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ABSTRACT. The aim of this paper is to establish some fixed point results
of a self mapping satisfying generalized rational contraction conditions in a
metric space endowed with a partial order. These results generalized and
widen the result of Sharma and Yuel from metrical space to partially ordered
metric space and also a few well known results in an ordered metric space.
Some examples are illustrated to support the usability of the presented re-
sults.

1. Introduction. First the concept of fixed point theory was introduced
by H.Poincare in 1886. Later, M.Frechet in 1906 has given the fixed point theorem
in terms of taking distance between the points and the corresponding images of
the function at those points in a metric space. Later in 1922, Banach proved
a fixed point theorem for contraction mapping in complete metric space. This
principle plays an important role in many branches of mathematics. It is a very
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popular tool for solving many existence problems in nonlinear analysis. Besides,
this famous classical theorem gave an iteration process through which we can
obtain better approximation to the fixed point. Banach’s fixed point theorem
has rendered a key role in solving systems of linear algebraic equations involving
iteration process. Iteration procedures have been used in nearly every branch
of applied mathematics, convergence proof and also in estimating the process of
errors, very often by an application of Banach’s fixed point theorem. A lot of
generalizations and extensions of this principle have been done by several authors
in a metric space, some of which are in [14, 15, 19, 30, 40, 42].

The extended Banach contraction principle in partially ordered sets was
first initiated by Wolk [41] and later Monjardet [24]. The existence of fixed points
in partially ordered metric spaces with some applications to matrix equations were
investigated by Ran and Reurings [29]. Later, Nieto et al.[25, 26, 27] extended the
result of [29] and applied their results to ordinary differential equations. There
after several authors have been reported the results on fixed point, common fixed
point and coupled fixed points for the mappings in various ordered metric species
with different topological properties, the readers may refer to [1, 2, 3, 4, 5, 6, 8, 9,
10, 11, 12, 13, 16, 20, 21, 22, 23, 28, 31, 32, 43]. Recently, Kalyani et al. [17, 18]
and Seshagiri Rao et al. [33, 34, 35, 36, 37, 38] have explored some theorems on
fixed point of a monotone mapping, coincidence points and coupled fixed point
of mappings in partially ordered metric spaces.

In this paper, we provided some fixed point results for a self-mapping
satisfying generalized contraction conditions of rational type in complete partially
ordered metric spaces. Our results generalized and extended the main result of
Sharma and Yuel [39] in partially ordered metric spaces and also broaden the
results of Muhammad Arshad et al. [7]. A few examples are presented to support
the results obtained.

2. Preliminaries. We use frequently the following definitions in our
present study.

Definition 1 ([37]). The triple (X,d, <) is called partially ordered metric
spaces, if (X, =) is a partially ordered set together with (X,d) is a metric space.

Definition 2 ([37]). If (X,d) is a complete metric space, then the triple
(X,d, %) is called complete partially ordered metric space.

Definition 3 ([7]). A partially ordered metric space (X,d,=) is called
an ordered complete(OC) if for every convergent sequence {x,},—y C X, the
following condition holds: either
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(i) if {zn} is a non-increasing sequence in X such that x, — x implies v < x,,
for all n € N, that is, x = inf{x, }, or

(1) if {xn} is a non-decreasing sequence in X such that x, — x implies x,, < x,
for all n € N, that is, x = sup{z,}.

Definition 4 ([37]). Let (X, =) be a partially ordered set. A mapping
T : X — X is said to be a non-decreasing mapping, if for every x,y € X with
x =y implies that Tx < Ty.

3. Main results. We start this section with the following definition.

Definition 5. Let (X,d, <) be a partially ordered metric space. A self-
mapping T on X is called an almost Sharma and Yuel contraction if it satisfies
the following condition:

d(z, Tz)d(y, Ty)
0 d(z,y)
+7ld(z, Ty) + d(y, Tx)] + dd(x,y)
+ Lmin{d(z,Ty),d(y, Tx),d(z,Tz),d(y, Ty)},

d(Tz, Ty) < «

+ Bld(z, Tx) + d(y, Ty)]

for any distinct x,y € X with x <y, where L > 0 and there exist o, 3,7, € [0,1)
such that 0 < a+2(8+v) +6 < 1.

