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ABSTRACT. This paper is concerned with the solving of variational inclu-
sions of the form 0 € f(z) + g(x) + F(z) — K, where g is a function which is
differentiable at a solution z* of the inclusion but may be not differentiable
in a neighborhood of z*. The function f and the set-valued mapping F are
differentiable in the sense of Nachi—Penot [14] and K is a nonempty closed
convex cone.

We introduce a Newton-Secant method to solve our problem and the
sequence associated is semilocally convergent to z* with an order equal to

1+5

vergence of the proposed method.

. Finally, some numerical results are also given to illustrate the con-
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1. Introduction. This paper deals with the solving of variational in-
clusions of the form

(1.1) 0¢€ f(z)+g(x)+ F(x) — K,

where f : X — Y is a smooth function from a reflexive Banach space X into
a Banach space Y, ¢ is a function from X into Y admitting divided differences,
F: X =Y is a set-valued mapping differentiable in some sense which will be
specified in the sequel and K stands for a closed convex cone containing the origin
of Y. It is well known that the generalized equations

(1.2) 0€ fz)+ Ga),

when f is function while G is a set-valued mapping, are abstract models for
various problems encountered in fields such as mathematical programming, engi-
neering, optimal control, economy and transport theory. For more informations
on the wide field of modelized phenomena by these generalized equations, readers
may consult the monograph of Facchinei and Pang [5] and the article of Ferris
and Pang [6].

Many authors proposed and analysed several iterative methods for solving
the inclusion (1.2). In 1996, A. Dontchev [4] proposed (when f is smooth) the
following extension of Newton’s method:

{ xq is a given starting point which is close to a solution Z,
0 € f(xg) + Vf(zr)(@re1 — z) + G(xp41), for £ =0,1,2,...

which is based on a partial linearization of the function f and leaving the set-
valued part unchanged. Subsequently, using the same technique and tools as
Dontchev, many authors have proposed numerous methods of resolution of (1.2),
all of them based on the notion of metric regularity and a generalization of fixed
point lemma.

Inspired by Dontchev’s method, the authors in [8] proposed a method
which is defined by

{ xo is a given starting point which is close to a solution Z,
0 € f(xg) + Vf(zr) (@i — ) + g(ax) + G(p41), for k=0,1,2,...

where f is smooth, g is Lispchitz function (nondifferentiable) and Z is solution of
the problem
0€ f(x) +g(z) + G(x).
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They proved, under some metric regularity condition and a fixed point
theorem for set-valued maps, the semilocal and superlinear convergence of their
method.

We remark that the above iterative method is similar to the classical
Zincensko [23] method when the set-valued map G is the set {0}.

Lately, in the case where the univoque part of (1.2) is a sum of a smooth
function f with a function g differentiable in a solution z* but may be not dif-
ferentiable in a neighborhood of a z*, Piétrus and Geoffroy in [9] associated to
(1.2) the inclusion

xq is a given starting point which is close to a solution Z,

0 € fxr) + g(zr) + (Vf(xr) + [Tr—1, 215 9]) (@hp1 — 21) + G(@h41),
for k=0,1,2, ...

where [z_1,xp; 9] is an operator called divided difference of g at the points
xp—1 and xp. A similar method has been considered by Catinas [2] for solving
nonlinear equations when G is the set {0}. To do this, he proposed a combination
of Newton’s method (applied to f) with the secant’s one (applied to g). He proved

14++5

also that the order of convergence is p = 7

Nevertheless, these methods present two major disadvantages. The first is
that one obtains only a local convergence results under metric regularity assump-
tion which depends strongly of the unknown solution that we wish to determine.
The second is the use of fixed point lemma, which not implies unicity of an iterate
Zr+1 when starting with x;. Thus, the numerical treatment is not easy.

To overcome the disadvantages, Robinson in [18] used the concept of con-
vex processes to solve inclusion (1.2) when —G is a closed convex cone. The
Newton type method introduced is quadratically semilocally convergent.

Following the Robinson contributions, the authors in [16] extended to
variational inclusions a method introduced by Catinas [2] in the case where the
set-valued —G is a non empty closed convex cone in the Banach space Y and X
is a reflexive Banach S\I/)gce. They proved that the order of convergence of this
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2
regularity concept is not used in their contribution. In the same spirit a pertur-

bated version of inclusion (1.2) has been studied in [15] in the case of a Lipschitz
perturbation g which was not supposed to possess divided differences. We want to
underline this recent interesting extension of the Newton-type method of Robin-
son’s by G.N. Silva and al. in [22]

under classical conditions. We note that the metric-

algorithm is p =
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We also note that Robinson’s approach is limited to a reflexive space X
to make the algorithmic construction feasible. Indeed, from the consideration of
an adequate problem of convex minimization at each step, it is possible to build
each iterate thanks to a projection mean. Thus, the numerical treatment seems
be more confortable in this case. Let us quote that in [16, 15, 18], only the case
where the set valued is a constant cone has been studied.

In the present paper, unlike the results obtained by Jean-Alexis, Pietrus
and Robinson [16, 15, 18], we do not assume that the set-valued part is constant,
but we are interested in the case when G is decomposed into the sum of a cone K
with a set-valued mapping F enjoying adequate properties of convexity, compact-
ness and of generalized differentiation. So, trying to overcome the weaknesses of
the above methods, we combine the ideas of [18], [16] and [14] for proposing a
new algorithm which has semilocal convergence to a solution Z of (1.1). This idea
is new and the present algorithm is based on a partial linearization of f + F in
the Nachi-Penot sense and the use of divided differences for the function g. This
paper is a continuation of a recent work [7] in which we introduced a Newton
method in the context of set-valued maps differentiable in the Nachi-Penot sense.

In the section below, we present the background material while Section
3 for its part is devoted to the presentation and the study of convergence of our
method. In Section 4, the performance of the proposed algorithm is illustrated
by several numerical examples.

