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ABSTRACT. In this paper we introduce a class of Weingarten hypersurfaces
called generalized Weingarten hypersurfaces of radial support type (in short,
RSGW hypersurfaces). These hypersurfaces are parameterized using a new
technique consisting in obtain locally any hypersurface in Euclidean space as
an envelope of a sphere congruence wherein the other envelope is contained
in a sphere. We extend the definition of the classical Appell surfaces to
hypersurfaces and we characterize both Appell and RSGW hypersurfaces in
terms of a same harmonic function in the sphere. For two-dimensional case,
we provide a Weierstrass-type representation for RSGW surfaces and from
this we get a Weierstrass-type representation for the classical Appell surfaces.
These representations depend on two holomorphic functions in such a way
that a same pair of functions provides examples in each class. Using it, we
give a classification for the rotational cases for both classes. Furthermore
is provided a necessary and sufficient condition on the holomorphic data of
these classes so that they are parameterized by lines of curvature. We also
prove that a compact, complete RSGW surface is a sphere.
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1. Introduction. The Weingarten surfaces form a very large and im-
portant class of surfaces in R®. They are surfaces that present a differentiable
relation W between its Gaussian curvature K and its mean curvature H such that
W(H,K) = 0. Examples are those surfaces with a constant Gaussian curvature
or a constant mean curvature, in particular those with a zero mean curvature,
i.e., minimal surfaces.

A great advantage in studying Weingarten surfaces is in their potential
applications in CAGD, particularly in surface design. Grant and Van-Brunt in-
vestigate in [14] general properties of Weingarten surfaces which make them of
possible interest to problems in surface shape investigation. In the sequel to
this paper, the authors continue this discussion dealing with the construction of
Weingarten surfaces of interest in CAGD and focusing on a certain class described
locally by partial differential equations.

The general classification of Weingarten surfaces is still an open question.
Classification of certain classes of Weingarten surfaces has been reported in the
literature and a great number of them arise in many situations.

Papantoniou [10] classified the Weingarten surfaces of revolution whose
principal curvatures k; satisfy a linear relation Ak + Bko = 0, with A and B not
simultaneously null. Schief [12] studied generalized Weingarten surfaces, which
accept the relation

1+ pH + (p* + p*)K =0,

where the functions p and p are harmonics in a certain sense. These surfaces
have been shown to be integrable.

There are also some examples of Weingarten hypersurfaces as those named
Weingarten hypersurfaces of spherical-type. Machado [8] defines them as hyper-
surfaces M" for which the r-th mean curvatures H, satisfy the relation

! r+1 r—1 n o
> (=0f H<r> =0,

r=1

for some function f € C*°(M,R).
In [4], Dias introduced a class of oriented Weingarten surfaces in R* that
satisfies a relation of the form

AW, A)+B(Y,,A))H +C(V,,A,)K =0,

where A, B,C : R? — R are differentiable functions that depend on the support
function ¥, and the quadratic distance function A,,, for some fixed point v € R3.



Generalized Weingarten hypersurfaces of radial support type 71

These surfaces are referred to as generalized Weingarten surfaces that depend
on the support and distance functions (in short, DSGW surfaces). Some of the
main classes of Weingarten surfaces studied in the literature are classes of DSGW
surfaces, such as the linear Weingarten, Appell and Tzitzéica’s surfaces.

In 1888, Appell [1] studied a class of oriented surfaces in R? associated
with area preserving transformation in the sphere. Later, Ferreira and Roitman
[7] found that these surfaces satisfy the Weingarten relation H + ¥, K = 0, for a
fixed point v € R3.

Another classical example are the Tzitzéica’s surfaces (see [13]). These
are hyperbolic surfaces where K + CQ‘Ilﬁ = 0, for some fixed point v € R? and a
nonzero constant ¢ € R.

Martinez and Roitman [9] presented what seems to be the first example
found for a problem posed by Elie Cartan . Such surfaces are DSGW surfaces
that obey the Weingarten relation

2UH + (14 A)K =0,

where ¥ and A mean Wy and Ag, respectively.

A typical method to characterize the classes of Weingarten surfaces is
to provide them with a Weierstrass-type representation by which they can be
parameterized in terms of holomorphic functions. Dias studied a special class of
DSGW surfaces satisfying a relation of the form 20 H + AK = 0. When K # 0,
he provided these surfaces with a Weierstrass-type representation that depended
on two holomorphic functions.

Corro [2] considered immersed surfaces X : M — H? for which the Gauss
hyperbolic application G defines a sphere congruence, where X (M) and G(X (M))
are envelopes and the radius of each sphere defines a differentiable function R.
He introduced generalized Weingarten surfaces of Bryant type (in short, BGW
surfaces) as those whose mean curvature H, Gaussian curvature K7, and radius
function R satisfy the relation

2(c—1) 2(c—1)

2acR™ < (H—-1)4+(a+b—acR

)KI - 07

where a,b,c € R; a + b # 0; and ¢ # 0. Holomorphic data were obtained for this
class depending on two holomorphic functions.

Fernandes [3] studied surfaces M in the hyperbolic space H® whose mean
curvature H and Gaussian curvature Ky satisfy

2(H — 1)e** + K7(1 — e*) = 0.
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Here p is a harmonic function with respect to the quadratic form ¢ = —K;I +
2(H —1)II, where I and II are the first and second fundamental forms of M, re-
spectively. She called these surfaces generalized Weingarten surfaces of harmonic
type and obtained for them a Weierstrass-type representation that depends on
three holomorphic functions.

In the works [4], [2] and [3] mentioned earlier, the surfaces are parameter-
ized as envelopes of a sphere congruence in which the other envelope is cointained
in a plane. In [8], Machado generalizes this technique and characterizes the hy-
persurfaces in the Euclidean space that are envelopes of a sphere congruence in
which the another one is cointained in a hyperplane. More recently, in [11], a
method was developed to locally obtain hypersurfaces in the Euclidean space
as envelopes of a sphere congruence in which the other envelope is contained
in a unit sphere. In all these cases, the radius function R of the congruence
is a geometric invariant, meaning it doesn’t depend on the parameterization of
the hypersurface. Hence, we can consider classes of Weingarten hypersurfaces
satisfying a differentiable relation W (k;, ¥, R) = 0.

