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ABSTRACT. In this paper, certain subclasses of strongly multivalent func-
tions are introduced with generalized Salagean operator. We establish vari-
ous properties for these classes and the results obtained here will generalize
some other known results.

1. Introduction. Let A, (p > 1), denotes the class of functions f,
analytic in the open unit disc F = {z : z € C,|z| < 1}(C stands for complex
plane) and having the Taylor-Maclaurin series of the form

o
f(z)=2P+ Z apzt.
k=p+1
For p = 1, the class A, reduces to A, which is the class of analytic functions of the

form f(z) =z + Z a,z" and normalized by the conditions f(0) = f’(0) —1 = 0.
k=2
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coefficient estimates, distortion theorem, argument theorem.
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By U, we denote the class of Schwarzian functions of the form

[e.e]
z) = g e,
k=1

which are analytic and satisfying the conditions w(0) = 0, |w(z)| < 1, in the unit
disc E. Nehari [10] proved that, for w € U, |c;] <1 and |ea| < 1 — ey ]2

For two analytic functions f and g in F, f is said to be subordinate to
g if there exists a Schwarz function w € U such that f(z) = g(w(z)) and it is
denoted by f < g. Further, if the function g is univalent in E, then f < g is
equivalent to f(0) = g(0) and f(E) C g(E).

For f € A, and 6 > 0, Goyal [6] introduced the following differential
operator:

DY (2) = £(2),
DLf(2) = (1-8)f(2) + ng%z) — Dsf(2),

and in general,

DSf(z) = D(DEf(2)) = 2P + Z [1+<——1>5} 22", p € No = NU{0},

n=p+1

with Dg f(0) = 0. For p = 1, this operator reduces to that introduced by Al-
Oboudi [1] and for p = 1, = 1, it agrees with the well known Salagean operator
introduced in [16].

For 0 < a < p, the classes of p-valently starlike functions and p-valently
convex functions of order a are denoted by S;(a) and K)(a) (0 < a < p) respec-
tively and were introduced by Goluzina [5]. For specific values of a and p, we
have the following observations:

(i) ST (a) = S*(a), the class of starlike functions of order « introduced by Robert-
son [14].

(ii) K1(a) = K(«), the class of convex functions of order « introduced by Robert-
son [14].

(iii) S,(0) = S,,, the class of p-valent starlike functions.

(iv) K,(0) = K, the class of p-valent convex functions.

(v) 8§7(0) = 8™, the well known class of starlike functions.

(vi) K£1(0) = K, the well known class of convex functions.
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Further, Umezawa [20] established the class Cp(«), which is the class of
p-valent close-to-convex functions defined as

Z;é?) > a, g ES;,Z c E}

For p = 1, a = 0, the class Cp(«) reduces to C, the class of close-to-convex
functions introduced by Kaplan [9].
Following the concept of close-to-convex functions, Noor [11] introduced
the class C* of quasi-convex functions as follows:
(zf'(2))

C*:{ffEAl,Re<TZ)>>O7hEIC,Z€E}

Cp(a):{f:fe.Ap,Re<

Every quasi-convex function is convex and close-to-convex and so is univalent.
Also f € C* if and only if zf’ € C. Different subclasses of quasi-convex functions
were studied by various authors including Selvaraj and Stelin [17], Selvaraj et
al. [18], Xiong and Liu [21] and Singh and Singh [19].

Recently, Raina [13] defined the class of strongly close-to-convex functions
of order ~, as below:

cgz{f:feAl,

/
arg{zf(z)}‘ <ﬂ,gelC,0<’y<1,zeE},
9(2) 2

or equivalently

e ) (14
e =rrea 5 < (15

In particular, C{ = C’, the subclass of close-to-convex functions.

For -1 < B < A< 1land 0 < a < p, Aouf [2] introduced the class
P(A, B;p; o), which is a subclass of A, consisting of the functions of the form

o
B A—B)(p—

p(z) =p+ ;pkzk such that p(z) < ptlp +§+Bz)(p o)z
P(A, B; p; ) reduces to P(A, B; ), the class introduced by Polatoglu et al. [12]
and for p = 1,a = 0, the class P(A, B;p;«a) agrees with P(A, B), which is a
subclass of A; introduced by Janowski [8].

For -1 < B< A<1land0 <« < p, Aouf [2, 3], introduced the following
suclasses of A,:

.
) ,gEIC,0<'y§1,z€E}.