2. Background material. Throughout this paper, X is a reflexive
Banach space, Y is a Banach space, both endowed with their respective norms
and K C Y is a closed convex cone containing 0. We note F' : X = Y the
set-valued mapping F' defined from X into subsets of Y, while f : X — Y
stands for a classical function from X toward Y. For a given set-valued map
F : X =2 Y, we define respectively the domain of F, noted dom(F') and the
range of F, noted rg(F) by dom(F) := {z € X | F(z) # 0} and rg(F) :=
Uzedom(r)F'(z) = {y € F(z) | € dom(F)}. We denote by L£(X,Y) the set of
continuous linear maps from X to Y. The distance from a point x to a subset
C is given by d(z,C) := ynelg |z — y||. The closed unit ball of Y is denoted by

By, while B,(a) := {z € X | ||z — a|| < r} stands for the closed ball of radius
r centered at a. For a set-valued map F, its inverse, denoted by F~!: Y = X
still exists and is defined as z € F~Y(y) <= y € F(x), while its graph is given
by gph(F) :={(x,y) € X xY |y € F(z)}. Given two subsets A and B of Y, the

excess from A to B is defined by e(A, B) := supd(z, B).
€A
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Let us begin by recalling the definitions of the first and second divided
operators.

Definition 2.1. Let X and Y be two Banach spaces. A linear continuous
operator acting from X into Y is called a first order divided difference of the
continuous function g : X — 'Y on the points xg,yo, denoted by [xo,yo; 9], if the
following property holds:

(20, Y03 9] (o — z0) = g(v0) — g(x0),  T0 # Yo-

In particular, if g is Fréchet différentiable at xo € X then [zg,x0; 9] = Vg(zg).

Definition 2.2. Let X and Y be two Banach spaces. A linear operator
acting from X into L(X,Y) is called a second order divided of the operator g :
X — Y on the points xo,yo and zy denoted by [xo, Yo, 20; 9], if the following
property holds:

[%0, Y0, 203 9)(20 — o) = [y0, 20 9] — [0, Y03 9], 0, Y0, 20, distinct.
In particular, if g is twice Fréchet différentiable et xo € X then [xg, zo,x0;9] =

1
59//(«TO)-

These operators has been used by different authors in various works, the
reader could be referred to [2, 10] and the references therein.

We now recall the concept of convex processes which has been introduced
by Rockafellar [20] and then studied in depth by Robinson [19].

Definition 2.3. A set-valued mapping T : X = Y is said to be convex
process if and only if all following assertions are satisfied.

a) 0 € T(0);
b) T(Ax) = NT'(x) for allz € X and A > 0;
c) T(x)+T(2") C T(x+ ") for all x,2" € X.

Let us mention that the domain and the range of convex process are
both convex cone containing 0 and that its inverse which always exists is itself
a convex processes. For more details on convex processes, the reader could refer
to [1, 3, 20, 21].

To perform computations involving convex processes we need some fun-
damental tools such as the inner norm which is denoted by || - ||~ and is defined
as follow.
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Definition 2.4. Given a convex process T : X ==Y, its inner norm is

2.1 T||™ := sup inf ||y|.
(2.1) 17| ||x||§1?/€T($)|| |

Let us note that (2.1) could be rewritten in this way
|IT||” =inf{x > 0| H(z) N By # 0, for all x € Bx}.

In order to avoid possible confusion in this paper, we choose to note the
inner norm for a convex precess 1" by ||T'|| instead of ||T'||~ for being more short.
We will say that a convex process T' is bounded if and only if its inner norm,
17 < oo.

The following result will be of interest in the next section. It provides us
with an estimation of the inner norm from [19] (see Theorem 5A.8).

Theorem 2.5. Let T and A be convex processes from X intoY . Assume
that T, T~' and A are normed and that |T~ ||| Al < 1. Suppose further that
dom(T") € dom(A), A(dom(T)) C rg(T), dom(T) is closed and (T — A)(x) is
closed for each x € dom(T). Then the convexr process T — A has the following
properties:

i) 1g(T) Crg(T — A),

. L ] -
ii) (T—A)_1 . is a normed convex process, and ||[(T—A) 1 || < ——1——
() 0= 1 — [T HA
where (T — A);gl(T) denote the restriction of mapping (T — A)™t to the set rg(T).

Now, we briefly give below, the definition of majorizing sequences which
has been introduced by Kantorovich in [11].

Definition 2.6. Consider a sequence (xy) € X. Then the real non neg-
ative sequence (ty) is said to magjorize (xy) if

lzetr1 — 2kl < tpyr — to, fork =0,1,2....

Obviously, (t;) is a nondecreasing sequence and for all m > k > 0, we

have
m—1 m—1
m — 2kl <D lajn — 2l < D0 (e — ) = tm — b
j=k =k

Hence, when klim tp =t" < 00, (x1) is a Cauchy sequence of X which converges

o
toward a element z* € X as soon as X is complete. Furthermore, the error
estimation is immediately given by ||z — ™| < t* —t for £ =0,1,2,...
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The concept of generalized differentiation we are dealing with has been in-
troduced by Nachi and Penot [14] in order to extend the classical inverse mapping
theorem to correspondences relying on a fixed point theorem as in the classical
case instead of use the Ekeland variational principle. From now on, given a set-
valued mapping, we call of N-P-differentiation instead of differentiation in the
sense of Nachi-Penot for being more short. Let us recall that many concepts of
generalized differentiation for correspondences has been developed in the litera-
ture, for more details reader can refer to [1, 13, 17] and the references therein.

Definition 2.7. Consider Xy an open subset of X, a set valued-map
F: Xy =Y with Xog C dom(F), and z¢ € Xo. F is said to be N-P-differentiable
at xo if F is lower semi-continuous at xg and if there exists some A € L(X,Y)
such that the function o given by

(2.2) e(F(xg+ ), F(xg) + A(z)) = o(x)is a remainder.