Motivated by the works of Pereira [11] and Dias [4], we consider hyper-
surfaces ¥ C R™™! that are envelopes of a sphere congruence in which the other
envelope is contained in S™. For such a X, we introduce its spherical radial cur-
vatures s; associated to S™ and spherical mean curvature Hg associated to S as
follows:

n

1+k 1
1.1 = - H :_E: ,
( ) SZ 1_k2R7 S ni:l 87,7

where k; are the principal curvatures of ¥, 1 <7 < n, and R is the radius function
of the congruence. Thus, we call generalized Weingarten hypersurfaces of radial
support type (in short, RSGW hypersurfaces) the hypersurfaces ¥ satisfying the
Weingarten relation

1-V = (1+R)Hs,

which depends on the r-th mean curvatures of 3.
It has been proved that the radius function for the aforementioned hyper-

surface X is given by
_1-A

S 2(U-1)’

so that, for the two-dimensional case, the aforesaid Weingarten relation becomes

[4A(U—1)*—(1—-A)?| H+[(A—1) (T —2A+AT) | K+2(T—1)(1-A) +4¥ (¥ —1)* = 0,
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which shows that the RSGW surfaces are a particular class of DSGW surfaces.

We have just noted that Appell surfaces are also DSGW surfaces with
a very simple Weingarten relation given by H/K = —W. The interesting point
is that any Appell surface can be transformed in a RSGW surface by a trans-
formation involving inversion, parallelism and dilatation. In order to establish a
link between these classes in the n-dimensional case, we extend the definition of
classical Appell surfaces, calling a hypersurface S ¢ R™™ an  Appell hypersur-
face if it satisfies the relation H,_1(p)/Hn(p) = —¥(p), for all p € S, where H,,
1 < r < n, denotes the r-th mean curvature of S. It follows that RSGW hyper-
surfaces and Appell hypersurfaces are related in terms of a harmonic function in
the sphere as described below.

It is proved in [11] that the envelopes of a sphere congruence associated
to a unit sphere are locally parameterized by

(1.2) X:Y—2<h;rc>777

where h is a differentiable function nonzero everwhere, c is a nonzero real constant,
Y is a orthogonal local parameterization of S™ and

(1.3) n=Vih+hY, S = (n,n) = [Vh|* + 12,

with L;; = (Y;,Y ;). We show that when & is harmonic in the metric L, then X
defines a RSGW hypersurface and 7 defines an Appell hypersurface.

For two-dimensional RSGW hypersurfaces, the characterization above al-
low us to construct a Weierstrass-type representation for them that depends on
two holomorphic functions. In addition, we present a classification when they are
surfaces of rotation.

For the application, we provide a Weierstrass-type representation for Ap-
pell surfaces from that found for RSGW surfaces, such that the same holomorphic
data yield examples of surfaces in each of these classes. We also give a necessary
and sufficient condition on the holomorphic data in a way to construct examples
of surfaces parameterized by lines of curvature in both classes. Futhermore, us-
ing its holomorphic representation, we classify Appell surfaces of rotation. The
exposition made here about Appell surfaces is not presented elsewhere and the
approach made in our work is a big step toward understanding them.

The rest of the paper is organized as follows. Section 2 is devoted to
certain classical definitions and theorems in Differential Geometry and Complex



74 L. R. Pereira Santos, A. M. V. Corro

Analysis and to the presentation of the results concerning the sphere congru-
ence used in the text. In Section 3, we define and discuss RSGW and Appell
hypersurfaces and we establish a link between them. We also show that in the
two-dimensional case a compact RSGW hypersurface is cointained in a sphere. In
Section 4, we provide Weierstrass-type representations for the RSGW and Appell
surfaces, giving a necessary and sufficient condition for them to be parameterized
by lines of curvature. Finally, we present a classification when they are rotational.

2. Preliminaries. In this section we give the notation and the main
classical results in the literature that will be used in the work.

2.1. Hypersurfaces in the Euclidean Space. Throughout this paper
fi indicates the partial derivative of a differentiable function f : R™ — R™ with
respect to i-th variable, U denotes an open subset of R" and ¥ a hypersurface
in R""! with normal Gauss map N. In this sense, if X : U — ¥ is a local
parameterization of 3, the matrix W = (Wj;) such that

n
Ni=)Y WiX;, 1<i<n,
j=1

is called the Weingarten matriz of ¥. The vector X ;;, 1 < i,j < n, can be
written as

n
(21) Xﬂ‘j = Z FZXJg + bijN,
k=1

and if the parameterization X is such that the metric g;; = (X ;, X ;) is diagonal,
the Christoffel symbols satisfy

F?j = 0, fori,j,k distincts,
j Gjji .
(2.2) /. = 222 forall i,j5;
N 294
= i —&ng, for i # j.

29,; 9jj
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The first fundamental form I of ¥ is the standard scalar product of R" !
restricted to the tangent hyperplanes 7,3, whereas the second form of X, denoted
by I, is defined as

IIp(wl,wg) = <—de(’u)1),’w2>, wy, W2 € sz,

where p € ¥ and dN,, is the differential of the normal Gauss map in p.
Take X oriented by its normal Gauss map N. Given v € R", the functions
U, A, : ¥ — R given by

(2.3) V,(p)=(p—v,N®)), A(p)=|p—v|

, PEX,

where (, ) denotes the Euclidean scalar product in R", are called the support
function and quadratic distance function with respect to v € R”, respectively.
Geometrically, ¥, (p) measures the signed distance from v to the tangent plane
T,% and A, (p) measures the square of the distance from p to v. If v is the origin,
we write Vg = ¥ and Ag = A.

Appell surfaces are given by the surfaces S such that H(p)/K(p) =
—W(p), for all p € S, where H and K denote the mean and Gaussian curvatures

of S, respectively. In what follows, we generalize this notion for hypersurfaces in
R,

Definition 2.1. A hypersurface S in R™ L is called an Appell hypersur-

face if satisfy
anl(p) _

for all p € S, where H.,, 1 < r < n, denotes the r-th mean curvature of S

defined by
-1
n
() S s

J1< g
Note that H; = H and H, = K. When n = 2, this definition of Appell
hypersurfaces coincides with the classical one.

2.2. Sphere congruence. A sphere congruence is a n-parameter family
of spheres whose centers lie on a hypersurface ¥ contained in R**! with a differ-
entiable radius function. In other words, if we consider Y locally parameterized
by Xo : U € R™ — R™"! then for each point u € U there exists a sphere centered
at Xo(u) with radius R(u), where R is a differentiable real function, named radius
function.
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An envelope of a sphere congruence is a hypersurface ¥ C R™™! such that
each point of ¥ is tangent to a sphere of the sphere congruence. Two hypersur-
faces ¥ and ¥ are said to be (locally)associated by a sphere congruence if there is
a (local) diffeomorphism ¢ : & — 3 such that at corresponding points p and ¢(p)
the hypersurfaces are tangent to the same sphere of the sphere congruence. It
follows that the normal lines at corresponding points intersect at an equidistant
point on the hypersurface ¢. If, moreover, the diffeomorphism ¢ preserves lines
of curvature, we say that 3 and 3 are associated by a Ribaucour transformation.