. For p =1,

S B = {1 € LG HPELA-BIO 0z g

f(2) 1+ Bz
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and

K(A,B;p;a) = {f (f €A,

! !/ _ —

&) pt B+ (A-Bp-all: 1
f'(2) 1+ Bz

The following points are to be noted:

(i) S*(1,-Lp;a) = Sy(a) and K(1, —1;p; ) = Kp(a).

(ii) S*(A, B;p;0) = S;(A, B) and K(A4, B;p;0) = Kp(A, B), the classes studied

by Hayami and Owa [7].

(iii) S*(A, B; 1; ) = S*(A4, B; «v), the class studied by Polatoglu et al. [12].

(iv) S*(A,B;1;0) = S*(A,B) and K(A,B;1;0) = K(A, B), the subclasses of
starlike and convex functions respectively, introduced by Janowski [8] and studied
further by Goel and Mehrok [4].

(v) S*(1,-1; 1) = S*(a) and £(1,-1; 1) = K(a).

(vi) $*(1,-1;1;0) = §* and K£(1,—-1;1;0) = K.

To avoid repetition, throughout this paper, we assume that —1 < D <
C<1,-1<B<A<1L,0<a<p,0<PB<p,6>0,k>0,0<~v<1and
ze L.

Getting motivated by the above mentioned work, now we introduce the
following subclasses of strongly multivalent functions with generalized Salagean
operator:

Definition 1. Let C,(A, B; C, D;p; 0; k; 5; ) denote the class of functions
f € Ay and satisfying the condition

(D5f(2)"  (p+IpD+(C—D)p—B)z\"
Z/(z) = < 1+ Dz > ’

where -
h(z) = 2P + Z brz* € K(A, B; p; ).
k=p+1
Definition 2. C5(4, B; C, D; p; 0; k; B; ) is the class of functions f € A,
which satisfy the condition
(D§f(2)) _ (P D+(C—-D)p-p)z)’
J(2) 1+ Dz ’

where

o0
g(z) =2 + Z dp2* € S*(A, B; p;a).
k=p+1
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The following observations are obvious:
(i) C1(A, B;C, D;p; 1;1;0,0) = C*(A, B; C, D; p).

(ii) C1(A, B;C, D;1;1;1;0;0) = C*(A, B; C, D), the subclass of quasi-convex func-
tions investigated by Singh and Singh [19].

(iii) C1(1,—-1;C, D; 1;1;1;0;0) = C*(C, D), the class studied by Xiong and Liu [21].

(iv) C1(1,-1;1,(1 — 2c0)B; 8; 15 1; 1, 0; 0) = C*(ev, B), the subclass of quasi-convex
functions introduced by Selvaraj and Stelin [17].

(v) C1(1,-1;1,-1;1;1;1;0;0) = C*.

(vi) C{ (A, B; C, D;p; 1;1;0;0) = C; (A, B; C, D; p).

(vii) C{(A,B;C,D;1;1;1;0;,0) = C;(A, B;C, D), the subclass of quasi-convex
functions investigated by Singh and Singh [19].

(viii) C7(1,-1;C,D;1;1;1;0;0) = C;(C, D), the class discussed by Singh and
Singh [19].

(ix) C7(1,—-1;1,(1 — 2)B; ;15 1; 1, 0; 0) = Cx (v, B), the subclass of quasi-convex
functions studied by Selvaraj et al. [18].

(x) C7(1,—-1;1,-1;1;1;1;0;0) = C, the subclass of quasi-convex functions dis-
cussed by Singh and Singh [19].

Lemma 1 ([15]). If

[ee]
=p+ Y _ mz" € P(C,D:p; p),
k=1

<p +[pD + (C = D)(p — B)lw(z) >7
1+ Dw(z)

then
lpn| <4(C = D)(p—B),n > p.

