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ABSTRACT. We introduce some examples of group amalgamations moti-
vated by the problems of C*-simplicity and unique trace property. Moreover,
we prove that our examples are not inner amenable and identify a relatively
large, simple, normal subgroup in each one.

1. Introduction and Preliminaries.

1.1. Introduction. The questions of C*-simplicity and unique trace
property for a discrete group have been studied extensively. By definition, a
discrete group G is C*-simple if the C*-algebra associated to the left regular rep-
resentation, C;(G), is simple; likewise, it has the unique trace property if C;(G)
has a unique tracial state. An extensive introduction to that topic was given by
de la Harpe ([10]). Recently, Kalantar and Kennedy ([13]) gave a necessary and
sufficient condition for C*-simplicity in terms of action on the Furstenberg bound-
ary. After that, Breuillard, Kalantar, Kennedy, and Ozawa ([4]) studied further
the question of C*-simplicity and also showed that a group has the unique trace
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property if and only if its amenable radical is trivial. They also showed that
C*-simplicity implies the unique trace property. The reverse implication was
disproven by examples given by Le Boudec ([15]). In the case of group amalga-
mations and HNN-extensions, the kernel controls the uniqueness of trace, and
the quasi-kernels control the C*-simplicity.

The notion of inner amenability for discrete groups was introduced by
Effros ([8]) as an analogue to Property I' for II; factors that was introduced
by Murray and von Neumann ([19]). By definition, a discrete group G is in-
ner amenable if there exists a conjugation invariant, positive, finitely additive,
probability measure on G \ {1}. Effros showed that Property I' implies inner
amenability, but the reverse implication doesn’t hold, as demonstrated by Vaes
(122)).

Our examples stem from the questions of C*-simplicity and the unique
trace properties for groups. In particular, all of our examples have the unique
trace property, and we also determine the C*-simple ones and the non-C*-simple
ones. The examples of section 3 generalize the example given in [12, Section
4] (which corresponds to the group G[Sym(3), Sym(3)] of section 3). There is
a resemblance to the groups introduced by Le Boudec in [14] since they all act
on trees. In fact, some of our examples are isomorphic to his, but not all are
(see Remark 3.9). The main benefit is that our groups are given concretely by
generators and relations, which makes them more tractable to investigate some
further properties they possess.

We study some additional analytic properties of our examples. We show
that they are all non-inner-amenable by showing that they are finitely fledged — a
property that we introduce in section 2. Our groups are examples of non-highly-
transitive groups of a special type, as discussed in [9, Section 8.3], where the
non-topological-freeness plays an important role (see Remark 3.19). Moreover,
using some well known facts, we show that the reduced C*-algebras of some of
the examples have stable rank bigger than one (see Remark 3.23).

We also explore some of the group-theoretical properties of our examples.
We remark that they are not finitely presented. Also, under some mild natural
assumptions, we show that each group has a relatively large, simple, normal
subgroup.

The organization of the paper is as follows: In section 2 we discuss groups
acting on trees and inner amenability. We also prove an auxiliary statement about
inner amenability using equivariant maps ([2]), which is interesting on its own. In
Section 3 we present our examples and study their group-theoretic and analytic
structure.
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1.2. Preliminaries. For a group I' acting on a set X, we denote the
set-wise stabilizer of a subset Y C X by

Iiyy = {gel [gY =Y}
and the point-wise stabilizer of a subset Y C X by
Lyy ={g9€l |gy=y, VyeY}.
For a point x € X, we denote its stabilizer by
I'y={¢gel| gz =z}

Note that, I';yy, Iy, and I'; are all subgroups of I'. Also note that

9Ly =Tigyys 9Leg ' =Tgo , and gT g " = Digy).

For a group G and its subgroup H, by ((H))g or by ((H)), we denote the
normal closure of H in G.

For some general references on group amalgamations and HNN-extensions
see, e.g., [1], [6], [20], [11], etc.

Let G; = (X; | R;) for i = 0,1 be two groups with generating sets X; and
relations R; having a common subgroup H embedded via j; : H — G;. Their
free product with amalgamation is the group

Go*xg G = <X0|JX1 ‘ Ro U Ry u{jo(h) :jl(h) ‘ h € H}>

We will assume that the embeddings j; are self-evident. Every element g €
Go *xpg G1 \ H can be written in reduced form as

g = (90)g1 -+ gn, where n € Ng and g, € Gi; (mod 2) \ H.

If S; is a set of left coset representatives for G;/H, where i = 0, 1, satisfy SoNS; =
{1}, then every element g € G *x G can be uniquely written in normal form as

g=(s0)s1-sp-h, where n € No, sx € S (moda2) \ {1}, and h € H.

The group amalgamation Gy *r G is called nontrivial if Gy # H # G1 and is
called nondegenerate if, moreover, Index[Go : H| > 3 or Index[G; : H] > 3.

The Bass-Serre tree T[Go *i G1] of G xg7 G is the graph, that can be shown to
be a tree, consisting of a vertex set
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Vertex(T'[Go g G1])
={Go} U{(s0)51 " 3nGpy1 (mod2) | m € No, 8k € Sk (mod 2) \ {1}}

and an edge set
Edge(T[Go *x G1]) = {(s0)s1---snH | n € No, 5% € Sp (mod 2) \ {1}}-

The vertex (50)s1 -+ SnGnt1 (mod 2) 1S adjacent to the vertex
(50)51 "+ Sn8n+1Gp (mod 2) With connecting edge

(50)81° " 8nGry1 (mod 2) 1 (s0)s1 " SnSnt1Gp (mod 2) = (s0)s1- -+ SnSnr1H.

Also Gy xpr Gy acts on T[Go *i G1] by left multiplication.
Finally, Gy *xg G1 has the following universal property (see, e.g., [6], page 29 or
[1], page 128):

Remark 1.1. Let C be a group, and let «; : G; — C' be group ho-
momorphisms (¢ = 0,1) for which ag|g = a1|g. Then there is a unique group
homomorphism S : Gg xg G1 — C satisfying f|g, = a; for every i =0, 1.

2. Inner amenability. The barycentric subdivision of a graph T is,
by definition, the graph TW with vertex and edge sets

Vertex(T™M) = Vertex(T) U { {e,é} | e € Edge(T)},

Edge(T"V) = Edge(T) x {0,1},

respectively, where (e,e) = (e,1 — ¢).

It is easy to see that each tree T of finite diameter has a unique center, which is
a vertex or an edge (this follows essentially from Exercise 3 on page 21 of [20]).
Therefore T has a unique centre, which is a vertex.

Inductively, 7"V is defined as (T*)1),

For a tree T, a ray is defined as a sequence of vertices of T', (vy,)ne;, such
that v, and v, are adjacent and v,, # v, 42 (i.e., there is no backtracking). The
boundary of T, 0T, is defined as the set of all rays mod out by the following
equivalence relation:

(n)oeqy ~ (wp)pzy if Ik,m e N: vy = Woym, Vn € N.

The boundaries T and dT®) can be identified in a natual way: A ray from T'®*)
has a unique subray that belongs to 7', and a ray in T can be uniquely extended
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to a ray in T(k), using the fact that there is a unique path between two vertices
in a connected tree.

Let G be a group acting on a tree T'. Then it is clear that G acts on 0T
and on the closure T = T U 9T in a canonical way. Every element of G is either
elliptic, i.e. fixes some some vertex or some edge of T', or is hyperbolic otherwise
(see, e.g., [20, 1.6]). It is clear that there is a canonical way in which G acts on
T and on its boundary 0T 1) Note that, if an element of G is elliptic, then
it necessary fixes a vertex of T’ M, Every hyperbolic element ¢ fixes exactly two
point the boundary 97 (and also on the boundary 8T(1)), rqy and sg4, the first one
is attractive and the other one is repulsive; i. e., for every open neighborhood U
of ry and every open neighborhood V' of s, there is a large enough number n € N
satisfying ¢" (T \ V) C U and ¢ (T \ U) C V. By definition, two hyperbolic
elements are transverse if they don’t have any common fixed points on 97'. The
action of G on T is said to be of general type if there are two transverse hyperbolic
elements.