In the work [11] is established that for a hypersurface ¥ in R"*! satisfying
(p—v,N(p)) # 1, for all p € ¥ and v € R™! fixed, there exists a sphere
congruence for which ¥ and the unit sphere E centered in v are envelopes. In
this case, the radius function is given by the expression

__ 1-fp—v

which shows that R is a geometric invariant of 3. Futhermore, it is proved that a
such hypersurface ¥ can be locally parameterized from a local parameterization
of E in a way described below.

Theorem 2.2. Let ¥ be a hypersurface in R" ™! such that (p, N(p)) # 1,
for all p € 3, where N is the normal Gauss map. For each orthogonal local
parameterization Y : U C R"™ — S" of S", there is a differentiable function
h:U C R" = R, associated to this parameterization, such that X can be locally
parameterized by

(2.5) X(u) = Y(u) — 2 (T

where the function h satisfy h(u) # 0, for allu € U, ¢ is a nonzero real constant
and
(2.6) n=V_ih+hY, S = (n,n) = |Vh|* + b2,
with Lij = (Y, Y ).
In these coordinates, the Gauss map N of ¥ is given by

(2.7) N(u) =Y (u) — 2%%), uwel.
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Moreover, the Weingarten matric W of ¥ is

(2.8) W = [ST —2hV][ST —2(h+¢)V] ",

where V = (V;;) is given by

1 .
(2.9) Vij = I, (h,ij - zk:h,krij + hLij(Sij> )

with I’fj the Christoffel symbols of the metric L and I the identity matriz n X n.
We also have that X is reqular if and only if

(2.10) P=det [SI—2(h+c)V] #0, foral ueUl.

Conversely, if Y : U C R™ — S™ is an orthogonal local parameterization
and h : U — R is a differentiable function that doesn’t vanish in any point and
satisfies (2.10), then (2.5) defines an immersion in R™ with normal Gauss map
N given by (2.7), Weingarten matriz described by (2.8) and (X,N) # 1 in all
point.

Remark 1. A hypersurface ¥ in the conditions above is locally associated
to S™ by a sphere congruence and the function h of which the theorem refers is

given by
c

R(u)+1’

where ¢ is a nonzero constant and R is the radius function. Futhermore, for a

h(u) = —

such X, its fundamental forms I, I1 in local coordinates are expressed as

4(c+ h)? 2
(2.11) I: (X,i,X7j> = % Z Vit Vik Lk — E(C—Fh)(Viijj + V]ZL“) + L;j,
k
(2.12)
4h 2
II: <X,i, N7j> = §(C + h) Z Vsz]kka — g ((h + C)VZ‘ijj + hVﬂLM) + Lij-
k

In the case the matrix V is diagonal, the hypersurface ¥ is parameterized by lines
of curvature and it is associated to S by a Ribaucour transformation. Finally, if
we take Y = 77!, where 7_ : S"\{—e,,1} — R™ is the stereographic projection,
> is a hypersurface of rotation if and only if the function h is radial.



78 L. R. Pereira Santos, A. M. V. Corro

Below it follows some properties of the hypersurface n given in (2.6).

Remark 2. In the conditions of Theorem 2.2, observe that Y is a unit
normal vector field to the hypersurface n : U C R™ — n(U) given by

n(u) = Vph(u) + h(w)Y (uv), wueU,

and (n,Y) = h, so that h is the support function of the hypersurface n. Futher-
more, 1 has regularity condition equal to det V' # 0 and its Weingarten matrix is
VL, with V as in (2.9). Indeed, it is valid that

(2.13) nj = Z VieYr 1<j<n,
k

which means that the matrix V7 is the coefficient matrix of d in the base {Y;},
so that 7 is an immersion iff det V7 = det V # 0. In addition, the equality (2.13)
implies that

n

(Vv yn;=Y: 1<i<n,
J
which is to say that V! is the Weingarten matrix of 1.

Now, we are going to show a fact that will be useful later in our discussion.

Lemma 2.3. When Y is the inverse of stereographic projection, the hy-
persurface n(U) is rotational if and only if h is a radial function.

In fact, if n(U) is rotational, the ortogonal sections to the axis of rota-
tion determine on the surface (n — 1)-dimensional spheres centered on this axis.
Note that along these spheres both |5|? and the angle between 1 and Y must be
constant. Since

n,Y)=nh, (n,m) = [VLh|> +B*, Ly =(Y;,Y,),

we conclude that h and so |V h|? are constant along these spheres. Taking Y as
the inverse of stereographic projection, we get L;; = 46;;/(1 + [u|*)?, so that

1+ [u?)?
wunt = (235 o

what says that |u\2 is constant as one goes around the ortogonal sections. There-
fore the function h is constant along (n — 1)-dimensional spheres in R" centered
in the origin and, therefore, is a radial function.
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On the other hand, if we suppose that h is a radial function, we can write
h(u) = J(|u|?),u € U, for some differentiable function J. We set |u|* =t and we
denote the derivative of J with respect to ¢ as J'(t). Therefore h; = 2.J'u; and
taking the parameterization Y as the inverse of stereographic projection, we get

n= (<J/(1—t)+12—jr]t>u,—2tJ/+J<(L_F?)).

1—t
If —2tJ +J <( )> is constant, then
1+t
2J ’ 2J
J(1—t — J(1—t — | 1
<( )+1+t>“‘ <( )+1—|—t>’

which means that the ortogonal sections to the axis z,4+1 determine on 7n(U)
(n — 1)-dimensional spheres centered on this axis, so that n(U) is rotational.

2.3. Holomorphic functions. The identification of the complex plane C
with R? naturally induces the notion of inner product in the space of holomorphic
functions. For f,g: U C C — C holomorphic functions, the inner product (f, g)
is a real function defined in U, given by

(f,9) = (L) (Lg) + G f) (i 9)

where (1, f) = Re(f) and (i, f) = Im(f) denote the real and imaginary parts of
f, respectively. Moreover, the norm of a holomorphic function f: U C C — C is

defined as
|fl=~{f, 1)

This inner product satisfies the following properties for holomorphic func-
tions f, g and h:

=(f".9) +{£.9).
(if',9) +(f.ig).
(fh.g) = (. hg).

