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ABSTRACT. We investigate the study of convex, strictly plurisubharmonic
and the special class consisted of convex and strictly plurisubharmonic func-
tions in convex domains of C"*, n > 1.

Let h : C" — C be pluriharmonic. We prove that {b € C /|h +
bl is a convex function on C"} =, or {a}, or C, where a € C.

Now let ¢1,p2,903 : D — C be three holomorphic functions, D is a
domain of C". Put u(z,w) = |w —21(2)||w — 22(2)||w — P3(2)|, for (z,w) €
D x C. We prove that u is psh on D x C if and only if (¢1 + w2 + ¢3) and
(192 + 193 + Pags3) are constant on D, or (p1 + w2 + ¢3) is non constant
and ¢ = @2 = @3 on D.

1. Introduction. Let n, N € N\{0}. An original question of complex
analysis is to characterize all the pluriharmonic functions Kq,..., Ky : C* — C
such that (|K|? +--- 4 |Kx/|?) is convex on C", N > 1.
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In Section 2, we study a special family of plurisubharmonic (psh) func-
tions which is invariant by a class of functions. We conclude this section by
Theorem 2.7. Note that we begin this section by a technical remark on strictly
psh functions.

We consider the application of the following technical result (see[4]). Let

fi,-- .. fn, 915,98 : D — C be 2N holomorphic functions, D is a domain of
N

N
C" and (ar, by, ... an,by) € CN. Let o1 =S gy — T2 w2 = S (f; + asl® +
Jj=1 J=1
lgj +;]*). Then o1 and ¢, have the same hermitian Levi form on D. Moreover,
1 is strictly psh on D if and only if ¢ is strictly psh on D.

In Section 3, we discuss technical properties between pluriharmonic and
strictly psh functions.

In Section 4, we consider the following problem. Let Ay, ..., Ay € C\{0},
By,...,By € Cand g1,...,g9n5 : C" — C be N holomorphic functions, N > 2.
Define u(z,w) = [(Ayw+B1)—91(2)| - - |(ANvw+Bn)—9gn ()], for (z,w) € C"xC.
Find conditions N, g1, . .., gn should satisfy such that w is plurisubharmonic (psh)
on C" x C.

Some technical results between strictly convex functions and the hermi-
tian product are proved. Moreover, at the end we obtain a number of technical
theorems using absolute values, holomorphic functions and analytic polynomials.

The aim of Section 5 is to extend some results concerning psh and strictly
psh functions discussed in section 4.

In section 6 we answer to the following Question. Let g1,g2 : C* — C be
two holomorphic functions. Put ¢(z,w) = |g1(w + Z) + g2(w + Z)|, for (z,w) €
C" x C". Find exactly all the analytic expressions of g; and go such that v is psh
(or strictly psh) on C" x C". Moreover, the rest of the Section 6 is the study of the
following questions. Now Let hq,hs : C" — C be two pluriharmonic functions.
Define 12(z, w) = |h1(w+Z)+h2(w+7%)| for (z,w) € C" xC". Characterize h1, ho
by their analytic expressions such that v is psh on C". Consider f,g: C" — C be
two holomorphic functions. Define ¢3(z, w) = |w?+ f(2)w+g(2)|, (z,w) € C"xC.
Assume that |f| is convex on C". Find f and g by their expressions such that 3
is psh on C" x C.

Deduce all the expressions of the holomorphic functions f, g, h, k : C* — C
such that |f], |h| are convex functions and 3, 14, (3 + 104) are psh on C" x C.
Where 4(z, w) = |w?+h(2)w+k(2)]|, for (z,w) € C"xC. Put 5(z,w) = |Ajw—
hi(2)|* + |Agw — ha(2)[?, for hy,hy : C* — C be two pluriharmonic functions,
A1, A € C\{0} and (z,w) € C" x C. Characterize all the representations of
h1, ho such that 5 is convex on C™ x C.
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Although we deduce all the representations of the four pluriharmonic
functions ¢1,p2 : C™ — C and hy,he : C* — C such that g is convex on
C" % €. o(zw) = lpr(w) — ha(2) + lga(w) — ha(2)2, (2,w) € C" x C™,
n,m > 1.

Consequently, now it is possible to characterize n, m and all the functions
e, Y7 such that 1g and 17 are convex functions on C" x C; and v = (g + ¢7) is
strictly psh on C" xC™. Here v7(z,w) = |@3(w)—hs(2)|*+|ps(w)—hs(z)|?, where
3,4 : C™ — C and hg, hy : C" — C be four pluriharmonic (prh) functions. Let
k1,ks : C" — R be two pluriharmonic functions (of real values). Note that, in
the sequel, an important problem of complex analysis is to characterize all the
holomorphic functions Fy, F : C* — C such that (|Fy|? 4 |Fy|?) is convex on C™.
Now it is possible to find all the representations of k; and ko such that (k7 + k3)
is convex on C".

Let f,g: C" — C be two functions. Define 1g(z, w) = [w?+ f(2)w+g(2)],
for (z,w) € C" x C. We prove that g is strictly psh on C" x C if and only if

2

0
n=1,g= fZ’ f is harmonic on C and \&—J;(zﬂ > 0, for each z € C. Note that

in this situation, we can study the problem

g is strictly psh on C"™ x C
1)y is strictly psh on C" x C
v1 = (Y8 + 1g) is convex on C" x C

where g (z,w) = |w® + f1(2)w + g1], f1,91 : C* — C be two functions.

In Section 7, we consider the holomorphic differential equation k" (k+c) =
v(K')? (where (¢, € C and k : C — C be a holomorphic nonconstant function).
This differential equation plays a technical tool in several problems of real and

complex convexity and their generalizations. Indeed, in the sequel, we can prove

-1
that v € {8—, 1/se N\{O}} independently of the constant c.
s

Section 8 discusses technical properties between real and complex con-
vexity.

The aim of Section 9 is to establish theorem 9.1 and some related top-
ics. Some good references for the study of convex functions and their variations
in complex convex domains are [8, 5, 4, 2, 11]. For the study of holomorphic
functions we cite the references [9, 10, 11, 14]. For the study of the properties
and the extension problems of holomorphic, plurisubharmonic (or quasiplurisub-
harmonic), pluriharmonic functions and the continuation of analytic objects in
several complex variables we cite the references [12, 13, 14, 15, 16, 6, 7] and
others.
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Let U be a domain of R, (d > 2) and f : U — C be a function. |f| is the
modulus of f, Re(f) and Im(f) are respectively the real and the imaginary parts
of f. supp(f) is the support of the function f. my is the Lebesgue measure on
RY. Let g : D — C be an analytic function, D is a domain of C. We denote by
g(o) = g,g(l) =4 iasmthe holomorphic derivative of g on D. g(2) = g",g(g) =g".

g
dzm

C*U)={¢:U —C Jpisof class C*in U}, k € NU{co}\{0}.