Then, A € L(X,Y) is called a N-P-derivative of F at xo and the set of N-P-
derivatives of F' at xq is denoted by DF(xg).

Recall that here, we say that a function o : X — R is a remainder if

o(x)
$—>%),$7£0 m
R* U {+00}, continuous at 0 with 1(0) = 0 and such that ||o(z)|| < u(||z|)|z];
without loss of generality, one may assume that p is nondecreasing. Hence, an
useful and equivalent formulation of (2.2) is given by

= 0, or equivalently, if there exists a modulus function p : RT —

Fzo +x) C F(xo) + A(z) + p(|[z (D] By -

Let us mention that F' will said to be N-P-differentiable on X if and only if, it
is N-P-differentiable at every element xy € Xj. It is easy to see that for a single-
valued function, the N-P derivative when it exists coincides with the classical
Fréchet-derivative.

3. Description and convergence of the method.

3.1. Description of the algorithm. To begin with, consider a subset
Xo C X, a set-valued mapping F': X =Y, f: X — Y a function and assume
that F' and f are differentiable on Xy. Now, for any fixed v and w € Xy, we
define a set-valued mapping T, (ww) : X =Y by

T(uw)(a:) = (Vf(w) + A(w) + [v,w; g])z — K for z € X,
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where, V f(w) and A(w) denote respectively the Fréchet-derivative of f and the
N-P-derivative of F' at w and [v,w;g] is the first order divided difference of the
operator g.

From the Definition 2.3, it is easy to see that T, (v,w) 18 & convex process
and that its inverse which is also a convex process is defined by

T1 )(y) ={z € X | (Vf(w)+ A(w) + [v,w;g])z € y + K}.

Given two starting points zg and z; € Xy such that T(;é xl)(_f(xl) -
g(z1) — F(z1)) # 0, the point 3 is defined as the sum of z; with a projection of
the origin of X on the set T;ém)(—f(a:l) —g(z1) — F(x1)). Then for building
r3 we repeat the procedure using x; and xy as starting points. Hence, at the Et

step, we have x,_1, ; and we define z,; as the sum of x; with a projection of
the origin in X on the set T(;i )(—f(xk) —g(xg) — F(xg)).

—1,Tk

An equivalent way to rewrite the above process is when xj, is computed,
the point z1 appears to be any solution of the following minimization problem:

(31) Minimize{ |z — | | (f +g)(ex) + (Vf(2r)
+ Azg) + [wp-1, 25 9)) (2 — 23) € K — F(ﬂ«“k)}-

Remark 3.1. The continuity of the linear map V f(zx) + A(zg) + [zk—1,
xr; g] and the fact that K is a closed convex set, imply that the feasible set of (3.1)
is a closed convex set for all k& € N*. Then, the existence of a feasible point T
implies that any solution of (3.1) must lies in the intersection of the feasible set
of (3.1) with the closed ball centered at zj with radius ||z — xg||. Since the
function = — ||z — z|| is weakly lower semicontinuous, a solution of (3.1) exists,
see [12]. Furthermore, it is clear that if (3.1) is feasible then it is solvable and
the convexity ensures that any local solution will be global.

3.2. Convergence analysis. For the convergence analysis of our algo-
rithm, we need to prove the following proposition.

Proposition 3.2. Consider the sequence (t,) defined by

(2) t0:07t12a7t2:67

.. L
(”) tht1 —tp = M(E(tn - tn71)2 + Kl(tn - tnfl)(tn - tn72) + KZ(tn - tnfl))
where o, B, M, L, K1 and Ky are positive constants.
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If the conditions

(iii) o< M, B < 2a,

L
(iv) q+ KoM < 1, with ¢ = M? (5 + 2K1>,

(v) ¢ 4+ KoM < "2, where (u;) is Fibonacci’s sequence defined by uy =
up =1 and uj41 = up + w—1 withl > 1,

are fulfilled, then the sequence (t,) is such that all its terms belong to B(t1)

where s = — Zq“l. Moreover, the sequence (ty) is convergent and one has the

following error estimate

1++5

where t* = limt, and p = 5

Proof. We follow the sketch of the proof given in [2] which consists to
show first by induction (for any n > 2) that

(3.2) t, € Bs(tl),
(33) tn - tn—l S tn—l - tn—2>
(3.4) tn — tn_1 < g1

For k > 2, let us suppose that (3.2), (3.3), (3.4) has been verified for n < k.
Since

L
tpr1—tp =M E(tk —tp1)? 4+ K1 (te — theo) (te — th1) + Ko (te — tkfl)]

and
ty —tpo =1 —tp1+1tp_1— g2,

we obtain



50 M. Gaydu, O. Yacinthe, S. P. Nuiro, A. Pietrus

L
thy1 — t = MKE + Kl)(tk = tp—1)(tk — tr—1)
+ Ki(th—1 — tp—2)(te — the—1) + Koty — tk—l)} -

Using assumption (3.3) of the induction, one has

L
trr1 —tr < M[(§ + 2K1>(tk—1 —tp—2)(ty — tp—1) + Ko(ty — tk—l)]-

Applying the assumption (3.4), and observing that the indices k — 2, k — 1 < k,
it follows that

L
ty1 — t < M[(E + 2Kl>quk7271M(tk —tr—1) + Kao(ty, — tkfl)]a
ie.,

L
(3.5) tpa1 —tx < <M2<§ + 2K1)quk_2_1 + KoM ) (tx — ti—1)
< (¢"F 2 + KoM)(t, — tr—1)

L
since q = M2<§ + 2K1).
Using the assuption (iv), we obtain then
U1 =tk <tk — th—1

and (3.3) is checked for n = k + 1.
Now, let us show that

Vn > 1, t, —th_1 < ¢ 1TLM.

