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ABSTRACT. In this paper, we study generalized helicoidal surfaces in Min-
kowski 5-space. We obtain the necessary and sufficient conditions for gen-
eralized helicoidal surfaces in Minkowski 5-space to be minimal, flat or of
zero normal curvature tensor, which are ordinary differential equations. We
solve those equations and discuss the behavior of solutions.

1. Introduction. Helicoidal surfaces are a well-known type of surfaces
in differential geometry. Helicoidal surfaces are a generalization of rotational
surfaces. These surfaces are invariant by a subgroup of the group of isometries
of the ambient space, called helicoidal group whose elements can be seen as a
composition of a translation with a rotation for a given axis. In [4], the authors
studied the space of all helicoidal surfaces in Euclidean 3-space which have con-
stant mean curvatures or constant Gaussian curvatures. This space behaves as a
circular cylinder, where a given generator corresponds to the rotational surfaces
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and each parallel corresponds to a periodic family of helicoidal surfaces. In [2],
the cases with prescribed mean curvature or Gauss curvature have been studied.

Helicoidal surfaces were studied by many researchers in different spaces.
In [6], authors constructed linear Weingarten helicoidal surfaces in Minkowski 3-
space under the cubic screw motion. In [5], the authors constructed a helicoidal
surface with a light-like axis with prescribed mean curvature or Gauss curvature
given by smooth function in Minkowski 3-space and solved an open problem left
in [3]. Also, in [7], the authors classify all helicoidal non-degenerate surfaces in
Minkowski 3-space with constant mean curvature whose generating curve is the
graph of a polynomial or a Lorentzian circle.

Besides, in [1], the authors studied rotational surfaces in higher dimen-
sional Euclidean spaces. They obtained some results related with the curvature
properties of these surfaces. Also they give examples of rotational surfaces in
Euclidean 5-space.

Lastly, in [8], we studied generalized helicoidal surfaces in Euclidean 5-
space. We obtained the necessary and sufficient conditions for generalized heli-
coidal surfaces in Euclidean 5-space to be minimal, flat or of zero normal curvature
tensor, which are ordinary differential equations. We solved those equations and
discussed the completeness of the surfaces.

In this paper, we consider generalized helicoidal surfaces in 5-dimensional
Minkowski space }Ri’ with signature (+, 4+, +, +, —), parametrized by

(1.1) M : F(t,u) = (a(t)cosu,a(t)sinu, S (t)cosu, B (t)sinu,u)
where a and § are smooth functions satisfying
o® + 6% >0, (o/)2+ (ﬁ')2 >0 and o?+p%2—-1#£0.

If a(t) =0 or §(t) =0, then the surface M in (1.1) becomes a helicoidal
surface in Minkowski 3-space. So the surface M as in (1.1) is called a generalized
helicoidal surface.

We obtain the necessary and sufficient conditions for these surfaces to be
minimal, flat or of zero normal curvature tensor, which are ordinary differential
equations. We solve those equations and discuss the behavior of solutions.

2. Preliminaries. Let Ry be the n-dimensional semi-Euclidean space
of index ¢ with inner product (, ) and flat connection D. Let M be a semi-
Riemannian submanifold in }RZ. According to decomposition

Ry [py =TM LTM™,
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we have

DxY =VxY +h(X,Y),

and
Dxé = —AcX + tVx €,

where X,Y € T (I'M) and £ € T (TML) . Then V is the Levi-Civita connection

of M, h is the second fundamental form, A, is the shape operator, and LV is
the normal connection. We note that

(h(X,Y),8§) = (AcX,Y).
The normal curvature tensor ~R is defined by

TR (X,Y)E=1Vx *Vy €~ 1Vy 1V - LV v,

where X, Y e ' (TM)and§ € T (TM l) . Taking the normal part of the following
equation
DxDy€& — DyDx§ — Dixy)§=0

where X, Y e I'(TM) and £ € T (TML), we get the Ricci equation
<J_R (X> Y) &, 77> = <A77X7 A§Y> - <A§X7 AT]Y>

where n € I’ (TMJ‘>.