The action of a group G on a set X is called transitive if for every x,y € X,
there is an element g € G satisfying gr = y. The action of a group G on
a topological space X is called minimal if every G-orbit is dense in X. It is
obvious that the action of a group amalgamation or an HNN-extension on their
corresponding Bass-Serre trees is transitive and, therefore, minimal.

For an elliptic element g € G \ {1}, we define a set

Ur(g) = {te Tg(l) | t has a neighbour that is not fixed by g}.

Clearly, if g # 1 is elliptic, then Up(g) # (0. Let T1(g) be the smallest connected
subtree of T" containing U7 (g). We propose the following definitions.

Definition 2.1. Let G act on a tree T. We call an elliptic element
g € G\ {1} finitely fledged with respect to G ~ T (or just finitely fledged), if
Yr(g) has a finite diameter. We call the action of G on T finitely fledged if
every elliptic element g € G\ {1} is finitely fledged.

Note that Y7(g) has a unique center in 7 in this situation. Note also
that, if ¢ € T is the center of T7(g) and if h € G, then hc is the center of
Yr(hgh™1).

Definition 2.2. Let G act on a tree T. We call an elliptic element
g € G\ {1} infinitely fledged with respect to G ~ T if Yr(g) has an infinite
diameter. We call the action of G on T infinitely fledged if there is an infinitely
fledged elliptic element g € G\ {1}.
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We will make use of [2, Proposition 7], which for a group G acting on a
tree T states that if the action is of general type and if there is an equivariant
(with respect to conjugation) map 0 : G \ {1} — T'U 97T, then G is not inner
amenable. Note that T'U 9T, equipped with the shadow topology, is a compact
and totally disconnected topological space (see [17, Section 4.1], [5, Appenix A]).

The following proposition can be regarded as a refinement of [21, Propo-
sition 0.3].

Proposition 2.3. Let G be a group acting on a tree T', so that the action
is of general type. If the action of G on T is finitely fledged, then G is not inner
amenable.

Proof. Define X = T® UaT®. As in the proof of [21, Proposition
0.3], we define a G-equivariant map ¢ : G \ {1} — X in the following way:
e If g € G is hyperbolic, then 6(g) is the attractive point of g on or®;
o If g € G\ {1} is elliptic, then §(g) is the center of Yp(g) in T).

The result follows from [2, Proposition 7. O

It was proven in [21] that the Baumslag-Solitar group

BS(2,3) = {r,b | 7710*r = b’}

is inner amenable, and thus correcting a mistake in [2] (see also [3]). We note
that the action of BS(2,3) on its Bass-Serre tree T is infinitely fledged.
To see this, it is easy to verify that the element b° fixes the linear subtree

T ={..., 77 brbr 2 B), 77 (b), 77 L(b), (b), 7(b), T L (b, ThT Lo (D),
o Lorbr =), ... ).

For example,

orbr ' brbr (b)) = 7b” - b brbrH(b) = Tbr b0 - brbT (D)
= 7br7'brb? - br N (b) = Tbr brbr 00 (b) = ThT M brbr T (b).

Each vertex of T” that starts and ends with the same power of 7, however, has a
neighbour that is not fixed by »°. The neighbour 7b--- 7 1br - 7(b) of the vertex
7b--- 7 b7 (D) is not fixed by v°, and the neighbour 710 --- 76771 . 771(b) of the
vertex 77 1b- - 7br~1(b) is not fixed by b%. To see this, observe, for example, that

Vorbr—torbrlor - 7(b) = 7b° - br orbr o7 - 7(b) = Tbr 1 - brbrlor - 7(D)
= 7o orb? - bror - 7(b) = Tbr brbr 100 - b7 - T (D)
= 7br~'orbr b’ T(b) = Tbr'brbrbrb - 57 (D)
= 7br 'orbr bbb (b) = ThT ' brbr T brbr(b)
# b torbr—tbr - 7 (b).
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Therefore the action of BS(2,3) on 7 is infinitely fledged.
The proofs of Proposition 2.3 and [2, Proposition 7] imply

Proposition 2.4. Let G be a group acting on a tree T', so that the action
is of general type. If m is a conjugation invariant mean on G\ {1}, then m is
supported on the infinitely fledged elliptic elements with respect to G ~ T

Proof. Let FF C G\ {1} be the set of all hyperbolic and finitely fledged
elliptic elements. Let I C G \ {1} be the set of all infinitely fledged elliptic
elements. Then FFLUI = G\ {1}. It is important to note that both sets F' and
I are conjugation invariant. Let X and § : F' — X are as in Proposition 2.3, i.e.,
X =T@uar® and
e If v € F'is hyperbolic, then §(7y) is the attractive point of v on or?;

o If v € F is elliptic, then () is the center of Y7 () in T,

Let g and h be two transverse hyperbolic elements of G with attractive
points 4 and rp,, respectively, and repulsive points s, and sy, respectively. Since,
clearly, X is Hausdorff in the shadow topology, we can chose two by two non-
intersecting neighborhoods Ry, Ry, Sy, and Sy, of 74,73, 54, and sj,, respectively.
These neighborhoods will constitute our ’paradoxical’ decomposition. By the
hyperbolicity of g and h, it follows that we can find an integer n such that
g"(Sg) D X \ Ry and h"(Sy) D X \ Ry,.

Denote Rj, =6~ (Ry), Rj, =06 '(Ry), S, =05"(5), and S}, = §'(Sh).

Let m be a conjugation invariant mean with m(F) > 0. We can assume
that m is supported on F', i.e., m(I) = 0 and m(F) = 1. Then

1 =m(F) > m(R, U R}, US,Sy)
= m(Ry)+m(Ry,)+m(Sg)+m(S;) = m(Ry)+m(R},)+m(g" Sgg™")+m(h" Sph™")
>m(RyUg"Syg™") +m(R, UR"SLh™") = m(F) 4+ m(F) = 2.

This contradiction implies that the existence of a mean with m(F") > 0 is impos-
sible. O

Remark 2.5. The proposition implies that a conjugation invariant mean
is supported on the se of elliptic element that are infinitely fledged with respect
to every action on a tree.

To conclude the section, we give an easy application of the finite-fledge-
ness:

Let Gy and G be two discrete groups and let Gy*(G1 be their free product.
Then the elliptic elements of Gy G1 ~ T[Go*G1] belong to the conjugates of Gy
and G (see, e.g., [20, 1.4.3, Proposition 18]). If go € G \ {1}, then go acts freely
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on the set of neighbours {hoG1 | hg € Gp} of Gy in T[Gy * G1]. Therefore g
fixes only one vertex, Gg. The same argument applies to every element of every
conjugate of Gy and G1. This shows that every nontrivial elliptic element of the
action Gp *x G1 ~ T[Go * G1] fixes exactly one vertex of TGy * G1]. Therefore
Gy * G1 is finitely fledged. In the case when Gy and GG are nontrivial and not
both of order two, we can apply Proposition 2.3 to derive the well known result
that G * GG is not inner amenable.

3. Group amalgamations.

3.1. Notations, definitions, quasi-kernels. We introduce notations,
some of which appear in [12]:

Let G = Go *g G1 be a nontrivial amalgam. We define sets T}, C G as
follows: Let Tpo =T1,0= H. For j =0,1 and n > 1, let

Tin=19"" Gj+n-119 € Gi (moda2) \ H}.
Now, for 7 = 0,1 and n > 0, let
(1) Cin= ﬂ gHg™.

