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ABSTRACT. We say that a regular graph G of order n and degree r > 1
(which is not the complete graph) is strongly regular if there exist non-
negative integers 7 and 6 such that |S; N .S;| = 7 for any two adjacent
vertices ¢ and j and |S;N.S;| = 6 for any two distinct non-adjacent vertices
and j, where Sy denotes the neighborhood of the vertex k. Using a method
for constructing the magic and semi-magic squares of order 2k + 1, we have
created two infinite classes of strongly regular graphs (i) strongly regular
graph of order n = (2k 4 1)? and degree r = 8k with 7 = 2k + 5 and 6 = 12
and (ii) strongly regular graph of order n = (2k + 1)? and degree r = 6k
with 7 =2k + 1 and 6 = 6 for k > 2.
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1. Introduction. Let G be a simple graph of order n with vertex set
V(G) = {1,2,...,n}. The spectrum of G consists of the eigenvalues A; > Ay >
<o > A\, of its (0,1) adjacency matrix A and is denoted by o(G). We say that
a regular graph G of order n and degree » > 1 (which is not the complete
graph K,,) is strongly regular if there exist non-negative integers 7 and 6 such
that |S; N S;| = 7 for any two adjacent vertices i and j, and |S; N S;| = 6 for
any two distinct non-adjacent vertices ¢ and j, where Sy C V(G) denotes the
neighborhood of the vertex k. We know that a regular connected graph G is
strongly regular if and only if it has exactly three distinct eigenvalues [1]. Let
A1 =1, Ao and A3 denote the distinct eigenvalues of a connected strongly regular
graph G. Let m1 = 1, ms and ms denote the multiplicity of r, Ay and A3. Further,
let 7= (n—1)—r, \a = —A3—1 and A3 = — )y — 1 denote the distinct eigenvalues
of the strongly regular graph G, where G denotes the complement of G. Then
T=n—2r—2+60and § =n —2r + 7, where 7 = 7(G) and 0 = 0(G).

Remark 1. If G is a disconnected strongly regular graph of degree r then
G = mK,;1, where mH denotes the m-fold union of the graph H.

Remark 2. We also know that a strongly regular graph G = mK, 1, if
and only if = r. Since AgA3 = —(r — 0) it follows that G = mK, 4, if and only
if Ay =0.

Remark 3. (i) A strongly regular graph G of order n = 4k+1 and degree
r =2k with 7 = k — 1 and 6 = k is called a conference graph; (ii) a strongly
regular graph is a conference graph if and only if my = mg and (iii) if ma # mg
then G is an integral graph.

Remark 4. The line graph of the complete bipartite graph K, ,, is called
a lattice graph and is denoted by L(n). It is a strongly regular graph of order n?
and degree 2(n — 1) with 7 =n — 2 and 6 = 2.

Let X = X|[z;;] be a square matrix of order n with all distinct z;; which
belong to the set {1,2,...,n?}. Let G[X] be a graph obtained from the matrix
X[z;j] in the following way: (i) the vertex set of the graph G[X] is V(G[X]) =
{@ij [i,j = 1,2,...,n} and (ii) the neighborhood of the vertex z;; is Sy, =
Sggi’_j U S$_i7j where

(1) Su;_, = {@it, wio, o @i jo1, i1, - Tin

(2) S$—i7j = {.I‘U, .I‘Qj, N 7xi—1,ja .I‘H_Lj, N ,J}nj}
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for! any i,j = 1,2,...,n. Since | S| = |Sli,—j| +[Sz (n—1)+(n—1) we
note that G[X] is a regular graph of order n? and degree r = 2(n —1). Let x4 be
adjacent to x;;. Then x4 belongs to the i-th row or to the j-th column. Without
loss of generality we may assume that x4 belongs to the i-th row. In this case

we have s =i and t # j. So we obtain

*i,j| -

NSy

—iJ —iJ *i,t‘ .

‘Sﬁfij ﬁSa:n‘ = ‘SﬁDi,—- ﬂSﬁBi,— |+|Sﬂci,_- mS$7~,t‘+‘S$ 'ﬂSﬁBi,— |+|Sx
J t 3J A t

We note |S$Z.’_j N Sg;fi,t| = 0 because z;; € Sy, and |S$_N. N Sg;i,_t| = 0 because
zij & Sy,;- Next, we have [S; NS, [ =0 because t # j. In the view of this
we get |Sz,; N Se,,| = ‘Sxi,fj NSz, _,|. Since z;; € Sz,; and x4 € Sy,, we find that
|Sz;; N Sz, | =n — 2 for any two adjacent vertices x;; and zg.

Further, let us assume that z;; and x4 are two distinct non-adjacent
vertices of the graph G[X]. In this case x4 neither belongs to the i-th row of the
matrix X nor belongs to the j-th column of the matrix X, which provides that
s #iand t # j. So we obtain

it

|Se;; N Sey| = |S$i’_j mS$5,7t|+|S$i,_j NSy, | +18z_ ;NSu, 1+ [Se_, ;NS |-
We note |S$Z.’_j N Sz, _,| = 0 because s # i and [S;_ ;N Sy | = 0 because
t # j. Since x; € Sggi’_j and x; € S;__, we find that |S$Z.’_j NS, .| =1 Since
Tsj € Sy ; and xg; € Sy, , we find that [S; NS, | =1. Finally, we arrive
at

Tij

1Sz, NSzl =18z, NSa_ | +1Sz_, . NSz, _|=14+1,
g S iJ Tt

which provides? that G[X] is a strongly regular graph of order n? and degree
r =2(n—1) with 7 = n — 2 and § = 2. Therefore, according to Remark 4 it
follows that G[X] = L(n) for n > 2.

2. Magic squares of order 2k 4 1. Let M,, = M,[m;;] be a square
matrix of order n with all distinct m;; which belong to the set {1,2,... ,n%}. The
matrix M, is called the magic square of order n if the sum of all elements in
any row and column and both diagonals is the same. The matrix M, is called
the semi-magic square of order n if the sum of all elements in any row and

'In other words, the adjacent vertices of the vertex x;; are obtained from the matrix X[zs;]
by crossing out its i-th row and by crossing out its j-th column. We note that Szi‘fj NSz_. ;= ]
fori,7=1,2,...,n.