Theorem 1. Let (X,d, <) be a complete partially ordered metric space.
Suppose that a self-mapping T on X is an almost Sharma and Yuel contraction,
continuous and non-decreasing. If there exists certain xo € X such that zo < Txq,
then T has a unique fized point in X.

Proof. Let g € X be an arbitrary and define a sequence {z,,} C X
by zp41 = Txy. If 2y, = 241 for some ng € N, then z,, is a fixed point of 7'
Assume that z, # z,41 for all n € N. Since zg =< T'zg and T is non-decreasing
then by induction we obtain that

(2) o211 3222 Xy T S0
Now,

d(Q:nJrly $n) = d(TQ:nu Txnfl)

d(xp, Tep)d(xn—1,TTyp_1)
(6%

d(l‘n, wn—l)

+ ’Y[d(xnu Txnfl) + d(xnflu Txn)] + 5d($n, xnfl)
+L mln{d(xn, Tl‘nfl)y d(l‘nfl ) Txn)u d(xna Txn)u d(xnfly Tl‘nfl)}a

+ 5[d($na Txn) + d(xn—la Tmn—l)]
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which implies that

5 n
d(Tps1,Tn) < <%> d(xp, xp_1) < ... < (%) d(x1,x0)-

Furthermore, the triangle inequality of a metric d for m > n, we have

d(xna xm) = d(djny $n+1) + d(Q:nJrly $n+2) + -+ d(xmfly $m)

(3) < (k‘n + k‘nJrl +---+ k‘mil) d(%‘o, TJ}())
k,n
< 1_ kd(xlvx())a
)
where k = piot < 1. Letting n — 400 in the equation (3), we obtain

l—a—-p—-v
that d(xy, ;) = 0. Therefore, the sequence {z,} is a Cauchy sequence and the
completeness of X implies that z,, — z for some z € X.

Moreover, the continuity of T suggest that

Tz = T( lim :Cn) = lim Tz,= lim z,41 ==z
n—-+00 n— 400 n— 400

Thus, z € X is a fixed point of T. Now for the uniqueness of a fixed point, let
w # z in X be another fixed point of T, then

d(w, z) = d(Tw,Tz)
d(w, Tw)d(z,Tz)
=« d(w, z)
+ y[d(w, Tz) + d(z, Tw)] + dd(w, 2)
+ L min{d(w,Tz),d(z,Tw),d(w, Tw),d(z,Tz)}
= (274 6) d(w,2) < d(w, z), since 2y+ 6§ < 1,

+ Bld(w, Tw) + d(z,Tz)]

which is a contradiction. Hence, w = z which shows that z € X is a unique fixed
point of T'. O

Example 1. Define a metric d : X x X — R, where X = [0, 1] by
d(z,y) = |z —yl.
Let us define a self-mapping T on X as

To—= X
AT

then T has a fixed point in X.
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Proof. It is obvious that (X,d) is a complete metric space and the
mapping T is continuously non-decreasing in X. Assume that z < y means
z <y then

1 1
d(Tz,Ty) = 1—5|33 -yl < 3 d(z,y).

Consequently,

d(z, Tx)d(y, Ty)
d(z,y)

+old(e, Ty) + d(y, To)] + 3 d(z,)

+ Lmin{d(z,Ty),d(y, Tx),d(x,Tz),d(y, Ty)}.

d(Tz, Ty) < « + Bld(x, Tx) + d(y, Ty)]

S0 <dyTy) < 57
0 <d(x,Ty) < % and 0 < d(y,Tx) < 1. Thus, on taking § = % and for any
values of «, 3,7 € [0,1) with 0 < a+2(8+7)+d <1 and for any L > 0, all the
conditions of Theorem 1 are fulfilled. As a result, T" has a fixed point 0 € X. O

From the hypotheses, we have that 0 < d(z,Tz) <

Definition 6. Let (X,d, <) be a partially ordered metric space. A self-
mapping T on X is called Sharma and Yuel contraction if it satisfies the following
contraction condition:

d(z, Tz)d(y, Ty)
@ d(Tz, Ty) < « i0ey)
+[d(z, Ty) + d(y, Tz)] + dd(z,y),

+ Bld(z, Tx) + d(y, Ty)]

for any distinct xz,y € X with v <y and there exist o, 3,7,0 € [0,1) such that
0<a+2B8+~v)+d<1.