Next, we consider the quasi-kernels defined in [12]:

(2) K() = m CO,n and Kl = m Cl,n-
n>0 n>0

Note that

(3) ker G = Ko N Ky,

where the kernel of G is defined as

ker G = ﬂ gHg™L.
geG

Also, for j = 0,1, n > 1, and g; € G; (mod 2) \ H, let

—1 —1
K(Gjtn-"95) = Gj+n G0, 9jp

It follows from [12, Proposition 3.1] that G has the unique trace property
if and only if ker G has the unique trace property. It also follows from [5, Theorem
3.9] and from Proposition 3.5 (i) (below) that G is C*-simple if and only if K or
K is trivial or non-amenable provided G is a nondegenerate amalgam and ker G
is trivial.

We need the following results.
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Lemma 3.1. Ky and K; are normal subgroups of H. If ker G s trivial,
then Ky and K1 have a trivial intersection and mutually commute.

Proof. First statement follows from the observation that for each h € H
and each 7 =0,1,
h-Tjn={h-gj gjtn-11 9 € Gi (moa2) \ H} = Tjn.

For the second statement, (3) implies KoNK; = ker G = {1}. Take k; € K, j =
0,1. Since K; < H for each j = 0,1, it follows koky 'ky ' € Ky and kikok; ! € K.
Therefore,
Ko 3 (kikoky kgt = ki(koky 'kg'') € K1,

so kikoky 'kgt € Kon Ky = {1}. O

Lemma 3.2. Let j € {0,1} and g; € G; (moa 2) \ H for each i. Then
K(gj+n - 9gj) is a subgroup of Kjini1 (mod 2)-

Proof. For m > 1 and h € H, observe that

95 Tim = 1957 Vjrm1 | % €Gi (moa2 \ H}
{g; - (9)) " hyjer-Yiem—1 1% € G (moa2) \ H}

= T’j—f—l (mod 2),m—1-

U

It follows by induction on n > 0 that for m > n + 1, one has

Gitn 95 Tim = {gjn- G5 Vitm—1 | % € Gi (moa2) \ H}
D {gjn- g5 (g5 g5 L) PYint1 - Vb1 |
Yi € Gz (mod 2) \H}
= Tj—l—n—f—l (mod 2),m—n—1-
The assertion follows from equations (1) and (2). O
Lemma 3.3. Let j € {0,1} and g;,4; € G; (mod 2) \ H for each i. Then
the following hold:
(@) I ()" (Gn) ™ G 95 € H. then K(gjan- - g5) = K(gjyn - 95).
(i) Ifker G is trivial and if (g;»)_1 e (g§+n)_lgj+n -9 ¢ H, then K(gj4n - gj)

and K(g;-Jrn e g;) have a trivial intersection and mutually commute.

Proof. Denote v = (g;»)_1 e (g§+n)_lgj+n gy
(i) If v € H, then
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(9) " () K (Gjtn - 99 G jn - G
= ()" (Ghn) G 95 K0 g G 6
=Ky~ = Kj,
where the last equality follows from Lemma 3.1.

(ii) Note that, if v ¢ H, then ~ starts and ends with elements of G;\H (or itself
is an element of G;\H). Therefore Lemma 3.2 implies

(05) " (Ghgn) T K (Gin - 95)Ggn - 9
= ()" (Gin) G 950 0 G 6
=Ky ' =K(v) < K1 (mod2)-

This, combined with

-1 -1
(95)" - (Gn) ™ K (Gjn -~ 91 Gjn - 95 = K
and Lemma 3.1, yield the last statement. O

Remark 3.4. Consider the Bass-Serre tree T' = T'[G] of the group G =
Gy *g G1, and consider the edge H with ends Gy and G;. For each j = 0,1,
denote by T} the full subtree of T' consisting of all vertices v € T for which

dist(v, Gij) < dist(v, G411 (mod 2))- Note that, if S; are coset representatives for
G;/H, then

(4) T; = {Gj} U {Sj T 5j+nGj+n+1 (mod 2) | n >0, sp €85 (mod 2) \{1}}.

Proposition 3.5. With the notation of the previous remark, the following
hold:
(Z) Kj = G-
(#) K(gj+n- " 95) = Ggjspg,T)

Proof. (i) We have

h € K;
Gtno1 95 ' hgj -+ giyn—1 € H, Yn' >0, VYgr € Gy (moa2) \ H
hgj - Gjtn-1 € gj- - Gjrn1H, Yn >0, Vg € Gy (moa2) \ H
hgj- - gjyn—1H = gj - gjon—1H, Yn >0, Vg € Gy (mod2) \ H
h fixes every edge of Tj

he Gy,

rrees
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(ii) Asin (i), we have

h € K(gj4n - 95)

h € gjpn- 95897 - g5

9i " Giinhgiin 95 € K

gj—l o g;J:nhgj+n gj € G(Tj)

W€ gjen---9;Girp 95+ 9jn
h € Gg;pngy1))-

rreee

O

Now, chose representatives S; of Gj/H containing {1} for j = 0,1, and
denote S} = S; \ {1}.

Assume that ker G = {1}.

Then, from Lemmas 3.1 and 3.2, it follows that K (s;)NK; = {1} and that
K (s;) and K; mutually commute for s; € S} and for j = 0,1. Also, from Lemma
3.3, it follows that if s;,¢; € S} are different, then K (s;) and K(t;) have a trivial
intersection and mutually commute. Likewise, it follows from Lemma 3.3 that
for n > 1 and for S, t; € Sz/ (mod 2)> K(8j+n8j+n_1 s Sj) = K(tj+ntj+n_1 s tj)
if and only if (Sj+n7 e ,Sj) = (tj+n, e ,tj). If (SjJrn, N ,Sj) 75 (tj+n7 e ,tj),
then K(sjinSj4n—1---5;) and K(tjintjin—1---t;) have a trivial intersection
and mutually commute. Moreover, from Lemmas 3.1 and 3.2, it follows that
K(Sj4nt+1Sj4+n - - 5;) and K(tjintjin—1---t;) have a trivial intersection and mu-
tually commute for any choice of s; and ¢;.

Thus, if we consider for j = 0,1 and for n € Ny the following subgroups

of H:
(5) K'Gon)= €D  K(sj - sj4n) and
SieSz{ (mod 2)°’
i=j,....j4n
(6) K(in)= @B  KOsjti - sjtn)s
SiGSZ{ (mod 2)°
i=j+1,....5+n

then it is easy to see that:

Proposition 3.6. K(j,n) is a normal subgroup of G;, and K'(j,n) is a
normal subgroup of H.
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Remark 3.7. From Lemma 3.2, it follows that there are subgroups of
K isomorphic to Ky and vice versa. Consequently, Ky = {1} if and only if
K = {1}. In this situation, the groups K(j,n) and K'(j,n) are all trivial.

3.2. A family of examples. For j = 0,1, consider nonempty sets [ J’
with [; = I ]' U {¢;} and transitive permutation groups I'; on I; with stabilizer
groups I' ; = (I'j),, that are not both trivial. We define a family of groups that
depend on 'y and I'; as follows:

Glo,T1] = Gy, I1;e0,015T0,T1] = Go xu Gy,

where H = (Qo, Q1) and where

Qj = ({ hj(ij,ijs1, - ij4ni Ojns1) | 1 € Zo, ik € I (1pod 2)5

Ojnt1 € Ujpnin moazy b U {95(05) [ oj €15 })

for j = 0,1. Finally, G; = (H U { g;(05) | 0; € T; \ T} }) with the following
relations (there are redundancies):

(R1) The groups Qo and @1 mutually commute.