(4) fg=(f9) +i(if.g).
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where f’ denotes the complex derivative of f. Using the notation settled in the
beginning of the section, the relationship between the real and complex derivatives
of a holomorphic function f is

f'=f1=—ifo.

Here we present some results from the theory of holomorphic functions
which later will be useful in our work.

Theorem 2.4. Fvery real harmonic function defined in an open simply
connected set of C is the real part of a holomorphic function defined in this set.

Proposition 2.5. Let f, g, h be holomorphic functions. Then the equality
(2.14) (1, f) + (g, h) =0,

1s valid if and only if there exist real constants c1,co and a complex constant z;
such that

(2.15) { h =icig+ 2=

[=—z19tic

Proposition 2.6 (Liouville Theorem). Every harmonic function on C
that is bounded below or above is constant.

3. RSGW-Hypersurfaces. In this section we introduce a class of
generalized Weingarten hypersurfaces depending on support and distance func-
tions named RSGW hypersurfaces. We give a necessary and sufficient condition
— (3.3) — for an envelope of a sphere congruence, in which the other envelope is
the unit sphere S™, to be a RSGW hypersurface. Futhermore, we show that (3.3)
is also a necessary and sufficient condition for the hypersurface 7 in (2.6) to be an
Appell hypersurface. Moreover, we present a local parameterization for RSGW
hypersurfaces depending on an orthogonal local parameterization of unit sphere
S™ and then we use such parameterization to characterize the rotational cases.

Since the radius function is a geometric invariant for a hypersurface ¥ in
the Euclidean space such that ¥ and a unit sphere of center v are envelopes of
a sphere congruence, we can define certain curvatures for it. Thus, for such a 3,
we define its spherical radial curvatures s; associated to S™ and spherical mean
curvature Hg associated to S™ as

14 k; 1
1 = — Ho = = i
(3:-1) T I1-KR s=L 2
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where k; are the principal curvatures of 3, 1 < ¢ < n, and R is the radius function
given by (2.4).

Definition 3.1. A hypersurface ¥ C R™ is called a generalized Wein-
garten hypersurface of radial support type (in short, RSGW hypersurface) if there
exists a unit sphere in R of center v with U, (p) # 1, for all p € %, such that
the relation

(3.2) 1—W,(p) = (1+ R(p))Hs(p),

is valid for all p € 3, where R : ¥ — R is the function given in (2.4) and Hg is
the spherical mean curvature of ¥ associated to S™.

It follows that a RSGW hypersurface is an envelope of a sphere congruence
whose other envelope is the unit sphere centered in v.

From now on, we assume v = 0 and h always denotes the function de-
scribed in Theorem 2.2.

Theorem 3.2. Let Y and n be hypersurfaces in the conditions of Theorem
2.2. Moreover consider Y : U C R" — S" the parameterization of unit sphere
given by Y(u) = 7= (u), where m_ : S*\ {—enp1} — R™ is the stereographic
projection. In this case, if

(3.3) Arh =0,

where L is the metric given by L;j = (Y;,Y ), one has that
(1) ¥ is a RSGW hypersurface.
(2) n is an Appell hypersurface.

On the other hand, if (3.2) or (3.2) is true, then h is harmonic in the metric L.

Proof. (1) Let ¥ be a hypersurface which satisfies ¥(p) # 1, p € X.
Thus, the Theorem 2.2 ensures the existence of a differentiable function h : R” —
R such that ¥ can be locally parameterized by (2.5), with Weingarten matrix
W = [ST — 2hV][ST —2(h+c)V]|™!, where V = (Vj;) is the matrix (2.9). In this

case,

n n

n
(3.4) trV o= Vi = > —(hjj— Y hil};)+nh.
j=1 j=1"97 k=1

1
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Taking Y as the inverse of stereographic projection, locally we have

2u 1 —ul? 4
3.5 Y (u) = Lij = (Y, Y)) = ———=—6i.
( ) (u) (1 4 ‘u|2¢ 1 n ‘u|2> ) ¥ < N3 ,J> (1 4 ‘u|2)2 1)

Being L a conformal metric, it follows from (3.4) the equality

(3.6) trV = Aph + nh,
and since h = —¢/(R + 1), we can write
ne
. = A —_——
(3.7) trV Lh R+l

where R is the radius function of the congruence.
On the other hand, since the matrix V is symmetric, its eigenvalues o;

A_ﬁ 14+ k;
7= on\1—Rk, )’

where —k; are the eigenvalues of W and S is the function given by (2.6). Note
that from (2.5) and (2.7), the support function of ¥ can be written as

S+ 2ch
S )
and using it for rewriting h in terms of the function ¥, we get finally

" c - 1+ k;
3.8 trV = .= .
b v e (35) % )
Taken together, equalities (3.7) and (3.8) show that the hypersursurface

31 is a RSGW hypersurface if and only if Aph = 0.

(2) From Remark 2, we know that W = V! is the Weingarten matrix of
the hypersurface . Therefore, if k; are the principal curvatures of 7, it follows

satisfy

U —

that —k; = 1/0;, where o; are the eingenvalues of V. Thus,

n
1 1 H,_
(3.9) v o= > o = ———m— = -n nl
i=1 ki kn K

where H,_; and K are the (n — 1)-th mean curvature and Gaussian curvature of
7, respectively. Thus, if A is harmonic in the metric L, from equalities (3.6) and
(3.9) we gather that
H,_
ool — _p,
K
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which shows that n is an Appell hypersurface. The converse follows immedi-
ately. O

Theorem 3.2 reveals a type of association between RSGW hypersurfaces
and Appell hypersurfaces, since both of them are settled by the same harmonic
function h. In fact, once we have found a Weierstrass-type representation for
these surfaces, we will see that the same holomorphic data provide examples of
surfaces in each of these classes.

The part 2 of Theorem 3.2, for the two-dimensional case, can also be
achivied from the approach used in [7].

As a corollary of Theorem 3.2 we are going to show that, for two-dimensional
case, a compact RSGW hypersurface is a sphere.

Corollary 3.3. In the conditions of Theorem 2.2, if ¥ is a compact,
complete RSGW surface in R, then ¥ is a sphere.

Proof. Being ¥ compact, there exists a sphere M centered in the origin
containing Y. Decreasing the radius of M if necessary, there will be a intersection
¥ N M, say in a point p’. In this case, p’ is the point of ¥ with highest norm,
Le., [p| < [p'|, Vp € E. Moreover, TyX = T,y M, so that ¢(p’) = [p/, since the
support function in a point at sphere is its norm.