Corollary 1. Let (X,d, =) be a complete partially ordered metric space.
Suppose that a self-map T on X is Sharma and Yuel contraction, continuous and
non-decreasing. If there exists xg € X such that xg X Txg, then T has a fized
point in X.

Proof. Set L =0 in Theorem 1. O
Example 2. Let us define a metric d : X x X — R, where X = [0,1] by

d(z,y) =[x —yl.
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Define a self-mapping 7" on X by

then T has a fixed point in X.

Proof. We know that (X,d, <) is a complete partially ordered metric
space, where z = y means x < y and 7' is non-decreasing and continuous.
Now,

1 1
d(Tz,Ty) = 5\%‘ —y| < 3 d(z,y).

Therefore,

d(z, Tz)d(y, Ty)
d(z,y)
+Ald(e, Ty) + dly, Ta)) + 5 dla ).

d(Tz,Ty) <« + Bld(z, Tx) + d(y, Ty)]

4 4
Also from the hypothesis, we have 0 < d(z,Tz) < = 0 <d(y,Ty) < = 0<

4 1
d(z,Ty) < R and 0 < d(y,Tz) < 1. Therefore, for taking § = 3 and for any
values of «a, 3,7 € [0,1) such that 0 < a+2(5 + )+ < 1, all the conditions of
Corollary 1 are satisfied. Hence, 0 € X is a fixed point of T'. O
In the following theorem, we establish the existence of a unique fixed point
of a map T by assuming some iteration of 1" is continuous.

Theorem 2. Let (X,d, <) be a complete partially ordered metric space.
Suppose that a self-map T is non-decreasing and an almost Sharma and Yuel
contraction. If there exists certain xg € X such that xo = Txg and the operator

TP is continuous for some positive integer p, then T has a unique fized point
mn X.

Proof. From Theorem 1, we have a sequence {z,,} C X which converges
to some z € X. Therefore, its subsequence z,, (n, = kp) also converges to the
same z. Hence,

TPz =TP | lim =z = lim z = z.
n=stoo Tk Mo Hh+1

This shows that z is a fixed point of T?. Now, we have to prove that Tz = z.
Let m be the smallest positive integer such that 7™z = z and T9 # z (¢ =
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1,2,3,...,m —1). If for some m > 1 then

d(Tz,z) =d(Tz,T™z2)
ad(z, T2)d(T™ 'z, T™2)
- d(z, Tm1z)
+[d(z, T 2) + d(T™ 2, T2)] + 6d(z, T™ 12)
+ Lmin{d(z, T™2),d(T™ '2,Tz),d(z, Tz),d(T™ 12, T"z2)},

+ Bld(z, Tz) + d(T™ 12, T™2)]

which intern implies that

B4+~+0

) d(z, T™ 12).
Regarding (1), we have

Az, T 2) = d(T"2,T™ 12)
d(T™ 2, T 2).d(T™ 22, T™ 12)
d(Tm=1z,Tm=2z)
+ BlA(T™ 12, T™2) + d(T™ 22, T™ 12)]
+A[AT™ 2, T ) + d(T™ 22, T™2)] + 6d(T™ 12, T™ 22)
+ Lmin{d(T™ 12, T 2),d(T™ 22, T™2),d(T™ ' 2, T™2),
d(T™ 22, T™ 12)}.