For k > 2, suppose that (3.4) holds for n < k.
According to the inequality (3.5), we have

thy1 — te < (¢"F 1 + Ko M) (t, — ti—1).
With the induction assumption and the condition (v), we get:
tht1 — tr < (q"’“‘l + KQM)quk—l_lM < quk—2+uk—1—1M _ quk_lM.

This proves that (3.4) for n =k + 1.
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Moreover, one has
the1 —th = (ta —t1) + (t3 —t2) + -+ (tg — to_1) + (tey1 — tr)-
Then (3.5) yields

(36) thy1 —t1 < g TIM AT IM 4 g T g
M
= A g g ),

By using this assumption (3.5), we may write

ter1 —t < @UTIM 4 g M 4 gt g

[e.e]
Invoking this equality s = % Zq“l, and ¢" > 0, then tp 1 —t; < s.
I=1
(3.4) is checked for n =k + 1.
This, combined with the inequality to —tj = f—a <2a—a=a =1
(from hypothesis (i77)), implies that (3.4) is verified for all n.
Now, let us show that (¢;) is a Cauchy sequence of real numbers.
For any £ > 1,m > 1, we have

M
bropm — te < — (g™ + ¢"F 4 gt 4 g,
q

|
Since u; > %, VI > 1, we deduce that
phtm=2_k pktm—1_,k

M k+l p k+2 p p p

k
p_
tk+m—tk§qf(1+q V5 4q V5 4---4q V5 4+q V).

This inequality, together with the fact p*** —p* = p¥(p® —1) implies that
M »* P p-1) pF2(p-1) pFm=2)(p-1) PP (m-1)(p-1)
tk+m—tk§—q¢5(1+q vio4+q V5 +eetqg VS +q S )
q
PFe-1) pF2(p—1) pF(m=2)(p-1) PFm=-1(p-1)
The sum of m terms 1+q¢ Y5 +q Y5 +---4¢q V5 +q V5 is
PP o-1)m
] p*(p-1) 1—q V5
a geometrical sequence of reason ¢ v5 < 1, and equals — o allow us
1—q 5
to write
2® PP o—1)m
Mqgvs(l—q V5
q q

a(l-q v
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The right-hand of the last inequality converges to zero as k — oo, regardless of
m. Thus, (t,) is a Cauchy sequence of real numbers and we set ¢* = lim¢,. The
error estimate is obtained with m — oo. O

We shall now give the main result of our paper.

Theorem 3.3. Consider an open subset Xo C X, T : X =Y a convex
process and a functiong: X =Y. Let f : X =Y and F : X 3 Y be respectively
Fréchet-differentiable and N-P-differentiable on Xg, and whose derivatives at xg €
X are respectively V f (x) and A(x). Assume that F is compact convex valued with
closed graph, and further that exist positive numbers B, L, My, Ky, Ks, a and
B satisfying

(@) 1T,

(w0,71)

I < B,

(i) |Vf(x) =Vl < Lllz—yl, for all 2,y € Xo,

(7i1) g 1is continuous on Xy and admits divided differences of first and second
order on Xy,

(iv) For all xyy1 solution of (3.1), F(xg) C F(zks1), k=1,2,...,

(v) BM; <1 and a < < 2aq,

(vi) ||lz1 — x| S < , |xe — x| < B; where x4y is any point obtained

1— BM;
from xg and x1 by our algorithm (such a point exists by the remark in the
previous section),

(vii) For any distinct points x, y, and z in Xy, ||[z,y, z; 9] < K1, ||A(z)| < K,
IVf(y) + Ay) + [z, y; 9] — (Vf(21) + A(21)) — [m0, 213 9]]] < M71;

B2 L B
=—— (Z42K;)<1 and — Ko<l

(iz) ¢ + WKQ < q“-2, where (u;) is a Fibonacci’s sequence defined
- 1

by up =u1 =1 and uj4q = w + w—1 with{ > 1,
() gph(K — F) is closed.

Then, there are M > 0 and t* > 0 such that for all initial guess xy satisfying
By (x0) C Xo, there ezists at least a sequence {xy} generated by algorithm (3.1)
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such that Vk > 0,z remain in B (xg) and converges to some z* solution of
(1.1). Moreover, the following error estimate holds

M

S

H.T* - J}nH < pn(p_1)> q

q(l—q V5

14

2

Proof.  First of all, using assumptions (i7i) and (x), let us observe

that if a sequence xj satisfies (3.1) and converges to an element z* € X then
necessarily z* is a solution of (1.1).

Second of all, we will built by induction both a sequence xj, satisfies (3.1)

whose elements remain in By (xg) and a nondecreasing sequence {tj} satisfying

=

where p =

(3.7) lepsr — zkl] < tger —tg, forallkeN....
Let us set, to =0, t; = a and to = §. From assumption (vi) and (vii), we have
lz1 = zoll Sa=t1 —to, [z —m|| SB<B-a=ts—t.

Thus, ||z2 —z1|| < B —a <2a —a=a=t], and x1, x9 € By~ (x0).

This means that our result is checked for k = 0 and k = 1.

Now, let us suppose that we have built x1,z9,...,z;, from (3.1) and
to,t1,...,t; such that

lxg — zk—1]] < tx — tx—1andxy € By« (zg) for k= 1,..., 7.

Thanks to (i) and (viii) we obtain ||T(;]L 1)|| |1A;]| <1 with

Aj=—(Vf(xj) = Vf(z1) + A(z)) — A(z1) + -1, 251 9] — [20, 713 9])

We also observe that the convex process

Tla; s, op(@) = (Vf(z)) + Alzj) + [zj-1, 255 9))r — K

could be rewritten

T(xj,l, xj)(a:) = (Vf(xl) + A(z1) + [a:o,a:l;g])a: — K
+(V () =V f(2)+A(w)) = A1) +wj 1, 755 9]~ [w0, 215 9]) 7 = (T(ag, 01)—L))2



54 M. Gaydu, O. Yacinthe, S. P. Nuiro, A. Pietrus

with

Aj(x) = =(Vf(xj) + A(z)) — (Vf(21) + A(21)) + [wj-1, 251 9] — [0, 713 9]) 2.

