x € L} is a subalgebra of the algebra Der(A) of all derivations
of A.
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Let a € A. Since the subalgebra (a) = Fa is a left ideal, [z,a] = aa
for some element o« € F. By similar reasons, for another element ¢ € A we
obtain [z, c| = 7yc for some v € F. We have [z,a — c] = [z,a] — [z, ] = aa — vc.
On the other hand, a — ¢ € A, so that F(a — ¢) must be a left ideal of L, i.e.
[x,a—c] =n(a—c) = na—nc. It follows that aa —~vyc = na—ne, hence a« = n = ~.

In other words, for every element x € L there exists an element o, € F
such that ¢, (a) = [x,a] = 0,a for all a € A.

Consider the mapping §: L — F defined by the rule: §(x) = o, for each
element z € L. For elements z,y € L we have

[z +y,a] = [z,a] + |y,a] = 0za + oya = (0, + 0y)a,
and

[Bx,a] = Blz,a] = B(oza) = (5011)@7

which shows that 0,1, = 0, +0y and 0, = Bo, forall z,y € L, € F. It follows
that the mapping 9§ is linear. Furthermore, Ker(é) = {z € L | (z) = 0, = 0}.
This means that [z,a] = 0 for every element z € A. In other words, Ker(d) <
Ann¥*f(A). The converse inclusion is obvious, so that Ker(d) = Annlf(A).
As we remarked above, Ann'™(A) is a two-sided ideal of L, so we obtain that
L/ Ann'ef(A) is isomorphic to F, in particular, this factor-algebra has dimension
1.0

We start the study of the structure of cyclic algebras, whose subalgebras
are left ideals.
Let L be a Leibniz algebra. Define the lower central series

L=v(L)=2%(L)>... 27 (L) = Yas1(L) = ... = 5(L)

of L by the following rule: v,(L) = L, v2(L) = [L, L], and recursively vq41(L) =
[L,va(L)] for all ordinals av and v, (L) = ﬂ Yu(L) for the limit ordinals A. The

p<A
last term ~5(L) is called the lower hypocenter of L. We have ~s(L) = [L,~s(L)].
If @ = k is a positive integer, then (L) = [L,[L,[L,...]...]] is the left

normed commutator of k copies of L.

As usual, we say that a Leibniz algebra L is nilpotent if there exists a
positive integer k such that v, (L) = (0). More precisely, L is said to be nilpotent
of milpotency class ¢ if ye41(L) = (0), but 7.(L) # (0). We denote the nilpotency
class of L by ncl(L).
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Lemma 2.3. Let L be a Leibniz algebra over a field F', whose subalgebras
are left ideals. Suppose that a is an element of L such that |a,a] # 0.

(2) If the subalgebra (a) is nilpotent, then (a) = Fa @& Fb, where b = [a,a],
[b,a] = [a,b] = 0.

(7i) If the subalgebra (a) is not nilpotent, then (a) = F'd ® Fb, where b = [a, al,
d=a—- X\, [dd = [a,d = [b,b] = [b,a] = [b,d] =0, [d,a] = b and
[a,b] = [d,b] = \b, where X is a non-zero element of a field F.

Proof. We note that every subalgebra of the left center of L is a right
ideal. Being a left ideal, it is a two-sided ideal. Let b = [a,a]. If b € Fa,
then [a,a] = va for some 0 # v € F. In this case we have 0 = [[a,a],a] =
[va,a] = 7v|a,a], which implies that [a,a] = 0, and we obtain a contradiction.
This contradiction shows that the elements a,b are linearly independent. We
have b = [a,a] € Leib(L) < ¢*(L). As remarked above, it follows that the
subalgebra (b) is an ideal of L. Then [a,b] € (b), that is [a,b] = Ab for some
element A € F. If A = 0, then the subalgebra (b) coincides with the center of (a),
and the subalgebra (a) is nilpotent.

Suppose that X # 0, and consider the element d = a— A~ 'b. By its choice,
d ¢ Fb, so that FdN Fb= (0). We have

[d,d] = [a —X"',a — A7) = [a,a] — [a, A0 =b— A"ta,b] =b—b=0.

