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ABSTRACT. In this paper, we discuss the algebroid functions W(z) and
W'(z) that share the value 1 CM (counting multiplicities) and share one
finite value DM (different multiplicities) with derivative on annuli.

1. Introduction. The value distribution theory of meromorphic func-
tions was extended to the corresponding theory of algebroid functions by Ullrich
E [47] and Valiron G [48] around 1930, and some important results on uniqueness
for algebroid functions have been obtained (see [16, 41, 43]). It is well known to us
that Valiron obtained a famaous 4v + 1-valued theorem. Al-Khaladi proved some
interesting results on uniqueness of meromorphic functions that share one value
with their derivative and one finite value DM (different multiplicities) with first
derivatives. In 2013, A. Ya. Khrystiyanyn and A. A. Kondratyuk have proposed
on the Nevanlinna theory for meromorphic functions on annuli (see [32, 33]). In
2009, Cao and Yi [34] investigated the uniqueness of meromorphic functions shar-
ing some values on annuli. In 2015, Yang Tan [37], Yang Tan and Yue Wang [36]
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proved some interesting results on the multiple values and uniqueness of algebroid
functions on annuli and also others have proved several results for algebroid func-
tions on annuli [1, 2, 3,4, 5,6, 7, 8,9, 10, 11, 12, 17, 18, 19, 20, 21, 22, 23, 24, 25,
26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 42, 45, 46, 51, 50, 52]. Thus
it is interesting to consider the uniqueness problem of algebroid functions in multi-
ply connected domains. By Doubly connected mapping theorem [35] each doubly
connected domain is conformally equivalent to the annulus {z : r < |z| < R},0 <
r < R < 400. We consider only two cases : 7 = 0, R = +oo simultaneously
and 0 < r < R < +0c0. In the latter case the homothety z +— = reduces the

1 1
given domain to the annulus A = A —, Ry ) = ¢z: — < |z| < Ry ¢, where
Ry Ry

R . . . .
Ry = 4/ —. Thus, in two cases every annulus is invariant with respect to the
T

inversion z — —.
z

2. Basic notations and definitions. We assume that the reader
is familiar with the Nevanlinna theory of meromorphic functions and algebroid
functions (see [14, 15, 44, 49]).

Let Ay(z), Ay—1(2), ..., Ap(2) be a group of analytic functions which have

1
no common zeros and define on the annulus A (R—, R(]) (1 < Ry < +400),
0
(21) Yz, W) =AW’ + A1 ()W 4+ A1 ()W + Ag(2) =
Then irreducible equation (2.1) defines a v-valued algebroid function on the an-

1
nulus A (—,R0> (1 < Ry < +400).
Ry

1
Let W(z) be a v-valued algebroid function on the annulus A (R—,R())
0

(1 < Ry < 4+00), we use the following notations

Zm T, W) Z 27T/ log™ |w;(re?)|de,

Nl(T,W):l/ Mdt, Ny (r, W) :l/l Mdt’

v J1 t v t

—_ 1 — 1
— 1 1 /tm (t» fa> _ 1 1 [r 2 (t» wfa)
N — - ATy N — - Ty
1<T’W—a> uﬁ ¢ ’ 2<T’W—a> /1
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mo(r, W) =m(r,W)+m <%, W> —2m(1, W), No(r,W)= Ni(r,W) + No(r,W),

— 1 — 1 — 1
N =N N
0<T’W—a> 1<T’W—a>+ 2<T’W—a>’

where w;(2)(j = 1,2,...,v) is one valued branch of W(z), ni(t, W) is the count-
ing function of poles of the function W(z) in {z : t < |2| < 1} and na(t, W) is
the counting function of poles of the function W(z) in {z : 1 < |z| < t} (both

1
counting multiplicity). 7 <t, W —a is the counting function of poles of the
—a

function

1
in {z:¢t<|z| <1} and 7 <t, W > is the counting function

of poles of the function in {z:1 < |z| <t} (both ignoring multiplicity).
—a

1 1
ﬁ]f) (t, T a) (ﬁgk <t, i a>> is the counting function of poles of the func-

tion with multiplicity < k (or > k) in {z : ¢ < |z| < 1}, each point count

1 1
only once; ﬁg) <t, W > (ﬁgk <t, W >> is the counting function of poles
—a —a

of the function with multiplicity < k (or > k) in {z : 1 < |2| < t}, each

point count only once, respectively.
Let W (z) be a v-valued algebroid function which determined by (2.1)