<«

Inductively, we obtain that
Az, T™ 12) = d(T™2, T™ 12) < kd(T™ 12, T™22) <--- < k™ 1d(Tz, 2),

where k = ﬁ+—’y-|-5 < 1. Therefore
l-a—-pF—~n

d(Tz,z) <E™d(Tz,z) <d(Tz, z),

which is a contradiction. Hence, Tz = z. Furthermore, the uniqueness of z
follows as in Theorem 1. O

Corollary 2. Let (X,d, =) be a complete partially ordered metric space.
Suppose that a self-mapping T on X is non-decreasing and satisfies the Sharma
and Yuel contraction. If certain xo € X such that xg < Txzo and the operator TP
1 continuous for some positive integer p, then T has a unique fived point in X.
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Proof. Set L =0 in Theorem 2. O

Theorem 3. Let (X,d, <) be a complete partially ordered metric space
and T be a non-decreasing self mapping on X. Assume for some positive integer
m, T satisfies the following condition

d(z, T"z)d(y, T™y)
5) d(z,y)
+[d(x, T"y) + d(y, T™z)| + dd(x,y)
+ Lmin{d(z,Ty),d(y,Tz),d(x, Tx),d(y, Ty)},

d(T"z, T™y) < « + Bld(z, T™z) + d(y, T™y)]

for all distinct z,y € X with x <y and L > 0, and where «, 3,7,6 € [0,1) such
that 0 < a4+ 2(B +7v) +d < 1. If there exists o € X such that xo < T™xg and
T™ is continuous, then T has a unique fived point in X.

Proof. Due to Theorem 1, we conclude that T has a unique fixed
point, say z € X. Now,

Tz=TT"2)=T"(Tz).

Therefore, Tz is also a fixed point of T"". As a result of Theorem 1, z is a unique
fixed point of T™. Consequently, we have z = Tz. Hence, z is a unique fixed
point of T'. O

Corollary 3. Let (X,d, =) be a complete partially ordered metric space
and T be a non-decreasing self map on X. Suppose for some positive integer m,
T satisfies the condition

m. d(z, T™z)d(y, T™y)
(©) d(T"z, T™y) < « iey)
+[d(z, T"y) + d(y, T"'z)] + dd(z, y),

+ Bld(z, T™z) + d(y, T™y)]

for all distinct x,y € X with x < y and there ezist a, 3,7v,5 € [0,1) with 0 <
a+2(8+4+v)+0 < 1. If there exists xg € X such that xg < T™xg and T™ is
continuous, then T has a unique fized point in X.

Proof. Set L =0 in Theorem 3. O
Now, we give the following example.

Example 3. Let X = [0,1] with the usual metric and usual order <.
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Define an operator T': X — X as follows:

1
i 1
0, ifx e [0,4],

1 1
Z, ifxe <Z71:| .

It can be easily seen that T is discontinuous and does not satisfy the condition
1

(1) for any «, B,7,6 € [0,1) with 0 < a+2(6+v)+6 < 1 for x = Y= 1. But

T?(z) = 0 for all 2 € [0,1]. Tt can be verified that T2 satisfies all the conditions

of Theorem 3 and hence, 0 € X is a unique fixed point of T2.

In particular, there is an example where Theorem 1 (or Corollary 1) can
be applied and not be valid in a complete metric space.

Example 4. Let X = {(0,1),(1,0),(1,1)} and let the partial order re-
lation on X be R = {(z,z) : x € X}. Observe that the elements only in X are
comparable to themselves. Apart from, (X,d) is a complete metric space with
the Euclidean distance (d) while with regards < is a partially ordered set.

Define amap T : X — X by

T(0,1) =(1,0), T(1,0) = (0,1), T(1,1) = (1,1),

is a non-decreasing, continuous and (1,1) < 7'(1,1) = (1,1) for (1,1) € X and
satisfy condition (1) (or(4)). As a result (1,1) is a fixed point of T'.
Besides, for x = (0,1), y = (1,0) in X, we have

d(Tz,Ty) = V2, d(z,Ty) =0, d(y,Txz) =0, d(z,Tx) = V2, d(y, Ty) = V2,

then

d(z,Tz) d(y,Ty)
d(z,y)

+ld(x, Ty) + d(y, Tx)] + dd(z, y)
V2.2

<a—r +B.V2+ V2. +6.V2

= (a+28+6).V2,

d(Tz, Ty) =V2 < a + pld(z, Tx) + d(y, T'y)]

which implies that, o + 25 4+ § > 1. Accordingly, this example is not valid in
the case of usual complete metrical space. Also, notice here that T" has a unique
fixed point (1,1) € X.
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4. Further results.