Therefore, for all point p € 3,

(3.10) Y(p) < Ipl < [P = ¢(@)

Since ¥ is a RSGW surface, then X is associated to the unit sphere by
a sphere congruence and has a radius function R. Let’s compare, for arbitray
p € 3, the values R(p) and R(p'). From A(p) < A(p'), Vp € X, we get

(3.11) 1—A(p) >1-A@p), VYpex

We can assume (p) > 1, Vp € X, since ¢(p) # 1, whatever the point p
is. So (3.10) and (3.11) imply that
1-Alp)  _1-AW)
2((p) — 1) ~ 2(v(p) - 1)’
As R=(1-A)2(v

Vp e X

— 1)), the inequality above shows that
(3.12) R(p') <R(p), VpeX

Now, using that h = —c/(1 + R), (3.12) gives us
(3.13) h(p') < h(p), VpeX
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On the other hand, consider the sphere M centered in the origin tangent
to the ¥ in p/. It is clear that M is also associated to the unit sphere by a sphere
congruence and so it has a radius function, that we call R;. Such function is
constant given by —(|p'| +1)/2. Since the tangent hyperplanes T,y and T,y M
coincide, it is true that ¥1(p") = ¥(p'), so that Ry(p') = R(p’) (subscript 1
meaning functions from M). This makes the auxiliar functions h and h; from %
and M, respectively, assume the same value in p’. This fact together with (3.13)
proves that, for all p € X,

2c
(3.14) =1 hi(p') = h(p') < h(p)
So, without lost of generality, supposing |p| > 1 and taking, for example,
2c—1
= \f\il’ we have that the function h is bounded below by I. Futhermore,
p p—

from Theorem 3.2, it is valid that the function A is harmonic in the metric L,
given by L;; = (Y;,Y;), taking Y : U C R? — S? as the inverse of stereographic

projection. In this case,

Ah
Arh = —
L Ly

what means that being harmonic in the metric of sphere is the same as being
harmonic in the Euclidean metric. Therefore, from the Liouville Theorem 2.6,
we conclude that h is constant. Hence 9 is also constant, which shows that ¥ is
contained in a sphere. O

4. RSGW surfaces. In this section we deal with the two-dimensional
case of RSGW hypersurfaces, which we now call RSGW surfaces. For such sur-
faces, we provide a Weierstrass-type representation depending on two holomor-
phic functions and we characterize the RSGW surfaces of rotation. Simultane-
ously, the same is done for Appell surfaces.

We begin by taking a look at expression (3.2) that defines RSGW surfaces.
Expanding it, we find the equation

(4.1) [1-R*+2R(1-V)|H-R[1+R+R(1-V)|K+R+¥=0.
Replacing the function R by its expression (2.4), we get

[4A(U—1)*—(1—-A)?| H+[(A—1) (T —2A+AT) | K+2(T—1)(1-A) +4¥ (¥ —1)* = 0,
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which provides a Weingarten relation depending on support and distance func-
tions satisfied by the RSGW surfaces. Thus, every RSGW surface is a DSGW-
surface.

The next proposition follows the same steps as Theorem 2.2, but now
in the context of Riemann surfaces. This allows us to work with holomorphic
functions, which will enable the construction of a Weierstrass-type representation
for RSGW surfaces.

Proposition 4.1. Let ¥ be a Riemann surface and X : ¥ — R3 an
immersion such that <X(p),N(p)> # 1, for all p € ¥, where N is the normal
Gauss map of X. Consider also a holomorphic function g : C — Cs such that
g # 0. Then there exists a differentiable function h: U C R?* = R associated to
this parameterization, such that 3 can be locally parameterized by

_2(h+¢)

(4.2) x-2 (29, 92— T) =,

T

where ¢ is a nonzero real constant, T =1+ |g\2 and

[TV g\ 20 (2-T)h g
(4.3) n= (57—9<Vha?>+?97 T <Vh,? )

(4.4 Szmmz(

T \2
Vh|? + h?,
7)1
with Lij = (Y, Y ;).

In these coordinates, the Gauss map N of ¥ is given by

(4.5) N = %(29, 2 T) - 2%77.

Moreover, the Weingarten matric W of ¥ is W = [SI—QhV} [SI—Q(h—l—c) V} _1,
where the matriz V' s such that

(4.6) Vii = —— |n 920 Sh) 4 hL
. 11—L11 11 g ng, 11| »

1 9 2,
(4.7) Via T [ 12 <Z<g, 79 9) , V ;
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(4.8) V _ L - 20 Vh)+hL
. 22—[/22 ,22 g ngy 22 -

We also have that X is reqular if and only if
(4.9) P=5%-2h+c)StrV +4(h+c)*detV #0.

Proof. Taking the parameterization Y : U C R? — S? given by
Y =7 tog, where =1 : C — S?\{—e3} is the inverse of stereographic projection,
we have, for u € U,

1 2
(4.10) V() = e (2000 1= lo() ).

Thus, from Theorem 2.2, there is a differentiable function h: U ¢ R? - R
such that X (X) can be locally parameterized by (4.2) with Gauss map (4.5), in
which expression for 7 follows from straightforward computations, using property
(3) and considering Vh = h + ih .

Theorem 2.2 also ensures that the Weingarten matrix of X () is W =
[SI — 2hV] [SI — 2(h + c) V] 71, with regularity condition given by P # 0, where
P =det [ST—2(h+c)V], with V as in (2.9). For n = 2, this regularity condition
may be rewritten as in equation (4.9).

In order to make explicit the Vs entries, let us find the Christoffel symbols
of the metric L;; = (Y;, Y;), 1 <4,j < 2. From the expression (4.10) for Y, we
have that the metric L is diagonal given by

_ 4y’

(4.11) Ly ==

5, T=1+[g* 1<ij<2,

and from the equations (2.2), we have that its Christoffel symbols are

T (g, 9"y —2lg'” {9,9) T (g, ig") —2|g'|* {9,ig)

I = T|g'|? ’ I = T|g'|?
From (2.9), it follows that
Vii = % [ha1 — (Tqy +4T% , VA) + hL11],
(4.12) Vig = L%Q [hao — (Tl +1iT%,, VR)],
Vay = 1 [hos — (T3y + T3, , VA) + hLg].