1 1
on the annulus A (R—O,R()) (I < Ry < +00), when a € C, ng (T’ W—a> -

1 1 1 1
no <’I”, m) s N() <’I”, m) = ;N() <7", m) .In particular, when a = 0,
1 1

1
Ny (T, W) = ;NO (T, A_0> When a = oo, Ny (r, W) = ;NO (T, A—v>, where

1 1
ng <r, m) and ng | 7, o) are the counting function of zeros of W(z)—a

1
and v (z,a) on the annulus A <R—, Ry ) (1 < Ry < 400), respectively.
0
Let W(z) and M(z) be v-valued algebroid functions which is determined
1
by (2.1) on the annulus A (R—, R(]) (1 < Ry < 400) share the finite value a IM
0

(ignoring multiplicities), if W (z) —a and M (z) —a have the same zeros on annuli.
If W(z)—a and M (z)—a have the same zeros with the same multiplicities, we say
that W (z) and M (z) share the value @ CM (counting multiplicities) on annuli. If
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W (z) —a and M (z) — a have the same zeros with different multiplicities, we say
that W (z) and M(z) share the value @ DM (different multiplicities) on annuli.

1
Next, let k£ be a positive integer, we denote by Ng“' ) (7“, W > is the
—a

counting function of zeros of W(z) — a with multiplicity < & and

1
NékH <r, W ) is the counting function of zeros of W(z) — a with multi-
—a

plicity > k. Definitions of the terms Ng“' ) and NékH can be similarly formulated.
Finally Ng T, %) denotes the counting function of zeros of W where a zero of
multiplicity & is counted with multiplicity min{k, 2}.

Definition 2.1 ([36]). Let W (z) be an algebroid function on the annulus
A <RLO,R0> (1 < Ry < 400), the function

TO(Ta W) = mo(’l”, W) + NO(Ta W)> 1<r<Ry

is called Nevanlinna characteristic of W (z).

3. Some lemmas.

Lemma 3.1 ([36] The first fundamental theorem on annuli). Let W(z)
be v-valued algebroid function which is determined by (2.1) on the annulus

1
A(—,R()) (1<Ry<400),acC
Ry

mo(r,a) + No(r,a) =Ty (r, W) + O(1).

Lemma 3.2 ([36] The second fundamental theorem on annuli). Let W(z)
be v-valued algebroid function which is determined by (2.1) on the annulus

1
A <R—, R0> (1< Ry <+4), ar (k=1,2,...,p) are p distinct complex numbers
0

(finite or infinite), then we have

1
W—ak

(3.1) (p—20)Tp (r, W) <> Ny (7“,

) — Ni(r, W) + So(r, W)
k=1

Ny (r,W) is the density index of all multiple values including finite or infinite,
every T multiple value counts 7 — 1, and

LUAWR S W
So(r, W) =myg (7“, W) + ]Z:mo <r, T ak) + O(1).

—1
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The remainder of the second fundamental theorem is the following formula
So(r, W) = O (log To(r,W)) + O(log ),

outside a set of finite linear measure, if r — Ry = 400, while

1
So(r, W) = O (logTo(r,W)) + O <log 7 r> ,
o —

outside a set E of r such that /
E it —7T

< 400, when r — Ry < 400.

Remark 3.1 ([36]). The second fundamental theorem on annuli has other
forms, as the following:

P 1
(3.2) (p— 1Ty (r,W) < No(r, W)+ No 7, ——
b 0 0 ; 0 ( W —

> — Ni(r) + Q1 (r, W),

1
i1, 1) = 2a(0, 1) = Mol ) + 8 (1317 ).

p w!
Q1(’r, W) = Zmo <’I”, W7> + 0(1)7a0 =0.
k=0

— ay,

We notice that the following formula is true,

(3.3) zp:No <T,Wiak>—N1(r,W)§§:INO <T,Wiak>.

k=1

— 1
Ny [, W ) is the reduced counting function of zeros(ignoring multiplicity).

— ag
Then the second fundamental theorem can be rewritten as the following
P
(3.4) (0= 20)Ty (W) < 3" No (1, ) + So(r, W),
= W —ay

Lemma 3.3 ([36]). Let W (z) be v-valued algebroid function which is
1
determined by (2.1) on the annulus A (R—,R()) (1 < Ry < 4+0), if the following
0
conditions are satisfied

T
h_Hl 0 (7“, W)

< oo, Rog=+o0,
r—oo  lOgT
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Tt
lim M <00, Ryp<+oo,
r— Ry 198 (=)

then W (z) is an algebraic function.