In general g(m) = is the derivative of g of order m, for all m € N.

C(U) ={p € C*(U) /¢ has a compact support on U}

and
C(U)={¢:U — C/pis continuous on U}.

Let h : U — C", h = (hy,...,hy). We write |A|]> = (|h1]* + -+ + |[ha]?).
sh(U) is the set of all subharmonic functions on U. Let D be a domain of
C",(n > 1). psh(D) and prh(D) are respectively the class of plurisubharmonic
and pluriharmonic functions on D. For all a € C, |a| is the modulus of a. Re(a)
and Im(a) are respectively the real and imaginary parts of a. The habitual
hermitian product over the vector space C" is denoted by (-/-). If b € C", ||b]| is
the Euclidean norm of b, B(b,r) = {z € C"/||z — b|| < r} and 0B(b,r) = {2z €
C"/|z = bl =r}, for r > 0. For n =1, B(b,r) = D(b,r) and 0B(b,r) = 0D(b,r).
M, (C) is the set of all matrix with coefficients in C and of type (n,n). If p is a
holomorphic polynomial on C, deg(p) is the degree of p.

2. A family of strictly plurisubharmonic functions and the
invariance by a special class of functions. We begin this section by the
following remark.

There exists g1, g2 : C — C be two holomorphic functions, hy,he : C — C
be two harmonic functions such that if we put u(z,w) = |w — g1(2) — h1(2)|> +
lw — g2(2) — ha(2)|? and v(z,w) = |w — g1(2)]* + |w — g2(2)|* for (z,w) € C>.
Then v is strictly psh on C2, but v is not strictly psh at every point of C2.

In fact we can choose g1(2) = go(2) = 22, hi(2) = 2° + z and hy(z) = 2,
for z € C. Although there exists f1, fo : C — C be holomorphic functions and
k1,ko : C — C be harmonic functions and if we define u;(z,w) = |w — f1(2) —
k()2 + [ — Fal=) — kal2)2 and vi(z,w) = [w — Fi(2)|2 + [w — fa2) 2, for
(z,w) € C?. Then u; is strictly psh on C?, but v; is not strictly psh on C.

For example let f(2) = 22, fo(z) = 222, k1(2) = ka2(2) = Re(2), z € C.

This remark yields and investigate the following technical four theorems

in complex analysis.
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Theorem 2.1. Let p1,...,on : C* — C be N holomorphic functions,
n,N > 1. Put u(z,w) = |w—21(2)]* + -+ |w —25(2)|?, (z,w) € C" x C.
Suppose that the function u is strictly psh on C" x C.

For hi,...,hy : C" = R be N pluriharmonic functions, we define
v(zw) = Jw=Bi(z) = () + -+ |[w = PN (2) — h(2)]”
Hw = 1) + -+ lw = on(2)
vi(z,w) = |lw—pi1(z) - (Z)\2 o fw = PN (2) — h(2)]?

+lw —i(2) - 1( Wt lw = o (2) = h(2)P,

va(z,w) = (h1(2))* + Jw = Pi(2) = ha(2)]” + - + [w — PN (2) — hv (2) ],
vs(z,w) = |w—P1(2)]” + |w = P1(2) = h(2)]* + - + Jw = PN (2) — hy(2)[%,
v(z,w) = |w—@1(2)]” +w = P1(2) = h(2)]* + - + Jw = PN (2) — hn(2)/%,

for (z,w) € C" x C. Then the functions v,vi,ve,v3 and vy are strictly psh on
C" x C.

Proof. We have v, v1, v9, v3 and vy are functions of class C* on C" x C.
Denote by w = 2,41 € C. The Levi hermitian form of v is

n+1

L(v)(z, ]%_: 5,2]6_ (z,w)o 00,

z=(21,..,2n), @ = (a1,...,0) € C", B = apq1 € C. Write hj = f; + f;,
1 < j < n, where f; : C" — C is holomorphic. By [4, Lemma 2.6], the functions
v and F have the same hermitian Levi form on C" x C, where

F(z,w) = w = fi(2) + |f1(2) + 1(2)P + -+ |w = ()
+1fn(2) + NP + [w = e1(2)] + -+ Jw = on ().

F is a function of class C*° on C"™ x C.

) —0 9
L(F)(z,w)(e,B) = |8 — Za];l fl Zail
= j
2
6fN 3fN a<PN
+ /8 Z @z] — 1 + 2 @z]
5 2
) 0
+ |8 - Zai; +16- z_: ;zjjv
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Then L(F)(z,w)(«, 8) = 0 implies that

8f1 af 1 8901

I
(M 'ﬁ Z 87:3 ; Z 8,2]

Jj= 1

of "9 f 9 ’
N N SON
e Z 82] Jz: 82] =0
and
9 ’ 9 ’
901 SON

(IT) ' Z 82] Z 8,2] =0.

of L 8@1
It follows that (I) implies 5 = Z 87:3 Z 8,2]
(IT) implies that g = Zagpl Ja;. Then 8 =0 and Zagpl 0.

I 8,2]
' . oy, &pN
The last step implies that 0 = Z 8,2] P = Z z)a; and
= Z@SON . Therefore Z SON z)a; = 0. Consequently, we have 5 = 0

— 0z — 0z ’ 7
as01 aSON

and Z 8,2] Z 8,2]

Slnce now u is strlctly psh on C" x C, then by [3], we have a; = --- =
ay, = 0, for each (z,w) € C" x C. It follows that v is strictly psh on C" x C. The
rest of this proof follows from the above proof. O

We have

Theorem 2.2. Let ©1,...,on : C* — C be N analytic functions, n,
N > 1. For (z,w) € C"xC, denote by u1(z,w) = |[w—p1(2)]*+- - -+|w—pn(2)%
Suppose that uq is strictly psh on C" x C. Then we have

(a) For all pluriharmonic functions hy,...,hy @ C" — R, the func-
tion vy is strictly psh on C" x C, where vi(z,w) = |w — p1(2) — h1(2)]* +
+ |w — on(2) — hn(2)|* for (z,w) € C" x C.

(b) Let T : C" — C" be a C— linear bijective transformation.
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Put uz(z,w) = |w—p1 (T (2))|*+ - -+|lw—on(T(2))|?, for (z,w) € C"xC.
Then ug is strictly psh on C" x C and N > (n+1).

Proof. (a) u; and v; are functions of class C* on C" x C. Since
hi,...,hy have real values, we can write hy = ¢1 + 91,..., AN = gn + GN,
g1s---,9n : C" = C be N holomorphic functions. vi(z,w) = |w—¢1(2) —g1(2) —
G+ + o — o (2) — g(2) — ()2, for (2,w) € C7 x C.