It follows that (d) = F'd. Thus (a) = (b) ® (d) = Fb & Fd. On the other
hand,

[a,d] = [a,a — A7 = 0,[d,a] = [a — \"'b,a] = b.

Since [b,d] = 0, (d) is a left ideal of (a). From [a,d] = b ¢ (d) we can see
that (d) is not an ideal of (a). O

Lemma 2.4. Let L be a Leibniz algebra over a field F', whose subalgebras
are left ideals. If A, B are subalgebras of L, then A+ B is a subalgebra, and hence
a left ideal of L.

Proof. Let aj,as € A, b1,by € B, we have

la1 + b1, ag + ba] = [a1, a] + [a1, ba] + [b1, az] + [b1, ba].
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Since A, B are left ideals, [a1,az2], [b1,a2] € A, [a1,be], [b1,b2] € B, so that
[a1 4 b1, a9 4+ ba] € A+ B. It shows that A + B is a subalgebra of L. O

The cyclic algebra of type (ii) of Lemma 2.3 is a sum of two one-dimensional
subalgebras. Therefore, the following natural question appears here: When the
sum of two one-dimensional subalgebras is a cyclic subalgebra?

Lemma 2.5. Let L be a Leibniz algebra over a field F', whose subalgebras
are left ideals. Suppose that a,b are non-zero elements of L such that a,b are
linearly independent and [a,a] = 0 = [b,b]. Then either [a,b] = [b,a] = 0, or
(a,b) is a cyclic subalgebra of type (ii) of Lemma 2.3.

Proof. By Lemma 2.4 (a,b) = (a) + (b) = Fa ® Fb. Since (a) is a left
ideal, [b,a] = Aa for some element A € F. By the same reason [a,b] = pub for
some element p € F. Let ¢ = ya + ob be an arbitrary element of (a,b). We have

¢, d] = [ya + ob,va + ob] = ¥*[a, a] + yola,b] + yo[b, a] + o?[b, D]
= youb+ yola == yo(Aa + ub).
Since 7, o are arbitrary elements of F', we obtain that Aa + ub € Leib(L). The
inclusion Leib(L) < ¢'*f(L) and the fact that ¢'"(L) is an abelian subalgebra
imply that the subalgebra (Aa 4 ub) is abelian. It follows that
0 = [Aa + pb, Aa + ub] = N[a, a] + Aula, b] + Au[b, a] + p2[b, b]
= Afa, D] + Aulb, a] = M\ + N = A + N).
If A = =0, then the subalgebra (a,b) is abelian. Suppose that (A, u) # (0,0).
Since (Aa+pub) is a left ideal of L, [a, Aa+ub] € (Aa+pub) and [b, \a+ub] €
(Aa + pb). Thus we obtain
[a, Aa 4 pb] = Na, a] + pla,b] = p?b = v(Aa + ub) for some element v € F,
[b, Aa + ub] = \[b, a] 4+ u[b,b] = \a = p(Aa + ub) for some element p € F.
It follows that vAa = p?b—vub = p(p—v)band pub = Na—pra = A(A—p)a. Since
the elements a, b are linearly independent, we obtain that vA = 0, u(p —v) =0,

pi =0, A(A = p) =0.
Suppose that A # 0, then v = 0, and it follows that © = 0. Thus we
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obtain that [a,b] = 0. In this case for u = A\"'a + b, we obtain
[u,u] = AN la+ b, A a+b] = A 2a,a] + X Ya, b] + A7L[b, a] + [b, b]
=\"!ba] = Xx"ha = a.

It follows that (a,b) = (u), and, moreover, (u) is a subalgebra, which has been
described in Lemma 2.3.

If we assume that p # 0, then we obtain that [b,a] = 0, and again we
obtain a subalgebra, which was described in Lemma 2.3. O

3. Proof of Theorem A. If L is a Leibniz algebra, whose subalgebras
are left ideals, then we can apply Lemmas 2.3 and 2.5.

Conversely, let L be an algebra of type (i). Let x be an arbitrary element
of L, then z = va + ob for some elements v,0 € F. If vy = 0, then (x) = Fx =
Fb=((L), so that the subalgebra (z) is an ideal of L. If v # 0, then

[z, 2] = [ya + ob,va + ob] = y*[a,a] = ¥*b # 0.