For the proof of our theorem we need the following lemmas

Lemma 3.4. Let W(z) be v-valued algebroid function which is determined
by (2.1) on the annulus A (RL07RO> (1 < Ry < +00) such that W'(z) is not

— 1 —
constant and which satisfies Ng (r, W) + N(()Q(r, W) = So(r,W). Then either

1 1 1
(3.5) myo <r, ﬁ) = So(r,W) and NéQ <r, W) < Ny (T, W) + So(r, W)

or

(3.6) G =7 +es

where c1,c2(# 0) and c3 are constants.

Proof. We consider the following function

w" 2 w" /
Therefore
(38) mo(T, W) = SO(Ta W)

If 2 is a simple pole of W on annuli, then from (3.7) we see that G is holomorphic
at zoo. Thus

(3.9) No(r,G) < 2VN((]2(T, W) +2vN, <r, %) = So(r,W).

By hypothesis, combining (3.8) and (3.9) we find that
(3.10) To(r,W) = So(r,W).

It follows from (3.7) that if zg is a zero of W” of multiplicity p(> 2) on annuli
and W'(z) # 0, then

(3.11) G(z) = O((z — z)P~ ).
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If G(z) =0, we have from (3.7) that

mn\ —2 m\ !
o <K> (K) _1
w’ w’
By integrating three times we conclude (3.6). We next suppose G(z) # 0. By
(3.11) and (3.10), we obtain

1 1 1 1
]\]'(g2 <7", W) S 2VN() <7", 5) =+ N() <’I”, W) = N() <7", W) =+ S()(?”, W)

We rewrite (3.7) in the form

1 1 W// W// W// W///
o1 G <7W/—1 - W) <(2”+1)W _QVW’/>'

Obviously

1
mo (Tu W, — 1> = SO(Tu W)a

from the fundamental estimate and (3.10), so our lemma is proved. O
Lemma 3.5. Let W (z) be v-valued algebroid function which is determined

1 1
by (2.1) on the annulus A (R—,R()) (1 < Ry < 400) satisfying Ny <r, W) +
0

NE)Q(T‘, W) = So(r,W). If W and W' share the value 1 CM on annuli, then

1 1
(312) ]\]'(g2 <7“, W) + my <’l”, ﬁ) = S()(?“, W)

Proof. This is easy since if W(z) and W’(z) share 1 CM on annuli,
then W’ is not constant and (3.6) does not hold. Thus (3.12) follows from (3.5)

1
and Ny <r, W) = so(r,W). O

Lemma 3.6. Let W (z) be v-valued algebroid function which is determined

1

by (2.1) on the annulus A R—,Rq) (1 < Ry < +00) such that W'(z) is not
0

constant. If W(z) =1 and W'(z) =1 on annuli, then either

1 1
N()l) <7“, W — 1) < mo(r, W) + Ny <7“, W) + So(r, W)

or W (z) satisfies the identity (3.5).
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Proof. We set

w"Ww —1)
.1 H =
(3.13) =
Then it is clear that
(3.14) mo(r, H) < mo(r, W) + So(r, W).

From (3.13), we know that if z., is a pole of W of multiplicity p(> 1) on annuli,
then

(3.15) H(zs) # 00.

Let 21 be a zero of W/ — 1 of multiplicity ¢ > 1 on annuli. Since W'(z) = 1
implies that W (z) = 1 by assumption, we must have z; is a simple zero of W — 1
on annuli. By simple calculation on the local expansion we see that

(3.16) H(z1)=gq.
From (3.13), (3.15) and (3.16) it can be seen that the poles of H can only occure

at the zeros of W' on annuli. That is,

(3.17) No(r, H) < N, <’r, %) .

Further, if H # 1, it follows from (3.16), (3.14) and (3.17) that

1 1
NO) <r, W —1 1)

Ny (7“, Hl_ 1> <Ty(r,H)+ O(1)
mo(r, H) + No(r, H) + O(1)

mo(r, W) + Ng <?“ i) + So(r, W)

IN

IN

b W/
Finally, H = 1, then

W// W/
W -1 W-1

By integration, we get (3.5). O
Lemma 3.7. Let W(z) be v-valued algebroid function which is determined
1
by (2.1) on the annulus A (R—,R()) (1 < Ry < +00) such that W*)(2) is not
0

constant and k is a positive integer. Then either

(3.18) (WYL — o p(k) _ \)ht2
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for some non zero constant c, or

1) ~(2 1) 1
(3.19) END(r, W) < N@(r, W) + N, <?”a m)

— 1
+ Ny <T> W) + So(r, W),

where \ is a constant.
Proof. Let
W (k+2) W (k+1)

Suppose that z, is a simple pole of W on annuli. Then an elementary calculation
gives that W(z) = O((z—2s0)"), which proves that zs is a zero of ¥ of multiplicity
k on annuli. Thus, if (3.18) is not true, i.e ¥ # 0, then

(3.21) END (r, W) < N (r, é) < Ty(r, ¥) + O(1).