By [4, Lemma 2.6], v; and v have the same hermitian Levi form on C" xC.
Where ¢(z,w) = [w — ¢1(2) = 1(2)]> + g1 () + -+ + [w — on(2) — gn (2)[* +
lgn (2)]?. ¢ is a function of class C™ on C" x C. Let (z,w) € C" x C. Denote by
w = zpy1. Let (a,B) € C" x C, a = (a1,...,q,) and denote by S = a,41. The
Levi hermitian form of ¢ is

n+1 aZw
L =y 22 T
e §) = 3 5t
"9 "9 Y& ’
_ 1 , g1 g1 -
= 5—25(2)%—2%( )ey Zg( )| +
j=1"" j=1""7 j=1""7
) ) * o ’
oN NN v
Jj=1 7j=1 7j=1
We have L(v)(z,w)(«a, ) = 0 implies that
3901 " g B —dg1 _
8- Z 87:3 ' &—zj(z)aj =0 and Za—zj(z)a] =0.
Jj=1 j=1
dg1 &Pl
Theref —= ;= d
erefore, ;8,2]' (2)a; =0 and S — Z&z]
aQN &PN B
8,2 —(2)a; =0 and f— Z 8,2] =0.
Since now u1 is strlctly psh on C" x C, then B =0Qanda; = =q,=0.0

Remark 2.1. In Theorem 2.1, if h; : C" — C, (1 < j < N), the result
is false in general. There exists several cases where u is strictly psh but & is not
strictly psh on C" x C, where k(z,w) = (|lw—1(2) —h1(2)* +-- -+ |w — PN (2) —
hy(2)%), for (z,w) € C" x C. Moreover, if h; : C" — iR, for each (1 < j < N),
the result is true.
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We have the following technical converse two theorems.

Theorem 2.3. Let hy,ki,...,hn,ky : C* — R be (2N) pluriharmonic
functions, n, N > 1 and (A1, ..., Ay) € CN. Assume that (hy +iky1),...,(hn +
ikxn) are holomorphic functions on C". Define Hy(z,w) = |Ajw —hy(2)]* 4+
|[Ayw — by (2)]?, Ki(z,w) = |[Ayw — k1 (2)) 4+ - + |[Ayw — ky(2)|%, H(z,w) =
|Ajw — hy(2) = k1(2) + -+ -+ |Anvw — by (2) — kn(2)]?, for (z,w) € C" x C. Put
K = (H; + K;). We have

(I) Suppose that K is strictly psh on C" x C. Then H, Hy and K; are
strictly psh on C" x C.

(IT) Suppose that H is strictly psh on C" xC. Then Hy and K are strictly
psh on C" x C.

(IIT) In fact we have Hy is strictly psh on C" x C if and only if Ky is
strictly psh on C" x C.

Theorem 2.4. Let hy,...,hy : C" = R be N prh functions and (Aq, ...,
Ay) € CV. Put v(z,w) = |[Ajw — by (2)* + -+ + |[Anw — hn(2)|?, for (z,w) €
C" x C. Suppose that v is strictly psh on C" x C. Then for all holomorphic
functions @1,...,on : C" — C, the function vy is strictly psh on C" x C, where
vi(z,w) = |[Ajw — h1(2) — @1(2)]* + - + |[Anvw — hn(2) — on(2)|? for (z,w) €
C" x C.

Proof. We have v and v are functions of class C*° on C" x C. Now if
(z,w) € C"xC such that the hermitian Levi form of v satisfies L(v1)(z, w)(a, 8)=
0, where (o, §) € C" xC. We prove by ([4], lemma 2.6), that L(v)(z, w)(c, 3) =0
and then o = 0, 8 = 0. Observe that if we denote by

va(z,w) = [Arw = ha(2) = PP + - + [Avw — by (2) = BN (2)

for (z,w) € C" x C. Then there exists several cases where v is not strictly psh
on C"x C. O

Note that the complex structure plays a classical role on the above four
theorems. We can use the previous theorems several times in the exercises and
complex analysis problems.

Moreover, the four above theorems are not true for convex and strictly
convex functions in convex domains. But we have

Theorem 2.5. Let (Ay,...,Ay) € CN and g1,...,gny : C* — C be N
holomorphic functions, n, N > 1. Put u(z,w) = |Ayw — gi(2)|* +--- + |[Ayw —
N (2)]* and v(z,w) = |Ayw —g1(2) >+ -+ |Anvw — gn (2)|?, for (z,w) € C" x C.

(I) Assume that u is strictly psh on C"xC. Then for all holomorphic func-
tions p1,...,on : C" — C, the function uy is srictly psh on C" x C. uy(z,w) =
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[Avw = gi(2) =1 (2)]* + - + [Avw =GN (2) — on (2) [, for (z,w) € C" x C.
(II) Assume that v is strictly psh on C" x C. Then for all ¢1,...,oN :

C"™ — C analytic functions, the function vy is srictly psh on C" x C. vi(z,w) =

[Avw — g1(2) =P1(2)]* + - + [ANvw — gn(2) = PN (2) [, for (z,w) € C" x C.
Moreover, we have

Theorem 2.6. Let N,s € N\{0}. Consider (Ai,...,Ay) € CV,
(By,...,Bs) € C° and let f1,...,fN,01,---,9s : C* — C be holomorphic func-
tions. Putu(z,w) = |Ajw— f1(2)]*+- - +|Anvw— fn(2) P+ |Biw—gi(2)[*+- -+
|Bsw—75(2)|?, for (z,w) € C"xC. Assume that u is strictly psh on C"xC. Then
forall (c1,...,cs) € C° and for each holomorphic functions ¢1,...,¢on : C" — C,
the function v is strictly psh on C" x C.

v(z,w) = A1 — f1(2) = P1(2)]* + - + [Avw — fn(z) — BN (2)]?
+Biw —gi1(2) — 1’ + -+ + [Bsw — G5(2) — ],

for (z,w) € C" x C.

Example. Let n, N € N\{0} and (Ay,...,Ay) € CV. Let g1,¢1,...,
gN, N : D — C be 2N holomorphic functions, D is a domain of C". Define

u(z,w) = [A1w — g1(2) = 21(2)° + - + |[Ayw — g (2) — PN (2)[* and

ui(z,w) = |[Ajw — g1(2)]* + -+ + |Ayw — gn(2)]?, for (z,w) € D x C.