(R2) For j =0,1,0 < m < n, ik, s € I}, (mod 2) with (45, ..., %4m) # (Sj,- -+ 5j4+m),
and for oy, € T} (mod 2): the elements

hj(sj,...78j+m;0-j+m+l) and hj(ija---aij+m7---7ij+n;0'j+n+1)

commute.
(R3) For j = 0,1, 0 < m < n, iy € I}, (mod 2)» and for o, € T, (mod 2)> the
following holds

R (i, s bjms Ojma 1) (G55 oo Gjms Gpmtd - -+ s i} Ojpnt1)
. . X -1
X hj(’Lj, <oy Yitms Uj+m+1)
= hj(/iju ooy bitm, Uj+m+1(ij+m+1)7 e L Uj+n+1)-

(R4) For ] = O, 17 m € ZO, ’Lk S I]; (mod 2), and 0'j+m+175'j+m+1 S F;+m+1 (mod 2),
the following hold

hilig, ...y ijem;id) =1,

j(igs - jam; Ojam+ 1) (G5, - - Gjm} Ojpma)

= hj(i5, - s tjtm; Ojm+10j4m+1),
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and
. . . . —1 o . . . —1
(i -y ijam; Ojame1) = hi(is, - ijmi 05 ny)-

(R5) For j = 0,1 and 0;,6; € I';, the following hold

g9i(id) =1, g;i(04)g;(5;) = gj(0j6;), and  gi(o;)"" = g;(o; ).
(R6) For j = 0,1, m € Zy, iy, € I}, (mod 2)» 7 € ['j, and Titmt1 € Uiy (mod 2)»
the following holds

gj(Uj)hj(ijw--aij+m§‘7§'+m+1)9j(0j)_1 =
9j+1  (mod 2)(‘7;'+m+1) if 0j(i;) = ¢; and m =0,
Rjst (mod 2)(Tj41s -y Gjgms Oy myr) if 05(i5) = ¢j and m > 1,
hi(05(i5), 5541, - s tjrm; Ojpmy) if 0j(i5) # 15, and m > 0.

3.3. Some basic properties of the examples and their quasi-
kernels. For a group G[ly, I1;t0,t1;10,I'1], let’s note that Index|[G; : H] =
#(1;), j =0,1. To see this, recall that I'; acts transitively on I;, and for i € IJ’-,
let T; € I'; be such that T;(Lj) = i. Let’s denote 7§ = gj(T;), and take an element
o € T;\I'; with o(1;) = i. Then (7';»)_1 oo(L) = tj, 80 gj((T;-)_l oo(t)) € H,
and therefore g;(o) € g; (TJZ)H = ’y;H Thus

(7) G; = Hu| |+iH.

; !
zEIj

Consider the canonical action of G = Gy, I1;9,t1;,'1] on its Bass-
Serre tree T' = T[G]. Adjacent vertices to the vertex G different from G ;11 (mod 2)
can be indexed by the set I ]'», so we denote the vertex G; by v(¢;), and for ¢ € I J’-,
we denote the ve‘rtelx 'Y;-Gjﬂ (mod 2) by v(t;,4). Also, for i, € I (mod 2)> W€ de-

15 14 (23 . .

note the vertex Vj]’ijf (mod 2) " ~'yjf]f mod 2)Gj+k+1 (mod 2) bY V(L 55, Tjgk)-
Note that, using notation from Remark 3.4, T} is the full subtree of T' contain-
ing the vertex v(:;) and the vertices v(¢j,%j,...,44k), where i, € I (mod 2) and
j=0,1.

Remark 3.8. Notice that the case #(ly) = #(I1) = 2 is impossible
because of the requirement of non-triviality of the stabilizers, so #(ly) > 3 or
#(I1) > 3. Therefore the corresponding Bass-Serre tree is not a linear tree and
the amalgam is nondegenerate (see [11, Proposition 19]).
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Remark 3.9. There is a resemblance of our examples with the groups
introduced by Le Boudec in [14]. In fact, the example from [12, Section 4] is
isomorphic to one of the groups from [14] (see [12, Remark 4.7]). It can be shown
that all of our examples satisfy the conditions of [15, Theorem A]. Whenever
#(Ip) # #(I1), however, none of the groups G[Iy, I1;to,t1;T0,'1] appears in [14]
or in [15, Theorem C].

Remark 3.10. It is immediate from [1, Theorem VI.9], that our examples
are not finitely presented since H is never finitely generated.

We need some easy facts about G = G[lo, I1; o, t1; o, '1].

/

Lemma 3.11. (i) Letm >0, iy € Ig(mod 9y, and Ojimi1 € Lt mt1 (mod 2)-

Then

hj(ij, e 7ij+m§ 0-;'+m+1) =
i i m / 15 m —1 —1
= 'Yj] T ’ij-:m (mod 2)gj+m+1 (mod 2)(Uj+m+1)(7j]_:_m (mod 2)) e (73‘ ) :

(13) Every element h € Q; can be written as
m
k=1

-k
where m > 1, 0;- € F;-, oy € F;-+nk+1 (mod 2) 0<ng < < ny, and iy €

Izg (mod 2)-
(1i3) Every element g € T}, can be written as

_ ki kjin—1
9= " Vjrn—1 (mod Q)h’

where h € H and k; € I, (mod 2)-

Proof. (i) For o; € I';j, with ¢;(¢;) = i;, (R6), read backwards, gives

. . . . 1
Bj(igy s tim; Ogyme1) = 9501 (mod 2) (G415 -+ Tjms T pmy1) 95 (05)

Now (i) follows by induction.
(ii) follows from (R4) and (R5) applied several times.
(iii) follows from equation (7) and the structure of the amalgams. O

Lemma 3.12. Let m > 0, i € I (mod 2)’ o

/ /
; €15, and 054, €

! .
j+m~+1 (mod 2)* Then:
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(i) For n > m, the following holds

hj(ij, [P 7ij+m§ 0-;'+m+1)v(bj7 ’ij, NN 7ij+m7 ij+m+17 ij+m+2; NN ,/[:jJrn) =
= V(L5555 jpms Tjpmg 1 (Gjbmt1)s Gt 25 - -+ 5 Gjpn);

(g, k) = (e, 0%(ky)) for kj € T

/ . . /
( gj(ag-) € Guy) and hj(ij, - 1j4mi Ojpma1) € Goyyigronijim)-
(iii) gj(0;) € Kjp (mod 2)-
(z’v) hj(%v cee ,ij+m;0j+m+1) € Kj+1 (mod 2)-
(v) Forn >m and for s; € Ig(mod 5y with (5o Bjpm)F(S5s ooy Sj4m),

hj(Sj, ct 3]+m7 U;-{—m—f—l) E G’U(Lj,ij,...,ij+m,...,ij+n)'
Proof. (i) First note that, by the structure of the amalgams and from
Lemma 3.11 (i) and (iii), it follows that there are t; € I] and a x € H satisfying

( Tjtm+2 A )71 _ A titn At
j+m+2 (mod 2) ’Yj-i-n (mod 2) - X’Yj—I—n (mod 2) ’Yj+m+2 (mod 2)°

Then note that

o, (25 ) i
_ j+m+1\ti+m+1 1 / Tj4+m—+1 /
0= (Tj+m+1 ) o Ojtm+1° Tjymy1 € Fj—i—m-i—l (mod 2)

since o fiXes (1 m41 (mod 2)- Lhen it follows that

Gjtmt2 A -1, jtm+2 LAl
(7j+m+2 (mod 2) ’Yj—I—n (mod 2)) gﬂm+1(a)7j+m+2 (mod 2) ’Yj—I—n (mod 2)
. —1
= Xhjtn(tjtn, - - tjtmt2;0)X
Therefore,
h] (Zj’ s bims O—j—f—m-i—l)v(ij Lis e Yjdms Lj+mA41) +m42; - - - 7Zj+n)

N ) ! bjtm =L (%)L
= 'Yj ’Yj-i-m (mod 2)gg+m+1 (mod 2)(0'g+m+1)(7j+m (mod 2)) ('Yj )
i jtm i pmt1 T pm2 Ljtn

Ny ’Yj-i-m (mod 2)’Yj+m+1 (mod 2)’Yj+m+2 (mod 2) " " ’Yj-i-n (mod 2)Gj+n+1 (mod 2)
G iy L im ) / Tjtm+1
=7 Y41 (mod 2) T Vjtm (mod 2)di+m+1  (mod 2) (0j+m+1)7j+m+1 (mod 2)

A Girmet2 L A in , _
’Yj+m+2 (mod 2) ’Yj-i-n (mod 2)G3+n+1 (mod 2) =
. . . ! :
N NS L A Am Thpm1 (Girme1)
=7 7Vj+1 (mod 2) " Vj+m  (mod 2) Vitm+1 gj+m+1  (mod 2)()
Tjtm+2 Litn G.