Note that ¥ can only have simple poles at zeros of WEHD or W) — ) or multiple
poles of W. Thus we deduce from (3.20) that

—2) 1) 1 — 1
(322) N()(’I”, \IJ) SNO (T,W)+N0 <T,m> +N0 (T,W> .
Again from (3.20) we obtain mg(r, ¥) = Sy(r, W). Combining (3.22) and (3.21),
we get (3.19). O
Lemma 3.8. Let W (z) be v-valued algebroid function which is determined
1
by (2.1) on the annulus A (R—,R()) (1 < Ry < +00) such that W*)(2) is not
0

constant. Then either W is as in (3.6) or

_ 1 — 1
(3.23) Né)(r, W) < N(Q(r, W)+ Né) <r, W) + Ny (7“, W) + So(r, W).

Proof. Applying Lemma to &k = 1 and A = 0, we get either that (3.23)
holds, or

1"\ 2
(3.24) <%) = W’
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for some non zero constant c. Differentiating (3.24), we find that

"

/
(3.25) 2wW" (%) = W"W'.

/

If W =0, then W' is a constant. Therefore, W” # 0 and so by (3.25), we have

AN
2v (W) = ¢W’. Combining this with (3.24) we get

By integrating three times we conclude (3.6). O

4. Main results. Now, the main theorems of this paper are listed as
follows

Theorem 4.1. Let W(z) be a v-valued algebroid function which is deter-
1

mined by (2.1) on the annulus A(R—,R()) (1 < Ry < +00) satisfying
0

1
No (7“, W) = So(r,W). Suppose that W (z) and W'(2) share the value 1 CM on
annuli. Then
(4.1) W' —1=c¢(W-1)
for some nonzero constants c.

Proof. The proof is by contradiction. Assume that (4.1) is not true.
Therefore,

(4.2) To(r, W) < 2uNo(r, W) + So(r, W).
We see from (4.2) that

(4.3) No(r, W) = Ng (r, W) + So(r, W).
Let

W/ W// W//
(4.4) F—21/<W_1—W,_1>+W.

Therefore

(4.5) mo(r, F) = So(r, W).
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If zo is a simple pole of W on annuli, then from (4.4) we see that F' will be
holomorphic at zo. From this, (4.3), the hypothesis of Theorem 4.1 and (4.5) we
can deduce that

(4.6) To(r, F) = So(r, W).

Suppose that zj is a simple zero of W which is not a zero of W’ on annuli. Since
W and W' share 1 CM on annuli, this gives all zeros of W’ — 1 are simple on
annuli. Hence W'(2g) # 1, and thus

(4.7) F(z) = 2,,( W'(z0) >

W(Zo) —1

from (4.4). Differentiating (4.4) and using W”(2) = 0, we arrive at

/ 2 " 7
(4.8) F/(zo):—2u<<7w (z0) ) + I lx0) )+W (z0)

W(Zo) -1 W/(Zo) -1 W/(Zo)
Combining (4.7) and (4.8) we obtain

41/W///(Z()) 5 W///(ZO)

(4.9) 2WF (20) = F2(0) + e 5~ 2y

On the other hand, by (3.7) we find that

B W”/(Zo)
(4.10) G(z0) = —2VW # 0.

Substituting (4.10) into (4.9) gives
(4.11)  W(20)[F?(20) + 2vF'(20) — G(20)] = F?(20) + 2vF’(20) + G(20).

If F2(z0) + 2vF'(z) — G(2) = 0, then from (4.11) we get G(zp) = 0 which
contradicts (4.10). Therefore F?(z0) + 2vF(29) — G(20) # 0, and (4.11) reads

F?(2) + 2vF'(29) + G(20)
F2(29) + 2vF'(20) — G(20)

W'(z) = = a(20)-

By (4.6) and (3.10), it is easy to see that

(4.12) To(r,a) = So(r,W).
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This means that we the following property, if zg is a simple zero of W” on annuli
and W'(29) # 0, then

(4.13) W'(20) = a(zo).