Assume that u is strictly psh on D x C. In general we can not conclude that u; is
strictly psh on DxC. Indeed, let N = 1, v(z,w) = |w—2—Z|, v1(z,w) = |w—z|?,
for (z,w) € C*. f(2) = 2, k(z) = 22, 2 € C. f and k are analytic functions on
C. v and vy are functions of class C* on C x C. v is strictly psh on C2, but v,
is not strictly psh at each point of C2. For (z,w) € C?, put

K(z,w) = |[Ajw — g1 (2)* + -+ |Ayw — gy (2) > + | A1w — G1(2))* +
+|Anw — g (2)[?,

Ki(z,w) = [Aiw—g1(2) — 1(2)]* + -+ + [Avw — gn(2) — on(2)]?
+A1w —7g1(2) —¢1(z )|2 -+ [Avw — g (2) — on(2) [,

Ky(z,w) = |[Ayw — g1(2) —21(2)]* +- \ANw—QN(Z)—SO_N(Z)|2
+A1w —7g1(2) —¢1(z )|2 -+ [Avw — g (2) — on(2) [,

K3(z,w) = [Aiw—gi(2) —21(z)]* + - + \ANUJ g (2) — pw(2)

) —

+A1w - g1(2) — P1(2 )I2 4 [Avw — gN (2) — BN (2)[*
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If K is strictly psh on D x C, then K, K2 and K3 are strictly psh on D x C.
Moreover, we can study the problem

P) { |w — @1|* + |w — @3|? is strictly psh on C?

|w — P1||w — P3| is psh on C2
where 1,2 : C = C be two analytic functions.

In general we can study for N functions the above system, for N > 2.

Question. Suppose that (P) is true. Then there exists an infinite number
of harmonic functions h : C — R such that

lw — @1 — h|® + |w — @3 — h|? is strictly psh on C?, and
lw — @1 — h||w — Pz — h| is psh on C?.

We can in fact investigate this problem for N-functions on C"*, n > 1.

Note that we have the following remark.

Let ¢1,¢02 : C — C be two analytic functions. Put u(z,w) = |w —
71(2)]? + Jw — $2(2)|?, (2,w) € C%. Given h : C — R be an harmonic function.
Put v(z,w) = |w—37(2) — h(2)|> + |w —P2(2) — h(2)|?. Suppose that u is strictly
psh on C2. Then v is strictly psh on C?. The converse is also true.

In the sequel, Combining the above theorems, we deduce the following
technical result.

Theorem 2.7. Let ¢1,...,0N,91,---,9N : C" — C be 2N holomorphic
functions, n, N > 1. Put

(a) Suppose that u is strictly psh on C" x C. Then v is strictly psh on
C"xC and N > (n+1). The converse is also true.

(b) Assume that uy is strictly psh on C" x C. Then vy is strictly psh on
C" x C, but in general vy is not strictly psh on C" x C.

(¢) Let h : C" — C be prh. Then vy is not strictly convex on every not
empty Euclidean open ball subset of C" x C, if n > N + 1.

Moreover, there exists several cases for n = N 41, where F' is strictly psh
on C" x C, where F(z,w) = |w — @1 (2)|]> + - + |w — on(2)|* + |w — h(2)|?, for
(z,w) € C" x C.
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Remark 2.2. Let ¢1(2) = z, po(2) = 2%, 2 € C. uy(z,w) = |w—p1(2)[*+
|w — QOQ(Z)‘Q, u(z,w) = |w— @(z)\Q +|w — @(z)\Q, (z,w) € C2. uis strictly psh

1
on C2. But u; is not strictly psh on D 3’ 1) x C. That is antiholomorphic

functions are a good class (instead of holomorphic functions) for the study of the
class of strictly plurisubharmonic functions and their properties.

We have

Corollary 2.1. Let p1,...,¢on : C" — C be N holomorphic functions,
n, N € N\{0}. Put

u(z,w) = Jw—@1(2)]* + -+ Jw = on(2)]%
v(zw) = lw—21(2)* + -+ [w - PN (),
for (z,w) € C" x C. Suppose that u is strictly psh on C" x C. Then v is strictly
psh on C" x C and N > (n+ 1). The converse is unfortunately false.

3. Pluriharmonicity and strictly psh functions. We have

Theorem 3.1. Let fi,..., fn : C" — C be N pluriharmonic (prh) func-
tions, n, N € N\{0}. Let f; = g; + kj, where g;,k; : C" — C are two analytic
functions for each j € {1,...,N}. Put

w(zw) = fw = fil2)2 4+ fw = fn(2),
wi(z,w) = [w—g1(z) = k1) + - + o — gn(2) — k()
v(zw) = |w— fi(2) = TP +- -+ lw - fn(z) - ()P,
oz w) = [w—Fi(2) 4+ + o — Tn(2)[2, for (z,w) € C" x C.

(a) Suppose that uy is strictly psh on C" x C. Then w is strictly psh on
C" x C. Indeed, the converse is false in general.

(b) Assume that v is strictly psh on C" x C. Then (u+ ) is strictly psh
on C" x C. Moreover, if (u + ) is strictly psh on C™ x C, we can not conclude
that v is strictly psh on C" x C. Indeed, if f1,..., fn are holomorphic functions,
we have v is strictly psh on C" x C if and only if (u+ ) is strictly psh on C" x C.

Proof. Since u, u;, v and ¢ are functions of class C> on C" x C, the
proof is obvious by using the Levi form of each function. O

Example. Let f(z) = 2z + (2?), for z € C. f is harmonic on C. Put
u(zw) = [w— (), o(zw0) = [w— () — T and p(z,w) = jw—F(z)], for
(z,w) € C% wu, v and ¢ are functions of class C* on C?. Let (29, wg) = (—1,0).
We have v is not strictly psh at (0, —1), but (u + ¢) is strictly psh on C2.
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We have
Proposition 3.1. Let g,k : C — C be two analytic functions. Define

u(z,w) = w - g(2) - k(2)P,
us(z,w) = |w—7(2) = k(z)|* and
us(z,w) = |w —g(2) —k(z)P, for (z,w) € C*.

Suppose that uy is strictly psh on C?. Then us is strictly psh on C2.

Suppose that uy is strictly psh on C2. Then us is strictly psh on C2.

Suppose that uy s strictly psh on C2%. We can not conclude that usy is
strictly psh on C* and conversely.

If ug is strictly psh on C2, we can not in general conclude that uy or us
is strictly psh on C2.

Moreover, let hi,...,hy : C* — C be N pluriharmonic functions, N,
n > 1. Put

o(z,w) = |w—h1(2)]* + -+ |w—hx(2)* and
V(z,w) = |w—hy(2)]> + - + |w — hy(2)|?, for (z,w) € C" x C.

If ¢ is strictly psh on C™ x C, we can not deduce that v is strictly psh on C™ x C.
Note that the above proposition have many applications in problems and
exercises.

Claim 3.1. Let h : C — C be a harmonic function. Put u(z,w) =
lw — h(2)|* + |w — h(2)[?, for (z,w) € C*. Suppose that u is strictly psh on C2.
Then we can not conclude that |w — h|* or |w — h|? is strictly psh on C2.

2 =2 =2 2 z? 2 2

Example. Let ui(z,w) = |w—5—z —Z°+|w—z2 —z—E\ , (z,w) € C=.