“Vitm+2 (mod 2) "~ Vitn (mod 2)“j+n+1 (mod 2)
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_ At LA Tjpmr1(litmt1)_ijpmo A

=75 741 (mod 2) * " Vj+m (mod 2) Vitm+1 Vjtm+2 (mod 2) * " Vj+n (mod 2)

Ljtm+2 A -1 Ljtm+2 LAl
('7j+m+2 (mod 2) *" " Vj+n (mod 2)) 9j+m+1 (mod 2) (U)'Vj+m+2 (mod 2) " Vj4n (mod 2)

X Gjint1 (mod 2)

2 7 A8 L Jm Fmi1 (Gtm+1) djymyo o Jitn
=75 7j4+1 (mod 2) * " Vj+m (mod 2) Vitm+1 Vjtm+2 (mod 2) * " Vj+n (mod 2)

. -1
th—l—n(tj—i—m oo bimt2; U)X Gj+n+1 (mod 2)
. . / . . .
= U(Lj, Liyee s tjtm, Uj—l—m—l—l(ZjerJrl)v Litm+2, - - - ,/LjJrn).

Second statement is clear.
(ii) First claim is obvious. Second claim follows from

hj(ij, e ,ij+m; U;-erJrl)’U(Lj, ’ij, Ce ,ij+m)

i Lj+m Lj+m -1 1j\—1
= 7]'] e Vji:m (mod 2)gj+m+1 (mod 2)(U;'+m+1)(7j]++m (mod 2)) e (7]'])

i i+l L. A bm ,
X ’Yj+1 (mod 2) ’Yjer (mod 2) Gﬂ+m+1 (mod 2)
_ A Lj+m /
=% " Vj+m  (mod 2)9i+m+1  (mod 2)(Uj+m+1)Gj+m+1 (mod 2)

= U(Lj,’ij, NN 7ij+m)-

(iii) It follows by Proposition 3.5 (i) that this is equivalent to g; (o;-)EG(THI(mod 2)
From g;(0%;) € H, it immediately follows that g;(c}) € Gt stmod 2) =C+1mod 2)-
It remains to show that, for any n > 1 and any i; € I}, it follows gj(a;-) €
G,U(Lj+1 (mod 255341 sij4n)" From the argument at the beginning of the proof of
point (i), it follows that

tjtn -1 i1 -1 _ 1 Fjtn kj1
(Vj]+n (mod 2)) T (Vj]+1 (mod 2)) =X4n (mod2)” Vjt1l (mod2)

for some k; € I] and some ' € H. Consequently,

Ljtn -1 tj+1 -1 AP ST tj+n
(’Yj]+n (mod 2)) o (’Yj{H (mod 2)) 9gj (O—J')’Yj{H (mod 2) "~ ’Yj]+n (mod 2)
= th+n (mod 2)(Lj+n (mod 2)» kj—f—n (mod 2)5 - - - 7kj+1 (mod 2)3 U;’)X_l'

Finally,

9i(03)v(Ljs1 (mod 2)>Ej41s- -+ bjtn)

AN F N5 ljtn
= 957574 mod 2) " Vign (mod 2)Gitn+1 (mod 2)
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_ i L A .
- Pijrl (mod 2) Pijrn (mod 2) (’YjJrn (mod 2
- gi(oh )yt BN A .

9j (J]')’YjJrl (mod 2) ’YjJrn (mod 2) G]+n+1 (mod 2)

Litn -1 (FES] -1
A )) "'(7jj++1 (mod2))

_ b N AR
- Pijrl (mod 2) ’YjJrn (mod 2)
L -1
: th+n (mod 2) (Lj-l—n (mod 2)» kj-l—n (mod 2)s - - > kj-‘,—l (mod 2)» Uj)x Gj+n+1 (mod 2)
_ L Al ,
= Yj+1 (mod 2) " Vj+n (mod 2)Ga+n+1 (mod 2)

=0(Lj41 (mod 2)> Gj+1s- -+ j4n)-

(iv) From Lemma 3.11 (i), we write
h](zj’ s ’Z.j-l-m; U;'—}—m—i-l) =
ij Ti+m Ljtm —1 2i\—1
= 'Yj] e "ij-:m (mod 2)9j+m+1 (mod 2) (U§+m+1)(7jﬁm (mod 2)) T ('Yj]) .
By (iii), we have g;1m41(mod 2) (0’;-+m+1) € Kjj{m(mod 2), and therefore, by defini-
tion and by Lemma 3.2, it follows

Li+m

hj(zj’ e 7ij+’m; U;'-i—m—f—l) € K(’Y;] e Pijrm (mod 2)) < Kj+1 (mod 2)-

(v) Note that in y = (fy]sf;;: (mod 2))_1 e ('yjj)_lfy;j : 'y;]:: (mod 2) there is an

even number 0 < 2r < 2m + 2 of cancellations. Therefore

Y E T’jer (mod 2),m+n+2—2r—1 — T’jer (mod 2),m+n+1-2r

starts with an element of G, (mod 2) and ends with an element of G, (mod 2)-
By Lemma 3.11 (iii), v can be written as

_ _Ekjgm kjtomtn—2r _ kivm kjtomtn—2r
= ’Yj-i-m (mod 2) """ ’Yj+2m+n—2r (mod 2)h - ’Yj—I—m (mod 2) """ ’Yj-i-n (mod 2)h

for some k¢ € Ij. Then,

L
hj(8js- -5 Sjtm; Ojpmy1) € Gt it on)
Si L nSitm . 4 St e
7 Vi%m  (mod 2)9j+m+1  (mod 2)(Uj+m+1)(7j+m (mod 2))

Si\—1
(7)™ € Goltyigumsijpmoijon)

/ Sj+m -1
Jj+m+1  (mod 2) (UjerJrl) S (’Yj] m  (mod 2)) Y
Siy—1 . ) ) 5. . AS0tm —
('Yj ) Gv(Lj,Zj,...,z]-+m,.~ﬂj+n)7j ’Yj+m (mod 2)

/
Jj+m+1  (mod 2) (Uj+m+1)
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eqdG <—

('intnm (mod 2))_1"'('ij)_lv(bj7ij?"'7ij+m7"'7ij+n)
/
Jj+m+1  (mod 2) (Uj—f—m-i-l)

S G Sjitm En i i+n e
(’inm (mod 2))71"'(’73'] )71’73'] . ’in_n (mod 2)G1+n+l (mod 2)
—

/
Gjtm+1  (mod 2)(0jimi1) € G kjy i+ 2mtn—2
( ) J ’Yj-]&-mm (mod 2)° Y5 -]&-n "L(mzd 2; hGJ+"+1 (mod 2)

gj+m+1 (mod 2) (U;+m+1) S G’U(Lj+m (mod 2),]€j+m...,kj+2m+n72r)‘
Last line holds according to (iii). O
Proposition 3.13. For a group G = G[ly, I1;0,t1;00,1'1], the following
hold:
(1) Kj = Qj11 (mod 2)-
(17) ker G = {1}.