Let z1 be a zero of W — 1 on annuli. Then the Taylor expansion of W about z;
on annuli is

(4.14) W(z)—1=(z2—2)+as(z—21)°4+as(z—2)>+-- ,az #0.
It follows from (4.4) and (4.3) that

F(z) =4vay — 2v + 1)2—2 and G(z1) = 12v(a3 — a3).

That is
W' (21) — F(21)W"(21) = W"(2) =0

and
(2v + D)W (21) — 20W"(21) — G(21) = 0

and eliminating W”?(z;) from the last two equations we obtain
(4.15) W"(z1) — F(z21)W"(21) + 2vG(21) = 0.

Now considering the following equation

W — v+ D)FW 4 20GW

(4.16) J =T

From this, we know that if 2, is a simple pole of W on annuli, then J is holomor-
phic at z, on annuli. Thus we deduce from (4.16), the hypothesis of Theorem
4.1, (4.15), (4.3), (4.6) and (3.10) that

(4.17) N()(?“, J) = S()(’I”, W)

Also, from (4.16), (4.6), (3.10) and Lemma 2, we conclude mg(r, J) = So(r, W).
Combining this with (4.17) yields

(4.18) To(r, J) = So(r, J).
Eliminating W’ between (4.16) and (3.7) leads to

(4.19) WIW?W' —1) = (2v+ DHW" + (2v + 1)GW"? — 6u FW"W'.
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From (4.18) and (4.13) we get
(20 + 1)G(x0)

S
2v+1)G RN
It J # wla—1)’ by Ny | r, ) = So(r, W), Lemma 2, (4.18), (4.12) and (3.10)
we have

1
(420) N() <’I”, W)
1

1 2 1
< Ny T’J_(QTI)G + Ny <T,W) —|—Né <T,W> :SO(’I”, W)
2v(a—1)

Thus (4.20), (3.6), Lemma 5, the assumptions of the theorem, and (4.2) imply
that
TO(Ta W/) = SO(Ta W)

Hence

A

1 1
To(r,W) < No <"”, W—l) + mo (7“, W—l)

1 1
No <"”a ﬁ) +mo <"”a W) + So(r, W)
< 2VT0(7“, W/) + S()(’I”, W) = So(?“, W)

IA

2 1

which is a contradiction. Therefore J = v+ 1)G and (4.19) becomes
2v(a—1)

(4.21) GW"?W' —a) =W"(W" —20FW')(a — 1).

Differentiating (4.21) and then using (4.13) we obtain
(4.22) a'(20)a(20)G(20) = 2v]a(zg — 1)]F (20)W" (20),
we also note from (4.10) and (4.12) that
1
m _
W (20) = =5 G(z0)a()-
Now substitute this back into (4.22) and get

a'(20)

W = —F(20),
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!/

a—1

since a(2)G(z0) # 0. In the following we shall treat two cases (i) # —F
/
¢* —_p separately
a—1

and (ii)

!/
Case (i). a(i n

at the same contrad/iction.
a
Case (ii

(i) ==

# —F. Similarly as the above discussion, we will arrive

1 = —F'. By integrating, we get

(4.23) (Wil)Q = <a;1> <W/1_1 * (W/l_ 1)2>'

where ¢ is a non zero constant. Using (4.23) together with (4.12) and Lemma 2 we
find that Mo () = So(r,W). Finally, from this, the assumption of Theorem
YW1

4.1 and Lemma 3 it can be deduce that

1 1
To(?”, W) = No (’I”, ﬁ) + S(](T‘, W) = NO (T‘, ﬁ) + S(](?”, W)

(g )+ ST < 0 () + S W)

This implies that No(r, W) = So(r, W), which when combined with (4.2) gives
To(r, W") = So(r, W) which implies the contradiction Ty(r, W) = So(r, W). This
completes the proof of Theorem 4.1. O

Theorem 4.2. Let W(z) be a v-valued algebroid function which is deter-
1
mined by (2.1) on the annulus A (R—,R()) (1 < Ry < 400). Suppose that W (z)
0
and W'(z) share the value a(# 0,00) DM on annuli. Then either

(4.24) W(z) = a[l +b+ (b —1)ce?]

1 — ce2blz ’
where b, ¢, | are nonzero constants and b*l = —1, or

— 1
(4.25) To(r, W) < 12vNy (7“, W) + So(r, W)
and

(4.26) Ty(r, W) < (10v + 1)N; (n %) + So(r, W)
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Proof. Suppose that a = 1 (the general case follows by considering

1
—W instead of W(z)). We consider the following function
a

wW' v+ )W W W

(4.27) Ve 20 (W' — 1) T T wr
There for
(4.28) mo(r,¢) = So(r, W).

