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1. Introduction. Let G be a simple graph of order n with vertex set
V (G) = {1, 2, . . . , n}. The spectrum of G consists of the eigenvalues λ1 ≥ λ2 ≥
· · · ≥ λn of its (0,1) adjacency matrix A and is denoted by σ(G). We say that
a regular graph G of order n and degree r ≥ 1 (which is not the complete
graph Kn) is strongly regular if there exist non-negative integers τ and θ such
that |Si ∩ Sj| = τ for any two adjacent vertices i and j, and |Si ∩ Sj| = θ for
any two distinct non-adjacent vertices i and j, where Sk ⊆ V (G) denotes the
neighborhood of the vertex k. We know that a regular connected graph G is
strongly regular if and only if it has exactly three distinct eigenvalues [1]. Let
λ1 = r, λ2 and λ3 denote the distinct eigenvalues of a connected strongly regular
graph G. Letm1 = 1, m2 andm3 denote the multiplicity of r, λ2 and λ3. Further,
let r = (n−1)−r, λ2 = −λ3−1 and λ3 = −λ2−1 denote the distinct eigenvalues
of the strongly regular graph G, where G denotes the complement of G. Then
τ = n− 2r − 2 + θ and θ = n− 2r + τ , where τ = τ(G) and θ = θ(G).

Remark 1. If G is a disconnected strongly regular graph of degree r then
G = mKr+1, where mH denotes the m-fold union of the graph H.

Remark 2. We also know that a strongly regular graph G = mKr+1 if
and only if θ = r. Since λ2λ3 = −(r − θ) it follows that G = mKr+1 if and only
if λ2 = 0.

Remark 3. (i) A strongly regular graph G of order n = 4k+1 and degree
r = 2k with τ = k − 1 and θ = k is called a conference graph; (ii) a strongly
regular graph is a conference graph if and only if m2 = m3 and (iii) if m2 6= m3

then G is an integral graph.

Remark 4. The line graph of the complete bipartite graph Kn,n is called
a lattice graph and is denoted by L(n). It is a strongly regular graph of order n2

and degree 2(n − 1) with τ = n− 2 and θ = 2.

Let X = X[xij ] be a square matrix of order n with all distinct xij which
belong to the set {1, 2, . . . , n2}. Let G[X] be a graph obtained from the matrix
X[xij ] in the following way: (i) the vertex set of the graph G[X] is V (G[X]) =
{xij

∣

∣i, j = 1, 2, . . ., n} and (ii) the neighborhood of the vertex xij is Sxij
=

Sxi,−j
∪ Sx

−i,j
where

Sxi,−j
= {xi1, xi2, . . . , xi,j−1, xi,j+1, . . . , xin} ,(1)

Sx
−i,j

= {x1j , x2j , . . . , xi−1,j, xi+1,j , . . . , xnj}(2)
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for1 any i, j = 1, 2, . . ., n. Since |Sxij
| = |Sxi,−j

|+ |Sx
−i,j

| = (n− 1) + (n− 1) we

note that G[X] is a regular graph of order n2 and degree r = 2(n−1). Let xst be
adjacent to xij. Then xst belongs to the i-th row or to the j-th column. Without
loss of generality we may assume that xst belongs to the i-th row. In this case
we have s = i and t 6= j. So we obtain

|Sxij
∩Sxit

| = |Sxi,−j
∩Sxi,−t

|+ |Sxi,−j
∩Sx

−i,t
|+ |Sx

−i,j
∩Sxi,−t

|+ |Sx
−i,j

∩Sx
−i,t

| .

We note |Sxi,−j
∩ Sx

−i,t
| = 0 because xit 6∈ Sxit

and |Sx
−i,j

∩ Sxi,−t
| = 0 because

xij 6∈ Sxij
. Next, we have |Sx

−i,j
∩ Sx

−i,t
| = 0 because t 6= j. In the view of this

we get |Sxij
∩Sxit

| = |Sxi,−j
∩Sxi,−t

|. Since xij 6∈ Sxij
and xit 6∈ Sxit

we find that

|Sxij
∩ Sxit

| = n− 2 for any two adjacent vertices xij and xst.

Further, let us assume that xij and xst are two distinct non-adjacent
vertices of the graph G[X]. In this case xst neither belongs to the i-th row of the
matrix X nor belongs to the j-th column of the matrix X, which provides that
s 6= i and t 6= j. So we obtain

|Sxij
∩Sxst| = |Sxi,−j

∩Sxs,−t
|+ |Sxi,−j

∩Sx
−s,t

|+ |Sx
−i,j

∩Sxs,−t
|+ |Sx

−i,j
∩Sx

−s,t
| .

We note |Sxi,−j
∩ Sxs,−t

| = 0 because s 6= i and |Sx
−i,j

∩ Sx
−s,t

| = 0 because

t 6= j. Since xit ∈ Sxi,−j
and xit ∈ Sx

−s,t
we find that |Sxi,−j

∩ Sx
−s,t

| = 1. Since

xsj ∈ Sx
−i,j

and xsj ∈ Sxs,−t
we find that |Sx

−i,j
∩ Sxs,−t

| = 1. Finally, we arrive
at

|Sxij
∩ Sxst| = |Sxi,−j

∩ Sx
−s,t

|+ |Sx
−i,j

∩ Sxs,−t
| = 1 + 1 ,

which provides2 that G[X] is a strongly regular graph of order n2 and degree
r = 2(n − 1) with τ = n − 2 and θ = 2. Therefore, according to Remark 4 it
follows that G[X] = L(n) for n ≥ 2.

2. Magic squares of order 2k + 1. Let Mn = Mn[mij] be a square
matrix of order n with all distinct mij which belong to the set {1, 2, . . . , n2}. The
matrix Mn is called the magic square of order n if the sum of all elements in
any row and column and both diagonals is the same. The matrix Mn is called
the semi-magic square of order n if the sum of all elements in any row and

1In other words, the adjacent vertices of the vertex xij are obtained from the matrix X[xij ]
by crossing out its i-th row and by crossing out its j-th column. We note that Sxi,−j

∩Sx
−i,j

= ∅

for i, j = 1, 2, . . ., n.
2Using this trivial result which is related to construction the infinite class of strongly regular

graphs L(n), we are motivated to investigate strongly regular graphs using magic squares.
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column is the same. We shall now demonstrate how to construct a magic square
of order 5 created by ”the method of cyclic permutations” established by French
mathematician Philippe de La Hire, as follows. Let (π(1), π(2), π(3), π(4), π(5)) =
(2, 5, 4, 1, 3) be a fixed permutation of the numbers 1, 2, 3, 4, 5 and let (π(0), π(5),
π(10), π(15), π(20)) = (20, 0, 10, 5, 15) be a fixed permutation of the numbers
0, 5, 10, 15, 20. Using the method of cyclic permutations we obtain the following
two matrices

Then the matrix M5[mij ] = K5[kij ] +L5[ℓij] is a magic square of order 5,
where K5[kij ] = K[5][5] and L5[ℓij ] = L[5][5].