Proof. (i) It follows by Lemma 3.12 (iii) and (iv) that Q; < K11 (mod 2)
and by Lemma 3.1 that K1 (moq 2) < H. Therefore

Qj < Kj+1 (mod 2) < H.
Since Qg and 1 commute and together generate H, it is enough to show that if
h e Qj, then h ¢ Kj.

For o;- € I‘; \ {1} (if this is nonempty), let p, x € I]'» be such that p # &
and o(p) = k. Then, g;(0%)v(tj, p) = v(1j,%) by Lemma 3.12 (i). Therefore,
9;(05) & Gry) = K.

Take an element h € Qj, and assume h # g;(o ) Then, by Lemma 3.11
(ii) and (R2), it can be written as

h=g;(0%) - hi-hy-hj(sj,...,854n0"),
where
hl:Hh‘](z???z?Jrnk?H/ and h2 H h 77z§+n7£l/)
k=1 l=m+1

In the above expression, r > m > 0, 0;- € F;- 0, € I‘]Jrnkﬂ (mod 2y, W & €

, - 1
FJJrnJrl (mod 2)° 0<n <--<nyp <n, iy € It (mod 2)» and (J""’,Lj-f—n) #
(Sjy--v»Sjtn), VlE{m—l—l,...,r}.

Since W' € F3+n+1 (mod 2) 18 nontrivial, there exist p,x € I j+n41 (mod 2)

with p # k that satisfy w'(p) = k. It follows from Lemma 3.12 (i) that

hi(Siy oy Sian; W )U(Lsy Sy Sjtns ) = V(Ljy Sjy -y Sjtny K)-
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It follows from Lemma 3.12 (v) that

hov(tj, S5, Sjans K) = U(Lj,85, .., Sjqn, K)

and again from Lemma 3.12 (i) that

gj(O';')hl?J(Lj, Sjyee s Sitn, K‘) = U(Ljvpj < Ditns K‘)

for some p; € Ij.
We conclude that

hv(bjasjv"'vsj-l-nap):U([/j>pj"'7pj+n7’%) 7& ,U(Ljasjw"vsj-i-nvp)

and therefore h ¢ G(1,) = K;.
(ii) We have by the definition of the group G = G[ly, I1;t9,t1;,I'1] that Q1 N
Qo = {1}. Therefore ker G = KoNK; =Q1NQy={1}. O

We turn to the structure of the groups K; = Q11 (mod 2) for j = 0, 1.

From the construction of G = G|[ly, I1; 9, t1;T0, 1], it is clear that the following
holds:

K'(j,n) = ({ hjlij,ij41,- - ij4n; Ojrnt1) | 0 € Zo,
. / /
i € Ik (mod 2)» 9j+n+1 € Fj+n+1 (mod 2) } >
Therefore there is a representation
(8) Qj+1 (mod 2) = K'(4,1) x T
with the obvious action. It can be written also 'recursively’ as the wreath product
9) Qjt1 (mod2) = Q5 iy Iy,

where I"; acts on #(I}) coppies of Kji1 (mod 2) = @; in the obvious way.
We want to express (); as a direct limit of wreath products. Let’s denote

Q;(0) = {gjloj) | oj €Ty} =T}
For n > 1, let’s denote

Qj(n) = ({ hj(ij,ij51, -+ ijns Ons1) | Gk € I, (mod 2):

/
Tj+n+1 € FjJrnJrl (mod 2) } >
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Note that @;(n) is isomorphic to a direct sum of copies of I’;- +n41 (mod 2)-

Finally, let’s denote

Qjln] = (Q;(0)UQ;(1)U---UQj(n) ).

Then it is easy to see by the construction that (;(1) is isomorphic to the direct
sum of #(I}) coppies of F;'+1 (mod 2) and that Q;[1] = F;‘+1 (mod 2) 1} I';. Relation
(R3) immediately implies that Q;(n) < Q;[n| and that there is an extension

(10) {1} — Qj(n) — Qj[n] — Qjln — 1] — {1}

We can actually write

~ TV /
Qj [TL] - FjJrn (mod 2) ZIJ’.+n_1 (mod 2) FjJrnfl (mod 2) ZIJ,'+n—2 (mod 2) "
/ /
2IJ,'+1 (mod 2) Fj‘f'l (mod 2) ZIJ,' L.
Since we have the natural embeddings Q;[m] — @;[n]| for 0 < m < n, it is clear
that @; is the direct limit group of the groups Q;[n], i.e.,

(11) Qj = lim Qj[n].

n

Now we observe that

Lemma 3.14. Qg is amenable if and only if Q1 is amenable, if and only
if both groups T, and T} are amenable.

Proof. If we suppose that, say, I', is not amenable, then by equation
(9) for j = 0, it will follow that Qo is not amenable, and by equation (9) for
7 =1, it will follow that )1 is not amenable.

Conversely, suppose that both Iy, and I’} are amenable. Then Q;(n) is
amenable being isomorphic to a direct sum of copies of the group F;- 4nt1 (mod 2)-
Also Q;4]0] = Q;(0) = I} is amenable, and by equation (10) for n = 1, it follows
that @;[1] is also amenable.

Equation (10) and an easy induction establish the amenability of Q;[n]
for each n € Zy.

Finally, we see from the direct limit representation of Q; (equation (11))
that @); is amenable. O
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3.4. Group-theoretic structure. First, we need an easy lemma re-
expressing our conditions.

Lemma 3.15. Let G be a group, and let H be its subgroup. Assume that
G = {(aHa™' | a€G). Then:
(1) G = (H U [G,G]).
(ii) [G,G] = (ghg 'h™ ' | g€ G, he agGaHafly

Proof. (i) Every element g = alhlaflaghgaglag)hg,agl . anhnoz;1 can
be written as

g = (arhiay 'hy Hhy(aghoay thy Dby - - - (aphpay, thy D hy,.
(ii) Take g € G and ¢’ = hy...h,, where h; € UGchfl. Then ¢ = hy - K,
ac

where h' = hg - - - h,, is a product of n — 1 members of UGaHa_l. Then
ac

99’971 (g) " = ghal!g (W) it = (ghag T hy Db (gl g (W) TR =
(ghag™hi') - (haghy ") (b hy V) (haghy )~ (hah/hy )~

In the last expression, hlh’hfl is a product of n — 1 members of UGaH a l. A
ac

simple induction completes the proof. O

Theorem 3.16. Let G = G[ly, I1;0,t1;00,T'1]. Assume that:
(1) o and T'y are 2-transitive, that is, all stabilizers (I'y);, are transitive on the
sets Iy \ {ir}, respectively, for all iy, € Iy, k=0,1.
(17) Either T'y = (L), | ix € Ix), or T'y = Sym(2) for k=0,1.

Then there is a group extension

1— N — G -5 (To/[To,To]) x (T1/[1,T1]) — 1,

where N is a simple, normal subgroup of G and where 0 is defined on the gener-
ators by

0(g0(00)) = ([oolo, 1), 0(g1(01)) = (1,[o1]1), and

([0j4n+1l0,1) if j+n+1 is even,
(L, [0j4n+1l1) if j+n+1 is odd.

Here o]y, denotes the image of the permutation o € T'y, in 'y /[Ty, Tx] for k=0, 1.

H(hj(ijv ij-f—la cee 7ij+n§ Uj-l—n-i—l)) = {

Proof. First, we can define homomorphisms 0y : Go — I'g/[I'0, 0] and
01 : Gy — I'1/[I'1,T'1] given on the generators by

0o(g0(c0)) = ([o0]o, 1), O1(g1(o1)) = (1,[o1]1), and
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([0j4nt1l0,1) if j+n+1is even,

Qk(hj('bj,’ijrl,. .- 7Zj+n;0-j+n+1)) = { (17 [UjJrnJrl]l) lfj +mn+11is odd,

where k = 0,1. This is possible since the respective commutators are in the
kernels. Next, we observe that 6p|ry = 61]|x and use to the universal property of
the group amalgamations (Remark 1.1) to define 6.