Since W and W' share 1 DM on annuli, all zeros of W — 1 are simple and all
zeros of W' — 1 with multiplicities not less than two on annuli. And so

1 Y 1
o (i) =0 (s

and

1 — 1 —(2 1
(430) N(] <T,W_1>—N0<T,ﬁ>—]v0 <T,ﬁ>.

Suppose that 2o is a zero of W’ — 1 with multiplicity 2 on annuli. Since W and
W’ share 1 DM on aanuli, we see from (4.29) and (4.30) that

(4.31) W(z2) = 0.

If zo, is a simple pole of W on annuli, then the elementary calculation gives that

(4.32) P(200) = O(1).

From (4.29) and (4.32) we obtain that the poles of 1 can occur at zeros of W’
on annuli, or zeros of W” which are not zeros of W/(W’ — 1) on annuli, zeros of
W' — 1 with multiplicities not less than three and multiple poles of W on annuli.
Thus

— 1 —3 1 2 —0 1
(4.33) No(r,v) < Ny (T, W) -i-N(() (T, T 1) N(() (r,W)+ N, <7”, W) )

where N <r denotes the counting function corresponding to the zeros of

1
9 W
W" that are not zeros of W/(W’'—1) on annuli, each zero in this counting function
is counted only once.



228 A. Rathod

We distinguish the following two cases
Case 1. If vy = 0. Then by integrating two sides of (4.27) we obtain

W-n* W
(4.34) m =c <W> )

where ¢ is a non zero constant. If z, is a zero of W’ — 1 with multiplicity ¢(> 3)
on annuli, then from (4.29) and (4.34) we see that

O((z = 2)" ") = ¢,

this implies that ¢ = 2, a contradiction.
Therefore

1

Also if z, is a pole of W with multiplicity p(> 2) on annuli, then from (4.34) we
find that
O((z — )" P) =c.

Hence p = 1, a contradiction.
Therefore

(4.36) NP (r,W) =0.

It follows that from W and W’ share 1 DM on annuli, (4.29), (4.30)), (4.35) and
(4.36) that

W' —1
4. — =€
( 37) (W _ 1)2 €,
where « is an entire function. Combining (4.34) and (4.37) we get
Wl/ W/l W/l %0
Consequently,
(4.39) To(r,e*) = So(r, W).

Also we know from (4.38) that

(4.40) No <r, %) = So(r,W).
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Suppose that z; is a simple zero of W — 1 on annuli. Then by (4.30) and (4.35)
we have
(4.41) W(z)—1=(z—2)4a3(z—2)> 4+ ,a3 #0
Substituting (4.41) into (4.34) and (4.37) we find that
3asc=4v and 3a3z = eo‘(zl),
which implies

(4.42) eale) — 2
C

4
If e* # —l/, then we obtain from (4.29) and (4.39) that
c

(4.43) NO <7“, ﬁ) < N() (7“, g i 4_1/> < TO(’I”, ea) + O(l) = SO(T, W)

C

From (4.30), (4.40), (4.43) and the second fundamental theorem for algebroid
function on annuli, we have

TO (’I”, W,)

IN

— 1 — 1 -
No <T’W) + No (T’ﬁ> + No(r, W) + So(r, W)
(4.44) < No(r,W) + So(r, W).

Since

To(r, W) = mo(r, W) + No(r, W")
(4.45) = mo(T‘, W/) + No(?”, W) + No(T‘, W),

it follows from (5.21) and (5.22) that
mO(Ta W/) + N()(’I”, W) = S()(?”, W)a

and so
To(r, W) = So(r,w).

From this , (4.40) and (4.37) we get

To(r, W) = So(r,w),
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which is impossible.

4
Therefore ¢® = —. Together with (5.14) we arrive at the conclusion
c

(4.24).
Case 2. If ¢y Z 0. Then from (4.31), (4.28) and (4.33) we conclude that

N(()2 <T, Wll_ 1) - N(()3 <T7 ﬁ) < NO <T7 %) < TO("”JM + 0(1)
N()(’l”, ¢) + ’I?’L()(’l”, ¢) + 0(1)

1 —(3 1
NO( W/>+NO <T77W,—1>

(4.46) AN, W) + Ny <r,

IN

IN

Since No(r, W) = No(r, W) + No(r, W), from the second fundamental theorem
for algebroid functions for W’ on annuli

(4.47) To(r,W’)SWo< W1//>+N0< W’1—1>

+ Ny(r, W) + N < ! ) + So(r, W),

7 w
We have

(4.48) No(r, W) < Ny < V;/) +N, ( W,l_ 1) + N < M;) + So(r, W).

