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ABSTRACT. Let D,, be the dihedral group of order n. The structures of the
unit groups of the finite group algebras F'Dsg and F(Cy x Dg) over a field
F of characteristic 2 are given in: L. CREEDON, J. GILDEA. The structure
of the unit group of the group algebra F,rx Dg. Canad. Math. Bull. 54, 2
(2011), 237-243 and J. GILDEA. Units of the group algebra Fy (Cy x Dsg).
J. Algebra Appl. 10, 4 (2011), 643-647, respectively. In this article, we
establish the structure of the unit group of the group algebra F(C,, x Dg),
n > 1 over a finite field F of characteristic p containing ¢ = p* elements.

1. Introduction. Let U(FG) be the unit group of the group algebra
FG of a group G over a finite field F' of characteristic p and let V(F'G) be the
group of the normalized units of F'G. It is well known that U(FG) = V(FG) x
U(F). We denote by J(FG), the Jacobson radical of FG. If G and H are groups,
then F(G x H) = (FG)H, the group ring of H over the ring F'G, see [6, Chap 3,
Page 134].

One of the interesting problems which arises in the study of group algebras
is to find precisely the structure of the unit group of the group algebra. Explicit
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calculations in U(F'G) are usually difficult, even when G is fairly small. For a
finite abelian group G, the structure of the semisimple group algebra F'G and
hence that of U(F'G) is given by Perlis and Walker in [8]. The unit group of a
modular group algebra of a finite abelian p-group has been studied by Sandling
in [9].

Let Do, = (z,y | 2" = y? = zyzy = 1) be the dihedral group of order
2n. The structures of U(F Dg) and U(F(Csy x Dg)), where F' is a finite field of
characteristic 2 were obtained by Gildea, et al. in [1, 2], respectively. The unit
group of the semisimple group algebra F'Dyn is given in [5]. In this article, our
aim is to study the structure of U(F(C,, x Dg)).

Throughout the paper, C), is the cyclic group of order n, C,]f is the direct
product of k copies of Cy,, F, is the extension field of F' of degree n and GL(n, F)
is the general linear group of degree n over F. For coprime integers [ and m,
ord,, (1) denotes the multiplicative order of [ modulo m.

2. Preliminaries. We shall be using the following results for our work,
so we enlist them here.

Theorem 2.1 ([5]). Let F be a finite field of characteristic p > 2 con-
taining ¢ = p* elements. Then

U(FDs) = Cy;_, x GL(2, F).

Theorem 2.2 ([4, Theorem 2.1]). Let F' be a finite field of characteristic
p containing q = p* elements. If (n,p) = 1, then

UFC,) =Coyx | [ €

q%—1
>1, ln
¢l)
d; -
Theorem 2.3 ([4, Theorem 2.4]). Let F' be a finite field of characteristic
p containing q = p* elements. If n = p™ny, where (n1,p) =1 and m > 1, then

where d; = ord;(q) and e; =

U(FCn) = U(FCpm) x | ] UF4Cpm)
>1, l|n1

10

where d; = ord;(p*) and e; = a
1
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It is not difficult to see that Theorem 2.4 in [9] proved for a field with p
elements can be easily adopted for a field with p* elements. Hence we have the
following result:

Theorem 2.4. Let F be a finite field of characteristic p containing ¢ = p*

elements and let G be a finite abelian p-group. Then
U(FG) = Cy_; x Hc;i
i=1

where

1. p® is the exponent of G.
2 ni=k (1677 =267 | +167"7)) for a1 <i<e.

As a consequence of the previous theorem we have:

Theorem 2.5. Let F be a finite field of characteristic 2 containing 2~
elements and let G = Cy X Cor. Then

Cy x Cyi_4. ifr=0;

Cgk X CQkil, Zf?” = ].,'

U(FG) = { C3F x CF x Coi_4, ifr=2;
r—2

3 X T €k x Ch x Oy, ifr > 2.
t=1

3. Main results. Let G = C,, x Dg be presented as G = (z,y,z | #* =
yr = 2" =ayry = 1,22 = 22, 2y = y2).

Theorem 3.1. Let F be a finite field of characteristic 2 containing 2~
elements and let G = C,, x Dg.

1. If n is odd, then

U(FG) = (((CFF x C3F) % CFF) x CHF) x U(F(Cy, x Cs)).

2. If n is even, then

n
2

U(FG) 22 (C2F x C2%) 5 CF") x C2%) 1 U(F(C,y x Ca)).
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Proof. Let K = (x). Then G/K = H = (y,z | y* = 2" = 1,yz = zy).
Thus from the ring epimorphism FG — FH given by

n—1 3 n—1 3
i
§ x Z] az+4] + Ait4(n+))Y E E a2+4j + ai+4(n+j)y)
7=0 =0 7=0 =0

we get a group epimorphism 0 : U(FG) — U(FH).

