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ABSTRACT. Let Sy denote a star with k£ edges. The line graph of the
complete graph K, is denoted by L(K,). In this paper, we prove that the
graph L(K,) has an Sy-decomposition if and only if n > 6 andn = 0,1,2,4,6
(mod 8).

1. Introduction. All graphs considered here are finite and simple. Let
S denote a star with k edges. If a graph G has no edges, then it is called a
null graph. For an integer p > 2 and a graph G, pG denotes p vertex disjoint
copies of G. The degree of a vertex v of G, denoted by Dgv is the number of
edges incident with v in G. A graph G is said to be k-regular, if Dgv = k, for all
v € V(Q). If Hy,Ho,...,H; are edge disjoint subgraphs of a graph G such that

l
EG) = U E(H;), then we say that Hy, Ho, ..., H; decompose G and we denote
i=1
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it by G = @l_H;. If H; = S, for i = 1,2,...,1, then we say that G has an Sj-
decomposition or a k-star decomposition and we denote it by Si|G. The line graph
L(G) of a graph G is the graph with the vertex set V(L(G)) = {{a,b}|ab € E(G),
for all a,b € V(G)} and the edge set E(L(G)) = {{a,b}{c,d}/{a,b},{c,d} €
V(L(G)) and [{a,b} N{c,d}| = 1}. The complete graph on n vertices is denoted
by K,,. The line graph of the complete graph K, is denoted by L(K,). Let G be a
graph on n vertices with V(G) = {1,2,3,...,n}. The notation (1;2,3,...,k, k+
1) denotes a star with a center vertex 1 and k pendent edges 12,13, ..., 1k, 1(k+1).
Let S C V(G) and T' C E(G), then the subgraph of G induced by S is denoted
by (S) and the subgraph of G obtained by deleting 7" is denoted by G~\T'. Let X
and Y be two disjoint subsets of V(G). Then E(X,Y) denotes the set of edges in
G, whose one end vertex is in X and the other end vertex is in Y. The notation
(E(X,Y)) denotes the graph induced by the edges of E(X,Y).

In 2019, Ganesamurthy et al. [1] obtained the necessary and sufficient
conditions for an Ss-decomposition of L(K,). In this paper, we show that the
graph L(K,) has an Sy-decomposition if and only if n > 6 and n = 0,1,2,4,6
(mod 8). To prove our results we use the following theorem.

Theorem 1.1 (Yamamoto et al. [2]). Let n and m be positive integers.
The complete graph K, has an Sp,,-decomposition if and only if 2m < n and

(Z) =0 (mod m).

2. Sj-decomposition of L(K,). We know that, |[E(L(K,))| =
" (n — 2) and is divisible by 4 only if n > 4 and n = 0,1,2,4,6 (mod 8).

2
In the following Lemma, we prove that there doesn’t exist an .S4-decomposition

in L(K4)
Lemma 2.1. There doesn’t exist an Sy-decomposition in L(Ky).

Proof. |V(L(K,))| = 6 and |E(L(K4))| = 12. The graph L(Ky) is
4-regular. Choose any Sy in L(K4). In L(K4) \ Sy, the degrees of the vertices
are 4,3,3,3,3 and 0. Since there is only one vertex of degree 4, it is not possible
to get two Sy in L(K4) \ Sy. O

Therefore, we look for an Ss-decomposition of L(K,,), when n > 6. Let
ny > 2, ng > 4 and n > 6 be positive integers such that n = n; + ng. We
partition the vertex set of L(K,) = {{a,b}|1 < a < b < n} into three types of
sets as follows:
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Type I: X,,, ={{a,b}{a <band a,be {1,2,... ,n1}}
Type II: X,,, = {{a,b}|a <band a,b € {n1+1,n1+2,...,n}}
Type IIL: X,,, 5, = {{a,b}a € {1,2,...,m}, be {n1+1,n1 +2,...,n}}

Therefore, V(L(Kp)) = Xpy U Xy U Xy . Let A = {a1,b1} and
B = {ag,bs}. Now, we define the graphs G*, 1 <i < 6 as follows:

X, if i=1
X, if i=2
, X ns if i=3
V(G") =

Xt ,ns it i =4

Xny U Xy no if i=5

Xy U Xy no if i=6

and
{AB|A,B € X, and |AN B| = 1} if =1
{AB|A,B € X,,, and |[ANB| =1} if i =2
, {AB|A,B € X,,, n, and a1 = as} it i=3
E(G") =

{AB‘A,B S an,nz and b = bg} if 1=4
{AB|A € X,,,B € Xn,my and |[ANB| =1}  if i=5
({AB|A € X,,,, B € X,y and [ANB| =1}  if i=6

Note that, G' = L(K,,), G = L(Kp,), G° = mK,,, G' = nkK,,
G® <E(Xn1vXn1,n2)>> G =~ (E(anan,m» and L(Kn) = EB?:IGZ'

Lemma 2.2. There exists an Si-decomposition in L(Kg).

Proof. Let ni=2 and no=4. The vertex set of L(Kgs) = X,,, U X, U
Xnino, where X, = {1,2}, X,,, = {{3,4},{3,5},{3,6},{4,5},{4,6},{5,6}}
and Xp, n, = {{1,3},{1,4},{1,5},{1,6},{2,3},{2,4},{2,5},{2,6}}. The graph
GY(2 L(K3)) is a null graph. In G°, observe that Dgs{1,2}=8. So, we can
choose the vertex {1,2} as a center vertex twice, to get an S4-decomposition in
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G®. The graph G? U G? U G* U G® can be decomposed into 13 copies of Sy as
follows:

{1,3};:{2,3},{1,6},{1,5},{3,4}),
{1,5};{5,6},{2,5},{3,5},{1,6}),
{2,4}:{2,3}1,{2,5}, {3,4},{1,4}),

( ): ({1,41:{3, 4}, {1, 5}, {1, 6}, {1,3}),
( )
( )
({3,53; (3,4}, {1,3},{2,5}, {5, 6}),
( )
( )
( )

)
{2,35{2,5), 3,4}, {3,5}, {2,6}),
{2,63;{2,5},{2,4},{4,6},{1,6}),
{3,6};{1,6},{1,3},{2,3},{2,6})
{4,55{1,4},{1,5},{2,4},{2,5}),
{4,6};{1,4},{1,6},{2,4},{3,4})

)

{3,6}:43,5}, {3, 4}, {4,6}, {5, 6}),
{4,5}5:{4,6},{5,6},{3,5}, {3,4}
{5,6};{4,6},{1,6},{2,5},{2,6}).

~~ I~ N N —~

and

Lemma 2.3. If n = 8m, m > 1, then there exists an Sy-decomposition
in L(K,).

Proof. We split the proof into two cases.

Case (i): m = 1. Let n;=2 and no=6. The graph G' is a null graph
and G? has an Sy-decomposition, by Lemma 2.2. In G®, Dge{a,b}=4, for all
{a,b} € Xs. Now, we choose each {a,b} € Xg as a center vertex, to get an
S,-decomposition in G®. Now, the graph G U G* U G® can be decomposed into
12 copies of Sy as follows:

{135 {1,2},{2,3}, {1, 8}, {1, 7}
{15} {1,4},{1,3},{1,2},{2,5}
{175 {1,6},{1,5}, {1,4},{1,2}
{2,35{2,4},{2,5},{2,6}, {1, 2}
{2,5}:{2,6},{2,7},{2,8},{1,2} {2,6};:{2,7}.{2,8}.{1,2},{1,6}),
{2,7}:{2,8},{1,2},{1,7},{2,3}) and ({2,8};{1,2},{1,8},{2,3},{2,4}).
Case (ii): m > 2. Let ny = 8(m — 1) and no=8. We apply mathematical
induction on m, to prove this case. If m = 2, then n; = ny=8. The graphs G*
and G? has an Sy-decomposition, by Case (i). By Theorem 1.1, there exists an
S4-decomposition in G® and G*. Note that Dgs{a,b}=16, for all {a,b} € Xg. We
choose each {a,b} € Xg as a center vertex four times, to get an S4-decomposition
in G°. Note that Dge{a,b}=16, for all {a,b} € Xg. We choose each {a,b} € Xg
as a center vertex four times, to get an Sy-decomposition in G®. Hence, the