Thus, using Theorem 2.5, together with assumption (i), (v), (mz) and

the previous inequality, we obtain that T(xj_l, z;) carries X onto Y, T (; L ) is
j—1, &y
normed and its norm satisfies
1T Tio. | B
1T, pll < < Vj=2,...k
R T IIIIIIAII 1-BM,

Since T, (¢;_1, ;) carries X onto Y then (3.1) is feasible, hence solvable for
k = j and successively we obtain the existence of xj11 as solution of (3.1).

Now, let us consider the following problem which consists to find an x
which is a solution of

(3.8)
f(xg) + g(axy) + (V) + Alxg) + [25-1, 255 9]) (¢ — 25) € flaj-1) + g(zj-1)
+ (Vf(@j-1) + Alzj-1) + [wj-2, 2j—159)) (2 — zj-1) + K.

Since z; is a solution of (3.1) (for k = j — 1) and using assumption (iv),
the below inclusion becomes

fxjo1) + g(zjo1) + (V1) + A(wj-1) + [2j-2,2j-159]) (27 — zj1) + K
C K- F(.I‘j_l) C K- F(l‘j),

and we deduce that any x satisfying (3.8) is necessarily feasible for (3.1).
We can rewrite (3.8) in the following way

(39) w—wyeT;0 (= flag) = gley) + Flwjo1) + g(wj1)
+ (Vf(@j—1) + Alzj—1) + [7j—2, 2513 9]) () — Jf‘j—l)))-

Since the right-hand of (3.9) is a nonempty closed convex is contained in the
reflexive Banach space X, there exists an element Z solution of (3.9), thus of
(3.1).

By triangle inequality of the norm,

(3.10)
1Z = 4]l < T~ (wjo1,2)| (II — f(xj) + f(zj—1) + Vf(zj-1)(z; — 2j-1)]|
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+llg(xj—1) = 9(xj) + [2j2, 215 91(xj — 25| + [[ Azl (x5 — xj—l))ll)-

A small calculation gives us

L
| = f(x) + f(xj-1) + Vf(xj-1)(r; —25-1)]| < §||$j — x4,

[A(zj-1)(zj —zj-1)l| < Alzj-Dllllz; —zj-1ll < Kallz; — x5-1]].
And by the definitions of divided differences, we have
lg(xj-1) — g9(xj) + [j-2,2j-1; g)(xj — 1)l
= [([&j—1, 25 9] = [2j-2,25-1;9])(2j — x5-1) |

= |[wj—2,vj-1, 75 9)(xj — zj—2) (x5 — 25-1)]
< Ki|(z; — zj—2)(xj — zj-1)]-

We infer that
8 L 2
& = all < M(Flles = @yl + Kall(a; = @) = i)l + Kalley = @)
B

1— BM;’
Then by inequality ||xg41 — x| < tjq1—t;,fork =0,1,2,...,j, we deduce

with M =

_ L
[ — )| < M(g(tj —tj1)? + Ki(ty — tj—2)(t; — tj—1) + Ka(t; — tj&))-

Let us consider the following sequence (tx) defined by

L
tet1 — e = M(E(tk —tr1)? + K1 (tk — th—o) (tr — tre1) + Ko (te — tkfl))

with tl = tg = ,B and to =0.

We can apply the Proposition 3.2 with the theorem’s assumptions, we
conclude that the sequence (tj) is strictly increasing and converges to a number
t*.

Since 7 is also feasible for (3.1) with k = j, we have

lzjr1 — 25l < NT — 25|l <ty — 155

thus z;11 € By=(x0), and the induction is complete. The error estimate come
from the application of the last proposition and the fact that the sequence ()
is majorized by the sequence (t,) completes the proof. O
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4. Numerical simulations. In this section, our algorithm is tested for
several finite dimensional cases. All the experiments are implemented in Matlab
2020.2 and performed on Apple Mc Book Air 10.1 with Apple M1 chip (8-core
CPU with 4 high-performance cores and 4 energy-efficient cores, GPU up to 8
cores, Neural Engine 16 cores) and RAM 8.00 GB.

Example 1. Let us consider the inclusion:
(4.1) 0¢€|z|(z—1)(z—2) + iz —1)(z—2)[10729,1] - K,

where z € X =Y := R, and K = R_. This problem is somewhat inspired by [14]
and we can prove that the set of solutions is S = {0} U [1, 2].

The inclusion (4.1) has been treated by the method introduced in the
present paper, taking:

f(z):=0, g(x)=|z|(x—1)(z—2) and F(x):=az*(z—1)(z—2)[1072%, 1].
For this example, our method relies in
(4.2) Minimize{||z — z||2/(A(xk) + [Tr—1,2k; 9])(z — x) € K — F(xg)},

where A(z) € (423(x — 1)(z — 2) + 2%(22 — 3))[1072% 1] is the Nachi-Penot
derivative of F. We assume that the choice of the used A(z) is made with a
uniformly distributed probability law, that is to say, for each step k, we generate
a random number ay, € [1072% 1] and set

A(zy) = (43 (2, — 1) (2 — 2) + 23 (225 — 3))ag.