2
The function u; is strictly psh on C2. Put hy(z) = % +%%+7%; then h; is harmonic

on C. But |w — hy|? and |w — hy|? are not strictly psh on C?. Recall that for
analytic functions we have the following. If v(z,w) = |w — g(2)]* + |w — g(2)|?
is strictly psh on C2, then |w — g|? is strictly psh on C?, where g : C — C is
holomorphic.

Moreover, strictly plurisubharmonic functions plays a fundamental role in
the theory of holomorphic or antiholomorphic partial differential equations and
some interesting results in a slightly different direction are obtained in [3] and [4].

The following theorem is a technical result which is a necessary tool in
function theory and related topics.
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Theorem 3.2. Let g : C — C be a holomorphic function, g = h + ik,
h = Re(g) and k = Im(g). Put ui(z,w) = |w —G(2)[%, ua(z,w) = |w — h(2)|?,
uz(z,w) = |w — k(2)]?, ua(z,w) = |w — h(z) — k(2)|* and us(z,w) = |w — g(z)|?,
for (z,w) € C2.

The following statements are equivalent

(T) uy is strictly psh on C?;

(I1) uy is strictly psh on C?;

(IT1) ug is strictly psh on C?;

(IV) wy is strictly psh on C?;

(V) us is strictly psh on C2.

Proof. Obvious. Moreover, we can see [3]. O

Observe that we have the following simple technical remark.

Let g,h : D — C be two functions, D is a domain of C"*, n > 1. Suppose
that ¢ is holomorphic and h is pluriharmonic on D. Put u(z,w) = |w — g(2)|*
and v(z,w) = |w — h(z)[?, for (z,w) € D x C. Then u is not strictly psh at any
point of D x C, for all n > 1. Moreover, if n = 1, there exists several cases where
v is strictly psh on D x C.

Actually Section 2 is a generalization of Theorem 3.2.

Remark 3.1. Let f,g : C* — C be two holomorphic functions. Put
u(z,w) = |w — f(2)|* 4 Jw — g(2)[*, for (z,w) € C" x C. u is not strictly psh on
C" x C, for each n > 1.

Recall that there exists @, : C — C be two holomorphic functions such
that v is strictly psh on C2, where v(€,¢) = [C—@ ()] +[C—(&)|* for (€,¢) € C2.

Moreover, for all holomorphic functions @1, : C — C, the function v
is not strictly psh at the point (zo,wp) € C? (for each 2y € C with ¢} (20) = 0 and
wo = 1 (20)), where v1(z,w) = |w — B1(2)|* + |w — 1 (2)[*, for (z,w) € C%. But
if vy(z,w) = |w— K(2)>, K : C — C be a holomorphic function, |K’| > 0 on C.
Then vy is strictly psh on C2. On the other hand, there exists two holomorphic
functions @9, : C — C, such that v3(z,w) = |w — F3(2)|* + |w — ¥2(2)[* and
va(z,w) = |w — Fa(2)|[* + |w — Yo (2)|1. vs3 is strictly psh on C? but vy is not.

Example. ¢2(2) = ¥9(z) = z, for z € C.

Indeed, there exists three holomorphic functions f1, g1, k1 : C* — C such
that w; is strictly psh on a neighborhood of (zp,wp) = (0, —%), but ug is not
strictly psh at (zp,wp). Here uy(z,w) = |w— f1(2)|* + |w — g1 (2)[* + |w — k1 (2)[*,
ug(z,w) = |Jw — fL(2)[* + |w — g (2)[* + |w — k1 (2)[*, for (z,w) € C" x C. In the
sequel, let fi(z) = z+1, g1(2) =2z + i and k1(2) = —z + 14, for z € C.

Put uz(z,w) = |w — fi(2)|* and us(z,w) = |w — fi(2)[*. Then us
and wuy are functions of class C*® on C?. The hermitian Levi form of ug is
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L{us) (2, w)(e, B) = [w — f1(2)P18 — fl(2)a?, and also L{u)(2,w)(a, B) = 2| —
AL w—Fa()a+B@— D +2 )P — Fi(2)P +2w— Fi(2) 218, Now
let 61,...,0N : C* — C be N pluriharmonic functions, n > 1 and N > 2.

Put us(z,w) = |w—01(2)|*+ - -+|w—0x(2)|?, for (z,w) € C"xC. Observe
that the exponent 2 is a technical tool for the study of the strict plurisubhar-
monicity of the function us.

Example. For s € N\{0,1}, N € N\{0}, put fj(z) = jz + i, for
1 < j < N. f;is a holomorphic function on C. Let (29,wg) = (0,—1).
Put u(z,w) = (|lw — f1(2)[* + - + |w — fn(2)[*) and v(z,w) = u(z,@) for
(z,w) € C x C. Then u is strictly psh on a neighborhood of (0, —i), but v is not
strictly psh at (0, —1).

This example yields and investigate the problem of the study of strongly
psh functions on C" x C defined like u and v.

Remark 3.2. Let f(z) = 1+¢€*, g(z) = 1—¢*, 2z € C. fand g
are holomorphic functions on C. Put u(z,w) = |w — f(2)|* + |[w — g(2)|*,
for (z,w) € C%. We have

(I) w is strictly psh on C?, because |f —g| > 0, |f'| >0, |¢/| > 0 on C.

(IT) u; is not strictly psh on €2, for all holomorphic functions fi,g; : C —
C, where u)(z,w) = |w — f1(2)|* + Jw — g1(2)[*. Indeed,

(IT1) Put ¢1(2) = €*, ga(z) = 2¢* and p3(z) = 3 and v(z,w) = |w —
©1(2)| + Jw — oo (2)|* + |w — p3(2)|*, for (z,w) € C2. @1, 2, 3 are holomorphic
functions on C and v is strictly psh in all the domain C2.

We have

Lemma 3.1. Let f1,...,fx : D — C be holomorphic functions, D is a
domain of C*, n, N > 1. Put

u(z,w) = |w—fi(2)[* + -+ Jw = fn(2)

v(z,w) = Jw— )+ A+ w = ()]

u(z,w) = |w— fi(2)?+-+|w— fy()|* and

vi(z,w) = |w—FL2)P+-+|w—=Fn)]?, for (z,w) €D xC.

We have

(I) Assume that u is strictly psh on D x C. Then uy is strictly psh
on D x C.

(IT) Suppose that v is strictly psh on D x C. Then vy is strictly psh
on D x C.
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(III) Suppose that uy is strictly psh on D x C. Then vy is strictly psh on
D x C. But u is strictly psh on D x C, does not imply that v is strictly psh on
D x C. (Also vy is strictly psh does not implies that uy is strictly psh).

Proof. Obvious. O

In the sequel, thanks to the above properties, our framework in another
paper, we are interested in the study of the structure (convex and strictly psh)
of the above special classes of functions.