*Using this trivial result which is related to construction the infinite class of strongly regular
graphs L(n), we are motivated to investigate strongly regular graphs using magic squares.
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column is the same. We shall now demonstrate how to construct a magic square
of order 5 created by ”the method of cyclic permutations” established by French
mathematician Philippe de La Hire, as follows. Let (7(1),7(2),7(3),7(4),7(5)) =
(2,5,4,1,3) be a fixed permutation of the numbers 1,2,3,4,5 and let (7(0), 7(5),
m(10),7(15),7(20)) = (20,0,10,5,15) be a fixed permutation of the numbers
0,5,10,15,20. Using the method of cyclic permutations we obtain the following
two matrices

21514 |1]|3 20 0 10| 5 | 15
411(3[2]5 5115|120 0 |10
312541 0|10 5 15|20
5(4([1]3]2 15(20) 0 |10 &
113[2]|5]| 4 10| 5 (15 20] O

K[5]1[5] and L[5][5]

Then the matrix Ms[m;;| = Ks|kij] + Ls[¢;;] is a magic square of order 5,
where K5 [k‘”] = K[5] [5] and L5 [&J] = L[5] [5]

We now proceed to obtain a new method for creating the semi-magic
squares of order 2k + 1 for k& > 1, which is based on "the method of cyclic
permutations”, as follows. First, let us assume that (7w(1),7(2),...,7(2k + 1)) is
a fixed permutation of the numbers 1,2,...,2k 4+ 1. Let

(1) 7(2) - nk) | wk+1) | wk2) | n(2k) | m(2k+1)
nk+1) | w(k+2) | o n(2k) | w(@k+1) | w(D) | w1 | k)
m(2k+1) (1) m(k—1) (k) m(k+1) r(2k—1) | w(2k)
x(k) w(k+1) n(2k=1) | w(2k) | w(2k+1) n(k=2) | w(k—1)
r(2k) | w(2k+1) r(k=2) | m(k—1) (k) n(2k—2) | m(2k—1)
(k—1) (k) 7(2k—2) | w(2k—1) 7(2k) m(k=3) | w(k—2)
(3) (4) v | mk2) | wkt3) | mkdd) | (1) (2)
n(k+3) | w(k+d) | . (1) (2) (3) v | w1 | w(e2)
7(2) 7(3) x(k+1) | n(k+2) | w(k+3) 7(2k+1) (1)
nk4+2) | w(k+3) | .| w@k+1) | w(D) (2) » n(k) | w(k+1)

K[2k +1][2k + 1]
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Second, let us assume that (7(0),7(2k +1),...,7(2k(2k + 1))) is a fixed

permutation of the numbers 0,2k + 1,...,2k(2k + 1).

Let kK = 2k + 1 and let

m(0) (k) m((k—1)k) m(kk) |7((k+1D)k) m((2k—1) k)| =(2kk)
m((k+1) k) |7 ((k+2) %) m(2k%) m(0) (k) m((k—1)%k) (k&)
n(k) ©(2%) (k) m((k+1) %) |m((k+2)%) n(2k%) w(0)
r((k42) %) |7((k+3) %) w(0) 7(%) n(2k) n(kk) n((k+1) k)
©(2%) n(3%) a((k+1) k) | 7(k+2) k) |7((k+3)F) m(0) (k)
m((k4+3) k) |7((k+4) k) (k) w(2k) ~(3%) m((k+D k) | 7((k+2) k)
(k=1 k)| w(2kk) m((k=3)k) | 7((k=2) k) |m((k=1) k) m((2k=3) k) [7((2k—2) k)
n((k=D)k) | =w(kk) n((2k=2)k) |n((2k=1) k)| w(2kk) m((k=3)k) | n((k=2)k)
n(2kE) w(0) m((k—2)k) | 7(k—=1)E) | =(k&) (k=2 %) | 7((2k—1) %)
m(k%k) |n((k+1)%) (k=1 E)| =(2kEk) w(0) m((k—2)k) | 7((k—1) %)

L[2k + 1][2k + 1]

understanding that 0 = 0-(2k+1) and 2k+1 = 1-(2k+1). Then we can see that
the matrix Mogi1[mij] = Kogt1lkij| + Lok+1[¢sj] is a semi-magic square of order
2k + 1, where K2k:+1[kij] = K[2k’ + 1] [2]€ + 1] and L2k’+1[€ij] = L[2k‘ + 1] [2]€ + 1]
Indeed, since (k11, k12, ..., k1 2k41) = (7(1),7(2),...,7(2k+1)) and since the i-th
row of the matrix Ko11 is a cyclic permutation of its first row, we get

2%+1 2%+1 2%+1 2%+1
k=) k=Y 7)) =Y j=(k+1)(2k+1)
j=1 j=1 j=1 j=1
for i =1,2,...,2k + 1. According to K[2k + 1][2k + 1], we have that
- { m(k+2—1t), if =2t
T2k +2—1), if i=2t+1

fort =1,2,...,k. Since k+2—-t<k+1<k+2<2k+2—1tit follows that
m(k+2—t) # w(2k+2—t) fort = 1,2,..., k. So we find that (ki1, ka1, ..., kops1,1)
is a permutation (7.(1),7.(2),...,m.(2k+1)) of the numbers 1,2, ..., 2k+1. Next,
the j-th column of the matrix K[2k + 1][2k + 1] is a cyclic permutation of its first
column. In the view of this, we get

2k+1 2k+1 2k+1 2k+1

Z kij = Z kin = Z me(l) = Ziz(l{:—l—l)@k—i—l)
i=1 i=1

i=1 =1



240 M. Lepovié

for j =1,2,...,2k + 1. We note (i) since the i-th row of the matrix Koy is a
cyclic permutation of its first row then® any fixed number p € {1,2,...,2k + 1}
is presented in the i-th row of the matrix Ko 1 only one time and (ii) since the
j-th column of the matrix Ko,y is a cyclic permutation of its first column then
any fixed number p € {1,2,...,2k + 1} is presented in the j-th column of the
matrix Kok only one time.