Also we know from (4.47) that

1 — 1 — 1
(449) N() <’I”, ﬁ) S NO <’I”, W) + NO <7", ﬁ)
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Obviously,
(4.51) No(r,W) = No(r, W) = Ny (r, W),
and
1 — 1 (3 1
(4.52) Ny <7“, W’—1>_2VNO <T,ﬁ) > Ny <T,ﬁ).

By (4.30), (4.50) and (4.52) we obtain
NEaw) + N ! Wy (1, ) < 2N (1, — ) + So(r, W
o (r, W)+ Ny nyr—1) ~ N\ Ty ) S 2N (T s + So(r, W).

From this and (4.46) we deduce that

—(2 1 — 1

NO T,ﬁ S (4V—|—1)N0 T,W +SO(T,W).
Together with (4.30) we have

— 1 — 1
(4.53) NO T,ﬁ S (4.1/"‘ ].)N(] T,W +SO(7', W)
From (4.53) and (4.48), it follows that

_ — 1

(4.54) No (?”, W) < 6VNO (T‘, W) + So(?”, W)

Finally, from (4.47), (4.53) and (4.54) we find that

_ 1
To(r, W) < 120N, (n W) + So(r,W).

This is the conclusion (4.25).
We set

1 Wl/ Wl
(4.55) G = (W’—l —zuw_l).

Then

e &) = o (v (=) )+ () -0
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W/ W// W//
< 2vumy <r, W) + mg <r, W) + mg (r, ﬁ)
/
+my <’I”, W — 1) +0(1)
(4.56) — So(r,W).

Suppose z be a zero of W’ — 1 with multiplicity 2 on annuli. Since W and W’
share 1 DM on annuli, we see from (4.55), (4.29) and (4.30) that

(4.57) G(z) = O(1).

If 2o is a pole of W with multiplicity p(> 1) on annuli, then an elementary
calculation gives that

(4.58) G(z)=0((z - 200)), if p=1
and
(4.59) G(2) = O((z — z00)P7Y), if p> 20w

It follows from (4.29), (4.30), (4.57), (4.58) and (4.59) that the pole of G can only
occur at zeros of W’ — 1 with multiplicity not less than three and zeros of W on
annuli. Thus

1 (3 1
(4.60) No(r,G) < N ('r, W) + N, <’r, o 1) .

From (4.56) and (4.60), we obtain

(4.61)  Ty(r,G) < N2 <r, %) + N (r, 7> + So(r, W).

We consider two cases:
Case I. G = 0. Then (4.55) becomes

w" 5 W;
w—1 ““w_1

By integration, we get W’ — 1 = [(W — 1)?. We rewrite this in the form

W' 1474
W—-1-b W-—1+b

(4.62) = 2w,
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where b*l = —1.Integrating once we arrive at the conclusion (4.24).
Case II. G # 0. Then from (4.57), (4.58) and (4.59), we get

N()(?”, W) - N(()Q

IN

1 1
N (7)< o (n g ) + T 6) + 0
1 1 —(3 1
—my <T75>+Ng (T,W> N((] (T, W/_1>+S(](?”,W)

" /
W:1<W 2VW)

(4.63)

IN

By (4.55), we have

G\w-1 Tw-1
Therefore
1 W// W/
mo(r, W) < mg <T,5> + mo (T, ﬁ) + mo (72 W 1> +0(1)
1
(4.64) < my <r, 5) + So(r, W).

From (4.63) and (4.64), we get

1\ — 1 —
(4.65)  To(r, W) < N2 (r, W) TN (n T 1> F NS, W) + So(r, W),

From (4.64) and (4.65), we get

Ny <r, %) < To(r,W') +O(1) = mo(r, W) + No(r, W) + O(1)

"1
w’ —
< o (757 ) o I9) Nl W) + Nl W) + O(1)
< To(r, W) + No(r, W) + So(r, W)
1 —(3 1 —(2

< W ( W) + 2N ( _—_ 1) +NE (W)
(4.66) +So(r, W).
Set

1 W// W/

Proceeding as above, we have

(4.68) mo(r,H) = So(r,W),
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(4.69) W) = O(),
(4.70) W(z) = O((z— 2™,

where z3 is a zero of W/ — 1 with multiplicity three on annuli and also zs is a
pole of W with multiplicity p(> 1) on annuli. Thus