Let R} be the 5-dimensional Minkowski space with standard coordinate
system {x1,x2,x3, 24,25} and metric

ds* = da} + daj + daj + dag — da?.

In the following, we assume that M is a surface in R?. We say that M is spacelike
if the induced metric is positive definite, and M is timelike if the induced metric
is indefinite. We use the following convention on the ranges of indices:

1<AB---<5 1<ij---<2 3<aq/fB- <5

Let {e;} be alocal orthonormal frame field on M and {e,} be a normal orthonor-
mal frame field to M. Let 4 = (ea,e4) = +1. Set

h% =cq (h(eiej),eq)
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and
Gij = €o <iR (eire5) es, €a> :

which are the components of the second fundamental form h and the normal
curvature tensor R, respectively.
By the Ricci equation, the normal curvature tensor satisfies

Rgij = ta (<Aeaei>Aeﬁej> - <Aeﬁei’ Ae“ej>) ’

Noting that
A e = 5a25khf§€ek,
k

we obtain

S (G A
k
The mean curvature vector H of M is given by

1
H = 52 (Elh?l + EQh%Q) Cq-

07

A surface M is called minimal if H = 0 identically.
The Gauss curvature K of M is given by

K=c2)Y e (h%hgg - (hgg)?) .
«
A surface M is called flat if K = 0 identically.

3. Generalized helicoidal surfaces in Ri. In this section, we con-
sider generalized helicoidal surface M parametrized by (1.1). Then we have

F, = (o (t)cosu,d (t)sinu, 8 (t)cosu, B’ (t) sinu,0),
F, = (—af(t)sinu,a(t)cosu,—p (t)sinu, S (t)cosu,1)

and

(FL,F) = (o )+ (B 1), (F,F)=0, (F,F)=a>)+p(t) -1
Then we can choose the followings:

1 1
g6 = ———F=—\— (o/ cosu, o’ sinu, B cosu, 3 sinu, 0) ,

(@) + (8)? (@) + (8
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1
€y = Fu
\/61 (a2 +ﬁ2 - 1)
1
= (—asinu, acosu, —fsinu, fcosu, 1),
\/61 (a2 +ﬁ2 - 1)
es = ———=(fsinu,—pcosu, —asinu,acosu,0),
Va2 + B2
1
ey = ——=————(—p'cosu,—f sinu,d cosu,a sinu,0),
(@) +(8)?
1
e5 = (—a sinu, o cos u, — B sinu, B cosu, o + ﬁ2)

Vot Py e @t D)

where €1 = sgn (a2 + 5% - 1) . Here {e1,e2} is an orthonormal frame field on M
with sign (+,¢1) and {es, eq,e5} is a normal orthonormal frame field to M with
sign (+,+, —€1) .

Also we can easily obtain that

(,3/0// _ O/,B”)

D, e; = 5 (ﬁ' cosu, B sinu, —a’ cosu, —a’ sinu,O),
(e +87)
1
Deye1 = (—a/ sinu, o cosu, =3’ sinu, 8 cos u,0) ,
()2 + (8 /o1 (a®+52—1)
1
D.,es = (—acosu, —asinu, —f cos u, —f sinu,0) .

€1 (042—1—52 -1)

The components of the second fundamental form h are given as follows

h4 B 5/0//—‘1‘0/,3// _,BOZ +aﬁ/
11 — / ’ 12 - )
(@) +7?) V@) + (Ve @@ =1 ya? 5
15 —ao — ﬁﬁ’
12 =
a2+/62_1 / /B/ /Oé2+,62
—Ba +af
h%2 = 5 hz{)l = h?1 = hil2 = h%2 = hg2 =0.

e1(a? + 42 = 1)1/ (e)* + (8')°

Then we get the following theorem and corollary.



