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ABSTRACT. In this short note we give a condition under which the Wed-
derburn decomposition (WD) of the semisimple group algebra Fy(G x C2)
can be directly deduced from the WD of the semisimple group algebra F,G,
where Fj is a finite field with char(Fj;) > 2, G is an arbitrary finite group
and C5 is a group of order 2. To complement the abstract theory with an ex-
ample, we determine the WD of the semisimple group algebra F,(As x Cs),
where A5 is the alternating group from that of FjAs.

Let F;; be the field with ¢ = pk elements, where p is an odd prime and
k € Z*. It is well known that the group algebra F,G of a finite group G is
semisimple and therefore isomorphic to a direct sum of matrix rings over finite
fields of characteristic p if and only if p does not divide |G| [3]. To be more
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j
precise, for a semisimple group algebra F,G, we have F,G = @ My, (Fy,). This

=1
decomposition of F;G as a direct sum of matrix rings is known as Wedderburn

decomposition (WD) [3]. In this paper, we study the following problem: Can
we deduce the WD of the semisimple group algebra Fy(G x C3) from the WD of
F,G, where Fj is a finite field, G is an arbitrary finite group and Cs is a cyclic
group of order 2.

In order to solve the above problem, first, we recall the procedure of deter-
mination of the WD of a semisimple group algebra F,G. Let e denote the expo-
nent of G, ¢ be a primitive e root of unity and F be an arbitrary finite field. On
the lines of [1], we define Ir = {n | ( — (" is an automorphism of F'({) over F'}.
Since the Galois group Gal(F(C), F) is a cyclic group, for any 7 € Gal(F(C), F)
there exists a positive integer s which is invertible modulo e such that 7(¢) = ¢®.
In other words, I is a subgroup of the multiplicative group Z;. For any p-regular
element g € G, i.e. an element whose order is not divisible by p, let the sum of
all conjugates of g be denoted by 7,4, and the cyclotomic F-class of v, be denoted
by S(79) = {gn | n € Ir}.

Next, we recall some results which will be used in the proof of our main
result.

Lemma 1 ([1]). The number of simple components of FG/J(FG) and
the number of cyclotomic F-classes in G are equal.

Lemma 2 ([1]). Let ¢ be defined as above and j be the number of cy-
clotomic F-classes in G. If K;;1 < i < j, are the simple components of the
center of FG/J(FG) and S;,1 < i < j, are the cyclotomic F-classes in G, then
|Si| = [K : F| for each i after suitable ordering of the indices.

Proposition 1 ([3]). If FG is a semisimple group algebra and H is a
normal subgroup of G, then FG = F(G/H) @ A(G,H), where A(G, H) is the
left ideal of FG generated by the set {h —1|h € H}.

Let us now discuss a series of lemmas which will assist in proving our main
result. Let n(G) denote the number of conjugacy classes of a finite group G.

Lemma 3. If n(G) =r, then n(G x Cy) = 2r.

Proof. Let {[g;]};—; be the conjugacy classes of G having representa-
tives g; and let Cy = {e,a}. Then, it is easy to see that the conjugacy classes of
G x Cy are given by {[h;]}?",, where h; = (g;,e) for 1 <i <r and h; = (gi_,, )
forr4+1<¢<2r. 0O
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Lemma 4. Let e be the exponent of a group G of odd order and
p* =a (mod e), where 0 < a < e, p is an odd prime such that p{ (exponent (G))
and k is a positive integer. Then p* = a (mod 2e) or p* = a + e (mod 2e)
accordingly as a is odd or even, respectively.

Proof. Let us assume that p* = b (mod 2e) for some 0 < b < 2e
which means that p* = b (mod e). It is given that p* = a (mod e), therefore,
b =a (mod e). This asserts that b is either a or a + e, since 0 < b < 2e. Further,
if @ is odd, then we must have p* = a (mod 2e), otherwise if p* = a+e (mod 2e),
then p* becomes even which is not so as p is odd. Similarly, if @ is even, then we
must have p* = a + e (mod 2e¢). O

Lemma 5. Let e be an odd positive integer, a € Z; and G1 = (a) be a
subgroup of Z;; generated by a having order s.

(1) If a is odd, then the subgroup Go generated by a in Zs,; or

(2) if a is even, then the subgroup Gs generated by a + e in Z5,,

is also of the order s. To be more precise, if G1 = {1,a1,...,as_1}, then Gy or
Gs ={1,b1,...,bs_1}, where, for each i, b; = a; or a; + e accordingly as a; is odd
or even.