It follows that Fb < (z). By v # 0 we obtain that x ¢ Fb. This means that
(xy = L.

Let L be an algebra of type (ii), and again x be an arbitrary element
of L. Then x = ~d + ob for some elements v,0 € F. If v = 0, then (z) =
Fz = Fb = Leib(L), so that the subalgebra (z) is an ideal of L. If ¢ = 0, then
(x) = Fd = (d), so that the subalgebra (x) is an ideal of L. If v # 0, o # 0, then

[z, 2] = [yd + b, vd + ob] = 7*[d, d] + yo[d,b] = yo b # 0.

It follows that F'b < (z). By v # 0, we have that x ¢ Fb. This means that
(xy =L.0O

4. The structure of Leibniz algebras whose subalgebras are
left ideals. The general case.

Lemma 4.1. Let L be a locally nilpotent Leibniz algebra over a field F,
whose subalgebras are left ideal. Then L = S® D, where S is a strong extraspecial
subalgebra, D < ((L). In particular, every subalgebra of L is an ideal.

Proof. Let Z = ("*f(L). Every subalgebra of Z is a right ideal.
Therefore, every subalgebra of Z, being a left ideal, is a two-sided ideal of L. In
particular, every one-dimensional subalgebra of Z is a two-sided ideal of L. Since
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L is locally nilpotent, the center of L includes every one-dimensional subalgebra
of Z [11, Theorem E]. It follows that the left center coincides with the center.
In particular, the center of L includes the Leibniz kernel. Let K = Leib(L). By
Lemma 2.1, the factor-algebra L/K is abelian.

Let y be an element of L such that [y,y] = 0. If y € K, then, as above
noted, y € ((L), so that [z,y] = 0 for every element x € L. Suppose that y ¢ K.
Since the factor-algebra L/K is abelian, [x,y] € K for every element z € L. On
the other hand, the subalgebra (y) = F'y is a left ideal of L, therefore [z,y] € (y),
so that [z,y] € K N (y) = (0). Thus [z,y] = 0 for every element x € L. This
means that the right center of L includes every one-dimensional subalgebra of L.

Since L is not a Lie algebra, there exists an element a such that ¢ = [a, a] #
0. Suppose that there exists an element b such that d = [b, b] # 0 and the elements
¢,d are linearly independent. As was proved above ¢,d € ((L), and therefore
[a, ] = 0 =
= [b,d]. It follows that (a) = Fa @ Fc and (b) = Fb® Fd. The fact that
L/K is abelian and the subalgebra (a) is a left ideal imply that [b,a] = Ac for
some element A\ € F'. By the same reason, [a,b] = pd for some element p € F.

First suppose that A =y = 0. Let = a +b. Then

[z,z] =[a+b,a+b] =[a,a] + [b,b] =c+d.

As above () = Fo @ F[z,z] and (x) N ((L) = F(c+ d). On the other hand,
[a, 2] = [a,a 4+ b] = [a,a] + [a,b] = ¢, [b,z] = d. Since the subalgebra (z) is a left
ideal, ¢,d € (z)NK = F(c+d), and we obtain a contradiction. This contradiction
shows that (A, ) # (0,0).

Suppose now that A # 0 and = 0. For b; = A™'b we obtain

[b1,a) = [A71b,a] = A7L[b,a] = A ha = a,

[a,b1] = [a, A7'0] = A" [a, ] = 0,

[b1,01] = (A1, A7) = A2,
so that (b1) = Fb; ® F(A\2d), and the elements ¢, A~ 2d are linearly independent
and (a,b) = (a,b1). Therefore, without loss of generality we may assume further

that A =1, i.e. [b,a] = ¢ and [a,b] = 0.
Suppose first that char(F) = 2. Then for u = a + b we have

v=|u,u] =[a+b,a+b =|a,a] +[a,b] + [b,a] +[b,b] =c+c+d=d.
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Again, v € (L), so that (u) = Fu@® Fd. The subalgebra (u) = Fu® Fd is a left
ideal, so that [a,u] € (u) and [b,u] € (u). We have

[a,u] = [a,a 4+ b] = [a,a] + [a,b] = ¢,

b,u] = [b,a+b] = [b,a] + [0,8] = e+ d.
On the other hand, the fact that L/K is abelian implies that [a,u] € K, and
[b,u] € K, that is [a,u] € K N (u) = (d), and [b,u] € K N (u) = (d). Thus, we

obtain a contradiction.
Suppose now that char(F') # 2. For u = a — b we have

v =[u,u] =[a—0b,a—0b] =la,a] —[a,b] —[b,a] +[b,b] =c—c+d=d.