Los
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Using property (3) for holomorphic functions, we have
. 1 2 (2 . 1 .
[y +ilf, = <?,g”> — (9.0 +i (T (9:ig") — <?,%g”>>

i i
_ g 2, /g 2,
- <1’?‘f99>“<“?‘f99>
/

A
g 2,
(4.13) = ? - Tg/g
Similarly,
! 2 2 g//
414 rloirz, =i(L - 243 rl+ir, =—gg- L.
(4.14) 12 Tl Z(g’ ng>7 20 T 1199 799 s

Substituing (4.13) and (4.14) in the expressions (4.12) for the V’s entries , we are
done. O

Now, we are in a position to give a Weierstrass-type representation for
the RSGW surfaces.

Theorem 4.2. Let 3 be a simply connected Riemann surface and X :
Y — R? an immersion such that <X(p),N(p)> # 1, for all p € X, where N is
the normal Gauss map of X and let g : C — C4 be a holomorphic function such
that ¢ # 0. If X(X) is a RSGW surface, there exists a holomorphic function
f: X = C such that X(X) is locally parameterized by

_2(h+¢)

1
- S 777

(4.15) X=r7

(29, 92— T)

where h = (1, f), T =1+ |g|* and

(416) n= (g@ —9g <f@@> + %g , @ - <f’,@> )

T f 1\
(4.17) s=(L|L + h?.
29
In these coordinates, the Gauss map N of ¥ is
1 h
41 N:—<2,2—T>—2—,
(4.18) 7\29 o'l
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The regularity condition is given by

7\ 2 2 2 h 2
(4.19) _P=<<§-§> —Ww—hﬂ —<Ié@%9> €)% # 0,
with
(420) e~ 1 (% -249) - 1"

Conversely, let g : C - C and f : X — C be holomorphic functions
satisfying (4.19), such that ¢ # 0 and h = (1, f) # 0 in all point. Thus X : ¥ —
R? as in (4.15) is an immersion and X (X) is a RSGW surface.

Proof. It follows from Proposition 4.1 that there is a differentiable
function h : U € R? — R such that X(¥) can be locally parameterized by (4.2).
Now, if X(X) is a RSGW surface, then Proposition 3.2 establishes that h is a
harmonic function in the metric L — given by (4.11) — and so h is also harmonic
in the Euclidean metric. In this case, Proposition 2.4 guarantees the existence of
a holomorphic function f : ¥ — C such that h = (1, f). Thus, it follows from the
properties for holomorphic functions that hy = (1, f'), ha = — (i, f'), so that
Vh = hi+ihy = f'. Therefore the expressions (4.3) and (4.4) for the functions
n and S can be rewriten as in (4.16) and (4.17), respectively.

Proposition 4.1 still asserts that the Gauss map N of X(X) can be ex-

pressed by

2h
N=Y -2
S 777

with Y, S and 7 as above. Moreover, the regularity condition is P # 0, with P
given by (4.9). In order to explicit the regularity condition for this case, let us
calculate the entries for the matrix V in (2.9). From Vh = f and property (3),
the expression (4.6) for V11 becomes

Vi :_L<1ﬂ%»i—z@f”+WL
11 I ) g T ) 11

T2 g// 2
- h 1 n__oer(J =
_%®¢P< & ‘f<g’ Tﬂg>>

T2
(4.21) = h- g7 (L,€)
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where ¢ is the function given in (4.20). Similarly, from expressions (4.7) and
(4.8), it follows

T2 T’
(4.22) Vio = g (08), - Voo =ht o (16).

Therefore, for the matrix V is true that

'V = 2h, detV = h? — €17,

16\ ! \4
Finally, plugging these expressions into (4.9), we get (4.19) as the regularity
condition as we wished.

Conversely, let g : C — Cy, and f : ¥ — C be holomorphic functions
such that ¢’ # 0 and h = (1, f) # 0 in all point, satisfying (4.19) and Y the
parameterization described before. It follows from Theorem 2.2 that (4.15) is
an immersion with Gauss map (4.18) such that (X (p), N(p)) # 1, for all p € 3.
Since f is holomorphic, the function A is harmonic and from Proposition 3.2 we
have that X (X) is a RSGW surface. O

Note that, for two-dimensional case, the definition of Appell hypersurfaces
coincides with the classical one. Thus, we can conclude from Proposition 3.2
that the surface 1 is an Appell surface if and only if the function h is harmonic.
Therefore, expression (4.16) sets up a Weierstrass-type representation for Appell
surfaces. Let us write that in the next corollary.

Corollary 4.3. Let ¥ be a simply connected Riemann surface and g :
C — Coo, f : ¥ — C holomorphic functions such that ¢’ # 0 and h = (1, f) # 0
in all point, satisfying

4.23 P=h - ¢ #
g// 2

where T =1+ |g|*, and € = f' <— — Tg > — f". Then, n: ¥ — R3 given by
g

(424) n= (g@ —9g <f@@> + %g , @ - <f’,@> )

is an immersion and n(X) is an Appell surface.
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The way the Weierstrass representation was built allows us to obtain an
example of RSGW surface and an example of Appell surface for each holomorphic
data (f,g). Let us construct some of them below.

Example 4.4. Considering the holomorphic data f(z) = z and g(z) = z,
with ¢ = 1 in the parameterization X, the correspondent RSGW surface and
Appell surface are drawn below.

Fig. 1. On the left the RSGW surface and on the right the Appell surface, for f(z) =z
and g(z) =z

Example 4.5. For the holomorphic data f(z) = e* and g(z) = €, taking
¢ = 1in X, the correspondent RSGW surface is described by the first two figures.
The last ones are from the Appell surface.

Fig. 2. The first two pictures are from the RSGW surface and the last two are from the
Appell surface when f(z) = e* and g(z) = €*
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4
1—24
and g(z) = z. Taking ¢ = 10 in the parameterization X, the first four pic-
tures are drafts for the correspondent RSGW surface with different parameter
values. The last three pictures sketch the respective Appell surface.

Example 4.6. Consider the holomorphic data f(z) =

Fig. 4. Sketches for Appell surface with f(z) =

4
T and g(z) = 2z

Corollary 4.7. In the conditions of Theorem 4.2, the coefficients F' and
f of the first and second fundamental forms of X, respectively, have expressions
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/12
(135) F = (X1, %) = 200040 i.6) [smlg P+ o) - A],
(4.26) f = (X1, Na) = 8'22'2 (i,€) [16h3(h + 0)lg/|* = AR + o),

where € is given by (4.20) and A = T?|f'|? + 4h%|g'|2.