({1,43;{1,3}, {1, 2},{2,4}, {1,8}),
({1,63;{1,5}, {1,4},{1,3},{1,2}),

, ({1, 8} {1, 7}, {1,6},{1,5}, {1,2}),
( )

( )

)

{2? 4}5 {2¢ 5}> {27 6}> {27 7}> {L 2}

9 9

9

AAA/_\/_\/_\
~— — — — — —
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result is true for m = 2. Assume that the result is true for all 2 < m < k.
Now, we prove that the result is true for m = k. The graph G! has an S-
decomposition, by our assumption and the graph G? has an Sy-decomposition,
by Case (i). By Theorem 1.1, there exists an Sy-decomposition in G* and G*. In
G®, note that Dgs{a,b}=16, for all {a,b} € X,,,. We choose each {a,b} € X,,,
as a center vertex four times, to get an Sy-decomposition in G°. In G%, note that
Dge{a,b} = 2ny, for all {a,b} € X,,, and ny =0 (mod 8). Therefore, we choose
each {a,b} € X, as a center vertex % times, to get an Sj-decomposition in
G®. O

Lemma 2.4. Ifn =8m+1, m > 1, then there exists an Sy-decomposition
in L(K,).

Proof. We split the proof into two cases.

Case (i): m=1. The graph L(Ky) can be written as [L(K9) ~\ L(Kg)] U
L(K3), where V(L(Kg) ~ L(Kg)) = {{a,9}|]1 < a < 8}. The graph L(K3) has
an Sy-decomposition, by Lemma 2.3. Now, the graph L(Ky) \ L(Kg) can be
decomposed into 12 copies of Sy as follows:

({7,9}; {i,6},{¢,7},{0,8},{i +1,9}),1 <i <5,
({2, 95 {1, 4}, {2, i}, {3,4},{4,1}),5 <i <8,
({4,9%{i +2,9}, {: + 3,9}, {i + 4,9}, {i +5,9}),1 <i <3,
({7,9};{4,9},{5,9},{6,9},{1,9}),
({8,9};{4,9},{5,9},{6,9},{2,9}),
({1,95:{1,2},{1,3},{1,4},{1,5}),
({2,95:{1,2},{2,3},{2,4},{2,5}),
({3,95:{1,3},{2,3},{3,4},{3,5}),
({4,9}; {1, 4},{2,4},{3,4},{4,5}),
({6,9}; {5,6},{6,7},{6,8},{4,9}),
({7,9}:{5,7},{6,7},{7,8},{8,9})
({8,9}; {5,8},{6,8},{7,8},{1,9}).
Case (ii): m > 2. Let n; = 9+ 8(m — 2) and ny=8. We apply mathe-
matical induction on m, to prove this case. If m = 2, then n;=9 and ne=8. The
graph G! has an S;-decomposition, by Case (i) and G? has an S;-decomposition,

by Lemma 2.3. By Theorem 1.1, there exists an S;-decomposition in G* and G*.
Let Ny = {{i,i+1}]1 <i <8 U{1,9}. Then Ny C X9 C V(G®). In G®, consider

and
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the induced subgraph F = &%_ (E({i,b},{i,i + 1})) U (E({9,b},{1,9})), where
10 < b <17, see Fig. 2.1.

(1,2} {1,3} {1,9} {2,3} (8,9)

Xo.8 (1,10} {1,11}  {1,17}

Fig. 2.1. The induced subgraph F of (E(Xy, Xg3))