Further, since (611, l12, ..., €1 ,2541) = (7(0), 7(2k +1),..., w(2k(2k + 1))
and since the i-th row of the matrix Lok is a cyclic permutation of its first row,

we get

2k+1 2k+1 2k—+1 2k+1

Sty= 0= w((-DEk+1) =@k +1) S (- 1) = k(2k + 1)?
J=1 J=1 J=1 j=1

fori=1,2,...,2k + 1. According to L[2k + 1][2k + 1], we have that
/ m((k+t)(2k+1)), if i=2t
i1 =
T2k +1)), if i=2t+1
fort=1,2,...,k. Next, since t <k < k+1 < k+t it follows that m(¢(2k+1)) #
m((k +t)(2k + 1)) for t = 1,2,...,k. So we find that (¢11,%a1,...,0loks11) "
is a permutation (7.(0),7.(2k + 1),...,7(2k(2k + 1))) of the numbers 0,2k +

1,...,2k(2k +1). Since the j-th column of the matrix L[2k + 1][2k+ 1] is a cyclic
permutation of its first column, we obtain

2k+1 2k+1 2k+1 2k+1
D liy=> ta=> m(i—1)2k+1)=2k+1) ) (i-1)=k(2k+1)
=1 =1 =1 =1

forj =1,2,...,2k+1. We note (i) since the i-th row of the matrix Lok 1 is a cyclic
permutation of its first row then® any fixed number ¢ € {0,2k+1,...,2k(2k+1)}
is presented in the i-th row of the matrix Lo only one time and (ii) since the
j-th column of the matrix Logy1 is a cyclic permutation of its first column then
any fixed number ¢q € {0,2k + 1,...,2k(2k + 1)} is presented in the j-th column
of the matrix Loy, only one time. Since m;; = k;; + £;; we get

2k+1 2k+1 9

Z mij = Z mij = (k+1)(2k + 1) + k(2k + 1)* = (2k + 1)(%)

i=1 j=1

*Namely, according to K2k + 1][2k + 1] the all cyclic permutations related to rows and
columns of the matrix Ksy11 are mutually different, which provides that ks; # ki; and kis # kit
forj=1,2,...,2k+1landi=1,2,...,2k+1if s #¢.

“Namely, according to L[2k + 1][2k + 1] the all cyclic permutations related to rows and
columns of the matrix Lax+1 are mutually different, which provides that £s; # €5 and ;s # £y
forj=1,2,...,2k+1landi=1,2,...,2k+1if s #¢.
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ford,j =1,2,...,2k + 1.

Theorem 1. Let M2k+1[mij] = K2k+1[kij]+L2k+1[€ij] where K2k+1[k‘ij] =
K2k +1)[2k + 1] and Log+1[¢i;) = L[2k +1][2k +1]. Then Magi1][mj] is a semi-
magic square of order 2k + 1 for k > 1.

Proof. In order to prove that Msiy1 is a semi-magic square it is suffi-
cient to show that m;; € {1,2,...,(2k + 1)%} and m;; are mutually different for
i,j = 1,2,...,2k + 1. Indeed, since k;; € {1,2,...,2k + 1} and ¢;; € {0,2k +
1,...,2k(2k + 1)} we have my; € {1,2,...,(2k + 1)2} for 4,5 = 1,2,...,2k + 1.
Next, according to K[2k + 1][2k + 1] we have that
3)

ak+1—t+j), if i=2tAk+1—t+j<2%k+1

. mk+1—t+j—(2k+1)), if i=20Ak+1—t+j>2k+1
v T2k +1—t+g), if i=2+1A2%+1—t+j<2%+1
T2k +1—t+j—(2k+1)), if i=2+1A2k+1—t+j>2k+1

fort =1,2,...,kand j =1,2,...,2k + 1. Next, according to L[2k + 1][2k + 1] we
have that

(4)

m((k+t+j—1)2k+1), if i=2Ak+t+j—1<2k
, T((k+t+j—-1-(2k+1))(2k+1)), if i=2tNk+i+j-1>2k
v ((t+j—1)(©2k+1)), if i=20+1At+j—1<2k

m((t+7—1-(2k+1))(2k+1)), if i=20+1At+j—-1>2k

fort =1,2,...,kand j = 1,2,...,2k+1. Since m;; = k;j+4;; = n(p)+n(q(2k+1))
and since the numbers 7(p) € {1,2,...,2k + 1} and 7w(¢(2k + 1)) € {0,2k +
1,...,2k(2k + 1)}, it follows that k;; and ¢;; are uniquely determined. In other
words, if m;; = kij + 5, mg = kg + s and my; = mg then k;j; = kg and
li; = ls. We now proceed to show that m;; are mutually different for 7,5 =
1,2,...,2k 4+ 1. On the contrary, assume that m;; = my, for some (i, 7) # (u,v).
Then m;; = 7(po) + 7(qo(2k + 1)) = my, for some m(py) € {1,2,...,2k + 1}
and m(go(2k + 1)) € {0,2k + 1,...,2k(2k + 1)}, which provides that k;j; = k.,
and /;; = {,,. Without loss of generality we may assume that ¢ # p. Since
m(qo(2k + 1)) is presented in the j-th column of the matrix Loy only one time,
we find that j # v. Since® the i-th row and the p-th row of the matrix Kopyq is

0f course, since the j-th column and the v-th column of the matrix Kory1 is a cyclic
permutation of its first column and since the j-th column and the v-th column of the matrix
Log41 is a cyclic permutation of its first column, we can easily see that any ms; in the j-th
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a cyclic permutation of its first row and since the i-th row and the u-th row of
the matrix Lok is a cyclic permutation of its first row, we can easily see that
any m;s in the i-th row is also presented in the u-th row. Indeed, we have

mi i1 =m(po+ 1) +7((qo +1)(2k + 1)) = my 41,

(i) understanding that m(po+1) = (1) if po+1 = 2k+2 and 7((qo+1)(2k+1)) =
7(0) if go+1 = 2k + 1 and (ii) understanding that m; j41 = m; if j+1 =2k +2
and my 41 = my if v+ 1 = 2k + 2. In the view of this, we can assume that
j = 1. Since j # v we have that v € {2,3,...,2k + 1}. Finally, in order to prove
that Maiy1 is a semi-magic square we shall consider the following four cases:

CASE 1. (i = 2t and pu = 2s). Consider the case when k+1—s+v <2k +1 and
k+s+v—1 < 2k. Using (3) and (4) we obtain that 7(k+2—1¢) = n(k+1—s+v)
and w((k +t)(2k + 1)) = 7((k+ s+ v — 1)(2k 4+ 1)), which provides that (i)
k+2—t=k+1—s+wvand (ii) k+t =k+s+v—1. Using (i) and (ii) we obtain
v = 1, a contradiction because v > 1. Consider the case when k+1—s+v < 2k+1
and k+s+v—1 > 2k. Using (3) and (4) we obtain that w(k+2—t) = w(k+1—s+v)
and 7((k+t)(2k+1)) = n((k+s+v—1—(2k+1))(2k+1)), which provides that (iii)
k+2—t=k+1-s+vand (iv) k+t = k+s+v—1—(2k+1). Using (iii) and (iv)
we obtain 2v = 2k+ 3, a contradiction because 2 t 2k+ 3. Consider the case when
k4+1—s+v > 2k+1and k+s+v—1 < 2k. Using (3) and (4) we obtain that 7(k-+
2—t) =m(k+1-—s+v—(2k+1)) and 7((k+1t)(2k+1)) = n((k+s+v—1)(2k+1)),
which provides that (v) k42—t = k+1—s+v—(2k+1) and (vi) k+t = k+s+v—1.
Using (v) and (vi) we obtain 2v = 2k + 3, a contradiction because 2 { 2k + 3.
Consider the case when k+1—s+v > 2k+1 and k+ s+ v —1 > 2k. Using
(3) and (4) we obtain that m(k +2 —t) = m(k+1—s+v — (2k + 1)) and
m((k+t)(2k+1)) =n((k+s+v—1—(2k+1))(2k+1)), which provides that (vii)
k+2—t =k+1—s+v—(2k+1) and (viii) k+t = k+s+v—1—(2k+1). Using (vii)
and (viii) we obtain v = 2k + 2, a contradiction because v € {2,3,...,2k + 1}.