In (4.6), we proceed similarly for F'(x), so, for each step k, we generate a random
number B, € [1072% 1] and replace F(z}) by

wy(wr — 1) (2 — 2) B

An easy computation give the first order divided difference of the operator g on
the points {zp_1, 2k} :

T—1|\T—1 — 1 Th—1 — 2) — T\ T — 1 T — 2
o g] i [Pl @ = D@y = 2) = gl = Dk = 2)
Lk—1 — Tk

By using the algorithm (4.6) with the guess points 9 = 2.20 and x; = 2.19, we
find:
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Table 1. Solution of (4.1) starting from xy = 2.20, 1 = 2.19 and using (4.6);
cpu time = 0.104 s.

step k Tk, My, lzr — zp—1]1
0 2.20
1 2.19
2 2.12642321 | 0.00404201 0.06357679
3 2.04619376 | 0.00643676 0.08022945
4 1.97764926 | 0.00469835 0.06854450
5 1.97764926 | 0.00000000 | 1.00000000 x 107199

where M, still denoted the value of the previous minimization problem at the
step k.
Another implementation with the same previous guess points leads to

Table 2. Solution of (4.1) still starting from xy = 2.20, 1 = 2.19 and using (4.6);
cpu time = 0.098 s.

step k Tk, My, ler — zp—1]1
0 2.20
1 2.19
2 2.08892974 | 0.01021520 0.10107026
3 2.05520062 | 0.00113765 0.03372912
4 1.99996429 | 0.00305105 0.05523632
5 1.99996429 | 0.00000000 | 1.00000000 x 10719

In the last two tables, the solutions estimations reached are T = 1.97764926 and
Z = 1.99996429. These computations illustrate the remark that one might not
reach the same approximation of the solution while starting with the same guess
points. These tables also illustrate fast convergence situations.

To finish, two examples of computations starting from different couples

of guess points:

Table 3. Solution of (4.1) starting from 2o = —5 x 107%, 2; = 3 x 1072, and using (4.6);
cpu time = 4.441 s.

step k T, M;, ler — xr—1])1

0 —5x107°

1 3 x 1072

2 0.02999958 | 1.74103035 x 10713 | 4.17256557 x 10~
12 0.02999309 | 4.70708548 x 10713 | 6.86082027 x 10~ 7
22 0.02998877 | 4.23457980 x 10~ | 6.50736490 x 10~7
32 0.02998423 | 2.23451706 x 10~ | 4.72706786 x 10~
42 0.02997978 | 3.98313965 x 10~ '3 | 6.31121197 x 10~ "
52 0.02997574 | 3.33859892 x 10~ | 1.82718333 x 10~
144 | 0.02993712 | 7.26296901 x 107° | 8.52230544 x 10~
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Table 4. Solution of (4.1) starting from zo = 0.85, zo = 3.63, and using (4.6);
cpu time = 0.207 s.

step k Tk M, |k — zr—1]1
0 0.85
1 3.63
2 2.98091104 0.42131647 0.64908896
3 2.08910641 0.79531551 0.89180464
4 2.06854368 0.00042283 0.27649380
5 2.00697227 0.00379104 0.06157141
6 2.00068577 0.00003952 0.00628650
7 2.00062077 | 4.22456992 x 10~ 0.00006500
8 1.99904941 | 2.46919050 x 10~ 0.00157137
9 1.99904941 0.00000000 1.00000000 x 107199

In Table 3, we remark a chaotic behavior in the neighborhood of 0, prob-
ably due to the fact that it is an isolated solution. The Table 4 allows to see that
the code does not necessarily converge toward the solution closer to the guess
points.

Example 2. Let us consider the system of inclusions:

23+ ai— |z — 05 —1€R_,
(4.3) 234+ (23 —1)* — |21 — 05| —1€R_,
(1 —1)? + (22 — 1)> =1 € [0,1072].

where x = (21, 22) € X := R% The previous system is somewhat a modification

of the Robinson’s one ([18]). The first two inclusions define a surface obtained by

intersecting unions of disks of R?. The first inclusion is a parameterization of the

union of the two blue disks, and, the second, of the union of the two red disks.
One can remark that the points

11
o = (5, 1- 5\/5) = (0.5000000000, 0.1339745962)

and

11 3 8 9
T=l= - = —+ = = (0.023372 1.2149406641
. (26 VB St 26\/3) (0.0233728905, 9406641)
are two solutions of the system. The set of solutions (see Fig. 1) is the arc of the
crown (green color) of center (1,1) with radiuses ;1 = 1 and rp = 1.01, located
between the arcs of the unit radius circles of center (%, 1) passing by the point
z* (red color) and of center (—3,0) passing by the point z** (blue color).
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Fig. 1. Set of solutions of the system (4.3)

The method introduced in this paper is now used in order to solve the
system (4.3), taking Y = R?, K = R% x {0}, g(z) := —|z; — 0.5/(1,1,0),

f(x) = (22 +23)(1,1,1) — 221(0,0,1) — 222(0,1,1) — (1,0, —1),

and
F(x) := (0,0,—1072) + (10~ %){0} x {0} x [0, 1],

for & = (1, 22) € R%. It is useful to recall that our method consists in
(4.4) Minimize{||x — zg||2/f(xk) + (A(zg)

+ (@) + [wr—1, 2hs ) (@ — 21) € K — F(ay)},
where the Nachi-Penot derivative of F' is A = {0}, and the first order divided

difference of the operator g on the points {zx_1,zx} is

10
—0.5] = zg_11 — 0.5

[r—1, 73 9] = o |~ ok 1o ,

0 0

LTk—1,1 — Tk,1

for zp 1 = (zx—1,1,Tx—1,2) and zx = (Tk,1, Tp,2)-

We use a random stategy governed by a uniform probability law for the
choice of the used element for F'(x), that is to say, for each step k, a random
number i € [0, 1] is generated in order to substitute

Fk = (0707 10_2(/Bk - 1)) € F(xk‘)
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for F(zy) in the algorithm.