Proof. It is clear by the properties of Euler’s function ¢ that |Z}| =
|Z5,| = p(e). Let z be the order of a in Z3, for a odd. We need to prove that
x = s. By definition, we have a® = 1 (mod 2e) which means a* = 1 (mod e).
But the order of a in Z} is s which means that z > s. Let, if possible, z > s.
This gives a® #Z 1 (mod 2e). Also a® =1 (mod e). On combining the last two
congruences, we obtain that e divides a® — 1 and 2e does not divide a® — 1. But

this is a contradiction since e is odd and it divides an even quantity a® — 1 which

a® —

means the quotient must be divisible by 2. Thus, x = s. A similar result

e
also holds for a even. The rest part of the statement can be proved on the lines
of proof of the Lemma 4. O

Lemma 6. Let F, be the field with q = pk elements, where p is an odd
prime and k € ZT. Let m number of representatives of conjugacy classes of G
have |S(vq)| = n (we use the general symbol g to denote a representative of G).
Then, exactly 2m number of representatives of conjugacy classes of H := G x Cy
have |S(v)| = n.

Proof. Let {[g:]}i"; be the conjugacy classes of G having representa-
tives g; such that |S(vy,)| = n for each i. We have already discussed that Ir is a



256 G. Mittal, R. K. Sharma

subgroup of the multiplicative group Z; in F;,G. In F,H, I is a subgroup of the
multiplicative group Zj,.. To make a distinction, let I} = I in F,G and Iz =1Ip
in FyH. Next, we consider the following two possibilities: (i) the exponent of G
is even and (ii) the exponent of G is odd.

For the possibility (i), exponent(G x Cy) = LCM(exponent(G),2) which
means that exponent(H) = exponent(G). Therefore, I}. = I# for both the group
algebras F,G' and F,H and contains only odd numbers that are co-prime to e.
Consequently, we claim that the following 2m conjugacy classes of H given by
{[hi]}2™, where h; = (gs,e) for 1 <i < m and h; = (gi_m, ) for m+1 < i < 2m,
where Cy = {e, a} are such that |S(yy,)| = n for each 7. To see this claim, observe
that by the definition for any h; with 1 <1i < m,

Sm) ={ms |'s € I7} = {Vgoes | s € I} ={vgse) | 5 € 17},

which means that |S(vs,)| = |S(7,)| = n since I}, = I#. The same result is also
true for m 4+ 1 < 4 < 2m since the elements of I% are odd. Thus, the claim holds
which proves the result for the possibility (i).

Next we move on to the second possibility: (ii) the exponent of G is odd.
Here, we have exponent(H) = 2-exponent (G). Let ¢ = p* = a (mod e). Then we
have that I} = ({(a) (mod €)), i.e. I} is a subgroup generated by a in Z;. Then
from Lemma 4 and 5 we conclude that modulo 2e, I% is a subgroup generated
by a or a + e (accordingly as a is odd or even) in Z3,. Therefore, I} and I7
have the same number of elements for both the group algebras F,G and F,H,
however, the elements are not the same. Moreover, from Lemma 6, we know that
if IL ={1,a1,...,as_1}, then I% = {1,by,...,bs_1}, where, for each i, b; = a; or
a; + e accordingly as a; is odd or even.

Consequently, we claim that the following 2m conjugacy classes of H
given by {[h]}?™, where h; = (gi,e) for 1 < i < m and h; = (gi_m,a) for
m+1 <1i < 2m, where Cy = {e, a} are such that [S(ys,)| = n for each i. To see
this claim, observe that by definition for any h; with 1 < i < m,

Sm) ={ms |'s € I7} = {vgoe)s | s € I} ={vgse) | 5 € I3}

Note that we have already deduced that s € I}Z,w is either a; or a; + e, where
a; € I, and as the exponent of G is e, we have that |S(v4,)| = |S(vy,)| = n. For
m+1 <1< 2m, we have

Stym) = {ms | s € I} = {Vgia)e | s € I5} = {ge.0) | 8 € I7),

since every s in I is an odd number. Thus, we again have that |S(vs,)| =
|S(7g,)| = n. Hence, the result holds. O
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We are now ready to state the main result of the paper.

Theorem 1. Let F, be the field with ¢ = pk elements, where p is an odd
prime and k € Z*. Suppose that the WD of F,G is known, i.e.