292 A. Ugum, M. Sakaki

Theorem 1. Let M be a generalized helicoidal surface parametrized by
(1.1). Then the mean curvature vector H of M is given by

(/8" — Bla) (a2 + B2 = 1) + (af — B’ () + (%)

H= e4.
2(a -+ 52 - 1) (@) + (8)7)

Corollary 1. Let M be a generalized helicoidal surface parametrized by
(1.1). Then M is minimal if and only if

(3.1) (o/B" = B'a") (o® + B2 —1) + (af — Bd) ((0/)2 + (5/)2> =0.

Let 8 (t) =t in the equation (3.1). Then the minimal surface equation is
(3.2) (@? 4+t —1)d + (td/ —a) ((0/)2 + 1) =0.
If «(t) is a linear function, that is, a(t) = pt + ¢, then from the above equation,
we have ¢ = 0 and «(t) = pt. Then the surface M is included in a 3-dimensional

subspace of Ri’. So, in the following, we will consider the case where «(t) is a
nonlinear function.

2
Multiplying (3.2) by 2’/ ((0/)2 + 1) , we can get

AN AR
(t <a'>2+1> <<a'>2+1> -

Thus we have

for a constant ¢;. Then

So we have two cases (a) and (b) as

(@) a> =1+4+¢ > 0 and t*—¢ >0,
(b ®>—1+4+¢ < 0 and t*—¢ <O.

In case (a), ¢; can be of any signature and a® +t%>—1 > 0, so that M is spacelike.
In case (b), we have 0 < ¢; < 1 and o® +t* — 1 < 0, so that M is timelike.
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(a) Firstly, we consider the case that M is spacelike. Then we have

o 1

=4 .
vaZz —14¢ VitZ — ¢

Changing t to —t, we may only consider the (+) case if necessary.
When ¢; = 0, we have

(3.3)

Integrating it we have
log‘\/oz2 -1 —1—04‘ = log |t| + ¢2

for a constant ¢y and

Va2 —1+a=cst

where c3 # 0 is constant. Thus we get

1 ‘4 1
a=—|c —
2 3 C3t
and its graph is a hyperbola.
When ¢; # 0, integrating the equation (3.3), we have

log‘ a2—1—|—cl—|—a‘ =+log|vt2 —c1 +t| + e

for a constant cs.
In the (+) case,

Va2 —1l+e+a=cs (\/t2—01+t)

where c3 # 0 is constant. In the (—) case,

ca
Vol lteta=—=>t
! VIZ =+t

where ¢4 # 0 is constant. Thus we get

1
B 20103

ay (t) [(clcg—i-l—cl)t—i- (clcg— 1+01) t2 —01]

293
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and

a_ (t) ! [(cl—c%—i—ci)t—i-(cl—c%—ci) \/t2—cl} .

 2c10y

Since o () is not a linear function, we have ¢;¢3 —14¢; # 0 and ¢; — ¢ —c3 # 0.
The graph of ay (¢) is a hyperbola. When ¢; < 0, ay (¢) is defined for any t € R.
When ¢; > 0, ag (t) is defined for [¢| > /c;. In this case, we shall choose ¢4 = ¢jc3.
Then

1
B 20163

a_ (1)

[(clcg +1- cl) t— (clcg -1+ cl) V2 — cl] .

So the graph of a4 (¢) and a_ (t) give the same hyperbola and can be connected
smoothly and regularly.
(b) Now, we consider the case that M is timelike. Then we have

o . 1
Vi—ec—a2 e -2

So we have
t
) = £VI—crsi in | ——
a(t) c1 sin (arcsm <\/a> + 02>
1-c
C1

= + ! (t (cosca) + v/c1 — 2 (sin 02))
for a constant cy. Since «/(t) is not a linear function, we have sin ¢ # 0. Changing
the signatures, we may assume that since > 0 and coscy > 0. The above « (t)
gives a part of ellipse. The smooth and regular extension to a whole ellipse is
possible when cosce = 0 and sincy = 1.