Using the algorithm (4.4) with z¢ = (0.55, 0.10) and z; = (0.52, 0.14) as
guess points and M}, the value of the previous minimization problem at the step
k, we find:

Table 5. Solution of (4.3) starting from z¢ = (0.55, 0.10), 1 = (0.52, 0.14)
and using (4.4); cpu time = 0.103 s.

step k T, M;, lzr — xp—1]1
0 (0.55, 0.10)
1 (0.52, 0.14)
2 (0.51986486, 0.14581081) 0.00003378 0.00594595
3 (0.51986486, 0.14581081) | 2.00000000 x 10720 | 2.00000000 x 10~2%°

Starting with z¢ = (0.51, 0.13) and z; = (0.505, 0.137) which is a little
modification of the previous guess points, we find

Table 6. Solution of (4.3) starting from z¢ = (0.51, 0.13), =1 = (0.505, 0.137)
and using (4.4); cpu time = 0.123 s.

step k T, M;, llzr — zp—1]1
0 (0.51, 0.13)
1 (0.505, 0.137)
2 (0.50656461, 0.13972779) | 9.88884483 x 107° 0.00429240
3 (0.50656461, 0.13972779) | 3.00000000 x 1072%° | 3.00000000 x 10~2%°

Here, the reached approximate solutions are T = (0.51986486, 0.14581081)
and T = (0.50656461, 0.13972779). One can remark that we did not reach the
same solution approximation, regarding the two previous computations, while
the second guess point is closer to the first reached one.

Example 3. Let us consider the system of inclusions:

et 42— |z — 05 —1€R_,
(4.5) 234 (rp—1)2 — |z — 05| -1 e R_,
0€R_ — p(xy,29)[107209 1],

where (z1,73) € X = R? and
p(z1,22) == (21 — 12 + (22 — D)2 = 1)((z1 — 1) + (22 — 1)* = 2).

In order to treat the system (4.5) with our method, we complete the framework
by considering Y = R3, K = R? | g(z) := —|z; —0.5|(1,1,0), F(z) := {0} x {0} x
p(x1,22)[1072% 1], and

f(z) = (22 + 22)(1,1,0) — 225(0,1,0) — (1,0,0).
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Fig. 2. Set of solutions of the system (4.5)

We can remark that the points

1 1
ot = (5, 1— 5\/3) = (0.5000000000, 0.1339745962),

= (— %\/3, —%) = (—0.1339745962, —0.5000000000)
and ™ = (0,1) are three solutions of the system. In fact, the set of solutions
(see Fig. 2) is the part of the crown (green color) of center (1,1) with radiuses
r1 = 1 and ro = 2, located between the arc of the unit radius circles of center
(0,1) passing by the points * and z** (red color), and the other of center (0,0)
passing by the point ™ and =™ (blue color).

As previously, our method consists in

(4.6) Minimize{||x — zk||2/f(xk) + (A(zg)
+ (@) + [wr-1, 285 9)) (& — 1) € K — F(xy)},
where A still denoted the Nachi-Penot derivative of F, and the first order divided

difference of the operator g on the points {zp_1,xx} is

10
—0.5] — |11 — 0.5

[r—1, 783 9] = o |~ ok 1o ,

0 0

Th—1,1 — Tk,1
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We adopted the same strategy as in the previous example, that is to say, for
each step k, we generate two random numbers oy, 1, a2, Br € [10_2007 1], which

permits to set

0

A(z) = 2(2(zp1 — 1) + 22 — 1) = 3) 0

aga(ze — 1)

0
0

aga(xp2 —1)

for x, = (x1,1, 2 2), and we replace F'(z) by (0,0, p(xk 1, 2k2)8k) in (4.6).

Using the algorithm (4.6) with z¢ = (0.51, 0.13) and x; = (0.49, 0.12) as

guess points, we find:

Table 7. Solution of (4.5) starting from z¢ = (0.51, 0.13), z1 = (0.49, 0.12) and using

(4.6); cpu time = 0.439 s.

step k Tk M, lzx — zr—1]1
0 (0.51, 0.13)
1 (0.49, 0.12)
2 (0.48649828, 0.12628881) 0.00005181 0.00979054
3 (0.48648356, 0.12630185) | 3.86456502 x 10710 0.00002775
4 (0.48647938, 0.12630555) | 3.11813150 x 10~ | 7.88252588 x 10~°
5 (0.48647819, 0.12630660) | 2.51579694 x 10~ | 2.23900975 x 10~°
6 (0.48647785, 0.12630690) | 2.02979954 x 10™3 | 6.35981917 x 10~ "
7 (0.48647776, 0.12630698) | 1.63768245 x 10~* | 1.80647951 x 10~ "
8 (0.48647773, 0.12630701) | 1.32131373 x 10715 | 5.13122628 x 10~°
9 (0.48647772, 0.12630701) | 1.06606116 x 10716 | 1.45750231 x 10~°
10 | (0.48647772,0.12630702) | 8.60118464 x 10™*® | 4.13997127 x 10~
11 (0.48647772, 0.12630702) | 6.93959959 x 10~? | 1.17594064 x 10~°

Starting with zg =

(0.50, 0.12) and z; =

modification of the previous guess points, we find

Table 8. Solution of (4.5) starting from o = (0.51000000, 0.13000000) and using (4.6);

cpu time = 0.069 s.

(0.51, 0.13), which is a little

step k Tk M, e — zk—1]1
0 (0.50, 0.12)
1 (0.51, 0.13)
2 (0.49012668, 0.13954169) 0.00048599 0.02941501
3 (0.49012668, 0.13954169) | 1.00000000 x 1072°° | 3.00000000 x 10~2°°

For these two sets of computations, we reach two different approximate
solutions, although the two couple of guess points are close. For the test of Table
8, we observe a very fast convergence.

Starting with xg = (0.151, 0.980) and z; = (—0.394, —0.870), we find
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Table 9. Solution of (4.5) starting from z¢ = (0.151, 0.980), =1 = (—0.394, —0.870), and
using (4.6); cpu time = 0.141 s.

step k T My, lzr — zr—1]1
0 (0.151, 0.980)
1 (—0.394, —0.870)
2 (—0.43406778, —0.16314395) 0.50125090 0.74692383
3 (—0.39351013, 0.07185138) 0.05686773 0.27555298
4 (—0.32013598, 0.12072230) 0.00777213 0.12224506
5 (0.11765970, 0.41231649) 0.27669223 0.72938988
6 (0.11765970, 0.41231649) 0.00000000 3.00000000 x 10200
7 (0.11765970, 0.41231649) | 1.00000000 x 10~2°° | 3.00000000 x 10~2%°
8 (0.11765970, 0.41231649) 0.00000000 2.00000000 x 10200

This is an illustration of convergence with a couple of guess points not
close to the reached approximate solution.