Theorem 4. Let (X,d, <) be a complete partially ordered metric space
and let T be a non-decreasing continuous self mapping defined on X. Assume
that for all distinct x,y € X withy < x and let A = d(y,Tx) + d(z,Ty), the self
mapping T satisfies the following contraction condition

M(z,y) + 0 [d(x, Tx) 4+ d(y, Ty)]
(1) (T, Ty) < +n£zci(x’z? y))dzL g )T x)c]z( Ta)d(y, Ty)
z,ly) < r,lx)d(xr,1y)+adly,Lx)aly,Ly) .
+ d(y,Tx) + d(z, Ty) Y AF0
0, if A =0,

where X\, 0,1, 1 are non-negative reals with 0 < X+ 2(0 +n) + u < 1. If there
exists xg € X such that xog X Txg, then T has a fixed point in X.

Proof. Suppose for some zg € X such that xg < Txy. If zg = Tz,
then the proof is finished. Assume that xg < Txg. Since T is a non-decreasing
and then by induction we obtain that

(8) .1‘0<Tl‘0jT2.1‘0j---anl‘oan+1.1‘0j---

Put x,,41 = Tx,. If for some ny € N such that z,, = z,+1, as result we have
Tny = Tpo+1 = L'xp,. Thus, x,, is a fixed point of T" and hence the result.
Assume that x, # x,+1 for n € N. Since z,, and x,,_1 are comparable for n € N
due to (8), then we have the following two cases.

Case 1: If A =d(xp—1,Txy) + d(xp, Trn—1) # 0, then from (7) we have

d(xpt1,2n) = d(Txp, Trp_1)
< M(zp,xp_1)+ 0[d(zp, Txy) + d(xp—1, TTpn_1)]
+nld(xn, Trp—1) + d(@n—1,T)y)]
d(p, Txp)d(xn, Txn—1) + d(xp—1, Txn)d(xn—1, TTn_1)
d(xp_1,Txy) + d(xy, Trn_1) ’

+p

which intern implies that,

d(Tpt1,Tn) < Ad(2p, Tn—1) + 0 [d(2y, Tpt1) + d(Tp—1, Tp)]
+nld(xn—1,2n) + d(@n, Tni1)]
d(xp, Tpt1)d(Tn, n) + d(Tp—1, Tpy1)d(Tp—1, Tpn)
d(xp—1,Tnt1) + d(zn, Tp)

+
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Consequently, we have

d($n+1, .’En) S hnd(ajly 1:0)7

< 1. Moreover, from the triangular inequality of a

metric d for m > n, we have

d(l‘m, xn) < d(l‘m, wm—l) + d(wm—la xm—2) + .+ d(xn—I—la xn)

n

<
—1-h

d(l‘l,l‘o),

as m,n — 400, d(zm,x,) — 0. Thus, the sequence {z,} is a Cauchy sequence
and converges to some z € X. Further, the continuity of T' implies that

Tz = T( lim l‘n> = lim Tz,= lim z,41 = 2.
—+o00

n—-+00 n—-+00 n

Hence, z is a fixed point of T" in X.