Thus we can give the following corollary.

Corollary 2. The nonlinear solution of the minimal surface equation
(3.2) is given by one of the followings
(i) for a constant cs # 0,

1 1
a(t):§ 0375—1—@ .

In this case, the surface M is a spacelike minimal surface.
(ii) for nonzero constants c1,c3 and cy,

1
B 20103

ay (t) [(clcg—i-l—cl)t—i- (clcg— 1+01) t2 —01]
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and

1
 2c10y

a_ (t) [(cl —ci+cq)t+(a—cf —ci) Vi — cl} .

In this case, the surface M is a spacelike minimal surface.
(#i7) for constants c1 # 0 and ca,

1=
a(t) ==+ a (tCOSCQ + e —t2 sin02> .

NG

In this case, the surface M is a timelike minimal surface.
In the following theorem, we give the Gauss curvature of the surface (1.1).

Theorem 2. Let M be a generalized helicoidal surface parametrized by
(1.1). Then the Gauss curvature K of M is given by

(O/ﬁ// _ 5/0//) (Oéﬁ/ _ /Ba/)

K= 2
(o2 + 5 = 1) () +(8)?)

(3.4)

— (B — B)? (@®+ B2 —1) + (ad + 53)2.

_l’_
(@) +(8?) (a2 + 82 = 1)’ (0 + 82)

Corollary 3. Let M be a generalized helicoidal surface parametrized by
(1.1). Then M is flat if and only if

(O/,B” —,BIO//) (aﬂ’ _50/) _ (Oéﬁ/ —,30/)2 (a2 _1_52 _ 1) _ (aa/ _1_55/)2
(@) +(5)?) (@2 + 3% — 1) (a? + 37) ‘

To study flat surfaces, it is convenient to let
(3.5) a(t)=P(t)cos(Q(t) and B(t) =P (t)sin(Q (1))

where P (t) > 0 and @ (¢) are nonconstant smooth functions. From the equation
(3.4), we have

(P1)4 + pt (P/)Q (Q/)Q _ p3 (P2 o 1) (Q/)Q P’ 4+ pP3 (P2 _ 1) P/Q/Q//
(Pr= 1 (P 4+ P2 (@)

Then the surface M is flat if and only if

K =

@6) (P)'+ P (P) (@)= P (PP =1) (Q) '+ PP (P =1) PQQ" 0.
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Here for P (t) =t where t > 0, # 1, the equation (3.6) is rewritten as
(3.7) B2 -1)QQ" +t* (@) +1=0.
Setting Q' (t) = R (t), we get

(- 1)RR +t'"R*+1=0

or

dR ¢ 1 .
(3.8) i Ly v

By multiplying (3.8) with 2 (t* — 1) R, we obtain

2
(-1 R = 3
which implies that
1
-1 @) - 5-a
or
1-— Clt2

(@) = ey

1 1—01t2
!
=£—/
@ t 2 -1
1 /1—01t2

(i) Assume that ¢; = 0, which implies that ¢ > 1 and M is spacelike. Then we

obtain
1 1
I = / ;\/ﬁdt = arctan (\/t2 — 1) + ¢

Q)=+ (arctan ( 2 — 1) + 62)

for a constant c;. So we have

Let

and

for a constant cg. Let

Q@+ (t) = arctan (\/ 2 — 1) +c¢3 and Q-(t) = —arctan ( 2 — 1) +c3
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for a constant c3. We denote by t4 (@) and ¢_(Q) the inverse functions of Q)4 (t)
and Q_(t), respectively. Then
1

t (@)= 5 O —c3)’

03<Q<g+03

and

1 T
L(Q)Zm, —§+C3<Q<C3,

which can be connected smoothly and regularly at @) = cs.