Example 4. Let us consider the system of inclusions:
22+ 2% — |z — 0.5 — 1 € R_ — 22[1072%0 1),
(4.7) a2+ (v — 1)? — |z — 0.5] — 1 € R_ — 23[1072% 1],
0€ R_ — p(z1,22)[1077%,1],

where (z1,72) € X = R? and
p(x1,z0) == 510" ((z1 — 1)* + (22 — 1) = 1)((w1 — 1)? + (22 — 1)* — 2).

Contrary to the previous examples, we will not try to draw or determine the set
of solutions of this system (4.7). But some tedious calculations, which are not
transcribed here, allow to check the existence of solutions.

To numerically solve the system (4.7) with our method, we adjust the

framework by setting ¥ = R?, K = (R_)*, g(z) := —(|z1 — 0.5, |z2 — 0.5],0),
F(JL‘) = (l‘g,x‘%,p(l‘th))[lOiQOO,1], and
f(z) = (2} + 23)(1,1,0) — 222(0,1,0) — (1,0,0).

As previously, the most important step of our method is to

(4.8) Minimize{Hx — .I‘kHQ/f(l‘k) + (A(.I‘k)
+ f(zk) + [wh—1, 205 9) (@ — 7)) € K — F(zp)},
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where A still denoted the Nachi-Penot derivative of I, and the first order divided
difference of the operator g on the points {zy_1,xx} is

|~Tk,1 — 0.5‘ — ‘xkfl,l — 0.5|

0
Tk—1,1 — Tk,1
[Tk—1, k3 9] = 0 |zk,2 — 0.5] = |zp—12 — 0.5 |,
LTk—1,2 — Tk,2
0 0

for o1 = (xp—1,1,2k—1,2) and xy = (T41,Tk2). As in the previous examples, for
each step k, we generate two random vectors oy, O € [10_200, 1]37 which permits
to set

0 Q1 Tk,2
A(zy) =2 X Q2T 1 1 0
510 ag3(wp — Dg(oka, 2r2) 5107 o 3(xr2 — 1)q(Tr,1, Tk,2)

with q(wg 1, 2r2) = 2(21 — 1)?+2(22 — 1)* — 3, and, in (4.8), we replace F(zy)
by

(Brai 25 Br,2i 1+ Br,3D(Th 15 T ,2))-

Using the algorithm (4.8) with three different couples of guess points, we
find:

Table 10. Solution of (4.7) starting from z¢ = (0.55, 0.13), 21 = (0.49, 0.12) and
using (4.8); cpu time = 0.282 s.

step k T, M;, l|lor — zp—1]l1
0 (0.55, 0.13)
1 (0.49, 0.12)
2 (0.47518780, 0.12952888) 0.00031020 0.02434108
3 (0.41831801, 0.15834569) 0.00406458 0.08568660
4 (0.41831801, 0.15834569) | 1.00000000 x 10~2°° | 3.00000000 x 102
5 (0.38955969, 0.17266485) 0.00103208 0.04307748
6 (0.38955969, 0.17266485) 0.00000000 2.00000000 x 107200
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Table 11. Solution of (4.7) starting from z¢ = (0.69, 0.12), 1 = (0.67, 0.13) and
using (4.8); cpu time = 0.079 s.

step k Tk My, lzx — zr-1ll1
0 (0.69, 0.12)
1 (0.67, 0.13)
2 (0.40260603, 0.12912794) | 0.07150030 0.26826603
3 (0.40260603, 0.12912794) | 0.00000000 | 2.00000000 x 10~2%°

Table 12. Solution of (4.7) starting from zo = (0.69, 0.42), z; = (0.67, 0.13)
and using (4.8); cpu time = 0.23 s.

step k Tk My, lzw — zrp—1]l1
0 (0.69, 0.42)
1 (0.67, 0.13)
2 (0.46868846, 0.18307167) 0.04334294 0.25438321
3 (0.45851014, 0.16742179) 0.00034852 0.02582820
4 (0.45567702, 0.16306568) 0.00002700 0.00718923
5 (0.42058744, 0.17949830) 0.00150131 0.05152221
6 (0.42058744, 0.17949830) | 1.00000000 x 10~2%° | 3.00000000 x 10~
7 (0.42058744, 0.17949830) | 1.00000000 x 1072 | 3.00000000 x 10~2%°

The calculations in Table 10 show one of the effects of randomly choosing
the values of F' and A at each iteration. Indeed, we see that the points

x4 = (0.41831801, 0.15834569) and xz¢ = (0.38955969, 0.17266485)

are two distinct approximate solutions of the system, but with a significant differ-
ence. The last two tables permit to find other solutions by changing the couples
of guess points.

5. Concluding remarks. A new mathematical method has been in-
troduced in this paper for solving variational inclusions. The algorithm is based
on a partial linearization of f+ F' in the Nachi-Penot sense and the use of divided
differences for the function g. With the help of the concept of convex processes
we obtained semilocal convergence to a solution of our variational inclusion. The
numerical part allows us to underline that the use of random numbers may not
reach the same solution or even require the same number of iterations to reach
the same solution, if we run the same code twice. Thus, the random part of the
code makes it impossible to predict which solution will be reached. Regarding
the random part of the implemented algorithm, it will be interesting to define
optimal choices for F'(xy) and A(xy), which will increase the speed of conver-
gence. In the present paper we did not examine the method with other kind of
derivatives for set-valued maps. This could be studied in future works.
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