Case 2: If A = d(zp—1,Txy) + d(xp, Txp—1) = 0, then d(x,41,2,) = 0. This
implies that x,, = z,41, a contradiction. Hence, there exists a fixed point z of T
in X. 0O

Example 5. Let us define a self mapping 7" on X = [0, 1] with usual
metric and usual order < by
2z +4

Te=_27%
92?2+ + %)

then T has a fixed point in X.
Proof. The definition of a map T, it is continuous and non-decreasing

in X =[0,1]. Now for z <y,

2z +4 2y +4

2+ P+y+ P

20y(y —z) + 4z +y)(y —2) + 4y —z) — Py — x)
(22 +z+ D)2 +y+ 1)

1

Ne i

20y + 4z +y) + 2
Iz +z+ PP +y+ )
9

< = _
< 5 ly — x|,

ly — |
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holds for all z,y € X. As we know that g = 0 € X such that xg = 0 < T'zg. For

A= % and all possible values of 6,7, u € [0,1) such that 0 < A+2(0+n)+p < 1,

1
all the conditions of Theorem 4 are fulfilled. Hence T has a fixed point 3 in X. O

We may extract the continuity of T' in Theorem 4, we have the following
result.

Theorem 5. Let (X,d, <) be a complete partially ordered metric space
and T be a non-decreasing continuous self-mapping on X . Suppose that T satisfies
the following condition for all x,y € X with y < x and A = d(y,Tx) + d(z,Ty):

M(z,y) + 6 d(x, Tx) + d(y, Ty)]
©) (T, Ty) < M%x’g y))d(+ déy )T $)c]l( T2)d(y, Ty)
x, 1Y) < r,1x)d(xr,ly)+aly,lx)dly,1y )
* d(y, Tx) + d(z, Ty) i AFD
0, if A=0,

where X, 0,n, 1 € [0,1] such that 0 < A+ 2(6 +n) +p < 1. And also assume that
X is an ordered complete(OC). If there exists xg € X such that xog < Txq, then
T has a fized point in X.

Proof.  We only have to check that z = Tz. Since {z,} C X is a
non-decreasing sequence and x,, — z € X, then z = sup{x, } for all n € N. Since
T is a non-decreasing mapping, then Tz, < Tz for all n € N or, equivalently,
ZTnt1 = Tz for all n € N. Moreover, as xyp < 1 < Tz and z = sup{z,}, we get
z Tz

Suppose that z < T'z. Using a similar arguments as that in the proof
of Theorem 4 for xg =< Tz, we obtain that 7"z is a non-decreasing sequence
and lim T"z = y for certain y € X. Again, using the property of ordered

n—-+o0o
completeness of X, we have that y = sup{T"z}. Moreover, from xy < z, we get

Ty =T 2o X T"2, forn > 1 and z,, < T"z, for n > 1 because z,, < z < Tz =
T"z, for n > 1 as x,, and T"z are comparable and distinct for n > 1.
Case 1: If d(T"2,Txy,) + d(zn, T"12) # 0, then (9) follows that

d(xpy1, T" M 2) = d(Tx,, T(T"2))
<A (2, T"2) + 0 [d(Tp, 1) + d(T"2, T 2)]
+n [d(a:n, T 2) + d(T" 2, xn+1)]
d(Tn, Ty 1)d(Tn, TV 2) +d(T"2, 2py1 )d(T"2, T 2)

o d(TnZ, xn-l—l) + d(l‘n, Tn-l—lz)
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Making n — 400 in the above inequality, we obtain that

d(z,y) < (A +2n)d(z,y),

as A+ 2n < 1, d(z,y) = 0, thus z = y. Particularly, z = y = sup{T"z} and
consequently, T'z < z, which is a contradiction. Hence, we conclude that Tz = z.
Case 2: If d(T"z,Txy) + d(zn, T" ' 2) = 0, then d(z,41, 7" 2) = 0. Taking
the limit as n — +o00, we get d(z,y) = 0. Then z = y = sup{T" 2z}, which implies
that Tz < z, a contradiction. Thus Tz = z. O

Now, we prove the sufficient condition for the uniqueness of a fixed point
that exists in Theorems 4 & 5 using the fact that for any y,z € X, there exists
x € X which is comparable to y and z.

Theorem 6. In addition to the above condition in Theorems 4 and 5,
one can obtains the uniqueness of a fixed point of T.