Lemma 2 ([13]) Let =1 < Dy <Dy <Cy <0y <1, then

1+012’ ’YK 1+CQZ i
1+ Dlz 1+ DQZ )
This paper is concerned with the various properties such as the coefficient
estimates, distortion theorems, growth theorems, argument theorems and inclu-

sion relations for the classes C (A, B; C, D;p; 6; k; B; ) and C5(A, B; C, D; p; 6; k;
B;a). The results already proved follow as special cases.
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2. Results for the class C,(A, B; C, D; p; §; k; B; ).
Theorem 2.1. Let f € Cy(A, B;C, D;p;6;k; B; ), then forn > p+1,
2

ap| < P n (g — -« '
\ |<[1+<%_1>5}k[(n_p)!]ﬂjo (B —A)(p—a) + Bj

n—1
P o B B - a4 Bl
nlt+(2-1)0] m=pr1 T PS

The bound is sharp.
Proof. For f € Cy (A, B;C,D;p;6;k; B; ), we have

(2) (D§f(2)) =1 (2)(P(2)),
where

[e.e]
h(z) =2 + Z brz € K(A, B;p; )
k=p+1

and

P(z)=p+> ppz" € P(C,D;p; B).
k=1

On expanding and equating the coefficients of 27 in (2), it yields

k
3) n [1+ <E—1> 5} an
p
= pnbn + (n — 1)p1bp—1 + (n — 2)p2bn—2 + - - + 2pn—2b2 + PPp—p.

Application of triangle inequality and using Lemma 1 in (3), it gives

k
(4) n[l—i—(%—l)é} lan|
< pn|bp| +v(C = D)(p = B) [(n = 1)[bn-1]| + (n = 2)[bp—2| + - -
+(p + 1)|bps1] + 1] -
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It was proved in [3] that, for h(z) = 2P + Z brz" € K(A, B;p;a),
k=p+1

p n—(p+1) .
——=11I B —A)(p — B > 1.
n[(n—p)!] =0 ‘( )(p a)+ ]|7nip+

Using (5) in (4), the result (1) is obvious.
Equality sign in (1) is attained for the functions f,(z) defined by

(5) |bn| <

u=Bw=a) [p+{pD + (C = D)(p — B)}d22]"

(6) (Dffal2)) =pr~ (1= Bi2) s ,

|(51‘ = ‘52| =1. 0O

Remark 1. (i) Fory =1, =0, =0,p =1, = 1,k = 1, Theorem 1
gives the result established by Singh and Singh [19].
(ii) By giving the values y=1,A=1,B=-1,a=0,6=0,p=1,0=1,k =1,
the result due to Xiong and Liu [21], can be easily obtained from Theorem 1.
(iii) Substituting for y = 1,A =1,B = -1,C = (1 —2a)B,D = ,a = 0,8 =
0,p=1,6 =1,k =1 in Theorem 1, we can easily get the result due to Selvaraj
and Stelin [17].
(iv) Fory =1,A=1,B=-1,C=1,D=-1,a=0,=0,p=1,0 =1,k =1,
the result established by Noor [11], can be easily obtained from Theorem 1.

Theorem 2.2. If f € C\(A, B;C, D;p;6;k; B; ), then for |z| = 1,0 <
r <1, we have:

for B#0, ,
A—B)(p—«a —_ C— —
/0 ptP~ 1(1 Bt)i( )(p—<) [p {pD""i _D?)(p /B)}t] dt < |D§f(z)|
A-B)(p—«a D c D

) /0 P11 1 Br) A {er{p +§+Dt ) — 5)}11 dt:
and for B =0, ”

/0 ptp—le—A(p—a)t |:p B {pD + ici_l)f)(p B ﬁ)}t:| dt < |D§f(2)‘
(8) < /OT ptp—leA(p—a)t |:p + {pD + ic—;—_l)f)(p - 5)}tj|7 dt.

The results are sharp.
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Proof. Equation (2) can be expressed as
(9) (DEF()| =0 ()| P(2)].

It was proved in [3] that, for P(z) € P(A, B;p;«),

_ _ _ r Y

P+ [pD+(C—=D)p—P)lr

- 1+ Dr
Aouf [3] proved that, for h(z) € K(A, B;p; ),
ap [P B TE ) S W) <t 1 B TE 0T B £,
prp—le—A(p—a)r < \h'(z)| < p?”p_leA(p_a)r if B=0.

Using (10) and (11) in (9), the results (7) and (8) can be easily obtained.
Sharpness follows for the functions f,,(z) defined as

(12)
p-1 -Be-a) [p+{pD + (C - D)(p - B)}dz]’
pzP7 (1 4 Bdsz) B 1T Doz

if B#0
Dk - I 1 )

( 6f (Z)) pzpfleA(pfa)(%z P+ {pD + (C — D)(p — /B)}54Z !