We now proceed to obtain a new method for creating the semi-magic
squares of order 2k + 1 for k ≥ 1, which is based on ”the method of cyclic
permutations”, as follows. First, let us assume that (π(1), π(2), . . . , π(2k + 1)) is
a fixed permutation of the numbers 1, 2, . . . , 2k + 1. Let

π(1) π(2) ... π(k) π(k+1) π(k+2) ... π(2k) π(2k+1)

π(k+1) π(k+2) ... π(2k) π(2k+1) π(1) ... π(k−1) π(k)

π(2k+1) π(1) ... π(k−1) π(k) π(k+1) ... π(2k−1) π(2k)

π(k) π(k+1) ... π(2k−1) π(2k) π(2k+1) ... π(k−2) π(k−1)

π(2k) π(2k+1) ... π(k−2) π(k−1) π(k) ... π(2k−2) π(2k−1)

π(k−1) π(k) ... π(2k−2) π(2k−1) π(2k) ... π(k−3) π(k−2)

...
...

...
...

...
...

...
...

...

π(3) π(4) ... π(k+2) π(k+3) π(k+4) ... π(1) π(2)

π(k+3) π(k+4) ... π(1) π(2) π(3) ... π(k+1) π(k+2)

π(2) π(3) ... π(k+1) π(k+2) π(k+3) ... π(2k+1) π(1)

π(k+2) π(k+3) ... π(2k+1) π(1) π(2) ... π(k) π(k+1)

K[2k + 1][2k + 1]
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Second, let us assume that (π(0), π(2k + 1), . . . , π(2k(2k + 1))) is a fixed
permutation of the numbers 0, 2k + 1, . . . , 2k(2k + 1). Let k = 2k + 1 and let

π(0) π( k ) ... π((k−1) k ) π(k k ) π((k+1) k ) ... π((2k−1) k ) π(2k k )

π((k+1) k ) π((k+2) k ) ... π(2k k ) π(0) π( k ) ... π((k−1) k ) π(k k )

π( k ) π(2 k ) ... π(k k ) π((k+1) k ) π((k+2) k ) ... π(2k k ) π(0)

π((k+2) k ) π((k+3) k ) ... π(0) π( k ) π(2 k ) ... π(k k ) π((k+1) k )

π(2 k ) π(3 k ) ... π((k+1) k ) π((k+2) k ) π((k+3) k ) ... π(0) π( k )

π((k+3) k ) π((k+4) k ) ... π( k ) π(2 k ) π(3 k ) ... π((k+1) k ) π((k+2) k )

...
...

...
...

...
...

...
...

...
π((2k−1) k ) π(2k k ) ... π((k−3) k ) π((k−2) k ) π((k−1) k ) ... π((2k−3) k ) π((2k−2) k )

π((k−1) k ) π(k k ) ... π((2k−2) k ) π((2k−1) k ) π(2k k ) ... π((k−3) k ) π((k−2) k )

π(2k k ) π(0) ... π((k−2) k ) π((k−1) k ) π(k k ) ... π((2k−2) k ) π((2k−1) k )

π(k k ) π((k+1) k ) ... π((2k−1) k ) π(2k k ) π(0) ... π((k−2) k ) π((k−1) k )

L[2k + 1][2k + 1]

understanding that 0 = 0 · (2k+1) and 2k+1 = 1 · (2k+1). Then we can see that
the matrix M2k+1[mij ] = K2k+1[kij ] + L2k+1[ℓij] is a semi-magic square of order
2k + 1, where K2k+1[kij ] = K[2k + 1][2k + 1] and L2k+1[ℓij ] = L[2k + 1][2k + 1].
Indeed, since (k11, k12, . . . , k1,2k+1) = (π(1), π(2), . . . , π(2k+1)) and since the i-th
row of the matrix K2k+1 is a cyclic permutation of its first row, we get

2k+1
∑

j=1

kij =
2k+1
∑

j=1

k1j =
2k+1
∑

j=1

π(j) =
2k+1
∑

j=1

j = (k + 1)(2k + 1)

for i = 1, 2, . . ., 2k + 1. According to K[2k + 1][2k + 1], we have that

ki1 =

{

π(k + 2− t), if i = 2t

π(2k + 2− t), if i = 2t+ 1

for t = 1, 2, . . ., k. Since k + 2 − t ≤ k + 1 < k + 2 ≤ 2k + 2 − t it follows that
π(k+2−t) 6= π(2k+2−t) for t = 1, 2, . . ., k. So we find that (k11, k21, . . . , k2k+1,1)

⊤

is a permutation (πc(1), πc(2), . . . , πc(2k+1)) of the numbers 1, 2, . . ., 2k+1. Next,
the j-th column of the matrix K[2k+1][2k+1] is a cyclic permutation of its first
column. In the view of this, we get

2k+1
∑

i=1

kij =

2k+1
∑

i=1

ki1 =

2k+1
∑

i=1

πc(i) =

2k+1
∑

i=1

i = (k + 1)(2k + 1)
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for j = 1, 2, . . ., 2k + 1. We note (i) since the i-th row of the matrix K2k+1 is a
cyclic permutation of its first row then3 any fixed number p ∈ {1, 2, . . ., 2k + 1}
is presented in the i-th row of the matrix K2k+1 only one time and (ii) since the
j-th column of the matrix K2k+1 is a cyclic permutation of its first column then
any fixed number p ∈ {1, 2, . . ., 2k + 1} is presented in the j-th column of the
matrix K2k+1 only one time.

Further, since (ℓ11, ℓ12, . . . , ℓ1,2k+1) = (π(0), π(2k +1), . . . , π(2k(2k +1)))
and since the i-th row of the matrix L2k+1 is a cyclic permutation of its first row,
we get

2k+1
∑

j=1

ℓij =

2k+1
∑

j=1

ℓ1j =

2k+1
∑

j=1

π((j − 1)(2k + 1)) = (2k + 1)

2k+1
∑

j=1

(j − 1) = k(2k + 1)2

for i = 1, 2, . . ., 2k + 1. According to L[2k + 1][2k + 1], we have that

ℓi1 =

{

π((k + t)(2k + 1)), if i = 2t

π(t(2k + 1)), if i = 2t+ 1

for t = 1, 2, . . ., k. Next, since t ≤ k < k+1 ≤ k+ t it follows that π(t(2k+1)) 6=
π((k + t)(2k + 1)) for t = 1, 2, . . ., k. So we find that (ℓ11, ℓ21, . . . , ℓ2k+1,1)

⊤

is a permutation (πc(0), πc(2k + 1), . . . , πc(2k(2k + 1))) of the numbers 0, 2k +
1, . . . , 2k(2k+1). Since the j-th column of the matrix L[2k+1][2k+1] is a cyclic
permutation of its first column, we obtain

2k+1
∑

i=1

ℓij =

2k+1
∑

i=1

ℓi1 =

2k+1
∑

i=1

πc((i− 1)(2k + 1)) = (2k + 1)

2k+1
∑

i=1

(i− 1) = k(2k + 1)2

for j = 1, 2, . . ., 2k+1. We note (i) since the i-th row of the matrix L2k+1 is a cyclic
permutation of its first row then4 any fixed number q ∈ {0, 2k+1, . . . , 2k(2k+1)}
is presented in the i-th row of the matrix L2k+1 only one time and (ii) since the
j-th column of the matrix L2k+1 is a cyclic permutation of its first column then
any fixed number q ∈ {0, 2k + 1, . . . , 2k(2k + 1)} is presented in the j-th column
of the matrix L2k+1 only one time. Since mij = kij + ℓij we get

2k+1
∑

i=1

mij =

2k+1
∑

j=1

mij = (k + 1)(2k + 1) + k(2k + 1)2 = (2k + 1)

(

(2k + 1)2 + 1

2

)

3Namely, according to K[2k + 1][2k + 1] the all cyclic permutations related to rows and
columns of the matrix K2k+1 are mutually different, which provides that ksj 6= ktj and kis 6= kit
for j = 1, 2, . . ., 2k + 1 and i = 1, 2, . . ., 2k + 1 if s 6= t.