Again, v € (L), so that (u) = Fu@® Fd. The subalgebra (u) = Fu® Fd is a left
ideal, so that [a,u] € (u), and [b,u] € (u). We have
[a,u] = [a,a —b] = [a,a] — [a,b] = ¢,
[b,u] = [b,a —b] = [b,a] — [b,b] =c—d.
Since ¢ ¢ (d),c — d ¢ (d), we again obtain a contradiction.
Finally suppose that A # 0 and u # 0. As above, without loss of general-
ity, we may assume that A =1, i.e. [b,a] = ¢, and [a,b] = pud.

Suppose that char(F') = 2, and again consider the element u = a + b. We
have

v=[u,u] =[a+b,a+b] = [a,a]+[a,b]+ [b,a] + [b,0] = c+ pd+c+d = (n+1)d.

Again, v € ((L), so that (u) = Fu ® Fd. The subalgebra (u) = Fu® Fd is a left
ideal, so that [a,u] € (u), and [b,u] € (u). We have

[a,u] = [a,a + b] = [a,a] + [a,b] = ¢+ pd,
[b,u] = [b,a+b] = [b,a] +[b,0] =c+d.

We can see that ¢ +d ¢ (d), so we obtain a contradiction.
Suppose that char(F') # 2 and consider the element v = a — b. We have

v =|u,u] =[a—b,a—b] =[a,a] —[a,b] — [b,a] +[b,b] =c—pd—c+d=(1—p)d.
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Again, v € ((L), so that (u) = Fu @ Fd. A subalgebra (u) = Fu® Fd is a left
ideal, so that [a,u] € (u), and [b,u] € (u). We have

[a,u] = [a,a — b] = [a,a] — [a,b] = ¢ — ud,
[b,u] = [b,a —b] = [b,a] — [b,b] =c—d.

Since ¢ — d ¢ (d), we obtain a contradiction.

Thus, in every case, we found a subalgebra, which is not a left ideal.
This contradiction shows that for every element b such that [b,b] # 0 it must be
[b,b] € Fla,a]. It follows that Leib(L) = Fla,a.

Let R be the right center of L. As we have noted above, K < ((L), so
that K < R. Since the factor-algebra L/K is abelian, L/K = R/K & S/K for
some ideal S of L. Let x be an arbitrary element of S such that z ¢ K. If we
suppose that [z,z] = 0, then as proved above, x € R, so that x € SN R = K,
and we obtain a contradiction. This contradiction shows that [z, z] # 0 for each
element x € S\ K. By above proved K < ((L). The construction of S yields
that ((S) = K, so that S is an extraspecial algebra.

Since R is abelian, R = K & D for some subalgebra D of R. Then
L =S@& D. Since D is a subalgebra of the right center, [S, R] = (0).

Suppose that S contains an element h ¢ K and D contains an element
d such that [d, h] # 0. The choice of the element h implies that [h, h] = oa for
some non-zero element o € F. Since L/K is an abelian algebra, [d, h] € K. This
means that [d, h] = Ta for some non-zero element 7 € F. Then for z = h— o7 'd
we have

[2,2] = [h—o7'd,h—o77 d] = [h,h]— o7 [d, h] = ca—oT ' 7a = 0a—oa = 0.

As it was proved, z = h — o7 'd € ¢("8"(L) = R. By d € R we obtain that
h € R. Then h € SN R = K, and we obtain a contradiction. This contradiction
proves that [D, S] = (0). The equalities L = S & D, [D,S] = (0) = [S, D] imply
that the center of L includes D. Using Theorem A of the paper [8], we obtain
that every subalgebra of L is an ideal. O

Lemma 4.2. Let L be a not locally nilpotent Leibniz algebra over a field
F, whose subalgebras are left ideals. Then L = Leib(L) @ Fv, and there exists a
non-zero element o € F such that [v,a] = oa for every element a € Leib(L).