Ji J2 Jn
(1) Fng@Mnt(Fq) @ Mnt(Fq2)@ @
t=1 t=j1+1 t=jn—1+1
where j;,ny € Z1 for each i,t. Further, suppose that the following equation

Jn

(2) th—|—2 Z z + Z 2 | |G| =0
t=j1+1 t=jn-1+1
has a unique solution in (Z1)’" given by (ni,na,...,nj,Nj+1,---,n5,). Then

the WD of Fy(G x Cs) is the following:

Fy(G % Cy) = @Mm D D MuE) D D

t=j1+1 t=jn-1+1

@Mnt(FQ) @ Mnt(FqQ)@"' @
t=1

t=j1+1 t=jn—1+1
Proof. It is given that

J1

F,G=PM, @ M, (Fp)EP - @ M,,(F,

t=1 t=71+1 t=jn—1+1

From the above WD, we can easily see that F;G has j, simple components which
means that G has j, cyclotomic F-classes (see Lemma 1). Also, by utilizing
Lemma 2, we conclude that j; representatives of conjugacy classes of G have
|S(vg)] = 1 (we keep the general notation 7, for each element g), 2(j2 — j1)
representatives of G have |S(v,)| = 2 (since if for conjugates a,b € G, S(v,) =
{Yas} then S(v) = {74,7} but we only need to consider the cyclotomic F-
class either for v, or 73, not for both), ..., n(j, — jn—1) representatives of G' have
|S(74)| = n. Incorporate Lemma 6 to see that 2j; representatives of G x Cy have
|S(vg)| = 1, 4(j2—j1) representatives of Gx Cy have |S(v4)| = 2,...,2n(jn—Jjn-1)
representatives of G x Cy have [S(vy,)| = n.
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To this end, let us now talk about the WD of F,(G x C3). Suppose that
n(G) = r. Then Lemmas 1 and 2 (with J(FG) = 0) imply that

r=j1+202 — 1)+ +nlin — Jn-1)-
In virtue of Lemma 3 we have n(G x C3) = 2r. We rewrite the above equation as
2r = (271) +2(2(j2 — 1)) + -+ + n(2(0jn — Jn-1))-

Consequently, we have

271 252 2jn
(3) FQ(GXCQ)%@M%(FQ) @ Mzt(FqQ)@"' @ MZt(FQ")v
t=1 t=2j1+1 t=2jp_1+1

where j;, 2z, € Z1 for each i,t. Observe that Cy is a normal subgroup of G' x Cs.
Using this fact Proposition 1 yields:

(4) F(GXCQ)gFG@A(GXCQ,CQ)
On utilizing (1) in (4) and the comparing the result with (3) gives (after reordering
of indices, if required)

Fq(GXCQ)g@Mm(Fq) @ Mnt(Fq2)@"' é Mm(Fq")

t=1 t=j1+1 t=jn—1+1

Ji

P .. (F) P M..(Fp)P-- @ M., (Fyn).

t=1 t=j1+1 t=jn—1+1

It is worth to mention that in the above WD, the only variables need to find out
are z;, 1 <14 < j,. Apply the dimension formula in the above WD to see that

J1 J2 Jn
\chg|:2\c\:(zx§+z S 240 3 x§>
t=1

t=j1+1 t=jn—1+1
J1 z2 Jn
2 2 2
—l-(g 2 +2 g Zi o +n E zt>.
t=1 t=j1+1 t=jn—1+1

Due to (1) (applying the dimension formula in it), the above can be written as

jl ]n

z
Gl =) 2 +2 i: Z4-tn Y F

t=1 t=j1+1 t=jn—1+1
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Finally, employ (2) in above to deduce that z; = n; for 1 < i < j,. This completes
the proof. O

In order to see the worthiness of the theory developed in this paper, we
consider a group algebra and show that the conditions of Theorem 1 are satisfied
by it.

Consider the alternating group As = (a, bla?,b>, (ab)®) for a = (1,2)(3,4)
and b = (1,3,5). Note that As has 5 conjugacy classes, with representatives
1,a,b,ab and (ab)?>. For any p > 5, the WD of F,As is already deduced in
[2, Theorem 4.1]. However, in order to see how the conditions of Theorem 1
are satisfied by the group algebra F,As, we quickly find its WD. For ¢ = Pk
with p > 5, we have the following two possibilities: (i) ¢ = £1 (mod 5). (ii)
g = %2 (mod 5). For the case (i), we have S(v,) = 4 for each representa-
tive g of the conjugacy classes of As. Therefore, Lemmas 1 and 2 imply that

5

5
F A5 = GB M, (F,). Applying the dimension formula in this yields 60 = Z n2,
r=1 ny=1
n, > 1. This equation has a unique solution given by (1,3,3,4,5). Therefore,
due to Theorem 1, we have

Fy(As x Cs) = F? & My(Fy)* & My(F,)* & Ms(F,)*.

For the case (ii), we have S(Vap) = {7Vabs V(ap)2} and S(vg) = 7, for the rest of
the representatives g of the conjugacy classes of As. Therefore, Lemmas 1 and 2

3
imply that F, A5 = @ M, (Fy) © My, (F,2). Applying the dimension formula in
r=1

3
this yields 60 = Z n% + QnZ, n, > 1. This equation has a unique solution given

ny=1

by (1,4,5,3). Therefore, due to Theorem 1, we have
Fy(As x Co) = F7 @ My(F,)* © Ms(F,)* @ Ms(F,).
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