4Namely, according to L[2k + 1][2k + 1] the all cyclic permutations related to rows and
columns of the matrix L2k+1 are mutually different, which provides that ℓsj 6= ℓtj and ℓis 6= ℓit
for j = 1, 2, . . ., 2k + 1 and i = 1, 2, . . ., 2k + 1 if s 6= t.
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for i, j = 1, 2, . . ., 2k + 1.

Theorem 1. Let M2k+1[mij] = K2k+1[kij ]+L2k+1[ℓij ] where K2k+1[kij ] =
K[2k+1][2k+1] and L2k+1[ℓij ] = L[2k+1][2k+1]. Then M2k+1[mij ] is a semi-

magic square of order 2k + 1 for k ≥ 1.

P r o o f. In order to prove that M2k+1 is a semi-magic square it is suffi-
cient to show that mij ∈ {1, 2, . . . , (2k + 1)2} and mij are mutually different for
i, j = 1, 2, . . ., 2k + 1. Indeed, since kij ∈ {1, 2, . . ., 2k + 1} and ℓij ∈ {0, 2k +
1, . . . , 2k(2k + 1)} we have mij ∈ {1, 2, . . . , (2k + 1)2} for i, j = 1, 2, . . ., 2k + 1.
Next, according to K[2k + 1][2k + 1] we have that
(3)

kij =























π(k + 1− t+ j), if i = 2t ∧ k + 1− t+ j ≤ 2k + 1

π(k + 1− t+ j − (2k + 1)), if i = 2t ∧ k + 1− t+ j > 2k + 1

π(2k + 1− t+ j), if i = 2t+ 1 ∧ 2k + 1− t+ j ≤ 2k + 1

π(2k + 1− t+ j − (2k + 1)), if i = 2t+ 1 ∧ 2k + 1− t+ j > 2k + 1

for t = 1, 2, . . ., k and j = 1, 2, . . ., 2k+1. Next, according to L[2k+1][2k+1] we
have that
(4)

ℓij =























π((k + t+ j − 1)(2k + 1)), if i = 2t ∧ k + t+ j − 1 ≤ 2k

π((k + t+ j − 1− (2k + 1))(2k + 1)), if i = 2t ∧ k + t+ j − 1 > 2k

π((t+ j − 1)(2k + 1)), if i = 2t+ 1 ∧ t+ j − 1 ≤ 2k

π((t+ j − 1− (2k + 1))(2k + 1)), if i = 2t+ 1 ∧ t+ j − 1 > 2k

for t = 1, 2, . . ., k and j = 1, 2, . . ., 2k+1. Sincemij = kij+ℓij = π(p)+π(q(2k+1))
and since the numbers π(p) ∈ {1, 2, . . ., 2k + 1} and π(q(2k + 1)) ∈ {0, 2k +
1, . . . , 2k(2k + 1)}, it follows that kij and ℓij are uniquely determined. In other
words, if mij = kij + ℓij , mst = kst + ℓst and mij = mst then kij = kst and
ℓij = ℓst. We now proceed to show that mij are mutually different for i, j =
1, 2, . . ., 2k+1. On the contrary, assume that mij = mµν for some (i, j) 6= (µ, ν).
Then mij = π(p0) + π(q0(2k + 1)) = mµν for some π(p0) ∈ {1, 2, . . ., 2k + 1}
and π(q0(2k + 1)) ∈ {0, 2k + 1, . . . , 2k(2k + 1)}, which provides that kij = kµν
and ℓij = ℓµν . Without loss of generality we may assume that i 6= µ. Since
π(q0(2k+1)) is presented in the j-th column of the matrix L2k+1 only one time,
we find that j 6= ν. Since5 the i-th row and the µ-th row of the matrix K2k+1 is

5Of course, since the j-th column and the ν-th column of the matrix K2k+1 is a cyclic
permutation of its first column and since the j-th column and the ν-th column of the matrix
L2k+1 is a cyclic permutation of its first column, we can easily see that any msj in the j-th
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a cyclic permutation of its first row and since the i-th row and the µ-th row of
the matrix L2k+1 is a cyclic permutation of its first row, we can easily see that
any mis in the i-th row is also presented in the µ-th row. Indeed, we have

mi,j+1 = π(p0 + 1) + π((q0 + 1)(2k + 1)) = mµ,ν+1 ,

(i) understanding that π(p0+1) = π(1) if p0+1 = 2k+2 and π((q0+1)(2k+1)) =
π(0) if q0 +1 = 2k+1 and (ii) understanding that mi,j+1 = mi1 if j+1 = 2k+2
and mµ,ν+1 = mµ1 if ν + 1 = 2k + 2. In the view of this, we can assume that
j = 1. Since j 6= ν we have that ν ∈ {2, 3, . . . , 2k + 1}. Finally, in order to prove
that M2k+1 is a semi-magic square we shall consider the following four cases:

Case 1. (i = 2t and µ = 2s). Consider the case when k+1− s+ ν ≤ 2k+1 and
k+s+ν−1 ≤ 2k. Using (3) and (4) we obtain that π(k+2− t) = π(k+1−s+ν)
and π((k + t)(2k + 1)) = π((k + s + ν − 1)(2k + 1)), which provides that (i)
k+2− t = k+1− s+ν and (ii) k+ t = k+ s+ν−1. Using (i) and (ii) we obtain
ν = 1, a contradiction because ν > 1. Consider the case when k+1−s+ν ≤ 2k+1
and k+s+ν−1 > 2k. Using (3) and (4) we obtain that π(k+2−t) = π(k+1−s+ν)
and π((k+t)(2k+1)) = π((k+s+ν−1−(2k+1))(2k+1)), which provides that (iii)
k+2−t = k+1−s+ν and (iv) k+t = k+s+ν−1−(2k+1). Using (iii) and (iv)
we obtain 2ν = 2k+3, a contradiction because 2 ∤ 2k+3. Consider the case when
k+1−s+ν > 2k+1 and k+s+ν−1 ≤ 2k. Using (3) and (4) we obtain that π(k+
2−t) = π(k+1−s+ν−(2k+1)) and π((k+t)(2k+1)) = π((k+s+ν−1)(2k+1)),
which provides that (v) k+2−t = k+1−s+ν−(2k+1) and (vi) k+t = k+s+ν−1.
Using (v) and (vi) we obtain 2ν = 2k + 3, a contradiction because 2 ∤ 2k + 3.
Consider the case when k + 1 − s + ν > 2k + 1 and k + s + ν − 1 > 2k. Using
(3) and (4) we obtain that π(k + 2 − t) = π(k + 1 − s + ν − (2k + 1)) and
π((k+ t)(2k+1)) = π((k+s+ν−1− (2k+1))(2k+1)), which provides that (vii)
k+2−t = k+1−s+ν−(2k+1) and (viii) k+t = k+s+ν−1−(2k+1). Using (vii)
and (viii) we obtain ν = 2k + 2, a contradiction because ν ∈ {2, 3, . . . , 2k + 1}.