1+ Déyz

if B=0,

where |(53‘ = |(54‘ = ‘55| =1.0

Remark 2. (i) Fory =1,a =0, =0,p =1, = 1,k = 1, Theorem 2
gives the result established by Singh and Singh [19].
(ii) By giving the values y=1,A=1,B=-1,a=0,6=0,p=1,0=1,k =1,
the result due to Xiong and Liu [21], can be easily obtained from Theorem 2.
(iii) Substituting for y = 1,A =1,B = -1,C = (1 —2a)B,D = ,a = 0,8 =
0,p =1, =1,k =1 in Theorem 2, we can easily get the result due to Selvaraj
and Stelin [17].
(iv) Fory=1,A=1,B=-1,C=1,D=-1,a=0,=0,p=1,0 =1,k =1,
the result established by Noor [11], can be easily obtained from Theorem 2.



A note on subclasses of multivalent functions 249

Theorem 2.3. If f € Cy(A, B;C,D;p; ; k; B; ), then

(13)
(4- B;(p —a) sin~(Br)
—i—ysin’l ( (C—-D)p—B)r )
(D§f(2)) < p—[pD+(C —D)(p— B)|Dr? _
arg 1 | S if B#0,

o (C—-D)p—P)r
Alp — a)r +ysin”! (p— [pD +(C = D)(p - 5>]D7“2>

The bounds are sharp.

Proof. (2) can be expressed as
(Dif(2)) = K (2)(P(2))".
Therefore, we have

(D§f(2)

(14) p—1

arg < ylarg P(z)| + |arg

pf1(2) ‘ 7

2P

where fi(z) = zh/(z)'

Aouf [2], established that for P(z) € P(A4, B;p;a),

- (- D)p— By
(15) Jarg P()] < sin™ <p— pD+ (C - D)(p - 6)]D7“2> |

It was proved by Aouf [3], that

(A= B)p—a) sin "\ (Br) if B #£0,

Alp — a)r if B=0.

pfi(2)

1
2P

<

(16) 'arg

Using (15) and (16) in (14), the results (13) are obvious.
Results are sharp for the function defined in (12). O

Remark 3. (i) By giving the values y =1, A =1,B = —1,a = 0,8 =
0,p=1,0 =1,k =1, the result due to Xiong and Liu [21] can be easily obtained
from Theorem 3.

(ii) Substituting for y = 1,A =1,B = —-1,C = (1 — 2a)B,D = B,aa = 0,0 =
0,p=1,0 =1,k =1 in Theorem 3, we can easily get the result due to Selvaraj
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and Stelin [17].
(iii) Fory=1,A=1,B=-1,C=1,D=-1,aa=0,=0,p=1,0 =1,k =1,
the result established by Noor [11], can be easily obtained from Theorem 3.

Theorem 2.4. Let -1 <Dy =D <C1 <2 <1 and0< By <Py <p,
then
Cy(A, B; C1, D1;p; 6; k; Brs o) C Cy(A, B; Ca, Do p; 05 k3 B2; ).
Proof. As f € Cy(A,B;Cy,Di;p;d;k; Br;a), so
(D5f(2)) , (p+[pD1+ (Ci—Di)(p—B1)lzY"
~ .
N (2) 1+ Dz
As - 1< Dy=D1 <(C; <(Cy<1and0< [y < B <p, we have

(p — B1)(C1 — D) <Dyt (p— B2)(C2 — Dy) <
b o b o

-1< D+ L.

So by Lemma 2, we obtain

(D5 /(=)' (p + [pD2 + (C2 — Da)(p — /b)}z)”
N (z) 1+ Daz ’

which implies f € C,(A, B; Ca, Da; p; 65 k; fo; ). O

3. Results for the class C5(A, B; C, D; p; §; k; 85 o).
Theorem 3.1. Let f(2) € C5(A, B; C, D;p; 0; k; B; ), then forn > p+1,

P n— B—-A)(p—-a)+ Bj
jan| < il )('+1 )+ Bj
nli+(L-1)0] J
n—1 .
C—-D)(p- _ B—A)p-— B
a4 )(p ﬁ)k pt Y mH;n:O(pH)\( )(p—a) + Bj
2 n = 741
n [1+(5—1) 5} m=pi1

The result is sharp.