Concerning the product of pluriharmonic functions, we have

Lemma 3.2. Let p1,...,on @ C* — C be holomorphic functions, n,
N > 1. Put u(z,w) = |w —3(2)] - |w — Bn(2)], (z,w) € C" x C. Then u is

0
strictly psh on C" x C if and only if n =1, N =2, o3 = ¢1 and |%\ >0 on C.
2

Proof. Recall that if we put ¥(w) = |w — ai|---|w — as|, where
s € N\{0}, a1,...,as € C and w € C. Then ¥ is strictly sh on C if and only
if s =2 and a; = as. Therefore N = 2 and ¢1 = 3 on C". Consequently,
u(z,w) = |w — P1(2)[%, for each (z,w) € C" x C. w is a function of class C™ on
C" x C. Now the hermitian Levi form of u is

L)z w) (e, B) = | + \Za“” o> > 0

for each z € C" and (o, 8) = ((a1,...,an),5) € C" x C\{0}. It follows that
n =1 and 88 (z) #0, for every z € C. O
z

Although, using technical results of the below section 4, we can study the
problem of the characterization of all holomorphic functions fi1, ¢1, f2, w2, g1,
V1, g2, g : C* — C, such that u; and ug are psh and u = (u? + u3) is strictly
psh on C" x C.

ui(z,w) = [w— fi(z) = p1(2)||[w — fa(z) —P2(2)],
ug(z,w) = |w—g1(z) — E(z)Hw —go(z) — %(z)\, for (z,w) € C" x C.

For the study of this problem, note that the function u; is psh on C" x C if and
only if we have the following two cases (see section 4).
Case 1. (p1+¢s2) is constant on C". In this case we have (f1+@1— fo—32)>
is pluriharmonic (prh) on C". Therefore (p; — p2) or (fi — f2) is constant on C".
Case 2. (1 + ¢2) is nonconstant on C". Then (fi + @1 — fa—%2) =0
on C". We obtain then f; — fo = 3 — @1 = ¢, where ¢ € C. In general, an open
problem is the following.
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Let n > 1, N > 2 and D be a domain of C". Let f;,g;j,¢;,%; : D = C
be holomorphic functions, for each 1 < 7 < N. Put

vi(z,w) = [w = fi(2) = F5(2)l|w — g;(2) = ;(2)], for (z,w) € D x C.

N
Define v = ZU? Find conditions on n, N, f1,91,©1,%1,-.., fN, 9N, YN, YN such
j=1
that
(a) For each j € {1,...,N}, v; is psh on D x C, and
(b) v is strictly psh on D x C.

4. On the product of plurisubharmonic functions and related
topics. Recall that it is well known that the product of several psh functions
is in general not psh. In this section, we consider essentially the question of the
product of several absolute values of pluriharmonic functions and we study the
question of their plurisubharmonicity, or convexity (also, we are interested and
we consider a precise estimate of the strict convexity of a special class which is
well defined).

We need the following additional lemma

Lemma 4.1. Let a,b,c € C. Put K(a,B) = aca + b3S + 2Re[caf],
(o, B) € C% We have

M) (K(a,B) > 0,Y(a,B) € C*\{0}) if and only if (|c|* < ab and a > 0,
b>0).

1) (K(a,B) > 0,¥(ar, B) € C?) if and only if (|c|* < ab and a > 0,
b>0).

Proof. Obviously follows from Abidi [2], (we can see also [3]). O
The next proposition gives the exact characterization of the first study in
the sequel.

Proposition 4.1. Let @1, : C" — C be two holomorphic functions,
n > 1. Put u(z,w) = |w —@1(2)||lw — P2(2)|, for (z,w) € C" x C.
The following are equivalent

(I) w is psh on C" x C;
(IT) @1 =2 on C", or (1 + ¢2) is constant on C™.

Proof. We choose the following analysis proof.
Without loss of generality, we assume that n = 1 in this proof.
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(I) implies (II). Let v(z,w) = (u(z,w))?, for (z,w) € C>. Then v is
a function of class C* and psh on C% wv(z,w) = |w® — (Z1(2) + F2(2))w +
71(2)72(2)|?. Now we can observe that if the function (¢; + ¢2) is constant on
C, then u(z,w) = |h(z,w)|, where h is a prh function on C?. Consequently, u is

psh on C?. Now assume that (¢; + ¢2) is nonconstant on C. Observe that we
2 2

0
have _—U(z,w) >0 and _—v(z,w) >0, for (z,w) € C?. Since the hermitian
0z0z wWow

Levi form of v, denoted by L(v)(z,w)(«, ), satisfy

2

(s u)lgP+2Re (05 u)aB ) 0

0% 9%v

Jwow

for each (z,w), (a, 8) € C2.
0% 2 0% v
. S <
By Lemma 4.1, we have then ‘8@8z<z’w)‘ < 8282( )8w8w

for each (z,w) € C2. Therefore,

(2, w),

| = (¢1(2) + wa(2)[w? — (@1(2) + P2(2))w + Pi(2)Pa(2)]

< | = (91(2) + 95 (2))w + (102) (2) P20 — (P1(2) + P2(2) P,

for each (z,w) € C?.

0
Now, fix z € C such that M(x)

holomorphic nonconstant polynomials (of the complex variable w),

# 0. Since the following two

—(¢1(2) + w3 (2) [w? = (@1(2) + P2(2))w + Pi(2)72(2)] and

(—=(#1(2) + @3(2))w + (e192)'(2)) 2w — (@1(2) + P2(2)))

satisfies the last above inequality for each w € C, then there exits ¢ € C\{0} such
that

—(¢1(2) + b (2))[w? — (@1(2) + P2 (2))w + P1(2) 72 (2)] =
c[=(£1(2) + 5 (2))w + (e192) (2)][2w — (@1(2) + P2(2))],

for each w € C. Then ¢ =

1
3 By identification, we have then

1

5 (A1(2) +¢5(2)(#1(2) + #2(2)) = (p1602)'(2), and

(£1(2) + 92(2)p1(2)2(2) = %(901(2) + ©2(2)) (P102) (2)-
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Therefore, %(g@l(z) +02(2))? = @1(2)pa(2), because (¢ (2) + ¢h(2)) # 0. Conse-

quently, p1(z) = ¢2(2), for each z € C such that (¢} (2)+¢5(2)) # 0. Since ¢; and
9 are holomorphic functions on C and the set E = {£ € C/(](€) + ¢5(£)) = 0}
is polar on C, then C\E is dense in C. It follows that @1 = 9 on C.

(IT) implies (I). Obvious. The proof is now complete. O

Now the following theorem have a great importance in complex function
theory. In the sequel, It plays a key role in several future problems in complex
analysis.

Theorem 4.1. Let ¢1,p2,03 : C* — C be analytic functions, n > 1.
Put v(z,w) = |w —p1(2)||w — P2(2)||lw — P3(2)], (2,w) € C" x C. The following
assertions are equivalent

(I) v is psh on C" x C;

(I1) (14 w2 + ¢3) and (p1p2 + 13 + waps) are constant functions on C", or
1 =2 =3 on C".