Case 2. (i = 2t and µ = 2s+1). Consider the case when 2k+1− s+ ν ≤ 2k+1
and s+ν−1 ≤ 2k. Using (3) and (4) we obtain that π(k+2−t) = π(2k+1−s+ν)
and π((k+ t)(2k+1)) = π((s+ν−1)(2k+1)), which provides that (i) k+2− t =
2k + 1 − s + ν and (ii) k + t = s + ν − 1. Using (i) and (ii) we obtain ν = 1, a
contradiction because ν > 1. Consider the case when 2k+1− s+ ν ≤ 2k+1 and
s+ ν− 1 > 2k. Using (3) and (4) we obtain that π(k+2− t) = π(2k+1− s+ ν)
and π((k + t)(2k + 1)) = π((s + ν − 1 − (2k + 1))(2k + 1)), which provides that
(iii) k+2− t = 2k+1− s+ν and (iv) k+ t = s+ν−1− (2k+1). Using (iii) and
(iv) we obtain 2ν = 2k+3, a contradiction because 2 ∤ 2k+3. Consider the case

column is also presented in the ν-th column.
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when 2k+1−s+ν > 2k+1 and s+ν−1 ≤ 2k. Using (3) and (4) we obtain that
π(k+2−t) = π(2k+1−s+ν−(2k+1)) and π((k+t)(2k+1)) = π((s+ν−1)(2k+1)),
which provides that (v) k+2−t = 2k+1−s+ν−(2k+1) and (vi) k+t = s+ν−1.
Using (v) and (vi) we obtain 2ν = 2k + 3, a contradiction because 2 ∤ 2k + 3.
Consider the case when 2k + 1 − s + ν > 2k + 1 and s + ν − 1 > 2k. Using
(3) and (4) we obtain that π(k + 2 − t) = π(2k + 1 − s + ν − (2k + 1)) and
π((k + t)(2k + 1)) = π((s+ ν − 1− (2k + 1))(2k + 1)), which provides that (vii)
k+2−t = 2k+1−s+ν−(2k+1) and (viii) k+t = s+ν−1−(2k+1). Using (vii)
and (viii) we obtain ν = 2k + 2, a contradiction because ν ∈ {2, 3, . . . , 2k + 1}.

Case 3. (i = 2t+1 and µ = 2s). Consider the case when k+1−s+ν ≤ 2k+1 and
k+s+ν−1 ≤ 2k. Using (3) and (4) we obtain that π(2k+2−t) = π(k+1−s+ν)
and π(t(2k+1)) = π((k+ s+ν−1)(2k+1)), which provides that (i) 2k+2− t =
k + 1 − s + ν and (ii) t = k + s + ν − 1. Using (i) and (ii) we obtain ν = 1, a
contradiction because ν > 1. Consider the case when k+ 1− s+ ν ≤ 2k + 1 and
k+s+ν−1 > 2k. Using (3) and (4) we obtain that π(2k+2−t) = π(k+1−s+ν)
and π(t(2k+1)) = π((k+ s+ ν− 1− (2k+1))(2k+1)), which provides that (iii)
2k+2− t = k+1− s+ν and (iv) t = k+ s+ν−1− (2k+1). Using (iii) and (iv)
we obtain 2ν = 2k+3, a contradiction because 2 ∤ 2k+3. Consider the case when
k + 1− s+ ν > 2k + 1 and k+ s+ ν − 1 ≤ 2k. Using (3) and (4) we obtain that
π(2k+2−t) = π(k+1−s+ν−(2k+1)) and π(t(2k+1)) = π((k+s+ν−1)(2k+1)),
which provides that (v) 2k+2−t = k+1−s+ν−(2k+1) and (vi) t = k+s+ν−1.
Using (v) and (vi) we obtain 2ν = 2k + 3, a contradiction because 2 ∤ 2k + 3.
Consider the case when k + 1 − s + ν > 2k + 1 and k + s + ν − 1 > 2k. Using
(3) and (4) we obtain that π(2k + 2 − t) = π(k + 1 − s + ν − (2k + 1)) and
π(t(2k + 1)) = π((k + s + ν − 1 − (2k + 1))(2k + 1)), which provides that (vii)
2k+2−t = k+1−s+ν−(2k+1) and (viii) t = k+s+ν−1−(2k+1). Using (vii)
and (viii) we obtain ν = 2k + 2, a contradiction because ν ∈ {2, 3, . . . , 2k + 1}.

Case 4. (i = 2t+1 and µ = 2s+1). Consider the case when 2k+1−s+ν ≤ 2k+1
and s+ν−1 ≤ 2k. Using (3) and (4) we obtain that π(2k+2−t) = π(2k+1−s+ν)
and π(t(2k + 1)) = π((s + ν − 1)(2k + 1)), which provides that (i) 2k + 2 − t =
2k + 1 − s + ν and (ii) t = s + ν − 1. Using (i) and (ii) we obtain ν = 1, a
contradiction because ν > 1. Consider the case when 2k+1− s+ ν ≤ 2k+1 and
s+ν−1 > 2k. Using (3) and (4) we obtain that π(2k+2− t) = π(2k+1− s+ν)
and π(t(2k + 1)) = π((s + ν − 1 − (2k + 1))(2k + 1)), which provides that (iii)
2k+2− t = 2k+1−s+ν and (iv) t = s+ν−1− (2k+1). Using (iii) and (iv) we
obtain 2ν = 2k + 3, a contradiction because 2 ∤ 2k + 3. Consider the case when
2k + 1 − s + ν > 2k + 1 and s + ν − 1 ≤ 2k. Using (3) and (4) we obtain that
π(2k+2−t) = π(2k+1−s+ν−(2k+1)) and π(t(2k+1)) = π((s+ν−1)(2k+1)),
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which provides that (v) 2k+2− t = 2k+1−s+ν−(2k+1) and (vi) t = s+ν−1.
Using (v) and (vi) we obtain 2ν = 2k + 3, a contradiction because 2 ∤ 2k + 3.
Consider the case when 2k + 1 − s + ν > 2k + 1 and s + ν − 1 > 2k. Using
(3) and (4) we obtain that π(2k + 2 − t) = π(2k + 1 − s + ν − (2k + 1)) and
π(t(2k + 1)) = π((s + ν − 1 − (2k + 1))(2k + 1)), which provides that (vii)
2k+2− t = 2k+1−s+ν− (2k+1) and (viii) t = s+ν−1− (2k+1). Using (vii)
and (viii) we obtain ν = 2k + 2, a contradiction because ν ∈ {2, 3, . . . , 2k + 1}.
This completes the proof. ✷

Theorem 2. Let M2k+1[mij] = K2k+1[kij ]+L2k+1[ℓij ] where K2k+1[kij ] =
K[2k+1][2k+1] and L2k+1[ℓij ] = L[2k+1][2k+1]. Then6 M2k+1[mij ] is a magic

square of order 2k + 1 if 3 ∤ 2k + 1.