Proof. Let K = Leib(L). By Lemma 2.1, the factor-algebra L/K is
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abelian. It follows that the ideal K is not central in L, that is, there exists an
element = € L such that [z, K] # (0).

Let Z = Cleft(L). Every subalgebra of Z is a right ideal, therefore, being
a left ideal, every subalgebra of Z is a two-sided ideal of L. In particular, every
one-dimensional subalgebra of Z is a two-sided ideal of L. By Lemma 2.2, the
factor-algebra L/ Ann't™(Z) has dimension 1. Then L = Ann¥™(Z)® Fv for some
element v € L. Moreover, there exists an element o € F' such that [v,a] = oa
for each element a € Z. In particular, [v,a] = oa for each element a € K. Since
K is not central in L, 0 # 0. Let b be an arbitrary element of K. As we have
noted above, the subalgebra F'b is an ideal of L. If a is an arbitrary element of
Fb, then a = Ab for some A € F. Then

a=MNo"1o)b =Mo" ob) = Ao tob= Ao, b] = [v, Ao 1] € [v, Fb].

It follows that [v, F'b] = F'b. Since it is true for every one-dimensional subalgebra
of K, [v,K] = K.

Let = be an arbitrary element of L. The fact that L/K is abelian implies
that [v,z] = ¢ € K. By proved above, K contains an element d such that

¢ = [v,d]. Hence [v,z] = [v,d], and therefore [v,z — d] = 0. This means that
x—de€ Annlzght(v) orz e K+ Annlzght(’u). Since x is an arbitrary element of

L, we obtain the equality L = K + Annzight(v). Let a € KN Annzight(v), and

suppose that a # 0. Then [v,a] = 0. On the other hand, [v,a] = oa, where
o is not zero, and we obtain a contradiction. This contradiction proves that
K N Anny & (v) = (0). Put V = Ann}#"(v), then L = K @ V. The isomorphism
V = L/K implies that a subalgebra V' is abelian.

We have Ann}#"(Z) = L, therefore Annt™(Z) = Anny(Z). The inclu-
sion K < Z implies that Annz(Z) < Anngz(K). On the other hand, K is not
central in L, so that L # Anny(K). Since Anny,(Z) has codimension 1, we obtain
the equality Anny(Z) = Anny(K). We have Anny(K) = K & (Ann,(K)NV).
The fact that V is abelian, implies that Anny(K) NV is also abelian. By its
choice, [K, Annz(K)NV] = [Ann, (K) NV, K] = (0). It follows that Anny,(K) is
an abelian ideal. Lemma 2.2 shows that there exists an element 7 € F' such that
[v,u] = Tu for all elements u € Anny,(K). Since K < Anny(K) and [v,a] = oa
for all elements a € K, we obtain that 7 = 0. Suppose that Anny,(K)NV # (0).
If 0 # u € Anny (K)NV, then by remarked above, we obtain that [v, u] = ou # 0.
On the other hand, the subalgebra V is abelian, so that [v,u] = 0, and we ob-
tain a contradiction. This contradiction proves that Anny(K) NV = (0). Since
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Anny(K) NV has a codimension 1 in V, we obtain that dimg (V') = 1, that is
V =Fv. Thus L=K ¢ Fv. O

5. Proof of Theorem B. If L is a Leibniz algebra, whose subalgebra
are left ideals, then we can apply Lemmas 4.1 and 4.2.

Conversely, let L be an algebra of type (i). Let x be an arbitrary element
of L. If x € ((L), then the subalgebra (z) = Fx is an ideal. Suppose that
x ¢ ((L), then z = y+d, where y € S, d € D. From z ¢ ((L) we derive that
y ¢ ¢(S). Then

[z,2] = [y +d,y +d] = [y,y] # 0.