Further, from the inclusion map i : FH — FG, we have i : U(FH) —
U(FG) such that 0i = 1y(pp). Therefore U(FG) is a split extension of U(F'H)
by ker(0). Hence U(FG) 2V x U(FH), where V = ker ().

n—1 3

Let u = Z Z 227 (g4, + itantj)y) € U(FG), then u € V if and only
§=0 i=0
3 3
if Y a;=1and Y a4 =0for j=1,2,...,(2n — 1). Therefore
i=0 =0
n—1 3 ‘ '
V={1+) ) (& = 1) (bissj + birsmesy) | bi € F}

j=0 i=1

and |V| = 25"%. Since ker(6)* = 0, V* = 1. We now study the structure of V in
the following steps:
Step 1: Let S be the subset of V' consisting of elements of the form

n—1 n—1 n—1
1+ szz’(x + %) + Z ¢ (y + 23y) + Z 2 (xy + 2%y),
i=0 i=0 i=0

where p;, q;,7; € F. Then S is an abelian group and

. {csz x C2F. if n is odd;

n
Ci x CQ”k, if n is even.

Let
n—1 n—1 n—1
s1=1+ Zpizi(az +2%) + Z a7 (y + 2°y) + Z riZ'(zy + 2%y) € S
=0 =0 i=0
and
n—1 n—1

82_1+Zal (z + a3 +sz y+xy)+Zcizi($y+x2y)€S,
=0 =0 =0
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where phqiuriuai,bi,cl‘ S F'. Then

n—1 n—1
s189 =1+ Z[(Pz +a;)2" +m)(x +23) + Z[(QZ +b;)2" + ) (y + 2y)
=0 i=0
n—1 4
+ Z[(n +¢;)2" + Yol (zy + 22y) € S,
=0
where
n—1n-1

M =YY (@b + qicj + ribj + ricy)Z

1= =

n—l1in
Y2 =YY (pibj + picj + qiaj + ria;)z".
i—0 j—=0

Thus S is an abelian subgroup of V and |S| = 23"%. Let S = C% x C2.
Then 3nk = 2l; + l5. To obtain [; and s, let

W = {s; € S| s? =1 and there exist so € S such that s; = s3}.

If s; € S is as defined above, then

n—1
1+ (g + 1) (z + %), if 1 is odd;
1=0

= %_1

1+ Z(% + qiyn + 1+ Ti+%)222i(az +23), if n is even.
i=0

=N

Now we have two cases:
Case 1: If n is odd, then s% =1 and 51 = s%, yield ¢; = r; = 0 for
1=0,1,...,n—1. Thus

n—1
wW={1 +Zpizi($+x3) | pi € F},
i=0
Iy = nk and S = CJ* x CF*.
Case 2: If n is even, then 5% =1and s1 = s%, yield ¢; = r; = 0 for
1=0,1,....,.n—1land p; =0fori=1,3,...,n— 1. Thus
n_q

2
W ={1+ Z p2i2”(x +2°) | po € F},
i=0
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i =Sk and § = C2* x o2k,
Step 2: Let U be the subset of V consisting of elements of the form

n 3
1+ Z Z(l + 28,271 (1 +9)

j=1 i=1

where s;; € F'. Then U is an abelian group and

[~ Cuk s CRFif nis odd;
B ka x C2Fif n is even.
Let
n 3 ' '
up =1+ Z(l—l—x’)sjizrl(l—i—y) elU
j=1i=1
and
n 3 4 '
up =143 S (14 )ty 1+ y) e U,
j=1 i=1

where sj,,t;, € F'. Then

n 3
wup =1+ YN (14 ) (s, + t,)2 (L +y)
j=1i=1

n n
F B D (80 + 5j5)(try +try) TP+ y) €U
j=1k=1

So U is an abelian subgroup of V and |U| = 2°"%. Let U = Cfl X Cé”.
Then 3nk = 2k1 + ko. To obtain kq and ks, let

T = {u; € U | u? =1 and there exist ug € U such that u; = u3}.

If u; € U is as defined above, then

n
1+3Y (si, +50,)22% 2 (1 + ), if 7 is odd;

1=1
= n

2
uj = n
1+ EZ(% + S@+n), +Sip + 8(%3)3)2,22’*2(1 +y), if nis even.

i=1
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Now we have two cases:

Case 1: If n is odd, then u? = 1 and u; = u3, yield s;, = s;, = s;, for
i=1,2...,n. Thus

T = {1+$E 527 Y14 9) | s; € F},
J— ~ nk nk
k1 =nk and U = C}" x C3".