Observe that for g € G, according to the definition of 6, we have

0(g) = (H{[a]o |o €Ty is presented in g}, H{[Th | 7 € I'y is presented in g}) .

Therefore, by Lemma 3.11, it easily follows that N is generated by the set

{9i(05) | 05 €Ty, [oy]; =1, j=0,1} U
{g9j(0j)hnlin, ... igpj—1:m42) | 1 € No, 05,7401 € T, [ojTi001]5 = 1,
im € Iy, (mod 2y Jrk=0,1} U
{hi(ig, ..o yiotrj—15 0j120) (ks - s 214515 Tj421) |
[0j4ouTjra); =1, t,1 € No, j,k =0,1, o), Tjya1 € F;»,im,sm el (mod 2)}.

Consequently, it is easy to see that the following set generates N:

(12) {gx(or) | ox €T, [kl =1, k=0,1} U
{9k(ok) i1 (mod 2)(Tk+1 (mod 2505 ) | ok € Ty k=0,1} U
{ho(ig, .- yin;ont1)h1(S1, .-, Sn; U;il) | neN,
ik, sk € I (mod 2)> On+1 € LN (mod 2)} U
{ho(ig, ... in_1;00)hi(s1,. .., Spy1;05 ") | n €N,
i85 € Iy (mod 200 Tn €Ty (mod 2)}-
Now, let a € N \ {1} be arbitrary. We need to show that the normal
closure, (( a ))n, of @ € N coincides with N. Relation (R3) shows that shorter
h’s modify longer ones, so this observation, together with relation (R6), show

that for an element hg(ig, ... ,im;0m+1) with a large enough length m € N and
appropriate i;’s, we have

aho(’io, . ,im; Um+1) = hj(Sj, ey S2n4ms am+1)a

for some j € {0,1}, some n € Z, and some si’s. Therefore, after observing
that ho(Z0,...,0m;0m+1) and hj(s;, ..., S2n4m;Om+1) commute for appropriate
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ir’s (and are different), it is easy to see that for this choice of ix’s, we obtain the
following element of ({ a ))n (let’s call it a):

ho (30, - -+ s i3 Oma 1) (85, -+ S2n4ms Tms1 )R (S, -+ -y S2n4ms Tm1)
X ho(i0, - -y im; Un_;rl)afl = ho(i0,- - im; Tm+1)hi (S5, - .\ Sontm; Un_;rl)
X hl(tl, . 7t2p+m; Uerl)hj(Sja <oy S2n4m; 0';111)7

wherel € {0,1}, p € Z, and t’s. Next, take n > m, an element h;(x;,...,Zj4n;0)
that doesn’t commute with a’, and a hy(yg, - . . s Yjtnt2w; 0_1) that does commute
with a’. Then we obtain the following element of ({ a ))y:

hi (g, T OV (Yhes - - s Yjrnt20: 0 )@ T (Ykes -+« s Yjins2wi 0)
1

Xhj(zj, ..., xjpn;0 )(d) = hj(mj,...,xj+n;a)hj(m;-,...,x;Jm;a_l) = a".

Relation (R6) implies that we can find v € G, and after eventually multiplying ~
by an element of the form gg(o()g1(c}), we can have v € N, and, finally, obtain
the following element of ({ a ))n:

0"y = Giimar (mod 2)(0)hr(Zr, - Zog1jynio )

for some r € {0,1}, € € {~1,1} and 2’s and for arbitrary o € I, 11 (1mod 2)-

Since n € N is also a large, arbitrary number, (( a ))ny contain elements of the
form

(13) 90(00) (21, -, 22915 (00) ™)y g1(0Dhalzg, ., 25,5 (07) ),
where o, € [, and o} € T'] are arbitrary.
Take oo € To\ I} and consider f = go(c0)hs (2L, 211, - - - 5 229-1; (06) 1) €

G, where 2! = z, if r = 1 and 2!/ = 0, ' 0 0)(2,) if r = 0. Then

b= fﬁlgO(UE))hr(er <y R2¢-1;5 (06)71)]0
= g90(0g '0000) b (2], 241, - -5 22915 (00) 1) € ((a ).

1

Let n > 1. We can assume wy = o, (c4) 'o0(10) € I} because o € T} is arbi-

trary. Choose ji’s and wg’s such that hg(wo,ji,...,Jn;Tne1) and
ho(og (40)s V15 - - -, Vomtn; Tn__&l) both commute with hy. (2, 241, - - - , 224-1; (00) )
(by altering og, j’s, v’s, or even the 7 above if needed). Observe that
ho(oy 1 (40)s V15 - - -, Vomtn; T;_&l) commutes with b. Define

¢ = ho(wo, j1,- - Jn; Tnt1)ho(05 " (20), V15 - -, Vomen Thy) € N.
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Then d = cbe o1 = ho(wo, j1, - - -, jn; Tns1)R1 (1, - - - ,jn;T,;}l) € ((a))n.

In the above expression 7,41 € T, 4 (mod 2) 1S arbitrary. Relation (R3)
can be used repeatedly on d to infer that the third set of (12) belongs to ({ a ))n.

The element g1 (0])hg(2), ..., 25y (01)™1) € (( @ )y can be used in anal-
ogous way to infer that the fourth set of (12) belongs to ({ a ))n.

The second set of (12) is formed by products of the third and the fourth
set of (12) with the elements (13), so it also belongs to (12).

Finally, we need to show that the first set of (12) is a subset of (( a ))n.
Let k € {0,1}. If 'y = Sym(2), then [I'y, '] is trivial, so there is nothing to
prove. Let’s assume that 'y # Sym(2). In this situation, I}, has at least two
elements.

Now, take arbitrary 7,7, € 'y with representations (from Lemma 3.15

(1)

v ey = apby - allb), where ai € [Tk, Til, bi; € I}, and
Y = chd}---cPdl, where ¢ € [Ty, Ty, di € T,
and let o) € '}, be arbitrary. Consider

Pk = hi(ik; 11 (mod 2)» %> Gk41  (mod 2); Ok )9k (agby) € N and

@k = k(%) (T i1 (mod 2)> s Tkt1 (mod 203 (%)) € ((a))n,
where iz (mod 2) € Illc+1 (mod 2)> ikvi;cvi;c/ € Illw Z./kﬁ/ = aZbZUEI(GZbZ)*l(ik) # Lk,

and where a}b}(i},) # tg. Then,

{{aNn > peapy '
= ge(apbpon(apbi) ™ )y (aZOR (i%) s i1 (mod 2)> s i1 (mod 2)5 (0%) 1)

N/ . . . . . . . . n\y—1
Tk (i3 k41 (mod 2)» Tk Tk+1 (mod 25 0k )k (iks k41 (mod 2)» Tk Tk+1 (mod 2)5 (D) )

In the last expression, the product of the last two factors belongs to ({ a ))x, and
therefore

gr(agbRor(apbp) ™ e (QRbE (i), k1 (mod 2)s s Tk (mod 2)i (0%) 1)

e ((a))n-

Next, we can play the same game with p; replaced by

. . cn—1 n—1lpn—1
hk‘(zkylk-i-l (mod 2)5 %k tk+1  (mod 2)abk )gk‘(ak bk )
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and g replaced by

g (ap bR o (af b))~ Yhw (i, i (mod 2)» Ty k41 (mod 2);(%)71)

for appropriate i’s. After n steps, we will get

9k (Ve TRV T V) Pk (i Tt (mod 2)> T T (mod 2)5 (0%) 1) € ({a ).