In G observe that Dge{a,b}=7, for all {a,b} € Xgg. In GS U F,
Dgoyr{a,b}=8, for all {a,b} € X3, see Fig. 2.2. So, we choose each {a,b} € Xog
as a center vertex twice, to get an S;-decomposition in G® U F. Note that,
Dgs p(ryla, b}=8, for all {a,b} € N1 and Dgs. g(ry{a,b}=16, for all {a,b} €
X9~ Nj. So, we can choose {a,b} € Nj as a center vertex twice and we choose
{a,b} € X9~ Nj as a center vertex four times, to get an Sy-decomposition in
G® \ E(F). Hence, the result is true for m = 2. Assume that the result is true
for all 2 < m < k. We prove that the result is true for m = k. The graph G*
has an Sy-decomposition, by our assumption and G? has an S;-decomposition, by
Lemma 2.3. By Theorem 1.1, there exists an Sy-decomposition in G® and G*. Let
Ny = {{i,i +1}]1 <i<ny—1}U{l,n}, then Ny C X,,;, C V(G®). In G®, con-
sider the induced subgraph F = @& (E({i, b}, {i,i+1}))U(E({n1,b}, {1,11})),
where ny+1 < b < n. In G%, observe that Dgs{a,b}=7, for all {a,b} € X, n,. In
GOUF, Dgoyp{a,b}=8, for all {a,b} € X, n,- So, we choose each {a,b} € Xy, n,
as a center vertex twice, to get an Sy-decomposition in GY U F. Note that,
Des. g(ryla, b}=8, for all {a,b} € Ny and Dgs. g(ryia,b}=16, for all {a,b} €
Xn, N Ni. So, we can choose {a,b} € N; as a center vertex twice and we choose
{a,b} € X,,, ~ N1 as a center vertex four times, to get an Sj-decomposition in
G\ E(F). O
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{1,2} {1,3} {1,9} {2,3} {8,9}
X, . .

X8

Gﬁ

X3
{10,11} {10,12} {10,13} {10, 14} {10, 15} {10, 16} {10,17} {16,17}

Fig. 2.2. The graph G U F

Lemma 2.5. Ifn = 8m+2, m > 1, then there exists an Sy-decomposition
in L(K,).

Proof. We split the proof into two cases.

Case (i): m=1. Let A; = {{1,b}|2 < b <10} and Ay = {{a,b}[2 <a <
b < 10}. Then V(L(K1)) = A1 U Ay and E(L(K1o)) = (E(A;)) U (E(A3)) U
(E(A1, Az)). The subgraph (E(A;1))(= Kog) has an Ss-decomposition, by The-
orem 1.1 and (E(A2))(= L(Ky)) has an Ss-decomposition, by Lemma 2.4. In
(E(A1, Az)), observe that D g, a,){a,b}=8, for all {a,b} € A;. We choose each
{a,b} € A; as a center vertex twice, to get an Ss-decomposition in (E(A;, A2)).
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Case (ii): m > 2. Let n; = 9+ 8(m — 2) and ny=9. The graphs G'
and G? has an S;-decomposition, by Lemma 2.4. By Theorem 1.1, there exists
an Sy-decomposition in G and G*. Tn G, note that Dgs{a,b} =n; — 1, for all
{a,b} € X, n, and note that n;—1 =0 (mod 8). We choose each {a,b} € X, »,

times, to get an S;-decomposition in G°. In G°, note

that Dge{a,b}=8, for all {a,b} € X, n,. We choose each {a,b} € X,,, », as a
center vertex twice, to get an Sy-decomposition in G°. O

ny —
as a center vertex

Lemma 2.6. Ifn = 8m+4, m > 1, then there exists an Sy-decomposition
in L(K,).

Proof. We split the proof into two cases.

Case (i): m=1. Let n;=8 and ny=4. The graph G* has an Sy-decompo-
sition, by Lemma 2.3 and G* has an Sy-decomposition, by Theorem 1.1. In G,
note that Dgs{a,b}=8, for all {a,b} € Xg5. So, we can choose each {a,b} € Xg
as a center vertex twice, to get an S;-decomposition in G°. Let H = G% <
{({9,11};{9,10},{9,12},{10,11},{11,12}) U ({10,12};{10,11},{9,12},{9, 10},
{11,12})}. Now, consider the stars from H' U G® UGS as follows:

(({i,9}; {3, 10}, {i,11},{9,11},{9,12}) if 1<i<?2
{i,9}: {i, 10}, {i, 11}, {9,10}, {9,12}) if 3<i<6
{i,9}: {i, 10}, {i, 11}, {9,10}, {9,11}) if 7<i<8
{i —8,10}; {i — 8,11}, {i — 8,12},{10,11},{10,12})  if 9<i <10
{i —8,10}; {i — 8,11}, {i — 8,12}, {9, 10}, {10,12}) if 11 <4< 12
{i —8,10}; {i — 8,11}, {i — 8,12}, {9, 10}, {9, 11}) if 13<i<16
{i —16,11}; {i — 16,12}, {9, 11}, {10,11},{11,12}) if 17<i<24