CASE 2. (i =2t and p = 2s+1). Consider the case when 2k +1—s+v <2k+1
and s+v—1 < 2k. Using (3) and (4) we obtain that 7(k+2—1t) = 7(2k+1—s+v)
and T((k+1t)(2k+1)) = 7((s+v—1)(2k+1)), which provides that (i) k+2—t =
2k+1—-s+wvand (ii) k+t = s+ v — 1. Using (i) and (ii) we obtain v =1, a
contradiction because v > 1. Consider the case when 2k +1—s+v < 2k-+1 and
s+v—1>2k. Using (3) and (4) we obtain that m(k+2—t) =7(2k+1—s+v)
and 7((k+t)(2k+ 1)) = w((s +v —1— (2k + 1))(2k + 1)), which provides that
(i) k+2—t=2k+1—s+vand (iv) k+t =s+v—1—(2k+1). Using (iii) and
(iv) we obtain 2v = 2k + 3, a contradiction because 2 { 2k + 3. Consider the case

column is also presented in the v-th column.
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when 2k+1—s+v > 2k+1 and s+v—1 < 2k. Using (3) and (4) we obtain that
w(k+2—t) = 7(2k+1—s+v—(2k+1)) and w((k+1)(2k+1)) = n((s+v—1)(2k+1)),
which provides that (v) k+2—t = 2k+1—s+v—(2k+1) and (vi) k+t = s+v—1.
Using (v) and (vi) we obtain 2v = 2k + 3, a contradiction because 2 { 2k + 3.
Consider the case when 2k +1—-s+v > 2k+ 1 and s +v — 1 > 2k. Using
(3) and (4) we obtain that 7(k+2 —t) = 7(2k+1—s+v — (2k+ 1)) and
m(k+t)(2k+1)) =n((s+v—1—(2k+1))(2k + 1)), which provides that (vii)
k42—t =2k+1—s+v—(2k+1) and (viii) k+t = s+v—1—(2k+1). Using (vii)
and (viii) we obtain v = 2k + 2, a contradiction because v € {2,3,...,2k + 1}.

CASE 3. (i = 2t+1 and p = 2s). Consider the case when k+1—s+v < 2k+1 and
k+s+v—1 < 2k. Using (3) and (4) we obtain that 7(2k+2—t) = w(k+1—s+v)
and w(t(2k +1)) = 7((k+s+v—1)(2k+1)), which provides that (i) 2k+2—t =
k+1—s+vand (ii)t =k+s+v—1. Using (i) and (ii) we obtain v = 1, a
contradiction because v > 1. Consider the case when k+1—s+v <2k +1 and
k+s+v—1> 2k. Using (3) and (4) we obtain that 7(2k+2—t) = w(k+1—s+v)
and m(t(2k+1)) =n((k+s+v—1—(2k+1))(2k + 1)), which provides that (iii)
2k+2—t=k+1—s+vand (iv)t =k+s+v—1—(2k+1). Using (iii) and (iv)
we obtain 2v = 2k+ 3, a contradiction because 2 t 2k+ 3. Consider the case when
k+1—s+v>2k+1and k+s+v—1<2k. Using (3) and (4) we obtain that
w(2k+2—t) = w(k+1—s+v—(2k+1)) and 7(¢t(2k+1)) = 7((k+s+v—1)(2k+1)),
which provides that (v) 2k+2—t = k+1—s+v—(2k+1) and (vi) t = k+s+v—1.
Using (v) and (vi) we obtain 2v = 2k + 3, a contradiction because 2 { 2k + 3.
Consider the case when k+1—s+v > 2k+1and k+ s+ v —1 > 2k. Using
(3) and (4) we obtain that n(2k +2—t) = n(k+1—s+v — (2k + 1)) and
m(t(2k+1)) =n((k+s+v—1—(2k+1))(2k + 1)), which provides that (vii)
2k4+2—t =k+1—s+v—(2k+1) and (viii) t = k+s+v—1—(2k+1). Using (vii)
and (viii) we obtain v = 2k + 2, a contradiction because v € {2,3,...,2k + 1}.

CASE 4. (i = 2t+1 and p = 2s+1). Consider the case when 2k+1—s+v < 2k+1
and s+v—1 < 2k. Using (3) and (4) we obtain that 7(2k+2—t) = 7(2k+1—s+v)
and w(t(2k + 1)) = n((s + v — 1)(2k + 1)), which provides that (i) 2k +2 — ¢t =
2k+1—s+wvand (ii) ¢t = s+ v — 1. Using (i) and (ii) we obtain v = 1, a
contradiction because v > 1. Consider the case when 2k +1—s+v < 2k-+1 and
s+v—1> 2k. Using (3) and (4) we obtain that 7(2k+2—1t) = 7(2k+1—s+v)
and w(t(2k + 1)) = n((s + v — 1 — (2k + 1))(2k + 1)), which provides that (iii)
2k+2—-t=2k+1—-s+vand (iv)t = s+v—1—(2k+1). Using (iii) and (iv) we
obtain 2v = 2k + 3, a contradiction because 2 1 2k + 3. Consider the case when
2k+1—s+v>2k+1and s+ v —1 < 2k. Using (3) and (4) we obtain that
m(2k+2—t) = 7(2k+1—s+v—(2k+1)) and 7(¢(2k+1)) = n((s+v—1)(2k+1)),
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which provides that (v) 2k4+2—t = 2k+1—s+v—(2k+1) and (vi) t = s+v—1.
Using (v) and (vi) we obtain 2v = 2k + 3, a contradiction because 2 { 2k + 3.
Consider the case when 2k +1—-s+v > 2k+ 1 and s +v — 1 > 2k. Using
(3) and (4) we obtain that 7(2k +2 —t) = 71(2k+1—s+v — (2k + 1)) and
m(t(2k +1)) = 7((s +v — 1 — (2k + 1))(2k + 1)), which provides that (vii)
2k+2—t=2k+1—s+v—(2k+1) and (viii) t = s+v—1—(2k+1). Using (vii)
and (viil) we obtain v = 2k + 2, a contradiction because v € {2,3,...,2k + 1}.
This completes the proof. O

Theorem 2. Let M2k+1[mij] = K2k+1[kij]+L2k+1[€ij] where K2k+1[kij] =
K[2k+1][2k+1] and Logy1[li;] = L[2k+1][2k+1]. Then® Moy, 1[m;;] is a magic
square of order 2k + 1 if 312k + 1.