Since Leib(L) has dimension 1, Leib(L) < (x). Then the fact that L/ Leib(L) is
abelian implies that the subalgebra (x) is an ideal. Since every cyclic subalgebra
of L is an ideal, every subalgebra of L is an ideal.

Let L be an algebra of type (ii) and let K = Leib(L). At once, we note
that every cyclic subalgebra of K has dimension 1 and is an ideal. It follows that
every subalgebra of K is an ideal. We note also that the subalgebra (v) = Fv
is a left ideal. Indeed, let x be an arbitrary element of L. Then x = a + Sv for
some a € K and 8 € F'. Then

[z,0] = la + Bv,v] = la,v] + Blv,v] = 0,

because a € ('°(L). Moreover, we can see that (v) is the right center of L.
Furthermore, suppose that © ¢ K and x ¢ (v). Then a # 0 and 5 # 0, and

[1371:] = [a—i—ﬁv,a—i—ﬁv] = [ava] +ﬁ[v7a] +ﬁ[aav] +52[U7U] = foa.

It follows that (x) = Fx @ Fa.
Now let y be an another arbitrary element of L, y = b + v for some
elements b € K and v € F. Then

[y, x] = [b+ yv,a + Bv] = [b,a] + v[v,a] + B[b,v] + vB[v,v] = yoa € Fa < (x).

Thus we can see that every cyclic subalgebra of L is a left ideal, and therefore
every subalgebra of L is a left ideal. O



190 L. A. Kurdachenko, I. Ya. Subbotin, V. S. Yashchuk

6. The structure of nilpotent Leibniz algebras whose subal-
gebras are left ideals. The general case. In this section we obtain some
details of the structure of a strong extraspecial algebra F such that [z, z] # 0 for
every element x ¢ ((E).

In the paper [8], some properties of strong extraspecial algebras were
obtained. In particular, the following assertion has been proved.

Proposition 6.1. Let E be a finite dimensional strong extraspecial alge-
bra over a field F'. Then E has a basis {z,a1,...,an} such that [z,a;] = [a;,2] =0
forall j € {1,...,n} and [aj,ar] = 0 whenever j > k.

Lemma 6.1. Let E be a finite dimensional strong extraspecial algebra
over a field F'. Then E has a basis {z,c1,...,cp} such that [z,¢] = [cj,2] =0
for all j € {1,...,n}, [c1,c1] = 2,[¢cj,c1] = 0 whenever j > 1 and [c1,¢5] = 0

whenever j > 2.

Proof. Suppose that dimp(E) = n 4+ 1. Choose an arbitrary basis
{z,a1,...,a,}, where z = [a1,a1]. Let [aj,a1] = 0jz, 2 < j < n and let b; =
aj — oja1, 2 < j < n. In particular, if o; = 0, then b; = a;. We have

[bj,a1] = [a; — 0ja1,a1] = [aj,a1] — ojlar, a1l =0jz —0j2=0, 2<j<n
Suppose that there is a number j such that [a;, b;] # 0. Without loss of generality
we may assume that j = 2, that is a1, be] = az # 0. It follows that ao # 0. Let

[a1,bj] = ajz, 3<j<n. Pute = ozjoflbg —bj, 3<j<n. Then

[a1,¢j] = [a1, aja" by — b] = aja a1, ba] — [a1,b;] = aja ez — a2 = 0,

3<gsn

We note that [¢j,a1] =0, 3 < j < n. If [a1,b;] =0 for all j € {2,...,n}, then we
assume that c¢; = b;.

Thus we construct the basis {z,c1 = a1, co = ba, c3,. .., ¢, } satisfying the
following conditions:

[cj,c1] =0 whenever 2<j<n, and [ci,¢;] =0 whenever 3<j<n. O
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7. Proof of Theorem C. Let Z = ((F). Suppose that dimp(E) > 3.
In the factor-algebra E/Z we choose the cosets a1 + Z, as + Z, ag + Z such
that the subset {a1 + Z,a2 + Z,a3 + Z} is free. Since the factor-algebra E/Z is
abelian, the subalgebra S/Z, generated by the cosets a1 + Z, a0 + Z,a3 + Z, is
Fla1 +Z)® F(aa+ Z) @ F(as + Z). Since E is a strong extraspecial algebra,
z = [ay,a1] # 0. It follows that Z = F'z. The subalgebra S is strong extraspecial
and has a basis {z,a1,a2,a3}. Using Lemma 6.1 we obtain that S has a basis
{z,c1,c2,c3} such that z = [c1,¢1] and [c1,c3] = 0 = [e3,¢1]. Let [e3,¢3] = vz,
then v # 0. Let £ = acy + Bcs, where «, 8 are the non-zero elements of the field
F. We have