(
(
(
St = (
(
(
(
({1 —24,12}; {i — 24,9}, {9, 12}, {10, 12}, {11,12}) if 25 <4¢<32

\

32
Let H' = HUG?UGS\FE (U Si> . In H”, consider the two stars as follows: S’ :

=1
({9,12}; {7,9}, {8,9},{9, 10}, {11, 12}) and S” : ({10, 11}; {3, 10}, {4, 10}, {9, 10},
{11,12}). Let H" = H" <E(S"US"). Note that, Dpm{9,10} = Dym{10,11} =
Dpm{10,12}=4. So, we choose {{9,10},{10,11},{10,12}} € X4 as a center ver-
tex, to get an Sy-decomposition in H”. This completes the proof of Case (i).
Case (ii): m > 2. Let n;y = 8(m — 1) and ny=12. The graphs G' and
G? has an Sy-decomposition, by Lemma 2.3 and Case (i). By Theorem 1.1,
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there exists an Ss-decomposition in G*. In G°, note that Dgs{a,b}=24, for all
{a,b} € X,,. So, we can choose {a,b} € X,, as a center vertex six times to
get an Sy-decomposition in G°. By our observation, the graph G® 2 n; Ko with
the vertex set V(n1Ki2) = {{i,n1 + 1},{i,n1 +2},...,{i,n}|1 < i < n;} and
\V(n1K12)| = 12n1. Now, we write n1 K13 = n1Kg Uni Ky U n1K874 with the
vertex set as follows: V(n1Kg) = {{i,n1 + 1}, {i,n1 + 2},...,{i,n1 + 8}1 <
i <ni}, V(ni1Ky) = {{i,n1 +9},{i,n1 + 10}, {i,n1 + 11}, {i,n}/1 <i <ny} and
V(nmKga) = {{a,b}|la € V(n1Kg),b € V(n1K4)}. By Theorem 1.1, the graph Ky
has an S4-decomposition. The graph Ky 4 is a simple, 4-regular bipartite graph,
hence it has an Sj-decomposition. Now, let H' = n1 K12 ~\n1[Ks U Kg 4] = n1 Ky.
Now, the graph H’ can be decomposed into 3 copies of stars with two edges as
follows: For 1 <i <mny, ({i,n1+9};{3,n1+10}, {i,n1 +11}), ({¢,n1+11}; {é,na +
10}, {i,n1 +12}) and ({i,n1 4+ 12}; {i,n1 +9}, {7, n1 +10}), see Fig. 2.3. Let N C

{1,n; + 9} {1,n, + 10} {2,n;+9}  {2,n1 +10} {i,n1 +9}  {i,ny +10} {n1,ny +9} {n1,n, + 10}

1 ]

1 1

| 1
1 ]
1 1
1 1
1 ]
1 \

{1,n} {1,ny + 11} {2,n} {2,n; + 11} {i,n} {i,ny + 11} {ny,n} {ny,ny +11}

1st 9nd oo -t
copy Py i"" copy “flh copy

Fig. 2.3. The subgraph H' of n1 K-

Xio C V(GY), where N = {{n1 +9,n1 +11},{n1 +9,n1 +12}, {ng +11,ny +12}}.
In H' UGS, consider the 3 copies of stars with 4 edges as follows: For 1 < i < ny,
St:({i,ny + 9% {i,ny + 10}, {i,n1 + 11}) U ({i,ny + 9};{n1 + 9,n1 + 11}, {n1 +
9,n1+12}), 52:({i, ny +11}; {i,n1 + 10}, {i,n1 + 12} )U ({i,n1 + 11} {n1 +9,n1 +
11}, {ny + 11,ny + 12}) and S>:({i,ny + 12}; {i,n1 + 9}, {i,n1 +10}) U ({3,n1 +
12} {n1 + 9,n1 + 12}, {n1 + 11,y 4 12}), see Fig. 2.4.