When c; # 0, set
1-— Clt2 .
-1

Then
2 s2+1
24
and
tdt = a 5 sds.
(s2+¢1)
So we have

I—(c—l)/ o ds—/ a __1 ds
o (1+s2)(s24+c1) s2+c 1+ s2 '

(ii) Assume that ¢ is positive.
(7i-1) When 0 < ¢; < 1, M is spacelike and 1 <t < 1/y/c7.
(7i-2) When ¢; > 1, M is timelike and 1/y/c; <t < 1.
Then we obtain

S

I = \/cj arctan <\/E> — arctan s + co

and

1—ct? 1—ct?
Q)=+ (\/aarctan ( W%) — arctan ( 5 _011 > - c2>

where cg is a constant. Let

1-— Clt2 1-— Clt2
QJr (t) = \/aarctan ( m) — arctan ( ﬁ +c3
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and

1 — cqt? 1 — cqt?
Q-(t) =— <\/aarctan < ﬁ) — arctan ( = _611 )) +c3

for a constant c3. Then Q4 (t) is increasing, Q- (t) is decreasing and

. B . B 7w (/e — 1)
t—>111}n qu (t) = cs, %E%Qi () =cs+ — 5
li "(t)=0, 1 +o0.
i ClQi( ) =0, limQY (t) = Fo0

From the behavior as t tends to 1/4/c1, the curves

(teos (Q (1)) tsin (Q+ (1)) and  (teos (Q- (1)), tsin (Q— (1))

cannot be connected as a regular curve.
(7i7) Assume that c¢; is negative, which implies that ¢ > 1 and M is
spacelike. Then we can write ¢; = —cg for a positive c3, which implies that

2
c 1 c3 s+ c3
I=— 3 ds = =1 — arct
/<52—03+1+ )s QOgS_C3 arctan s + ¢4

V1+cEt2 +esVit? — 1+ c5t?
— arctan
V14 t? — czVit? —

1+ cit?
=c3log (\/ 1+ c§t2 + 3/t — 1) — arctan +_c3 — %3 log (1 + cg) +cy

+cq

where ¢4 is a constant. Thus we have
Q)=+ <03 log <1/1 + 3% + eg /1?2 — 1>

14 ¢3¢t
2 -1

C3 2
—arct — —log (1
arctan 5 og( +03) +cq

Let

/ 1+ c3t?
Q4 (t) = c3log < 1+ 32+ e3V/i2 — 1) — arctan t:_%l +c5
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1+ c3t2
Q- (t)=—| cslog ( 1+ c§t2 +c3Vt2 — 1) — arctan t—;—C?)l + cg

for constants cs, cg. Then Q4 (t) is an increasing function and

. . Cc3 2 7T .
lim @ (t) = 0o, limQy (t) = 7 log (1+c3) - 5 1o %EQQF (t) = oo.

t—o00

Similarly, @Q_ (¢) is a decreasing function and

. . . _ G 2 il : —
lim Q_ (t) = —o0, limQ@Q_ (t) = ) log (1+c3) + 5 + cg, E}r{QL (t) = —o0.

t—00 t—1

We choose cg such that

c T c T
glog(l—l—cg)—§+C5:—§log(1+c§)—|—§+cﬁ =: Qo.

Let t4 (Q) denote the inverse function of Q4 (¢). It is an increasing function on
(QO» OO) and

lim ¢ =00, lim ¢ =1, lim ¢ = 0.
anooJr(Q) o0 QL%OJF(Q) QL%()‘F(Q)

Let t_ (Q) denote the inverse function of @Q_ (¢). It is a decreasing function on
(—00,Qp) and

lim ¢_ =00, lim t_ =1, lim ¢ =0.
oim (Q) =00 i (@) i (@)
Now we define a function ¢ (Q) on R such that ¢(Q) = t+(Q) for @ > Qo,
t(Qo) =1 and t(Q) =t_ (Q) for Q@ < Q. Then ¢ (Q) is a C' function on R such
that ¢ (Q) =t (Q) for Q@ > Qo, ' (Qo) = 0 and ¢’ (Q) =t (Q) for Q < Qq. For
Q # Qo, it satisfies the equation (3.6) where the parameter is @Q and P = ¢ (Q) .
So
O+ () -2 (-1t =0

and
)+t ()

tB3(t2-1) °

N2 (dt\? (2 -1)
(*) _<@> C l—at?’

t// —

Noting that
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we find that

Thus we obtain that ¢ (Q) is a C? function on R.
Thus we can give the following corollary.