Proof. Using the result due to Aouf [2] that, for g(z) = 2P+ Z dp2* €
k=p+1
S*(A, B;p;a),

n—p+1) (B — A)(p — o) + Bj|
|dp| < I
n| = g i1

,n>p+1,
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and following the procedure of Theorem 1, the proof is obvious.

Equality sign in (17) hold for the functions f,(z) defined by

(18) (Dffu(2)) = 27711 = Bogz) 8 [p - 572(‘? - ?s(fi_ a)]

y [p +{pD + (C - D)(p— ﬁ)}ésﬂ7
1+D(582 ’

where |56‘ = |(57‘ = ‘58| =1.0

Remark 4. (i) For v,a=0,6=0,p=1,0 = 1,k = 1, Theorem 5 yields
the result due to Singh and Singh [19].
(ii) Putting y,A=1,B=—-1,a=0,8=0,p = 1,0 = 1,k = 1 in Theorem 5, it
yields the result for the class C;(C, D).
(iii) Substituting for v,A =1,B = —-1,C = (1 = 2«a)3,D = f,a = 0,5 =0,p =
1,0 = 1,k = 1, the result due to Selvaraj et al. [18], can be easily obtained from
Theorem 5.
(iv) For v, A=1,B=-1,C =1,D = -1, a=0,=0,p=1,0 = 1,k =1,
Theorem 5 gives the result for the class C;.

Theorem 3.2. If f € C(A, B;C, D;p;d; k; B; ), then for |z| = r,0 <
r <1, we have
for B#0,
/T tp(l_Bt)M(p—a) |:2_9 _ (A — B)(p _ Oé):| |:p — {pD + (C — D)(p _ ﬁ)}t]vdt

0

B
t 1- Bt 1-Dt

(19) < |Djf(2)]

</ ”tp(HBt)%B(p_a{p L A-B)p- a)} [p+ {pD +(C - D)(p- ﬁ)}t]”dt;

+ 1+ Bt 1+ Dt

for B=0,
/ P lem A= ) — A(p — )]

0

[p —{pD+(C-D)(p—-B)}t

i
@ | ae<1045c)

(20) < /07’ =1 Ap—a)t [p + Alp— Oé)t] [p + {pD +(C—-D)(p— ,3)}25}7 "

14Dt

Estimates are sharp.
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Proof. Following the procedure of Theorem 2 and using the result that,
for g € S*(A, B;p; av),

o1 paAmBe=o [p (A= B)(p—a)
r’(1—Br) B r 1— Br
< |d(x)] < rP(1 + Br) B E L4 _ﬁ)gr_ a)} e

e AP — A(p — a)r] < |g'(2)] < PP [p 4 Alp - a)r] if B =0,

the results (19) and (20) can be easily derived.
Sharpness follows for the functions f,,(z) defined as

( M—B;y—w[z_ﬂ+(A—B)(p—a)]

2P(1 4 Bdgz) . 1T Boos

" [er {pD +(C —D)(p— 5)}511zr
14+ Déb112
“1_A(p-a)diaz | P (A—B)(p—a)]
e |:Z + 1+ Bédipz
" [er {pD +(C —D)(p— 5)}511zr
14+ Dé112

if B#£0,
(Dgcfn(z))/ =

if B=0,

where [dg| = [d10] = [011] = [d12| = 1. O

Remark 5. (i) For v = 1,a = 0,8 = 0,p = 1, Theorem 6 yields the
result due to Singh and Singh [19].
(ii) Puttingy=1,A=1,B=—-1,a =0, =0,p = 1 in Theorem 6, it yields the
result for the class C;(C, D).
(iii) Substituting for y = 1,A =1,B = -1,C = (1 —2a)B,D = ,a = 0,8 =
0,p = 1, the result due to Selvaraj et al. [18], can be easily obtained from Theo-
rem 6.
(iv) Fory =1,A=1,B=-1,C=1,D=—-1,aa =0, = 0,p = 1, Theorem 6
gives the result for the class C;.

Theorem 3.3. Let —1< Dy =D1 <C1 <Cy<1and0< By <61 <p,
then

C5(A, B; C1, D1;p; 05 k; iy o) C C5(A, B; Ca, Das p; 63 k; Bas ).
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Proof. Following the procedure of Theorem 4 and using Lemma 2, the

proof is obvious. O
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