Remove the three set of stars S, 5% and S® from H' U G®, we denote it
by H". Note that Dyn{a,b} = 2ny, for all {a,b} € X12 ~ N, Dyn{a,b} =0, for
all {a,b} € N and note that n; =0 (mod 8). Now, we choose {a,b} € X193\~ N

as a center vertex Tl times to get an Sy-decomposition in H”. O

Lemma 2.7. Ifn = 8m+6, m > 1, then there exists an Sy-decomposition
in L(Ky).
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{n1+1,n1+2} {n; +1,n; + 3}

Xna °

{i,n1 + 9}

{n1+9,m + 11} {ny +9,ny +12}

e | .
PR (710 St
1
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{i,nq + 11}

{i,n1 +10}

Fig. 2.4. The graph H' U G®

{ny +11,n; + 12}

Proof. Let n; = 8m and ny=6. The graphs G' and G? has an
Sy-decomposition, by Lemma 2.2 and 2.3. By Theorem 1.1, there exists an Sy-
decomposition in G*. In G°, note that Dgs{a,b}=12, for all {a,b} € X,,. We
choose {a,b} € X,,, as a center vertex three times to get an Ss-decomposition in
G®. Now, we show that the graph G* U G® has an S;-decomposition. The graph
G? can be decomposed into five copies of stars with three edges as follows: For
1 <i<ng, ({i,n1 + 1};{i,n1 + 2}, {i,n1 + 3}, {i,n1 +4}), {i,n1 + 3} {i,n1 +
2}, {i,n1 + 4}, {i,n1 + 5}), ({i,n1 +4};{i,n1 + 2}, {i,n1 + 5}, {i,n}), ({i,n1 +

{1ny +1}

{1,n, + 6} {1,n, + 2}
.

{1,ny + 5} {1,ny + 3}
.

{1,ny +4}

1%tcopy

{i,ny +2} {n1,n, + 6}
.

{n1,ny +5}

{i,ny + 3} .

Fig. 2.5. The five copies of stars with 3 edges

{n1,ny +1}
.

{n1,n1 +2}
L]

{n1,ny + 3}
L]

{n1,ny +4}

th
nj’copy
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5} {i,n1 + 1}, {i,ny + 2}, {i,n}) and ({i,n};{i,n1 + 1},{i,n1 + 2}, {i,n1 + 3}),
see Fig. 2.5.

Let B' ¢ X € V(GY), where B' = {{n1 + 1,b}|n; +2 < b < n}. In
G3UGY, consider the five copies of stars with four edges as follows: For 1 < i < n,
Slt({i, ny+ 1} {i,n1 + 2}, {i,n1 + 3}, {i,n1 +4}) U({i,n1 + 1} {n1 + 1,01 +2}),
SQZ({’i, ny + 3}; {i, ny + 2}, {’i, ny + 4}, {’i, ny + 5}) U ({2, ny + 3}; {m +1,n1 + 3}),
S3:({i,ny + 4}; {i,ny + 2}, {i,n1 + 5}, {i,n}) U ({i,n1 + 4} {n1 + 1,ny + 4}),
S*:({i,ny +5}; {i,ny + 1}, {i,ny + 2}, {i,n}) U ({i,n1 +5}; {n1 + 1,n1 + 5}) and
SP:({i,n}; {i,n1 +1}, {i,n1+2}, {i,n1 +3)U{i, n}; {n1+1,n}), see Fig. 2.6. Let

{ni+1L,n+2 Hny + 1,0 +3} {m+1,m +4Hny +1,n, + 5} {ny +1,ny +6} {ny +5,n}

X6 » U

o m tm— ——————

{i,nq +1} {i,ny + 3}

{i,nq + 2}

5
Fig. 2.6. The five copies of stars with 4 edges F (U Sl> in G3UG®
1=1

5 5
H = (GPUGY)\E (U Sl> be the subgraph obtained by removing F <U Sl)
=1 =1
from G® U GS. In H’, note that Dy {a,b} = ny, for all {a,b} € B', Dgp{a,b} =
2n4, for all {a,b} € Xg \ B’ and note that n; = 0 (mod 8). So, we can choose
{a,b} € B’ as a center vertex % times and we choose {a,b} € X¢~\ B’ as a center

2n
vertex Tl times, to get an S;-decomposition in H'. O
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By combining the Lemmas 2.2 to 2.7, we get the following:

Theorem 2.1. The graph L(K,) has an Sy-decomposition if and only if
n>6andn=0,1,2,4,6 (mod 8).
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