Case 2: If n is even, then u} = 1 and u; = u3, yield s;, = s;, = s;, for
i=1,2...,nand s;; =0 fori=2,4,...,nand j =1,2,3. Thus

5
T={14+2) sy 12" *(1+y)|s21€F},
=1

Stop 3: 1 & ((C7F x C3FY i CF%) x ek, if s odd;
e H == Loy np
P ((6’42 x C3FY 5 O ) x C2F if n is even

Let
nl . n—1 ) n—1 '
s=1+Y pi'(@+a®)+ Y a2 (y+2%) + ) riz'(ey +ay) €5
=0 i=0 i=0
and
n 3 ' '
u=1+3 3> (1 +a");,7 (1 +y) €U,
j=1i=1
where pi7qiari7tji S F, then
n—1
—14‘229@ (z+2%) +u” qu (1+2%) y—l—Zm (z + 2%)ylu
=0
n n—1 o
=s+@y Y (q+ri)(ty, +t,)2 "y e s
j=1 i=0

Thus U normalizes S. Since SNU = 1, |SU| = 25" = |V|. Therefore
V =8U =S %xU. Now s" = s if and only if t; =t, for j = 1,2,...,n. If

t;, =tj, for j =1,2,...,n, then u? = 1. Therefore the elements of order 2 in U
act trivally on S. Hence the assertion. O

For U(F(C,, x C3)), we prove the following:
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Theorem 3.2. Let F be a finite field of characteristic 2 containing 2~
elements and let G1 = Corg X Co, 7 > 0 such that (2,s) = 1. Then

C5F x Oy % H Con_ys ifr=0;
I>1, 1l|s
CIF x Coey x| Cotn_y ifr=1;
I>1, l|s
U(FGl) = C5sk % Cjk % C2k_1 % H C;lilk ¥ ifT‘ = 2;
I>1, l|s
o HCQT X CsF o Oy x [ Oy, ifr > 2.
\ >1, s
l
where d; = ord;(2F) and e; = ?
1

Proof. Since (2,s) =1, by [6, Chap 3, Page 134] and Theorem 2.2, we
have

FG1 = (FC,)(Cy x Car)
= (F @ @1, 157, )(C2 x Cor)
= F(Cy x Cor) @ Bp>1, 1)s(Fagy (C2 X Car))

o(1)

d; = ord;(2F) and ¢; = A Invoking Theorem 2.5, we have the result. O
!

It should be noted here that if (2,n) = 1, then C), x Cy = Cy, and so for
the structure of U(F(C,, x C2)) we can apply Theorem 2.3 or we can take r =0
and s = n and use the above theorem.

Now we consider fields of characteristic p > 2.

Theorem 3.3. Let F' be a finite field of characteristic p > 2 containing
q = p"* elements and let G = C,, x Dg where n = p"s, r > 0 such that (p,s) = 1.
If V=14 J(FQG), then

U(FG)/V =Cly x GL2, F) x ] (Chi_y x GLE Fy))",

qh—-1
I>1, l|s

where V' is a group of exponent p” and order p23$k(pr_1). Also, d; = ord;(q) and
ol
d,
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Proof. Let K = (2°). Then G/K ~ H =~ C, x Dg. If 0 : FG — FH
is the canonical ring epimorphism, then by [7, Lemma 8.1.17] and [7, Theorem
7.2.7), J(FG) = ker(d), FG/J(FG) = FH and dimp J(FG) = 23s(p" — 1).
Hence

U(FG) =V x U(FH),

where V =1+ J(FG). Clearly, exponent of V' = p” and |V| = pQSSk(pr_l). Now,
FH = (FC;)Ds;
= (F @ @1, 115 F) ) Ds;
>~ FDg @ @51, 1)s(Fg, Dg)“,

l
where d; = ord;(q) and ¢; = % By Theorem 2.1,
1

U(FDs) = C;_, x GL(2, F).

Hence
€
U(FH)=CL, x GL2.F) x [] ((J;il_1 X GL(Q,Fdl)) ] O
I>1, s
In the above theorem, if » = 0, then we have the unit group of the

semisimple group algebra F'G given by

UFG)=C} xGL2,F) x [] ij;_l x GL(2, Fy, )%
>1, Iln
l
where d; = ord;(¢q) and ¢; = %
1

In [3], Gildea et. al. has been obtained the structure of the unit group of
the group algebra F'(C), x Dg). In this paper, our result is independent of [3] and
it was done when we had no knowledge that they have worked in this problem.
But our characterization is complete as it is for all characteristic whereas they
have done only for characteristic 2.
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