Finally, after multiplying the last element on the right by

hk(i;cvik—i—l (mod2)7i;c/¢ik+l (mod2);0—k)gk(alzl) € <<a>>N7

we will arrive at

gk(’Yk_lkaUk%;lT;;l’YkUk_l) € ((a))n.

This procedure can be repeated using c¢;'d;’, ... ,c}cd}c, so we conclude that

gk - (mowvy ) i (o D)) € ((a))n.

Remembering that in the last expression, 73 and ~; were arbitrary elements of I'y,
and o was an arbitrary element of I}, and using Lemma 3.15 (ii), we conclude
that for, k=0, 1,

{g(ok) | [ow]k =1, ox €T} C ((a))n.

We have established that (( @ )) y contains all sets from (12), and therefore
N={({a))n.O

Remark 3.17. Note that the example introduced in [12, Section 4] cor-
responds to the special case I'g = I'y = Sym(3), and [12, Proposition 4.5] is the
respective version of Theorem 3.16.

Remark 3.18. This remark is related to the simplicity criteria of [14,
Section 4] and uses notations thereof. It is easy to see that our groups satisfy
the edge independence property, so [14, Corollary 4.6] can be applied. It follows
that N contains the group ([G.,Ge] | e is an edge of T'). Since the last group is
normal in G and since NV is simple, it follows that

N = ([Ge,Ge] | e is an edge of T').

This can also be obtained directly.
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Remark 3.19. Our groups provide examples that are not highly tran-
sitive. By definition, a group G is highly transitive if there is a faithful action
on a set {2 with the following property: For each n € N and every two n-tuples
(i1,...,1y) and (j1,...,Jn) there is an element g € G, s. t. g(ig) = jx, Vk =
1,...,n. It is shown in [9, Corollary 7.7] the a group amalgamation G = Go*g G
is highly transitive if H is core-free in one of the groups Gg or G;. If, instead, one
requires that H is core-free in G, G may be not highly transitive. This is the case
when the action of G on its Bass-Serre tree is is minimal, of general type, and
not topologically free, as shown in [16, Theorem 1.4]. Therefore our examples are
not highly transitive. See also [9, Section 8.3].

3.5. Analytic structure.

Lemma 3.20. The action of each group G = G[Iy, I1;9,t1;T0,I'1] on its
Bass-Serre tree is minimal and of general type.

Proof. Since the action is transitive, it is minimal. Also, the Bass-
Serre tree is not a linear tree by Remark 3.8. The result now follows from [11,
Proposition 19 (ii)]. O

Theorem 3.21. The amalgamated free product G = G[I'g,T'1] has the
unique trace property. It is C*-simple if and only if either one of the groups I,
or T} is non-amenable.

Proof. Since G is a nondegenerate amalgam by Remark 3.8, Proposition
3.13 (ii) and [12, Proposition 3.1] establish the first part. Since the action of G on
its Bass-Serre tree is minimal and of general type by Lemma 3.20, [5, Theorem
3.9], Proposition 3.13 (i), Proposition 3.5, and Lemma 3.14 establish the second
part. O

Now, we prove

Theorem 3.22. The amalgamated free product G = G[I'g,T'1] in not
inner amenable.

Proof. Lemma 3.20 allows us to apply Proposition 2.3. Therefore we
need to show that the action of G = G[Iy, I1;t0,t1;T0,I'1] on its Bass-Serre is
finitely fledged.

For this, take any elliptic element g € G\ {1}. Since g fixes some vertex,
it is a conjugate of an element of G, where either j = 0, or j = 1. The finite
fledgedness property is conjugation invariant, so we can assume g € G; \ {1}.

It follows from Lemma 3.11 (ii) and (iii) that we can write g = g;(0;)hoh1,



Examples of group amalgamations 383

where o; € I';,

.l Y
ho = Hho ZO,.. ZOJrnk,ek H hl 117"'721+n17£l)7
l=m+1

. !
T > m > O Hk. S F]+nk+1 (mod2 é‘l S Fj+nl+1 (mod 2) and ’Lg S IZ (mod 2). We

also require 0 <ny < -+ <y and 0 < g1 < -2 <y
Let’s assume that ¢ fixes a vertex v = v(u,iy,...,%4n), where n >
max{nm,, n, } +1, and take w = v(Lg,i¢, - -« ity Jtdnt1s - - s Jttntd) for any d > 1

and any jj, € I}, (mod 2)- We note that, hyi1 (mod 2) fixes w and h; modifies only
indices with numbers no greater than {n,,,n,} + 1 < n. Therefore

./ ./ ./ ./ . .
ht?} = U(l/tv Lo e aZtJrn) y SO htw = U(l/tv Uy Yy Jt4n41s - - >Jt+n+d)

for some i}, € I, (mod 2)- 1t follows from our assumption that

v = gjloj)hv = gj(aj)v(bt,ig,...,i;+n).

Form the way in which g;(o;) acts on the vertices, it follows that
v =v(t, iy, ..., 4,,) and that gj(o;)v = v. Consequently,

hw = w and gj(oj)w = w,

SO gw = w.
It is easy to see that this concludes the proof. O

Remark 3.23. In the situation when Gy and G are exact (e.g., amen-
able), G[I'0,I'1] = Gy *xg G is an exact group by [7, Corollary 3.3]. Additionally,
when the quasi-kernels K and K are amenable (i.e., I'g and I'; are amenable),
then G[I'y,I'1] is not C*-simple but has the unique trace property. In this sit-
uation, since the canonical tracial state is faithful, [18, Theorem 5] implies that
the reduced C*-algebras of such groups have stable ranks bigger than one. By
definition, a C*-algebra A has stable rank one if the set of invertible elements of
A is dense in A.

For the next corollay, we recall that we called a group amenablish if it has
no nontrivial C*-simple quotients ([12, Definition 7.1]). We showed in [12] that
the class on amenablish groups is a radical class, so every group has a unique
maximal normal amenablish subgroup, the amenablish radical. Also, the class of
amenablish groups is closed under extensions. The amenablish radical 'detects’
C*-simplicity the same way as the amenable radical ’detects’ the unique trace
property (see [12, Corollary 7.3] and [4, Theorem 1.3]).
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Corollary 3.24. Let G = G[ly, I1;t0,t1;00,T'1], and suppose that the
assumptions of Theorem 3.16 hold. Then:
(i) If either Ty or I'y is non-amenable, then the amenablish radical of G is trivial.
(i) If o and 'y are both amenable, then G is amenablish.

Proof. Let N be the simple, normal subgroup of Theorem 3.16. If we
show that the centralizer Cq(N) is trivial, then [4, Theorem 1.4] will imply that
G is C*-simple if and only if N is C*-simple.

To do so, assume that there is a nontrivial ¢ € C(N). Then g can be
written as in Lemma 3.11 (iii), and using relations (R3), and (R6), we can find a
non-trivial element of N

. . . . . . . -/ ./ .o—1
hO(/LOy ey ltn—1yIns -5y In+m—15 Un+m) . hl(/Lly ey tnt 1y dns e e 7jn+m—1a Jn+m)

that does not commute with g, a contradiction.

(i) If G and N are C*-simple, then, since N is simple, its amenablish
radical will be trivial. It follows that the amenablish radical of G will be trivial
too because all nontrivial quotients of G are abelian. The result follows from
Theorem 3.21.

(ii) If G and N are not C*-simple, then, since N is simple, it will be
amenablish. In that case G will also be amenablish because the class of amenab-
lish groups is closed under extensions and since, by Theorem 3.16, G is an ex-
tension of the group N and the abelian group (I'g/[o,o]) x (I'1/[I'1,T1]). The
result follows again fromTheorem 3.21. O
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comments and suggestions.
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