1 —2) 1 —(4 1
2
(471) N()(’I”,H)SNO (T,W>+N0 <T,ﬁ>+NO (T’7W’—1>'
From (4.68) and (4.71), we get

1 —2) 1 —(4 1
2
(4.72) To(r, H) < Nj (73 W) +Ng <"”a ﬁ) +Ny ("”a ﬁ) +So(r, W).
If H =0, then
Wl/ W/
— (2 1

Tl

Therefore, we get W’ — 1 = ¢(W — 1)3. this implies that

=0

(4.73) No(r, H) =0,
and mo(r, W') = (2v + 1)mgo(r, W) + O(1). Hence mq(r, W) = Sp(r, W). This
together with (4.73) gives the contradiction Tp(r,W) = Sp(r,W). Therefore
H # 0. From this, (4.70) and (4.72), we get
1

NE(r,W) < Ny ( H) < To(r, H) + O(1)
(4.74) < Ng r ! + N (7 ! + So(r, W)

. > ) W' —1 0 5 W’ —1 o\", .

It follows from (4.30), (4.66) and (4.74) that

_ 1 —9 1
(4.75)  Np (r, o 1) No ( i 1) < (2v+1)N; <r, W) + So(r, W).
Also from (4.30), (4.65) and (4.74) that

1 1 — 1
(4.76) mg (r, W1 1) = 21/]\702) (T, W) + Né4 <r, W1 1> + So(r, W).

Set

W//

(4.77) o
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It is clear that

@78)  mo(r D) <mo <7~, W (%)) — So(r, W),

If zo is a pole of W with multiplicity p(> 1) on annuli, then from (4.77) we see
that

(4.79) 1(2) = O((2 — 200)P72).

Also, if 2o is a zero of W' —1 with multiplicity ¢(> 2) on annuli, then from (4.77)
we see that

(4.80) I(z) = O((z — 2¢)17?).

Therefore from (4.77), (4.79) and (4.80), we conclude that
(4.81) No(r,I) < N& <7~, %) + N (r,W).
From (4.78) and (4.81), we have

(4.82) To(r,I) < N§ <r, %) + Ny (r, W) + So(r,W).

If I = 0, then W then is a linear function on annuli. So W and W’ can not share
1 DM on annuli which contradicts the condition of Theorem 4.2. Next we assume
that I # 0. From this, (4.81) and (4.82) we obtain

3 1 —(3 1
NO <7", W — 1) - 21/N0 <'I”, ﬁ)

No <7~, %) < To(r, 1)+ O(1)

IN

1
N02 (7“, W) + Nol)(r, W) + So(r,W).

That is,

1 —
(483) Nég <’I”, ﬁ) + N(()Q(’I”, W)

1 — 1 —
< Ng <?”, W) —I-QI/]V((]3 (7‘7 W 1> +N0(T‘, W) +So(?”, W)
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Hence from (4.83) and (4.63), we obtain

(4 1 (2 1
(4.84) N, <r, T 1> + Ny (,W) < N§ <r, W) + So(r, W).

and eliminating NE)Q(T, W) between (4.84) and (4.64) gives

1 (4 1 1
(4.85) mo <T‘7 ﬁ) NO <T‘7 ﬁ) < (21/ + ].)Ng <’I”, W) + SO(?”, W)

— 1
and eliminating N 84 <r, > between (4.85) and (4.76) lead to

1 4 1 1
(4.86) mo <r, W 1) < VQ—: Ng (7“, W) + So(r, W).

Combining (4.86) with (4.75) we will arrive at the conclusion (4.26).
This proves the Theorem 4.2. O

Remark 4.1. From (4.24) we find that

2
(1) If I = —1, then b = £1. Hence (4.24) becomes W (z) = 1%
— Cce

1
(2) If b # +, then Ty(r, W) = Ny <r, W) + So(r, W).
1
(3) N() <7", W) = 0.
(4) If ¢ = —1, then W(z) = a[l — btanh(blz)].
From Theorem 4.1 and Remark 4.1(4), we deduce the following corollaries

Corollary 4.1. Let W(z) be v-valued algebroid function which is deter-
1

mined by (2.1) on the annulus A (R—,R(]) (1< Ry < +00). If W and W' share
0

— 1
the value a(# 0,00) DM on annuli and if Ng (T‘ —> = So(r,W), then W is

) W/
given as (4.24).
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