P r o o f. In order to prove that M2k+1 is a magic square it is sufficient to
show that the all elements in both diagonals of the matrix K2k+1 and the matrix
L2k+1 are mutually different. First, according to K[2k + 1][2k + 1] we have that

kii =

{

π(k + t+ 1), if i = 2t

π(t+ 1), if i = 2t+ 1

for t = 1, 2, . . ., k. Since t+1 < k+ t+1 it follows that kii are mutually different
for i = 1, 2, . . ., 2k + 1. Next, according to K[2k + 1][2k + 1] we have that

ki,2k+2−i =























π(k + 2− 3t), if i = 2t ∧ k + 2− 3t ≥ 0

π(k + 2− 3t+ 2k + 1), if i = 2t ∧ k + 2− 3t < 0

π(2k + 1− 3t), if i = 2t+ 1 ∧ 2k + 1− 3t ≥ 0

π(2(2k + 1)− 3t), if i = 2t+ 1 ∧ 2k + 1− 3t < 0

for t = 1, 2, . . ., k. Since 3 ∤ 2k +1 and k+ 2 = 3(k + 1)− (2k + 1) it follows that
k + 2 − 3t 6= 0 and 2k + 1 − 3t 6= 0. Let 2k + 1 ≡ ε mod 3 where ε ∈ {−1, 1}.
Then we have (i) k + 2 − 3t ≡ −ε mod 3 and (ii) k + 2 − 3t + 2k + 1 ≡ 0
mod 3, which provides that k2t,2k+2−2t are mutually different for t = 1, 2, . . ., k.
Since (iii) 2k + 1− 3t ≡ ε mod 3 and (iv) 2(2k + 1)− 3t ≡ −ε mod 3, we find
that k2t+1,2k+2−(2t+1) are mutually different for t = 1, 2, . . ., k. Of course, since
3 ∤ 2k + 1 we have k1,2k+1 = π(2k + 1) 6= k2t+1,2k+2−(2t+1) for t = 1, 2, . . ., k. On
the contrary, assume that ki,2k+2−i = kj,2k+2−j for some i 6= j. Then according to

6The first row of the matrix K2k+1[kij ] is a permutation of the numbers 1, 2, . . ., 2k + 1 and
it can be selected in (2k + 1)! different ways, and the first row of the matrix L2k+1[ℓij ] is a
permutation of the numbers 0, 2k+1, . . . , 2k(2k+1) and it can be selected in (2k+1)! different
ways, which provides that the matrix M2k+1[mij ] can be formed in (2k+1)!× (2k+1)! different
ways.
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(i), (ii), (iii) and (iv) it must be π(k+2−3t) = π(2(2k+1)−3s), which provides
that k+ 2− 3t = 2(2k + 1)− 3s for some t = 1, 2, . . ., k and s = 1, 2, . . ., k. Then
k + 2− 3t ≤ k − 1 < k + 1 < 2(2k + 1)− 3s, a contradiction.

Next, we shall now demonstrate that the all elements in both diagonals
of the matrix L[2k + 1][2k + 1] are mutually different. Indeed, according to
L[2k + 1][2k + 1] we have that

ℓii =























π((k − 1 + 3t)(2k + 1)), if i = 2t ∧ k − 1 + 3t ≤ 2k + 1

π((k − 1 + 3t− (2k + 1))(2k + 1)), if i = 2t ∧ k − 1 + 3t > 2k + 1

π(3t(2k + 1)), if i = 2t+ 1 ∧ 3t ≤ 2k + 1

π(3t− (2k + 1))(2k + 1)), if i = 2t+ 1 ∧ 3t > 2k + 1

for t = 1, 2, . . ., k. Since 3 ∤ 2k + 1 and k − 1 = 3k − (2k + 1) it follows that
k − 1 + 3t 6= 2k + 1 and 3t 6= 2k + 1. Let 2k + 1 ≡ ε mod 3 where ε ∈ {−1, 1}.
Then we have (i) k − 1 + 3t ≡ −ε mod 3 and (ii) k − 1 + 3t − (2k + 1) ≡
ε mod 3, which provides that ℓ2t,2t are mutually different for t = 1, 2, . . ., k.
Since (iii) 3t ≡ 0 mod 3 and (iv) 3t − (2k + 1) ≡ −ε mod 3, we find that
ℓ2t+1,2t+1 are mutually different for t = 1, 2, . . ., k. Of course, since 3 ∤ 2k + 1
we have ℓ11 = π(0) 6= ℓ2t+1,2t+1 for t = 1, 2, . . ., k. On the contrary, assume
that ℓii = ℓjj for some i 6= j. Then according to (i), (ii), (iii) and (iv) it must
be π((k − 1 + 3t)(2k + 1)) = π((3s − (2k + 1))(2k + 1)), which provides that
k − 1 + 3t = 3s − (2k + 1) for some t = 1, 2, . . ., k and s = 1, 2, . . ., k. Then
k − 1 + 3t ≥ k + 2 > k > 3s − (2k + 1), a contradiction. Next, according to
L[2k + 1][2k + 1] we have that

ℓi,2k+2−i =

{

π((k − t)(2k + 1)), if i = 2t

π((2k − t)(2k + 1)), if i = 2t+ 1

for t = 1, 2, . . ., k. Since k − t < 2k − t it follows that ℓii are mutually different
for i = 1, 2, . . ., 2k + 1. ✷

Corollary 1. Let Mn[mij] = Kn[kij ] + Ln[ℓij] for n ∈ 2N + 1, where

Kn[kij ] = K[n][n] and Ln[ℓij] = L[n][n]. Then

Mn[mij] =











the magic square, if n = 6k − 1

the magic square, if n = 6k + 1

the semi−magic square, if n = 6k − 3

for k ∈ N.
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Remark 5. In case that k = 2 the applied method of cyclic permutations
for creating the magic squares is reduced to the method of cyclic permutations
for creating the magic squares of order 5 established by French mathematician
Philippe de La Hire.

3. Two infinite classes of strongly regular graphs. Let
M2k+1[mij] = K2k+1[kij ] + L2k+1[ℓij ] be a semi-magic square of order 2k + 1
for k ≥ 1. Let G[M2k+1] be a graph obtained from the matrix M2k+1[mij ] in
the following way: (i) the vertex set of the graph G[M2k+1] is V (G[M2k+1]) =
{mij

∣

∣i, j = 1, 2, . . ., 2k+1} and (ii) the neighborhood of the vertex mij = kij+ℓij
is Smij

= Smi,−j
∪ Sm

−i,j
∪Kij ∪ Lij where

Kij = {mst | kst = kij and (s, t) 6= (i, j)} ,(5)

Lij = {mst | ℓst = ℓij and (s, t) 6= (i, j)} ,(6)

for s, t = 1, 2, . . ., 2k + 1. We note that Kij ∩ Lij = ∅ for i, j = 1, 2, . . ., 2k + 1.
Indeed, on the contrary, assume thatmst ∈ Kij∩Lij. Thenmst = kst+ℓst = kij+
ℓij = mij, a contradiction. Namely, it is easy to see that Smi,−j

, Sm
−i,j

,Kij , Lij

are mutually disjoint. For the sake of an example, let us show that Smi,−j
∩Kij =

∅. On the contrary, assume that mst ∈ Smi,−j
∩ Kij . Using (1) it follows that

s = i and t 6= j. Since mit ∈ Kij and kit = kij we find that kij is presented in the
i-th row of the matrix K2k+1[kij ] two times, a contradiction. Since kij ∈ K2k+1 =
K2k+1[kij ] is presented in the i-th row and the j-th column only one time and
mij 6∈ Kij, we obtain |Kij | = (2k+1)−1. Similarly, since ℓij ∈ L2k+1 = L2k+1[ℓij ]
is presented in the i-th row and the j-th column only one time and mij 6∈ Lij , we
obtain |Lij | = (2k + 1)− 1. Therefore, we have

|Smij
| = |Smi,−j

|+ |Sm
−i,j

|+ |Kij |+ |Lij | = 2k + 2k + 2k + 2k ,

which provides that G[M2k+1] is a regular7 graph of order n = (2k + 1)2 and
degree r = 8k.