[z, 2] = [aer + Bes, act + Bes) = a*[er, c1] + aBler, e3] + Bales, e1] + B[es, 3]

= o’z 4 B2yz = (o + B*y)=.

Suppose that a? + 8%y = 0. By our choice, 3 # 0. Let A = o3, We obtain
A2 4+~ = 0. Since the field F is 2-closed, the polynomial X2 + ~ has a root o.
Now, for y = oc; + ¢3, we have y ¢ Z, and [y,y] = (62 + )z = 0. On the other
hand, since F is a strong extraspecial algebra, [y, y] must be non-zero, and we
obtain a contradiction. This contradiction shows that dimp(E) < 3.

Corollary C1. Let E be a strong extraspecial algebra over a field F'. If
the field F' is algebraically closed, then E has finite dimension at most 3.

Corollary C2. Let E be a strong extraspecial algebra over a field F'. If
F is a finite field of characteristic 2, E has finite dimension at most 3.

Corollary C3. Let E be a strong extraspecial algebra over a field F'. If
F is a locally finite field of characteristic 2, E has finite dimension at most 3.

Corollary C4. Let E be a strong extraspecial algebra over a field F'. If
F is a 2-closed field and char(F') # 2, then E has finite dimension 2.

Proof. By Theorem C, dimp(F) < 3. Suppose that dimp(E) = 3 and
let Z = ((E). Then the factor-algebra F/Z has dimension 2. Let {a1+Z,a2+Z}
be a basis of E/Z. Since E is a strong extraspecial algebra, z = [a1,a1] # 0. It
follows that Z = Fz. Then E has a basis {z,a1,a2}. We have [a2,a1] = fz. If
B # 0, then for by = Ba; — as we have

(b2, a1] = [Bar — a2, a1] = Blai,a1] — a2, a1] = Bz — fz = 0.
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If 5 =0, then let by = ay and b; = ay. Clearly, the subset {z,b1,b2} is a basis of
E. We have [by, ba] = vz and [by, ba] = 0z, for some elements v, o of a field F.
Let x = Aby + puba, where A, 4 are non-zero elements of a field F. We have

[z, 2] = [Ab1-+ibg, Aby+pubs] = A*[by, b1]+Aulby, bo]+1[ba, ba] = N2+ Apuyz+p’oz.

Consider the polynomial f(X) = X% +~X + 0. Since char(F) # 2, there exists
an element v in the field F' such that v = 2v. Then

fX)=X 4+ wX +0=X>+2X +17+ (0 — 1) = (X +v)? + (0 —1V?).

Since the field F' is 2-closed, the polynomial f(X) has a root 7 in the field F'. In
other words, 724+ 7y+0 = 0. For = 1, A\ = 7 we obtain that [z,z] = 0. Clearly,
x ¢ Z, and we obtain a contradiction, which proves the result.

We note that for an arbitrary field the assertion of Theorem C is not true.
The following simple example shows it.

Let E; = Qa; © Qb; be a nilpotent Leibniz algebra over the field Q of

rational numbers, j € N. In other words, [a;, a;] = b;, [bj, a;] = [a;,b;] = [bj, b;] =
0,j€N.
Then for L = @ E;, B = @) Qb;, we have that L is a Leibniz algebra
jEN jEN

and B < ((L). Denote by A the subspace of B, generated by the elements
bj+1—0bj, j € N. Clearly, Ais anideal of L. If E=L/A, Z = B/A, then Z = Qc,
where ¢ = by + A, and E has a basis {c,u; | j € N}, where u; =a; + A4, j € N.
We have Z = ((E) = Leib(L) = [E, E], so that E is an extraspecial algebra.
More precisely,

[uj,uj] =c forall jeN, [uj,ur]=[ur,u;]=][c,u;]=[uj,c]=0, jkeN.