Proof. Take the equations (2.11) and (2.12) and replace the entries of
the matrix V' by their equations (4.21) and (4.22); the function S by its expression
(4.17) and the metric L as in (4.11). We get the expressions above for the
coefficients after straightforward calculations. O

Corollary 4.8. In the conditions of Theorem 4.2, the coefficients F and
f of the first and second fundamental forms of n, respectively, have expressions

(n1, n2) = 2h{i,§),
= (n1, Y2) = (i,§),

~, ™

where £ is given by (4.20).

Proof. As observed in [11], the derivative n;, 1 < i < 2, can be
expressed as

2
(4.27) Ni = Z Vi;Y;
j=1

so that, by (4.21), (4.22) and the expression (4.11) for the metric L, we have
F = 2h (1,€). Now using the expression (4.27) and considering the equalities
(4.21), (4.22) and (4.11), we get f = (i,£). O

The next corollary brings a necessary and sufficient condition on the holo-
morphic data of a RSGW surface and an Appell surface so that they are parame-
terized by lines of curvature.

Corollary 4.9. Let (f,g) be a holomorphic data of a RSGW surface 31
and an Appel surface 9. Then X1 and X9 are parameterized by lines of curvature
if and only if there exist constants c1,co € R and z1 € C such that

1o
z'f”—if%]

! 1 !/
g<if”—i—fgg, +2¢fgg> = icg+a

= —Z219+ic
(4.28)
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Proof. From the corollaries 4.7 and 4.8, we can note that the surfaces
¥, and X9 are parameterized by lines of curvature if and only if (i,£) = 0. On
the other hand, using the property (3) for holomorphic functions, we have

. . .l g" 2 n\ _
<’L?£>_O<:><’L?f <?_ng>_f>—07
<:>T< f;]”>—2<z f’g'g> T<z ”>:0,
(:)—T<1zf/ ”> 2lg |2< f”>—|—T<1,z’f">:0,
g g
<1 zf"—zf >+\gy2 [<1 —zf >+2<1,¢f9 > —|—<1,2'f">] =0,
g g g
(:)<1,2' ”—¢f€’>+<g,g<f” 19 +2zfg>>:o.
g g g

Thus, the result follows from Proposition 2.5. O

Example 4.10. The pair of functions f(z) = 6—2122 + 29, g(2) = 2z, with
c1 € R and z9 complex constant, is a solution for system (4.28) for z; = 0 and
cg = 3cq. Therefore, the RSGW surface and Appell surface with holomorphic
data given by f and g are parameterized by lines of curvature. Below it follows
their graphics when ¢; = 1 and 29 = 0.

2
Fig. 5. RSGW surface parameterized by lines of curvature with f(z) = % and

g(z) =z, forc=1
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2
Fig. 6. Appell surface parameterized by lines of curvature with f(z) = % and g(z) =z

Ahead, using Theorem 4.2 and Corollary (4.3), we classify the rotational
cases for RSGW surfaces and Appell surfaces.

Theorem 4.11. Let ¥y be a connected RSGW surface of rotation and
Yo a connected Appell surface of rotation. Then there exist constants a,b €
R, not simultaneously null, such that 31 and o can be locally parameterized,
respectively, by

(4.29) Xap(ur,ug) = (M (u1) cosug, M(uq)sinug, N(uy)),
(4.30) Xap(ur,up) = (M(ur) cosus, M(ur)sinus, N(ui)),
where
(4.31)
M(uy) 2¢"1 [a*T? — 4e*" (auy + b)(auy + b+ 2¢) + 2a(aus + b+ c)(e*™ — 1)]
uy) = :
! T (a®T? + 4e*" (auy + b)?)
(4.32)
(1 —e?1)[a*T? — 4e*"* (auq + b)(aus + b+ 2¢)| + 8aTe*" (aus + b+ c)
N(u1) =
T (a?T? + 4e*"1 (auy + b)?)
__ 1— 4uq 4 2u1 b
(4.33) M(u1):a( et1) + 4e*"t (auy + )’

2T ev1
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(4.34) N(u) = 2- T)(aur} +b) - aT’

and T =1+ >,

Proof. Theorem 4.2 ensures that 3 is locally parameterized by (4.15).
We take g(w) = w, w € C, and, in this case, the Remark 1 asserts that ¥ is a
RSGW surface of rotation if and only if A is a radial function, i.e., h(w) = J(|w|?),
w € C, for any real differentiable function J. Making the change of parameters
w=e*, z=u;+iup € C, we have g(z) = e” e hp = 0. However, from Theorem
4.2, we know that h = (1, f) for a holomorphic function f. From Cauchy—
Riemann equations and using the fact that h must be harmonic, we conclude
that f(z) = az+ 29, 20 = b+id, where a,b,d € R. Therefore h(z) = au; +b and
substituing all this in (4.15), we get (4.29) after straightforward calculations.

Now, from Corolary 4.3, we know that 3o is locally parameterized by
(4.24). Taking g(w) = w, w € C, the Remark 2 asserts that ¥ is an Appell
surface of rotation if and only if A is a radial function. Then the argument
follows as above and we get (4.30) as a local parameterization for 5. O

Proposition 4.12. Consider ¢(u1) = (M(u1),N(w)) and @(u1) =
(M(ul), N(ul)) generating curves of RSGW and Appell surfaces of rotation, re-
spectively. Their behavior at infinity is given by

(4.35)  lim M(u;)=0, lim N(u;)=-1, lim N(w)=1, fora#0,

u]—+oo u]—>+00 U1 ——00

2 2
(4.36)  lim M(u) =0, lim N(u)= "2 tim N(u)=-2T%

u]—+oo U] —+00 b’ Ul —>—00 b

for a=0.

(437)  lim M(u)=-00-a, lim M(ui)=+o0-a,

u1—>+00 U1 ——00

lim N(uj) =—o0-a, fora #0,

u1—>:|:oo

(438) lLim M(u;) =0, lim N(u)=—-b, lim N(uy)=b,

ur—koo Ul —+00 UL ——00

for a=0.
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Proof. Rewriting the curves (4.31) and (4.32) as
(4.39)
M(uy) = [2(a® — 2a°u; — 2ab — 2ac)e” — 2(2(awy + b)?
+ de(auy +b) — a®)e*™ + (a® + 2a®u;y + 2ab + 2ac)e”™ |
[a® + (3a® + 4(aur + b)*)e*™ + (3a® + 4(aus + b)?)e™™ + a?e®1] - ,

a2 +a1€2u1 + a2€4u1 + a3€6u1

4.40 N =
(4.40) (1) a? + age?™ + aqetr — agebur’
where
ar = a*— 4(auy + b)(auy + b+ 2¢) + 8aauy + b+ c),
ay = —a®+4(au; +b)(au + b+ 2¢) + 8a(au; + b+ ¢),
as = —a2,
as = 3a®+4(auy +b)?,

and considering a # 0, we can get the limits in (4.35). On the other hand, if
a = 0, with b nonzero, we have

u1

b+ 2c e b+ 2c 1 — 2w
441) M = -2 N S
(441) (1) < b > 1+ e2ur’ (1) ( b > <1—|—62“1> ’

and it follows that (4.36) is valid.