Corollary 4. The solution of the flat surface equation (3.7) is given by
one of the followings
(i) for a constant ca,

Q)=+ (arctan (\/ 2 — 1) + CQ) :

In this case, the surface M is a spacelike flat surface.
(ii) for a positive constant ¢; # 1 and a constant ca,

1—eqt? 1—ct?
Q (t) =+ <\/aarctan ( Wcil)) — arctan ( " _Cll ) + CQ) .

When 0 < ¢1 < 1, the surface M is a spacelike flat surface, and when c; > 1, the
surface M 1is timelike flat surface.
(7i1) for constants c3 > 0 and cqy,

Q(t) == [ c3log <\/1—|—c§t2—|—03\/t2—1>

1+ c3t?
t2—1

— arctan — %3 log (1 + cg) +cy

In this case, the surface M is a spacelike flat surface.

In the following theorem, we consider the case where the normal curvature
tensor of M is identically zero.

Theorem 3. Let M be a generalized helicoidal surface of parametrized
by (1.1). Then the normal curvature tensor of M is identically zero if and only

if
(3.9) ((0/)2 n (5/)2) (ﬁo/ —ozﬁ/) i (0/,3”—,3/0//) (a2 LB 1) —0.



Generalized Helicoidal Surfaces in Minkowski 5-space 301

Proof. We have

e1 (5ol — o) [((@!) + (8)?) (B! — af) + (/8" — Bla”) (o® + 5 — 1)

3 _
Ryjp = )

VAT (1 (02 4 52— )2 (a0 4 (7))

er(ad +68) [((@)+(8)) (Bl = aB) + (@B" = Bla”) (o + 52— 1)]
VAT R a2+ 52— 1 (00 +(8)?) |
Thus R = 0 if and only if

(@)% +(8)°) (B’ = ) + (/8" = Fa") (a* + B2~ 1) =0, =

To study surfaces with zero normal curvature tensor, it is convenient to
let

a(t) =P (t)cos(Q(t)) and [(t) =P (t)sin(Q (1))

where P (t) > 0 and @ (¢) are nonconstant smooth functions. From the equation
(3.9), we have

(3.10) PQ' (P (1= P?) = P(Q)*)+(P?=2) ()’ Q+(P? = 1) PP'Q" = 0.
Here for P (t) =t where t > 0,t # 1, the equation (3.10) is rewritten as

(3.11) t(t*-1)Q" —t* (Q)
Setting Q' (t) = R (t), we get

L (?2-2)Q =0.

dR 2 -2 t
12 — R= R3.
(3.12) @ ttE— ) T e

By multiplying (3.12) with —2 (t* — 1) /t*R?, we obtain
2-11Y\ 2
T Rz) T B

2-1 1 1

_— == -

Q)P P

which implies that
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or 9 ]
n2 _ " —
(Q ) - 2 (1 _ Cth)

for a constant c;. So we have

1 2 -1
!
=4y —.
Q t 1—01t2
1 2 -1
I:= —\/7dt.
/t 1—01t2

(i) Assume that ¢; = 0, which implies that ¢ > 1 and M is spacelike.
Then we obtain

Vit2 —1
I:/ ; dt:\/tQ—l—arctan(\/tQ—l)+02

Let

and

Q)=+ (\/t2—1—arctan< t2—1> —|—cz>

for a constant cg. Let
Q4 (t) = V12 — 1 — arctan (\/152 - 1) +c3

and

Q-(t)=— (\/152 - 1—arctan< 2 — 1)) +c3

for a constant cs.
When ¢; # 0, set

2 -1
1—ct? -
Then
2 241
1+ 52
and
tdt = 1_7612st.
(1+c18%)
So we have

s? 1 1
( Cl)/ (14 52)(1+c18?) 5 /(1 + c152 1+52> 5
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(ii) Assume that ¢ is positive.