Proof. Throughout in all of the proof we assume that n = 1, because
the case n > 2 follows from the previous case by using the fibration problem.
Define u = v%. Then u is a function of class C° on C2.

(I) implies (II). Note that the hermitian Levi form of u satisfies

L(u)(z,w)(e, B) >0, for all (z,w), (a, B) € C%.
Therefore,

0%u 5 0% 9 0%u —
—Z Z7w)|a‘ + 8@8w<z,w)‘ﬁ| +2Re(8@82(z’w)aﬁ) >0,

for each (z,w), (a, ) € C2.
By Lemma 4.1, for all w € C, we have the inequality (E)

| — 2(¢] + b + ©5)W + (P12 + 1903 + Pa003) [P [0° — (01 + @2 + @3)W°
(P12 + P13 + P2003)W — 12003

<= (@) + @5 + D3)w? + (P12 + 9103 + P203) T — (Prp263)'|* X
3w? — 2(p1 + @2 + @3)W + V1902 + P13 + Paeps|?, on C.

Case 1. (p1 + @2+ p3) =0 on C.
State 1. (o102 + @103 + pas3)’ = 0 on C. Then v = |h|, where h is a prh
function on C2. Tt follows that v is psh on C2.
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State 2. (p192 + P13 + w2p3) # 0 on C. Now let z € C such that
(P12 + P13 + ©21p3) (2) # 0. From the inequality (E), we can see that there
exists ¢ € C such that for each w € C, we have (P)

(P12 + 103 + @203) [W° — (91 + P2 + @3)W
+(P192 + L1993 + P20p3)W — (P1902603)]

= c((p192 + @103 + 0203)'W — (P190293)") (Bw? — 2(i01 + 2 + w3)W
+p192 + @193 + Pa¢3), on C.

1
Then ¢ = 3 Now let ¢(w) = (w—91(2))(w—p2(2))(w—p3(2)), forw € C. g is a
holomorphic polynomial on C of degree three. Note that $1(z), $2(2), P3(2) are
only the three zeros of q on C. From the equality (P) and since the holomorphic
polynomial go is of degree one on C, where

a2(w) = [(P192 + P13 + P2p3) (2)w — (P1p203)" (2)];

then $1(2), or P3(2), or P3(2) is a zero of the polynomial ¢;(w) = ¢'(w). Suppose
that ®1(z) is a zero of ¢;. Therefore Pi(z) is a zero of ¢ of order > 2. It
follows that $1(z) = ¥2(2) or P1(z) = P3(z). Assume that $1(z) = P2(z) and
P1(z) # ©3(2). Therefore, P3(z) is a zero of ¢ of order one. Consequently,
P3(z) is not a zero of ¢;. By the equality (P), we deduce that $3(z) is the only
zero of the holomorphic polynomial g3 and {®1(z),P3(z)} is the set of all zeros
of the holomorphic polynomial g;g2 on C. Then p1(z) is a zero of ¢; of order
2. Therefore pi(z) is a zero of g of order 3. Consequently, P3(z) = P1(2). A
contradiction.

Therefore, p1(z) = P2(z) = P3(2). It follows that P17 = P2 = P3 on
C. Now since (¢1 + @2 + ¢3) = 0, on C. Then ¢} = 0 on C. Consequently,
(p1) 1 = 0 on C. Now since (o192 + 193 + pa3) # 0 on C. We get a
contradiction.

Finally, we conclude that the state 2 is impossible.

Case 2. (o1 + @2 + ¢3)) # 0, on C. Fix z € C such that
(1 + @2+ 3) (2) # 0. From the inequality (E) and using properties of holomor-
phic functions in one variable, we have

[—2(#1(2) + 95(2) + @3(2))T + (P12 + P13 + P2i3) (2)][w? — (P1(2) + pa(2)
+o3(2))w? + (p1(2)92(2) + 01(2)93(2) + 2(2)93(2))T — @1(2)p2(2)p3(2)]

= o[ (1 (2) + ¥5(2) + @5(2))w? + (P12 + P13 + P2i03) ()T — (P19p2¢03)' (2)]
X [3w? = 2(p1(2) + 2(2) + 03(2))T + 1(2)92(2) + 1(2)p3(2) + P2(2)pa(2)],

for each w € C, where ¢ € C\{0}, (c is independent of w).
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2
By identification we can prove that ¢ = 3" Now define

@ (w) = (w = p1(2))(w — P2(2)) (w — P3(2)), for weC.

¢1 is a holomorphic polynomial on C of degree three. Note that ¥1(z), P2(2),
?3(2) are only the three zeros of ¢; on C. Let g2 = ¢} and g4 = ¢4, where

a3(w)=[—(£1(2) + ¢5(2) + P5(2))w*+ (P12 + P13 + P203) (2)w—(P1P2603) (2)]-

2
We have q1q4 = gngg on C. Indeed, g9, ¢3 and g4 are holomorphic polynomials
on C of degree respectively 2,2 and 1.

State 1. The set {p1(z),92(2),P3(2)} have a cardinal equal 3. Then
?1(2),p2(2) and P3(z) are zeros of g1 of order 1. Therefore, ¥1(2),P2(z) and
P3(z) are not zeros of ga2. Since qiq4,= -q2q3, then P1(z),P2(2) and P3(z) are
three zeros of g3. But ¢3 is a holomorphic polynomial of degree 2. A contradiction.
Consequently, this state is impossible.

State 2. ¢1(z) = pa(2) and ¢1(2) # ¢3(2). Then p1(2) is a zero of ¢] = ¢2

2
of order 1. P3(2) is not a zero of go. Since g1q4 = —q2q3, we conclude that the
set of all zeros of ¢ is equal to the set of all zeros of g3 on C. Since the degree of
g3 is 2, then {p1(z),P3(2)} is the set of all zeros of g3 on C. Now observe that
P1(2) and wy(z) = g(ﬁ(z) + 273(2)) are the two zeros of the polynomial go.

Now we have $1(2) # wo(z). Because if there is equality, then p1(z) is a zero of
q1 of order 3 and we conclude a contradiction. Observe also that P3(z) # wo(z).
Because if wo(z) = p3(z), then $3(2) is a zero of go = ¢, which contradict the

hypothesis $3(z) is not a zero of go. Now since ¢q1q4 = 39243 on C, then wy(z)

(P12 + w103 + P2903)/(2)
2(¢)(2) + @h(2) + @h(2))

(192 + 13 + P2103)'(2)
(1 (2) + ¥5(2) + ¢4(2)) )

zeros of g3. Observe now that 1(z) + @3(2) = 2wp(z). Since wy(z) = 5(@(2) +

is a zero of q4. Therefore wy(z) = Now we have

, because p1(z) and P3(z) are the two

P1(2)+9s(2) =

293(2)), then p1(2) + P3(2) = ;(@(7;) + 2p3(2)). Consequently, p1(2) = P3(2).
A contradiction.