Considering now the equations (4.33) and (4.34) for M and N, one has
easily the limits (4.37) and (4.38). O

The next proposition indicates when a RSGW surface and an Appell
surface of rotation are complete and shows that its singularities lie at circles or
they are isolated.

Proposition 4.13. Let 31 be a connected RSGW surface of rotation and
let X9 be a connected Appell surface of rotation. Then

(1) The surfaces X1 and Xo are complete if and only if a = 0. In this case, ¥
is a sphere of radius (b+ 2c¢)/b and X9 is a sphere of radius b.

(2) Fora # 0, the surfaces X1 and X9 has at least one circle of singularities. In
addition to these, 31 may present isolated singularities, while X2 always have
them.
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Proof. (1) Since ¥; and Xy are surfaces of rotation, from the proof of
Theorem 4.11 its holomorphic data can be taken as f(z) = az + 29, g(z) = €7,
where zg is a complex constant. The function h = (1, f) is equal to auj +b, where
z = u1 + tus, and a, b are real constants.

Thus, the regularity condition P for 31, given by (4.19), may be written
as

a?(1 + e?1)2 — 4e?“1 (quy + b)(auy + b + 2¢) 2
P(ul) = 4€2u1

_ <a(au1 +b+o)(l— €4u1)>2.

2e2u
We may factor the above expression as P = A - B, where

a?(1 + e?"1)2 — 4?1 (quy + b)(auy + b + 2¢) — 2a(auy + b+ c)(e*™r — 1)
164w ’

A(ur) =

B(uy) = a®(1 + €2"1)? — 4" (auy + b)(auy + b+ 2¢) + 2a(au; + b+ c)(e*™ —1).

In this way, we conclude that, for a # 0,

(4.42) lim A(up) = —o0, lim B(u;) = +o0.

u1—Foo u1—>+oo

Note that whatever a,b and ¢, with a # 0, is valid that

4 (bt+c)

b a c c
(4.43) A (— + c) = G a*(1+ 2% ))2 ra2e 2 >0
a

This fact, in addition with (4.42), says that A, and so P, has at least
one root when a # 0. Therefore, in this case, the surface ¥ has at least one
singularity.

Now, when a = 0, from the limits (4.36) we conclude that 3 is cointained
in a sphere of radius (b + 2¢)/b. In this case, the regularity condition P satisfies
P = b*(b+ 2¢)?, which cannot be zero when a = 0. Therefore, this is a complete
case.

On the other hand, with the holomorphic data above, the regularity con-
dition P for X, given by (4.23), may be written as P = A- B, where

~ 4(auy + b)e*™ + a(1 — etr) ~ 4(auy + b)e?™ — a(1 — etur)
A(ul) - 4e2u1 ’ B(ul) - 4e2u1 ’
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and, for a # 0,
ulllz&ooA(ul) =4, u1ll>n—1<>o A(uy) = +o00 - a,
Jim  B(ur) =+00-a,  lm B(uw)=—0c-a

Thus, when a # 0, we conclude that both A and B have at least one root.
Therefore the regularity condition P always presents roots in this case and the
surface X9 has at least one singularity.

Now, for a = 0, the limits (4.38) show that X5 is cointained in a sphere of
radius b. Moreover, in this case, the regularity condition P satisfies P = b? #0,
which shows that this is a complete case.

(2) Let u; be a root of A. Then the set X, (w1, u2), uz € R, is the circle

8ae™ (au b dur _q ..
Xa,b(dhug) _ < ae (U/Ul + 0+ C)(e )(COS U2 + 12 SIn UZ)

(1 +62u_1)(a2(1 +€21Z1)2 +4€2u_1 (au—l +b)2) ’
(14 e2%)(auy + b+ c) [8(162“_1 —2a(1 — 621[1)2]
(1 4 621‘_1)(612(1 + 621[1)2 + 4e2un (au—l + b)2) )

so that the roots of A correspond to a circle of singularities on the surface X.
Considering now the expression for M in (4.31), we observe that if 43 is a root of
B, then M(u7) = 0, so that such roots correspond to points where the generating
curve of 31 intercepts the Oz axis, which generates isolated singularities on the
surface.

From the item (1) we know that A has at least one root for a # 0.
Therefore, ¥, always present singularities at circles in this case. Futhermore,
when B also presents roots, 37 has isolated singularities as well.

Now if 4 is a root of A, then from the expression (4.33) for M, we see
that M (u1) = 0 and such roots correspond to isolated singularities on the surface
Y. For roots 1 of B, the set )?(u],m), us € R, is the circle

~, . 2a(1 — e*in) . Ny (o~ 240
X (d1,ug) = (T(cosw +isinug), (1 —e*“)(au; +b) —a(l +e 1)
e
and such roots correspond to a circle of singularities on the surface Ys.
Since A and B always have roots when a # 0, we conclude that ¥,
presents both singularities at circles and isolated singularities in this case. O
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Example 4.14. Considering a = 0,b = 1 and ¢ = 2, the RSGW surface
31 is a sphere of radius 5 and the Appell surface X5 is the unit sphere.

(a) RSGW surface X1 (b) Appell surface 32

Example 4.15. For a = 1,b = 1 and ¢ = 1, the RSGW surface ¥; has
two circles of singularities and two isolated singularities. The Appell surface Yo
presents one circle of singularities and one isolated singularity.

cA

(a) RSGW surface X (b) RSGW surface X (c) RSGW surface X

(d) Appell surface X (e) Appell surface X2

Example 4.16. For a = 1,b = 0 and ¢ = 1, the RSGW surface ¥
has two circles of singularities and no isolated singularities. The Appell surface
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Y, presents only one isolated singularity (this is a case in which the circle of
singularities degenerates at one point)

(h) RSGW surface X (i) RSGW surface ¥ (j) Appell surface X2

Example 4.17. When a = 3,b = 1 and ¢ = 4, both RSGW surface ¥4
and Appell surface Yo have one circle of singularities and one isolated singularity.

(f) RSGW surface 3 (g) RSGW surface Xy

(h) Appell surface 32
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