(7i-1) When 0 < ¢; < 1, M is spacelike and 1 <t < 1/\/cy.
(7i-2) When ¢; > 1, M is timelike and 1/y/c; <t < 1.
Then we obtain

I = /(1—1—0132 - 1+82>d8:ﬁarctan(\/as)—arctans—l—@

L c1 (£2 — 1) ) 21,
= ——arctan —— = | —arctan  —T c
v/ C1 1-— Clt2 1-— Clt2 2
and
1 Cl(tQ—l) t2—1
t) ==+ | —=arctan | |/ =——2 | —arct -
Q (t) Clarc an( " arctan g +co
1 Cl(t2—1) t2—1
t) = —— arctan | | ———> | —arct -
Q4+ (1) = arc an( g arctan T +c3
and
1 Cl(t2—1) t2—1
_(t)=— | —— arct 2 ) —arct -
Q-(t) \/aarc an( T arctan T + c3

for a constant cs.
(7i7) Assume that ¢; is negative, which implies that ¢ > 1 and M is

spacelike. Then we can write ¢; = —cg for a positive c3, which implies that
1 1 1 1
1= — ds = — d
/<1+0152 1+s2> ° /(1—6:2382 1+32> §
1 1
= —log e arctan s + ¢4
2c3 1—c3s

V14 cEt2 + esVit? — 2 —1
=—log — arctan — 55 | Tt
263 V1 + 32 — 3Vt — 1+c3t

-1 1
log< 1+ A3t2 + c3 - >—arctan (”1—#0%2) —2—6310g(1+c§)+04
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where ¢4 is a constant. Thus we have

1
Q)=+ <—log <\/1—|—c§t2+03\/t2—1>
Cc3
[ -1 1 )
— arctan ( W) — % log (1 =+ C3) + C4> .

1 t2—1
Q+(t) = alog <\/1+c§t2+03\/t2— 1> —arctan( 1+c§t2> +c5

Let

1 t2—1
Q-(t)=— <a10g< 1+c§t2+03\/t2—1> —arctan( )) + ¢

1+ c3t2

for constants cs, cg. We can choose cg such that

1 1
glog (1—i—c§) +c5 = —glog (1—i—c§) =+ cg.

In all cases (7), (i) and (#i7), t = 1 is a boundary point and

lim@Q’, (t) = 0.

t—1

So the curves (tcos (Q4 (t)),tsin (Q4 (t))) and (tcos (Q— (t)),tsin (Q— (t))) can-

not be connected as a regular curve.
Thus we can give the following corollary.

Corollary 5. The solution of the zero normal curvature tensor equation
(3.11) is given by one of the followings
(i) for a constant co,

Q(t):j:(\/tQ—l—arctan< t2—1> +02>.

In this case, the surface M 1is spacelike.
(ii) for a positive constant ¢; # 1 and a constant ca,

1 c1 (£2 — 1) 21
Q (t) =4 ﬁ arctan m — arctan 1_701152 =+ (&)
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When 0 < ¢ < 1, the surface M is spacelike, and when c; > 1, the surface M s
timelike.
(7i1) for constants c3 > 0 and cq,

Q) == <%10g <\/1 + 32 4+ c3V/ 12 — 1)

— arcta 7t2 1 — —1 lo (1 + 2) +
rctan c ca | .
1+ C§t2 203 & 3 4

In this case, the surface M 1is spacelike.
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