Let £ = ve 4+ Aui + - -+ 4+ A\pug be an arbitrary element of E, v, A\1,..., A\ € F,
and assume that x ¢ Z. We have

[z, 2] = [ye 4+ Mug + - + Mpup, ye + Mg .+ Mpup] = A4+ Ad)e
Since x ¢ Z, there exists at least one number j such that X\; # 0. It follows that

A 4o+ A7 #£ 0, therefore [z,2] # 0. Thus E is a strong extraspecial algebra.
We note that E has an infinite dimension. O



Leibniz algebras whose subalgebras are left ideals 193

REFERENCES

SH. Avyuprov, B. OMIROV, I. RAKHIMOV. Leibniz Algebras: Structure and
Classification. CRC Press, Taylor & Francis Group, 2020.

D. BARNES. Schunck classes of soluble Leibniz algebras. Comm. Algebra 41,
11 (2013), 4046-4065.

A. BLOH. On a generalization of the concept of Lie algebra. Dokl. Akad.
Nauk SSSR 165, 3 (1965), 471-473.

V. A. CHUPORDIA, L. A KURDACHENKO, I. YA. SUBBOTIN. On some
“minimal” Leibniz algebras. J. Algebra Appl. 16, 5 (2017), 1750082, 16 pp.

V. V. KIRICHENKO, L. A. KURDACHENKO, A. A. PypkA, I. YA. SUB-
BOTIN. Some aspects of Leibniz algebra theory. Algebra Discrete Math. 24,
1(2017), 1-33.

L. A. KURDACHENKO, J. OTAL, A. A. PYPKA. Relationships between

factors of canonical central series of Leibniz algebras. Fur. J. Math. 2, 2
(2016), 565-577.

L. A. KURDACHENKO, J. OTAL, I. YA. SUBBOTIN. On some properties of

the upper central series in Leibniz algebras. Comment. Math. Univ. Carolin.
60, 2 (2019), 161-175.

L. A. KUuRDACHENKO, N. N. SEMKO, I. YA. SUBBOTIN. The Leibniz alge-
bras whose subalgebras are ideals. Open Math. 15, 1 (2017), 92-100.

L. A. KURDACHENKO, I. YA. SUBBOTIN, V. S. YASHCHUK. Leibniz alge-
bras whose subideals are ideals. J. Algebra Appl. 17, 8 (2018), 1850151, 15

bp.

L. A. KURDACHENKO, I. YA. SUBBOTIN, V. S. YASHCHUK. On ideals
and contraideals in Leibniz algebras. Dopov. Nats. Akad. Nauk Ukr. Mat.
Prirodozn. Tekh. Nauki 1 (2020), 11-15.

L. A. KURDACHENKO, I. YA. SUBBOTIN, N. N. SEMKO. From groups to

Leibniz algebras: common approaches, parallel results. Adv. Group Theory
Appl. 5 (2018), 1-31.



194 L. A. Kurdachenko, I. Ya. Subbotin, V. S. Yashchuk

[12] J.-L. LopAyY. Une version non commutative des algebres de Lie: les algebras
de Leibniz. Enseign. Math. (2) 39, 3-4 (1993), 269-293.

[13] J.-L. LopAy. Cyclic homology, 2nd ed. Grundlehren der Mathematischen
Wissenschaften, vol. 301, 1998, Berlin, Springer-Verlag.

[14] D. A. ToOwERS. Quasi-ideals of Leibniz algebras. Preprint, 2019, 15 pp.

Department of Geometry and Algebra

Faculty of Mechanics and Mathematics

Oles Honchar Dnipro National University

72, Gagarin ave.

Dnipro, 49010, Ukraine

e-mail: 1kurdachenko@i.ua (L. A. Kurdachenko)

e-mail: viktoriia.s.yashchuk@gmail.com (V. S. Yashchuk)

1. Ya. Subbotin

Department of Mathematics and Natural Sciences

National University

5245 Pacific Concourse Drive

Los Angeles, California, 90045, USA

e-mail: isubboti@nu.edu Received July 7, 2020