Theorem 3. Let M2k+1[mij ] = K2k+1[kij ] + L2k+1[ℓij ] be a semi-magic

square of order 2k + 1 for k ≥ 2. Then G[M2k+1] is a strongly regular graph of

order n = (2k + 1)2 and degree r = 8k with τ = 2k + 5 and θ = 12.

P r o o f. First, assume that mij and mµν are two distinct non-adjacent
vertices of the graph G[M2k+1]. In this case we have µ 6= i and ν 6= j. On the
contrary, assume that µ = i or ν = j. Without loss of generality we can assume

7If k = 1 then the corresponding graph G[M2k+1] is reduced to the complete graph K9, a
case that will be excluded.
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that µ = i and ν 6= j. Then miν ∈ Smi,−j
, which means that miν and mij are

adjacent, a contradiction. Since mµν = kµν + ℓµν it is easy to see kµν 6= kij
and ℓµν 6= ℓij . Indeed, if we assume kµν = kij then mµν ∈ Kij , which means
that mµν and mij are adjacent, a contradiction. We shall now (10) prove that
|Smij

∩Smµ,−ν
| = 3. Since kij is presented in the µ-th row of the matrix K2k+1 it

follows that there exist s 6= ν so that kµs = kij , which provides that mµs ∈ Smµ,−ν

and mµs ∈ Kij ⊆ Smij
. Similarly, since ℓij is presented in the µ-th row of the

matrix L2k+1 it follows that there exist t 6= ν so that ℓµt = ℓij , which provides
that mµt ∈ Smµ,−ν

and mµt ∈ Lij ⊆ Smij
. Since Smµ,−ν

∩ Smi,−j
= ∅ and since

Smµ,−ν
∩ Sm

−i,j
= {mµj} ⊆ Smij

, we obtain8 that |Smij
∩ Smµ,−ν

| ≥ 3. Next, let
mµx ∈ Smµ,−ν

and let mµx 6∈ {mµj ,mµs,mµt}, which provides that x 6∈ {j, s, t}.
It remains to demonstrate that mµx 6∈ Smij

. On the contrary, assume that
mµx = kµx + ℓµx ∈ Smij

. Then according to (1), (2), (5) and (6) we find that
mµx ∈ Kij or mµx ∈ Lij. Without loss of generality we may assume mµx ∈ Kij .
In this case we have kµx = kij . Since kµs = kij we find that kij is presented in
the µ-th row of the matrix K2k+1 two times, a contradiction. This completes the
assertion (10). Using the same arguments as in the proof of (10), we can (20) prove
that |Smij

∩Sm
−µ,ν

| = 3. We shall now (30) prove that |Smij
∩Kµν | = 3. Since kµν

is presented in the i-th row of the matrix K2k+1 it follows that there exist t 6= j

so that kit = kµν , which provides that mit ∈ Kµν and mit ∈ Smi,−j
⊆ Smij

. Since
kµν is presented in the j-th column of the matrix K2k+1 it follows that there exist
s 6= i so that ksj = kµν , which provides that msj ∈ Kµν and msj ∈ Sm

−i,j
⊆ Smij

.
We shall now demonstrate that Kij ∩ Kµν = ∅. On the contrary, assume that
mxy ∈ Kij ∩Kµν . Then kxy = kij and kxy = kµν , which provides that kµν = kij ,
a contradiction. Further, let Pij = {p+ ℓij | p ∈ {1, 2, . . ., 2k+1}r {kij}} and let
Qij = {kij + q | q ∈ {0, 2k + 1, . . . , 2k(2k + 1)} r {ℓij}} for i, j = 1, 2, . . ., 2k + 1.
Due to the fact that kij is presented in the i-th row and the j-th column of the
matrix K2k+1 only one time, we easily see Pij = Lij for i, j = 1, 2, . . ., 2k + 1.
Due to the fact that ℓij is presented in the i-th row and the j-th column of the
matrix L2k+1 only one time, we easily see Qij = Kij for i, j = 1, 2, . . ., 2k + 1.
Let p0 ∈ {1, 2, . . ., 2k + 1} r {kij} such that p0 = kµν and let q0 ∈ {0, 2k +
1, . . . , 2k(2k + 1)} r {ℓµν} such that q0 = ℓij . Then p0 + ℓij ∈ Lij ⊆ Smij

and
kµν + q0 ∈ Kµν . So we obtain p0 + ℓij = p0 + q0 = kµν + q0, which provides
that |Lij ∩Kµν | ≥ 1 and |Smij

∩Kµν | ≥ 3. Since p0 ∈ {1, 2, . . ., 2k + 1} r {kij}
and q0 ∈ {0, 2k + 1, . . . , 2k(2k + 1)} r {ℓµν} are uniquely determined we obtain
|Lij ∩Kµν | = 1, which completes the assertion (30). Using the same arguments

8Since mµj ∈ Sm
−i,j

, mµs ∈ Kij , mµt ∈ Lij and Sm
−i,j

,Kij , Lij are mutually disjoint it
follows that mµj ,mµs and mµt are three distinct vertices.
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as in the proof of (30), we can (40) prove that |Smij
∩ Lµν | = 3. Finally, using

(10), (20), (30) and (40) we obtain that

|Smij
∩ Smµν | = |Smij

∩ Smµ,−ν
|+ |Smij

∩ Sm
−µ,ν

|+ |Smij
∩Kµν |+ |Smij

∩ Lµν | ,

from which we obtain |Smij
∩ Smµν | = 12 for any two distinct non-adjacent

vertices mij and mµν . Next, let mij and mµν be two adjacent vertices of the
graph G[M2k+1]. We shall now consider the following two cases:

Case 1. (mµν ∈ Smi,−j
or mµν ∈ Sm

−i,j
). Without loss of generality we can

assume that mµν ∈ Smi,−j
. In this case we have µ = i and ν 6= j. We shall now

(10) prove that |Smij
∩Smi,−ν

| = 2k− 1. Since mij 6∈ Smi,−j
and miν 6∈ Smi,−ν

we

have |Smi,−j
∩Smi,−ν

| = (2k+1)−2, which provides that |Smij
∩Smi,−ν

| ≥ 2k−1.
Since mij 6∈ Smij

and Smi,−j
, Sm

−i,j
,Kij and Lij are mutually disjoint it follows

that Smi,−ν
, Sm

−i,j
,Kij and Lij are also mutually disjoint, which completes the

assertion (10). We shall now (20) prove that |Smij
∩ Sm

−i,ν
| = 2. Since miν 6∈

Sm
−i,ν

we have that Smi,−j
∩ Sm

−i,ν
= ∅ and Sm

−i,j
∩ Sm

−i,ν
= ∅. Since kij

is presented in the ν-th column of the matrix K2k+1 it follows that there exist
s 6= µ so that ksν = kij, which provides that msν ∈ Sm

−i,ν
and msν ∈ Kij ⊆ Smij

.
Similarly, since ℓij is presented in the ν-th column of the matrix L2k+1 it follows
that there exist t 6= µ so that ℓtν = ℓij, which provides that mtν ∈ Sm

−i,ν
and

mtν ∈ Lij ⊆ Smij
. This completes the assertion (20). We shall now (30) prove

that |Smij
∩ Kiν | = 2. Since miν 6∈ Kiν and Smi,−ν

∩ Kiν = ∅ it follows that
Smi,−j

∩Kiν = ∅. Since kiν is presented in the j-th column of the matrix K2k+1

it follows that there exist s 6= i so that ksj = kiν , which provides that msj ∈ Kiν

and msj ∈ Sm
−i,j

⊆ Smij
. We shall now demonstrate that Kij ∩Kiν = ∅. On the

contrary, assume that mst ∈ Kij ∩Kiν. Then kst = kij and kst = kiν which yields
kij = kiν , a contradiction. Next, since Kiν = Qiν and Qiν = {kiν+q | q ∈ {0, 2k+
1, . . . , 2k(2k+1)}r{ℓiν}} there exist q0 ∈ {0, 2k+1, . . . , 2k(2k+1)}r{ℓiν} such
that q0 = ℓij . In the view of this, we have kiν+q0 ∈ Kiν and kiν+q0 ∈ Lij ⊆ Smij

,

which completes the assertion (30). We shall now (40) prove that |Smij
∩Liν | = 2.

Since miν 6∈ Liν and Smi,−ν
∩Liν = ∅ it follows that Smi,−j

∩Liν = ∅. Since ℓiν is
presented in the j-th column of the matrix L2k+1 it follows that there exist s 6= i so
that ℓsj = ℓiν , which provides that msj ∈ Liν and msj ∈ Sm

−i,j
⊆ Smij

. We shall
now demonstrate that Lij∩Liν = ∅. On the contrary, assume thatmst ∈ Lij∩Liν .
Then ℓst = ℓij and ℓst = ℓiν which yields ℓij = ℓiν , a contradiction. Next,
since Liν = Piν and Piν = {p + ℓiν | p ∈ {1, 2, . . . , 2k + 1} r {kiν}} there exist
p0 ∈ {1, 2, . . . , 2k + 1} r {kiν} such that p0 = kij . In the view of this, we have
p0 + ℓiν ∈ Liν and p0 + ℓiν ∈ Kij ⊆ Smij

, which completes the assertion (40).
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Finally, using (10), (20), (30) and (40) we obtain that

|Smij
∩ Smiν

| = |Smij
∩ Smi,−ν

|+ |Smij
∩ Sm

−i,ν
|+ |Smij

∩Kiν |+ |Smij
∩ Liν | ,

from which we obtain |Smij
∩ Smiν

| = (2k − 1) + 2 + 2 + 2 for any two adjacent
vertices mij and miν .

Case 2. (mµν ∈ Kij or mµν ∈ Li,j). Without loss of generality we can assume
that mµν ∈ Kij. Since Smi,−j

, Sm
−i,j

and Kij are mutually disjoint it follows
that µ 6= i and ν 6= j. Since mµν = kµν + ℓµν and mµν ∈ Kij we obtain
mµν = kij + ℓµν , from which we obtain kµν = kij and ℓµν 6= ℓij . We shall now
(10) prove that |Smij

∩ Smµ,−ν
| = 2. Since µ 6= i and ν 6= j we have Smi,−j

∩

Smµ,−ν
= ∅ and Sm

−i,j
∩ Smµ,−ν

= {mµj} ⊆ Smij
. We shall now demonstrate

that Kij ∩ Smµ,−ν
= ∅. On the contrary, assume that mµt ∈ Kij ∩ Smµ,−ν

. Then
mµt = kµt + ℓµt ∈ Smµ,−ν

and mµt = kij + ℓµt ∈ Kij which yields kµt = kij . Since
kµν = kij and kµt = kij we have kµν = kµt. Finally, since kµν is presented in the
µ-th row of the matrix K2k+1 only one time we obtain t = ν. In the view of this,
we find that mµν ∈ Smµ,−ν

, a contradiction. Next, since ℓij is presented in the
µ-th row of the matrix L2k+1 it follows that there exist t 6= ν so that ℓµt = ℓij,
which provides that mµt ∈ Smµ,−ν

and mµt ∈ Lij ⊆ Smij
. This completes the

assertion (10). We shall now (20) prove that |Smij
∩ Sm

−µ,ν
| = 2. Since µ 6= i

and ν 6= j we have Smi,−j
∩ Sm

−µ,ν
= {miν} ⊆ Smij

and Sm
−i,j

∩ Sm
−µ,ν

= ∅.

We shall now demonstrate that Kij ∩ Sm
−µ,ν

= ∅. On the contrary, assume that
msν ∈ Kij ∩ Sm

−µ,ν
. Then msν = ksν + ℓsν ∈ Sm

−µ,ν
and msν = kij + ℓsν ∈ Kij

which yields ksν = kij . Since kµν = kij and ksν = kij we have kµν = ksν . Finally,
since kµν is presented in the ν-th column of the matrix K2k+1 only one time we
obtain s = µ. In the view of this, we find that mµν ∈ Sm

−µ,ν
, a contradiction.

Next, since ℓij is presented in the ν-th column of the matrix L2k+1 it follows
that there exist t 6= µ so that ℓtν = ℓij, which provides that mtν ∈ Sm

−µ,ν
and

mtν ∈ Lij ⊆ Smij
. This completes the assertion (20). We shall now (30) prove

that |Smij
∩ Kµν | = 2k − 1. Since kµν = kij we have that Kij = {mst | kst =

kij and (s, t) 6= (i, j)} ⊆ Smij
and Kµν = {mst | kst = kij and (s, t) 6= (µ, ν)}.