Proof. In order to prove that Ms,y1 is a magic square it is sufficient to
show that the all elements in both diagonals of the matrix Ko and the matrix
Loy are mutually different. First, according to K[2k + 1][2k + 1] we have that

k”_{w(k—kt—kl), if =2t
o m(t+1), if i=2t+1
fort=1,2,...,k. Since t +1 < k+t+ 1 it follows that k;; are mutually different
for i =1,2,...,2k + 1. Next, according to K[2k + 1][2k + 1] we have that
m(k+2-3t), if i=2tAk+2-3t>0
mk+2-3t+2k+1), if i=2tANk+2-3t<0

)
T(2k4+1—-3t), if i=2+1A2k+1—-3t>0
T(22k+1)—3t), if i=2+1A2%+1-3t<0

fort=1,2,...,k. Since 312k+1and k+2 =3(k+1) — (2k + 1) it follows that
k+2—-3t#0and 2k +1—3t #0. Let 2k + 1= £ mod 3 where ¢ € {—1,1}.
Then we have (i) k+2 -3t = —¢ mod3 and (ii) k+2—-3t+2k+1 = 0
mod 3, which provides that kg or42-9; are mutually different for ¢t = 1,2,... k.
Since (iii) 2k +1 — 3t = ¢ mod 3 and (iv) 2(2k + 1) — 3t = —e mod 3, we find
that kot i1 or42—(2t41) are mutually different for ¢ = 1,2,... k. Of course, since
312k +1 we have ki opr1 = 7(2k + 1) # ko1 9kq2—(2641) for t =1,2,...,k. On
the contrary, assume that k; op12—; = kj2r42—; for some i # j. Then according to

Kiokyo—i =

5The first row of the matrix Kog11]kij] is a permutation of the numbers 1,2, ...,2k + 1 and
it can be selected in (2k + 1)! different ways, and the first row of the matrix Log+1[li;] is a
permutation of the numbers 0,2k +1,...,2k(2k + 1) and it can be selected in (2k+ 1)! different
ways, which provides that the matrix Magy1[m;] can be formed in (2k +1)! x (2k 4 1)! different
ways.
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(i), (ii), (iii) and (iv) it must be 7(k+2—3t) = 7(2(2k + 1) — 3s), which provides
that k+2—3t =22k +1) —3s for some t =1,2,...,k and s = 1,2,...,k. Then
kE+2-3t<k—-1<k+1<2(2k+1)—3s, a contradiction.

Next, we shall now demonstrate that the all elements in both diagonals
of the matrix L[2k + 1][2k + 1] are mutually different. Indeed, according to
L2k + 1][2k + 1] we have that

a((k—1+36)2k+1), if i=2Ak—1+3t<2k+1

p A B = QR )R 1), =20 Ak L3> 2k 41
Y 7(3t(2k +1)), if i=2+1A3t<2k+1
73— (2k+ 1) (2k +1)), if i=2t+1A3>2%k+1

for t = 1,2,...,k. Since 312k + 1 and k —1 = 3k — (2k + 1) it follows that
k—143t#2k+1and 3t #2k+ 1. Let 2k +1 = ¢ mod 3 where ¢ € {—1,1}.
Then we have (i) Kk — 1+ 3t = —c mod 3 and (ii) K — 1+ 3t — (2k + 1) =
€ mod 3, which provides that fo;9; are mutually different for ¢ = 1,2,... k.
Since (iii) 3t = 0 mod 3 and (iv) 3t — (2k + 1) = —e mod 3, we find that
lot41,2¢41 are mutually different for ¢ = 1,2,..., k. Of course, since 3 { 2k + 1
we have (17 = m(0) # lorr12t41 for ¢ = 1,2,...,k. On the contrary, assume
that ¢; = ¢;; for some i # j. Then according to (i), (ii), (ili) and (iv) it must
be w((k — 14 3t)(2k + 1)) = w((3s — (2k + 1))(2k 4+ 1)), which provides that
k—1+3t=3s—(2k+1) for some t = 1,2,...,k and s = 1,2,...;k. Then
k—1+3t>k+2>k>3s—(2k+1), a contradiction. Next, according to
L2k + 1][2k + 1] we have that

, ) m((k=8)(2k+1)), if i=2t
PR n(@k — )2k + 1)), if i=2t41

fort =1,2,...,k. Since k —t < 2k — t it follows that ¢;; are mutually different
fori=1,2,...,2k+1. 0

Corollary 1. Let My[m;;] = Kylkij] + Lp[li;] for n € 2N + 1, where
K, [kij] = K[n][n] and Ly[¢;;] = L[n][n]. Then
the magic square, if n=6k—1
My mj] = the magic square, if n=06k+1
the semi—magic square, if n =~6k—3

for k e N.
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Remark 5. In case that k£ = 2 the applied method of cyclic permutations
for creating the magic squares is reduced to the method of cyclic permutations
for creating the magic squares of order 5 established by French mathematician
Philippe de La Hire.