Proof. Suppose there exists y,z € X are the two fixed points of T.
Now, we distinguish the following two cases.
Case 1: Suppose y and z are comparable and distinct. Now, we have the
following two subcases:
(i). If d(2,Ty) + d(y,Tz) # 0 then from contradiction condition, we have

d(y,z) =d(Ty,Tz)
< My, z) +0[d(y, Ty) + d(z,Tz)] + n[d(y, Tz) + d(z,Ty)]
d(y,Ty)d(y,Tz) + d(z,Ty)d(z,Tz)
d(z,Ty) + d(y,Tz)
<Ad(y,z) +0d(y,y) + d(z,2)] + nd(y, z) + d(z,y)]
d(y,y)d(y, z) + d(z,y)d(z, z)
d(z,y) +d(y, 2)
< (A+2n)d(y, 2),

+

as A+ 2n < 1, so by the last inequality, we have a contradiction. Thus y = z.
(ii). If d(z,Ty) + d(y,Tz) = 0, then d(y, z) = 0, a contradiction. Thus y = z.
Case 2: If y and z are not comparable, then from the hypotheses there exists
x € X comparable to y and z. Monotonicity implies that T"x is comparable to
T'y=yand T"z =z forn=0,1,2,... .

If there exists ng > 1 such that T"°z = y, then as y is fixed point, the
sequence {T"z : n > ng} is constant, and consequently ngrfoo T"z = y. On the

other hand, if T"x # y for n > 1. Now we have two subcases as follows:
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(). If d(T™ 1y, T"x) + d(T" 2, T™y) # 0, then using the contractive condition,
we obtain for n > 2,

d(T"z,y) = d(T"z, T"y)

< AT ta,y) + 0 [d(T e, T ) + d(y, y)] +n [d(T" 2, y) + d(y, T"z)]
d(T" Yo, Tr2)d(T" Lz, y) + d(y, T"x)d(y,y)

d(Trz,y) + d(y, Tn1x)

< AT zyy) + 0 [d(T"  a,y) + d(y, T')]

+n [d(T”_lx, y) + d(y, T”x)] + ,ud(T”_I:L‘, Y).
This implies that

+ g

A+0+n+p
™" P A B
By induction, we get
n
d(T"z,y) < (—A Jlr ’ ;r s ”) d(z,y).
—uv="n

Taking limit as n — +o0 in the above inequality, we get

) d(T" 1z, ).

lim T"z =y,

n—-+00

as A+ 2(0 +n) + pu < 1. Using a similar argument, we can prove that

lim Tz = z.
n—oo

Now, the uniqueness of the limit gives that y = z.
(ii). If (T 'y, T"x) 4+ d(T™ 12, T"y) = 0, then d(T"z,y) = 0. Thus
lim T"z = y.
n— o0
Using a similar argument, we can prove that
lim T"z = 2.
n—oo
Now, the uniqueness of the limit gives that y = z. This completes the proof. O
We can obtain some consequences of the Theorems 4,5 & 6 by putting
A=0,A=0=0and A\ =7 =0 in Section 4.

Remark 1. (i) If 8 =n = p =0 in Theorems 4, 5 & 6 then we obtain
Theorems 2.1, 2.2 & 2.3 of [25].

(ii). Theorems 4, 5 & 6 reduces to Theorems 15, 17 & 18 of [7] when § =7 = 0.
(iii). If A =6 =n =0 in Section 4 then we obtain Theorem 20 of [7].
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5. Applications. In this section, we state some applications of integral
type contraction for the main results.

Corollary 4. Let (X,d, =) be a T-orbitally complete partially ordered
metric space and let T be a non-decreasing self-mapping defined on X. Suppose
that a self mapping T satisfies the following condition:

(10)
d(2,Tx)d(y,Ty)

d(Tz,Ty) e (z,Tx)+d(y,Ty) d(z,Ty)+d(y,Txz)
/ dsga/ d8+5/ d5+7/ ds
0 0 0

(z,y) min{d(z,Ty),d(y,Tz),d(z,Tz),d(y,Ty)}
+4 / ds+ L / ds,
0 0

for all distinct x,y € X with v < y and for some a,,v,6 € [0,1) with 0 <
a+2(+7)+3d <1, where L > 0. If there exists xog € X with xg X Txg, then
T has at least one fized point in X.
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