Since mij 6∈ Kij and mµν 6∈ Kµν we find that |Kij ∩Kµν | = (2k + 1) − 2. Since
mij 6∈ Smij

and Smi,−j
, Sm

−i,j
,Kij , Lij ⊆ Smij

are mutually disjoint it follows
that Smi,−j

, Sm
−i,j

, Lij and Kµν are also mutually disjoint, which completes the

assertion (30). We shall now (40) prove that |Smij
∩ Lµν | = 2. Since ℓµν is

presented in the i-th row of the matrix L2k+1 it follows that there exist t 6= j so
that ℓit = ℓµν , which provides that mit = kit + ℓµν ∈ Lµν and mit = kit + ℓit ∈
Smi,−j

⊆ Smij
. Since ℓµν is presented in the j-th column of the matrix L2k+1

it follows that there exist s 6= i so that ℓsj = ℓµν , which provides that msj =



250 M. Lepović

ksj + ℓµν ∈ Lµν and msj = ksj + ℓsj ∈ Sm
−i,j

⊆ Smij
. We shall now demonstrate

that Kij ∩ Lµν = ∅. On the contrary, assume that mst = kst + ℓst ∈ Kij ∩ Lµν .
Then kst = kij and ℓst = ℓµν . Since kµν = kij we obtain kst = kµν , which provides
that mµν = kµν + ℓµν ∈ Lµν , a contradiction. We shall now demonstrate that
Lij ∩ Lµν = ∅. On the contrary, assume that mst = kst + ℓst ∈ Lij ∩ Lµν . Then
ℓst = ℓij and ℓst = ℓµν , which provides that ℓµν = ℓij, a contradiction. This
completes the assertion (40). Finally, using (10), (20), (30) and (40) we obtain
that

|Smij
∩ Smµν | = |Smij

∩ Smµ,−ν
|+ |Smij

∩ Sm
−µ,ν

|+ |Smij
∩Kµν |+ |Smij

∩ Lµν | ,

from which we obtain |Smij
∩ Smµν | = 2 + 2 + (2k − 1) + 2 for any two adjacent

vertices mij and mµν , which completes the proof. ✷

Let G−[M2k+1] be a graph obtained from the matrix M2k+1[mij] in the
following way: (i) the vertex set of the graph G−[M2k+1] is V (G−[M2k+1]) =
{mij

∣

∣i, j = 1, 2, . . ., 2k+1} and (ii) the neighborhood9 of the vertex mij = kij+ℓij
is Smij

= Smi,−j
∪ Sm

−i,j
∪ Kij. Using the same arguments as in the proof of

Theorem 3, we can prove the following result.

Theorem 4. Let M2k+1[mij ] = K2k+1[kij ] + L2k+1[ℓij ] be a semi-magic

square of order 2k + 1 for k ≥ 2. Then G−[M2k+1] is a strongly regular graph of

order n = (2k + 1)2 and degree r = 6k with τ = 2k + 1 and θ = 6.

Remark 6. If k = 1 then the corresponding graph G−[M2k+1] is reduced
to the trivial strongly regular graph 3K3, a case that is excluded in Theorem 4.

4. Magic squares of order 6k + 3. Using the applied method of
cyclic permutations for creating the magic and semi-magic squares, in this section
with a minor modification of ”the first permutation” we create the magic squares
of order 6k + 3 for k ≥ 0. First, let us assume that (π(1), π(2), . . . , π(6k + 3)) is
a fixed permutation of the numbers 1, 2, . . . , 6k + 3. Second, let us assume that
(π(0), π(6k + 1), . . . , π((6k + 2)(6k + 3))) is a fixed permutation of the numbers
0, 6k + 3, . . . , (6k + 2)(6k + 3).

Let us define X = {k+2, k+4, . . . , k+2(2k+1)} ⊆ {1, 2, . . . , 6k+3} and
let Y = {1, 2, . . . , 6k + 3} rX. Let us define X+ = {(k + 1)k, (k + 3)k, . . . , (k +
4k+1)k } ⊆ {0, k, . . . , (6k+2)k } and let Y+ = {0, k, . . . , (6k+2)k }rX+, where
k = 6k + 3. Let π(X) be the set of all permutations of the set X and let π(Y )
be the set of all permutations of the set Y . Of course, since |X| = 2k + 1 and

9Of course, if we define Smij
= Smi,−j

∪ Sm
−i,j

∪ Lij we also obtain that G
−[M2k+1] is a

strongly regular graph of order n = (2k + 1)2 and degree r = 6k with τ = 2k + 1 and θ = 6.
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|Y | = 4k + 2 we have |π(X)| = (2k + 1)! and |π(Y )| = (4k + 2)! . Similarly, let
π(X+) be the set of all permutations of the set X+ and let π(Y+) be the set of
all permutations of the set Y+. Of course, since |X+| = 2k+1 and |Y+| = 4k+2
we have |π(X+)| = (2k + 1)! and |π(Y+)| = (4k + 2)! . Let sum π(x) be the sum
of all elements in a fixed permutation π(x) ∈ π(X). Then we have

(7) sumπ(x) =
2k+1
∑

t=1

(k + 2t) = (2k + 1)(3k + 2) .

Let sumπ+(x) be the sum of all elements in a fixed permutation π+(x) ∈ π(X+).
Then we have

(8) sumπ+(x) = (6k + 3)

2k+1
∑

t=1

(k + (2t− 1)) = (2k + 1)(3k + 1)(6k + 3) .

The first row of the matrix K6k+3 contains the numbers of a fixed permutation
π(x) ∈ π(X) and the numbers of a fixed permutation π(y) ∈ π(Y ) obtained in the
following way: (i) on the position 6k+3, 6k, . . . , 3 set up the numbers of π(x) and
(ii) on the position t 6∈ {6k+3, 6k, . . . , 3} set up the numbers of π(y). According
to K[6k + 3][6k + 3] we note that the numbers of the permutation π(x) are
presented 3 times in the non-main diagonal of the matrix K6k+3, understanding
that K6k+3 = K[6k + 3][6k + 3].

The first row of the matrix L6k+3 contains the numbers of a fixed permu-
tation π+(x) ∈ π(X+) and the numbers of a fixed permutation π+(y) ∈ π(Y+)
obtained in the following way: (i) on the position 1, 4, . . . , 6k+1 set up the num-
bers of π+(x) and (ii) on the position t 6∈ {1, 4, . . . , 6k + 1} set up the numbers
of π+(y). According to L[6k + 3][6k + 3] we note that the numbers of the per-
mutation π+(x) are presented 3 times in the main diagonal of the matrix L6k+3,
understanding that L6k+3 = L[6k+3][6k+3]. So we arrive at the following result:

Theorem 5. Let M6k+3[mij] = K6k+3[kij ]+L6k+3[ℓij ] where K6k+3[kij ] =
K[6k+3][6k+3] and L6k+3[ℓij ] = L[6k+3][6k+3]. If the first row of the matrix

K6k+3[kij ] and the first row of the matrix L6k+3[ℓij ] is created in a way described

in this section then M6k+3[mij ] is a magic square of order 6k + 3 for any k ≥ 0.

P r o o f. Keeping in mind that the numbers of the permutation π(x) are
presented 3 times in the non-main diagonal of the matrix K6k+3 and the numbers
of the permutation π+(x) are presented 3 times in the main diagonal of the matrix
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L6k+3, using (7) and (8) we obtain10

3 sum π(x) + 3 sum π+(x) = (6k + 3)

(

(6k + 3)2 + 1

2

)

,

which provides that M6k+3[mij] = K6k+3[kij ] + L6k+3[ℓij] is a magic square11 of
order 6k + 3 for any k ≥ 0. ✷

Remark 7. We have written a source program in the programming
language Borland C++ Builder 5.5 for creating the magic squares of order
3, 5, . . . , 999. The source program can be sent to the interested people by re-
quest. Of course, the source programs for creating strongly regular graphs using
magic squares can be also sent by request.
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