3. Two infinite classes of strongly regular graphs. Let
Mojq1[mij] = Kopyilkij] + Logs1[lij] be a semi-magic square of order 2k + 1
for k > 1. Let G[Mak41] be a graph obtained from the matrix Mogiq[m;] in
the following way: (i) the vertex set of the graph G[Mag11] is V(G[Mag+1]) =
{mj;|i,j =1,2,...,2k+1} and (ii) the neighborhood of the vertex m;; = ki; +;;
is Smij = Smi,—j U Smfi,j U Kij U Lij where

(5) Kij = {mst ‘ kst = kij and (S,t) 7& (17‘7)}7
(6) Lij = {mst‘ gst = gij and (Svt) 7& (%])}a

for s,t =1,2,...,2k + 1. We note that K;; N L;; =0 for i,j = 1,2,...,2k + 1.
Indeed, on the contrary, assume that mg € K;;NL;j. Then mg = kg -+l = kij+
l;; = m;j;, a contradiction. Namely, it is easy to see that Smi’_j , Sm—m’ K;j;, Lij
are mutually disjoint. For the sake of an example, let us show that sz;fj NK;; =
(). On the contrary, assume that mg € Sy, _ N Kj;. Using (1) it follows that
s=1tand t # j. Since m;; € K;;j and kj; = kj; we find that k;; is presented in the
i-th row of the matrix Koy [kij] two times, a contradiction. Since k;; € Ko =
Kop1[kij] is presented in the i-th row and the j-th column only one time and
mij € Kij7 we obtain |Kz]‘ = (2]€+ 1)—1 Similarly, since &'j S L2k+1 = L2k+1[£ij]
is presented in the i-th row and the j-th column only one time and m;; € L;;, we
obtain |L;;| = (2k + 1) — 1. Therefore, we have

|Smi; | = 1Smi_ |4 [Sm_ | + | K| + | Lij| = 2k + 2k + 2k + 2k,
- .

which provides that G[Mbay 1] is a regular” graph of order n = (2k + 1)? and
degree r = 8k.

Theorem 3. Let Moyy1[mij] = Kopy1lkij] + Lok+1[li;] be a semi-magic
square of order 2k + 1 for k > 2. Then G[Mak41] is a strongly regular graph of
order n = (2k +1)* and degree v = 8k with T = 2k +5 and 6 = 12.

Proof. First, assume that m;; and m,, are two distinct non-adjacent
vertices of the graph G[Mas11]. In this case we have p # i and v # j. On the
contrary, assume that u = ¢ or v = j. Without loss of generality we can assume

"If k = 1 then the corresponding graph G[Ma1] is reduced to the complete graph Ky, a
case that will be excluded.
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that 4 = 4 and v # j. Then m,;, € .5’,7%.’7],7 which means that m;, and m;; are
adjacent, a contradiction. Since m, = ku, + {4, it is easy to see k,, # kij
and £, # {;;. Indeed, if we assume k,, = k;; then m,, € K;;, which means
that m,,, and m;; are adjacent, a contradiction. We shall now (1°) prove that
|Smi; N Sm,,._, | = 3. Since k;; is presented in the p-th row of the matrix Kopyy it
follows that there exist s # v so that ks = k;;, which provides that ms € S, _,
and mys € Kij; C Sp,;. Similarly, since ¢;; is presented in the u-th row of the
matrix Lojyq it follows that there exist ¢t # v so that ¢,; = £;;, which provides
that my: € Sy, _, and my € Lijj C Sp,,;. Since Sp,, _ N Sml = 0 and since

Smp_, NSm_ ;= {mw} C Sy, > We obtam that |Sm | > 3. Next, let
Myz € Sm, _, and let my, & {muj, Mus, My}, which prov1des that x &{j,s,t}.
It remains to demonstrate that m,, € Sp,,. On the contrary, assume that
Myz = ke + €z € Smy;- Then according to (1), (2), (5) and (6) we find that
My € Kij or my, € L. Without loss of generality we may assume m,,; € Kj;.
In this case we have k,, = k;j. Since k,s = k;; we find that k;; is presented in
the p-th row of the matrix Kop41 two times, a contradiction. This completes the
assertion (1%). Using the same arguments as in the proof of (1%), we can (2°) prove
that Sy, NS, | = 3. We shall now (3") prove that |Sm;; VK| = 3. Since ky,,,
is presented in the i-th row of the matrix Koy it follows that there exist ¢ # j
so that k;; = k,,, which provides that m;; € K, and m; € Smi,fj C Sm,;- Since
k.. is presented in the j-th column of the matrix Koy it follows that there exist
s # i so that ks; = k., which provides that m,; € K, and ms; € qu, C Sm;-
We shall now demonstrate that K;; N K, = (. On the contrary, assume that
Mgy € Kij N K,y Then k;y = k;; and kyy = k,,,, which provides that k,, = k;;,
a contradiction. Further, let P;; = {p+4€;;|p € {1,2,...,2k+1} ~ {k;;}} and let
Qij = {k‘ij —I—q\q S {0,2]434— 1,...,2k(2k + 1)} N {EU}} fori,j =1,2,...,2k+ 1.
Due to the fact that k;; is presented in the i-th row and the j-th column of the

matrix Koy only one time, we easily see P;; = L;; for 4,5 = 1,2,...,2k + 1.
Due to the fact that £;; is presented in the i-th row and the j-th column of the
matrix Lojy; only one time, we easily see Q;; = Kjj for 4,5 = 1,2,...,2k + 1.

Let po € {1,2,...,2k + 1} ~ {ki;} such that py = k,, and let o € {0,2k +

,2k(2k + 1)} ~ {u} such that go = ;. Then po + €5 € Lij C Sp,,; and
ku +qo € Kuy. So we obtain pg + £;; = po + qo = kuw + qo, which provides
that [Li; N K| > 1 and [Sp,; N K| > 3. Since po € {1,2,...,2k + 1} ~ {k;}
and qo € {0,2k +1,...,2k(2k + 1)} ~ {{,, } are uniquely determined we obtain
|Lij N K| = 1, which completes the assertion (3°). Using the same arguments

8Since my; € Sm_, ;» Mus € Kij, mue € Lij and Sm__ ;, Kij, Li; are mutually disjoint it
follows that m,;, mus and my. are three distinct vertices.
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as in the proof of (3"), we can (4°) prove that |Sm;; N Lyw| = 3. Finally, using
(1), (2%, (3%) and (4°) we obtain that

1Smi; 0 S| = 1Smi; O Sy, |+ Smy; O Sm*u»”‘ + 1Smi; N K| + 1Smy; O Lyl

from which we obtain [Sy,; N Spm,, | = 12 for any two distinct non-adjacent
vertices m;; and my,. Next, let m;; and m,, be two adjacent vertices of the
graph G[Msg+1]. We shall now consider the following two cases:

Case 1. (my, € Smi,_j or my, € Sm—m')‘ Without loss of generality we can
assume that m,,, € Smi,fj- In this case we have y =i and v # j. We shall now
(10) prove that |Sp,; NSm, _ | = 2k —1. Since m;; ¢ Smtfj and m;, & S, _, we
have | Sy, _ SN Sm, | = (2k+1) -2, which provides that |Sy,,; NSy, _, | > 2k—1.
Since m;; ¢ Sm; and S, _ ,Sm ;> Kij and L;; are mutually d15301nt it follows
that Sy, _ , Sm7 ;s Kij and L;; are also mutually disjoint, which completes the
assertion (1°). We shall now (2°) prove that |Simg; M Sm_.,| = 2. Since m;, ¢
Sm_,, we have that Sp,, NSy, = ¢ and Sm—m‘ NSm_,, = 0. Since ki
is presented in the v-th column of the matrix Kop1q it follows that there exist
s # p so that kg, = k;;, which provides that mg, € Smfw and mg, € Kij C Sy,
Similarly, since ¢;; is presented in the v-th column of the matrix Loy it follows
that there exist ¢t # p so that ¢y, = ¢;;, which provides that my, € Smfw and
my, € Lij C Sy,;- This completes the assertion (2). We shall now (3°) prove
that |Sp,; N K| = 2. Since m;, ¢ Ky and Sy, N Ky, = 0 it follows that
S N Kw = (). Since k;, is presented in the j- th column of the matrix Kogy1
it follows that there exist s # 4 so that ky; = k;,,, which provides that m,; € K,
and mg; € Sp,_ » - € Sppn,;- We shall now demonstrate that K;; N K;, = @. On the
contrary, assume that mst € K;jNK;,. Then kg = k;j and kg = k;, which yields
kij = kiv, a contradiction. Next, since K;, = Q;, and Qj, = {kin +¢q|q € {0,2k+

5 2k(2k+ 1)}~ {l;, }} there exist gg € {0,2k+1,...,2k(2k+1)} ~{{;, } such
that go = ¢;;. In the view of this, we have k;, +qo € K;, and k;,+qo € Lij € Sp,;,
which completes the assertion (3"). We shall now (4°) prove that |Smi; N Liy| = 2.
Since m;, & L;, and S,,, N L;, = 0 it follows that S,,, N L;, = (. Since ¢;, is
presented in the j-th column of the matrix Loy 1 it follows that there exist s # i so
that ¢s; = ¢;,, which provides that m,; € L;, and my; € Sy, . € Sy, We shall
now demonstrate that L;;\L;, = (. On the contrary, assume that mst E Lij NL;,.
Then fy = /4;; and £y = {;, which yields ¢;; = ¢;,, a contradiction. Next,
since Ly, = P, and Py, = {p+ ¥l |p € {1,2,...,2k + 1} ~ {ki, }} there exist
po € {1,2,...,2k + 1} ~ {ki, } such that py = k;;. In the view of this, we have
po + liv € Ly and po + €y € Kij C Sp,;, which completes the assertion (40).
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Finally, using (1°), (2"), (3°) and (4°) we obtain that
‘Smij N Smiu‘ = ‘Smij N sz‘,ﬂ,‘ + ‘Smij N Sm—i,u| + ‘Smij N Kil/‘ + ‘Smij N Lil/‘ )

from which we obtain [S;,,; N Sy, | = (2k — 1) +2 + 2 + 2 for any two adjacent
vertices m;; and my,.

CASE 2. (my, € Kjj or my, € L; ;). Without loss of generality we can assume
that m,, € Kj;. Since Smi,f,,Smwj and K;; are mutually disjoint it follows
that u # ¢ and v # j. Since my, = k, + £, and m,, € K;; we obtain
My = kij + £, from which we obtain k,, = k;; and £, # {;;. We shall now
(1%) prove that |Smi; N Sm,,_,| = 2. Since p # i and v # j we have Smi’_j N
Sm,._, = 0 and Sm_,; N Sm,_, = {mu;} € Sm,;- We shall now demonstrate
that K NSy, _, = (). On the contrary, assume that m,; € K;; N Sm,,._,- Then
Myt = kﬂt +£Ht € Sm#,_,j and Myt = ]Cij +£Ht € Kij which yields kﬂt = ,ICZ] Since
ku, = kij and k4 = k;; we have k,,, = k. Finally, since k,, is presented in the
u-th row of the matrix Ko only one time we obtain ¢ = v. In the view of this,
we find that m,, € Sy, _, , a contradiction. Next, since ¢;; is presented in the
p-th row of the matrix Loy4q it follows that there exist ¢ # v so that £,; = £;;,
which provides that my; € Sy, _, and m,: € Ljj € Sp,;. This completes the
assertion (1°). We shall now (2°) prove that |Smi; N Sm_, | = 2. Since p # i
and v # j we have Smi,fj NSm_,, = {mu} C Sm; and S, N Sm_,, = 0.
We shall now demonstrate that K;; N Smw»v = (). On the contrary, assume that
Mgy € Kij N Sm_#,y. Then mg, = ks, + s € S, o and mgy, = kij + 4, € Kij
which yields kg, = k;;. Since kj,, = k;; and kg, = k;; we have k,,, = k,,. Finally,
since k,, is presented in the v-th column of the matrix Ko7 only one time we
obtain s = p. In the view of this, we find that m,, € Smw»v’ a contradiction.
Next, since £;; is presented in the v-th column of the matrix Loy4q it follows
that there exist ¢ # p so that ¢;, = ¢;;, which provides that my, € Smw,v and
my, € Lij C Sy,;. This completes the assertion (2%). We shall now (3°) prove
that [Sy,,; N K| = 2k — 1. Since k., = ki we have that K;; = {mg | ks =
kij and (s,t) # (i,5)} C Sm;; and K, = {mg | ks = kij and (s,t) # (u,v)}.
Since m;; ¢ K;; and my, ¢ K, we find that |K;; N K,,| = (2k + 1) — 2. Since
mij & Sp,; and Smi,,.,Sm,iWKipLz‘j C Sp,;; are mutually disjoint it follows
that Smi,_j , Sm_m,Lij and K, are also mutually disjoint, which completes the
assertion (3"). We shall now (4°) prove that |Smi; N Lyw| = 2. Since £, is
presented in the i-th row of the matrix Log; it follows that there exist t # j so
that £;; = £,,,, which provides that m; = ki + £, € Ly, and my = ki + £y €
Sm;_, © Smy;- Since £, is presented in the j-th column of the matrix Loy
it follows that there exist s # 1 so that {;; = £, which provides that m,; =
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ksj + €y € Ly and mg; = kgj + L € Smfw, C Spm,;- We shall now demonstrate
that K;; N Ly, = 0. On the contrary, assume that mgy = kg + s € Kij N Ly,
Then ks = k;; and £ = £,,,,. Since k,,, = k;; we obtain ks = k,,,, which provides
that my,, = ku + £ € Ly, a contradiction. We shall now demonstrate that
Lij N Ly, = 0. On the contrary, assume that mg = kg + ¢t € Lij N Ly, Then
ls = Li; and Ly = £, which provides that /,, = /;;, a contradiction. This
completes the assertion (4°). Finally, using (1%), (2°), (3°) and (4") we obtain
that

1Smi; 0 S| = 1Smi; O Sy, |+ Smy; O Sm*u»”‘ + 1Smi; N K| + 1Smy; O Lyl

from which we obtain [Sy,,; N Sm,, | =2+2+ (2k — 1) + 2 for any two adjacent
vertices m;; and my,,, which completes the proof. O

Let G™[Mag11] be a graph obtained from the matrix Moy1[m;;] in the
following way: (i) the vertex set of the graph G~ [Mag+1] is V(G [Maky1]) =
{my; ‘i,j =1,2,...,2k+1} and (ii) the neighborhood? of the vertex myj = kij+4ij
is Sy, = Smi,fj U S, ; U Kj;. Using the same arguments as in the proof of
Theorem 3, we can prove the following result.

Theorem 4. Let Moyy1[mij] = Kopy1lkij] + Lok+1[li;] be a semi-magic
square of order 2k + 1 for k > 2. Then G~ [Mag41] is a strongly regular graph of
order n = (2k +1)* and degree r = 6k with 7 =2k + 1 and 6 = 6.

Remark 6. If £ = 1 then the corresponding graph G~ [May1] is reduced
to the trivial strongly regular graph 3K3, a case that is excluded in Theorem 4.

4. Magic squares of order 6k + 3. Using the applied method of
cyclic permutations for creating the magic and semi-magic squares, in this section
with a minor modification of ”the first permutation” we create the magic squares
of order 6k + 3 for k > 0. First, let us assume that (7(1),7(2),...,7(6k + 3)) is
a fixed permutation of the numbers 1,2,...,6k + 3. Second, let us assume that
(m(0),m(6k +1),...,7((6k +2)(6k + 3))) is a fixed permutation of the numbers
0,6k + 3,...,(6k 4+ 2)(6k + 3).

Let us define X = {k+2,k+4,...,k+2(2k+1)} C{1,2,...,6k+3} and
let Y ={1,2,...,6k + 3} ~ X. Let us define X, = {(k+ Dk, (k+3)k,...,(k+
4k+1)k} C {0,k,...,(6k+2)k} and let Yy = {0,k,..., (6k+2)k } ~ X, where
k = 6k + 3. Let m(X) be the set of all permutations of the set X and let (V)
be the set of all permutations of the set Y. Of course, since | X| = 2k + 1 and

Sof course, if we define Si,,; = Smi,_j U Sm_i’j U L;; we also obtain that G~ [Mag41] is a
strongly regular graph of order n = (2k + 1)2 and degree r = 6k with 7 = 2k + 1 and 0 = 6.
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Y| = 4k + 2 we have |7(X)| = (2k 4+ 1)! and |7(Y)| = (4k + 2)!. Similarly, let
m(X4) be the set of all permutations of the set X and let 7(Yy) be the set of
all permutations of the set Y. Of course, since | X4 | =2k +1 and |Yy| = 4k + 2
we have |7(Xy)| = (2k 4+ 1)! and |7(YS)| = (4k + 2)!. Let sum m(z) be the sum
of all elements in a fixed permutation 7(z) € 7(X). Then we have

2k+1
(7) summ(z) = Y (k+2t) = (2k+ 1)(3k +2).
t=1

Let sum 7 (x) be the sum of all elements in a fixed permutation 7 (z) € 7(X).
Then we have

2k+1
(8)  summy(z) = (6k+3) Y (k+ (2t —1)) = (2k + 1)(3k + 1)(6k + 3) .
t=1

The first row of the matrix Kgi43 contains the numbers of a fixed permutation
m(xz) € 7(X) and the numbers of a fixed permutation 7(y) € w(Y") obtained in the
following way: (i) on the position 6k+ 3,6k, ..., 3 set up the numbers of 7(z) and
(ii) on the position ¢ ¢ {6k + 3,6k, ..., 3} set up the numbers of 7(y). According
to K[6k + 3|[6k + 3] we note that the numbers of the permutation m(z) are
presented 3 times in the non-main diagonal of the matrix Kgg43, understanding

The first row of the matrix Lgi43 contains the numbers of a fixed permu-
tation 74 (z) € m(X4) and the numbers of a fixed permutation 71 (y) € m(Y,)
obtained in the following way: (i) on the position 1,4,...,6k+ 1 set up the num-
bers of 74 (x) and (ii) on the position ¢t & {1,4,...,6k + 1} set up the numbers
of m1(y). According to L[6k + 3][6k + 3] we note that the numbers of the per-
mutation w4 (x) are presented 3 times in the main diagonal of the matrix Lggy3,
understanding that Lgi13 = L[6k+3][6k+3]. So we arrive at the following result:

Theorem 5. Let M6k+3[mij] = K6k+3[kij]+L6k+3[€ij] where K6k+3[kij] =
K[6k + 3][6k 4 3] and Ley43[¢;;] = L[6k + 3][6k + 3]. If the first row of the matrix
Kep13[kij] and the first row of the matriz Ley43[lsj) is created in a way described
in this section then Megyy3[mij;] is a magic square of order 6k + 3 for any k > 0.

Proof. Keeping in mind that the numbers of the permutation m(z) are
presented 3 times in the non-main diagonal of the matrix Kgi13 and the numbers
of the permutation 7 (x) are presented 3 times in the main diagonal of the matrix
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Lek3, using (7) and (8) we obtain'”

k+3)2+1
3sumn(z) + 3sumn (z) = (6k + 3) <%> ,
which provides that Mgy 3[my;] = Keris[kij] + Lexys[fi;] is a magic square™ of

order 6k + 3 for any k > 0. O

Remark 7. We have written a source program in the programming
language Borland C++ Builder 5.5 for creating the magic squares of order
3,5,...,999. The source program can be sent to the interested people by re-
quest. Of course, the source programs for creating strongly regular graphs using
magic squares can be also sent by request.
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'%(i) we note that 3sum7(z) is equal to the sum of all elements in any row and any column
of the matrix Kery3 and (ii) we note that 3summy(z) is equal to the sum of all elements in
any row and any column of the matrix Leg+3-

""The first row of the matrix Kexs[ki;] is a permutation of the numbers that belong to the
sets X, Y and it can be selected in (2k + 1)! x (4k + 2)! different ways, and the first row of the
matrix Ler13[li;] is a permutation of the numbers that belong to the sets X4, Y, and it can be
selected in (2k 4 1)! x (4k + 2)! different ways, which provides that the matrix Megr13[mi;] can
be formed in ((2k + 1)1)? x ((4k + 2)!)? different ways.

2The author is also very grateful to Marko Lepovié¢ for his suggestions on this paper.