Therefore this state is impossible.

In this case, we conclude that ¢1(z) = ¢a(2) = p3(z). Now since the

set {£€C/ (p1+ 92+ ¢3) () #0} is a domain dense on C, we deduce that
1 =2 =@z onC.
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(IT) implies (I). Obvious. O

Let now n,m > 1. It is clear to see that the problem is open when we
consider the product of IV absolute values of prh functions for each N > 2 in the
following form. Let n,m > 1. Given g; : C" — C, h; : C"™ — C, g; is holomorphic
nonconstant and h; is prh, for 1 < j < N. We can study the structure of u
defined by u(z,w) = |g1(2) — h1(w)|- - |gn(2) — hy(w)|, for (z,w) € C* x C™.
Moreover, let ¢1,...,ps : D — C be holomorphic functions, D is a domain of C"
and s € N\{0,1}. A technical question in complex analysis and geometry is the
study of the plurisubharmonicity of u; defined by u(z,w) = H lw — @5 (2)],

1<5<s
for (z,w) € D x C. Note that in the sequel, when s > 4, the proof is independent
in my proof for the product of three or two modulus of pluriharmonic functions
described as above.

For instance, in the sequel, basing on the above situation, we can study the
complex structure (plurisubharmonicity) of the function v, defined by v(z,w) =
lwP 4+ Fr_1(2)w* ™ 4+ -+ Fi(2)w + fo(2)], for (z,w) € D x C. Here D is a
domain of C", fo, f1,..., fr—1 are holomorphic (respectively prh) functions on D
and k£ > 2.

Now we have,

Remark 4.1. Let g : C — C be analytic and nonconstant. Then there
exists 3 holomorphic nonconstant functions g1, g2, g3 : C — C, such that g;gag3 =
9°, (91 # 92,91 # 93,92 # 93), (1 +92+93) =0, (9192 + 9193+ g2g3) = 0 and u
is psh on C2. Where u(z,w) = |w — g1(2)||Jw — G2(2)||w — G3(2)|, for (z,w) € C%

The construction. Put g;(z) = ag(z),92(2) = bg(z),93(2) = cg(2),
where a,b,c € C to construct satisfying the above conditions. We choose a, b,
ceC,suchthat a+b+c=0,ab+ac+bc=0. Take a =1. Then b +c = —1,
be = —(b+ ¢). We solve the equation X? — (b+¢)X +bc=X?+X+1=0, on

C.
—1-iV3 —1+1iV3
For example, b = , C =

2 2
w(z) = (%“/g)g(z), gs(2) = (#g)g(z), for = € C. We have then

u(z,w) = |w — g1(2)||w — G2 (2)||w — g3(2)|. Therefore u is psh on C?.
Example. Define the three holomorphic functions on C by,

91(z) = 2+ 1, g2(2) = (LM) z+ 1 and g3(z) = (ﬂ

. In this case ¢g1(2) = g(2),

1
5 5 z + 1,

z € C. We have g1(2)g2(2)g3(z) = (22 + 1) and then (g1g293) # 0, on C.
(91 # 92,91 # 93,92 # 93)- (91 + g2 + g3) = 3 and then (g1 + g2 + g3)’ = 0 on C.
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(9192 + 9193+ g293) = 3 on C and therefore the function (9192 + 9193+ 9293)" = 0.
But v(z,w) = |w — g1(2)||w — g2(2)||w — g3(2)| = |w —3w? + 3w — (23 + 1), for
(z,w) € C?. Therefore, v is psh on C2.

Remark 4.2. Let ¢1(2) = 2(2) = 2, p3(z) = —z, for z € C. ¢1, p2 and
3 are holomorphic functions on C. Put

u(z,w) = lw—P1(2)||w — P2(2)[lw — P3(2)|,
ur(z,w) = |w —Pr(2)|[w —P2(z),

uz(z,w) = |w —Pi(2)|lw — P3(2)| and

uz(z,w) = |w —@a(2)||lw — F3(2)|, for (z,w) € C?.

Then w1, us and uz are psh functions on C2. But u is not psh on C2.

Remark 4.3. For 4 functions, Theorem 4.1 is not true.

Example. g1(z) = z = g2(2), 93(2) = g4(2) = —z, for 2 € C. g1,92,93
and g4 are holomorphic functions on C. Let

v(z,w) = |lw—7i(2)||lw — 72(2)[|[w — g3(2)[|w — 2 (2)]
2

= |w —zHw + 22 = |w* — 22%0? + 7| = |w? — 22|,

for (z,w) € C% v is psh on C?, but g; # g3, g2 # g4. Indeed, we have

/

(914 92+ 93 + 94

(9192 + 9193 + 9194 + 9293 + 9294 + 9394
(919293 + 919294 + 919394 + 929394
(91929394

9

) =0
Y #0,
) =0
Y #0

)

, on C.

But v is psh on C2. In particular we have
Example. Let p1(z) = 2z, pa(z) = —2z, p3(z) = 1 and ¢4(z) = —1, for
z € C. 1, p2, w3 and ¢, are holomorphic functions on C. Define

u(z,w) = |w—P1(2)||lw - P2(2)[[w — P3(2)[|w — Pa(2)],
ui(z,w) = |w —@1(2)[Jw - Pa(2)|lw — P3(2)],
uz(z,w) = |w — wl(Z)Hw —?2(2)||lw = Pa(2)],
uz(z,w) = [w = Pi(2)[[w —P3(2)||w —Pa(2)| and
ug(z,w) = [w = Za(2)|lw — P3(2)l|w — Pa(2)], for (z,w) € C*.

We have uj, us, us and ug are not psh functions on C?. But w is psh on C2.
Consequently, for 4 functions there exists another characterization.
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Let us fix N € N, N > 4. Thanks to the above situations, for N holo-
morphic functions, we have another conditions to describe separately and which
are different from the above situations studied in different cases (Proposition 4.1,
Theorem 4.1 and the three above remarks).

Theorem 4.2. Let D be a domain of C*, n > 1. Consider g1,...,9nN :
D — C" be N analytic functions, N > 1. Let

N

N
u(z,w) =Y (Jw = gi (I + llw =G5 (2)*),  v(z,w) =) (lw—=gi(2)I?),
7j=1

j=1

(z,w) € D x C". Then u is strictly psh on D x C" if and only if v is strictly psh
on D x C".

Corollary 4.1. Let g1,...,g9n : D — C be N analytic functions, D is a
domain of C", n,N > 1. Given Aj, B; € R;\{0} and aj,b; € C, 1 < j < N.
Define

N
u(z,w) = Z(Aj|w —gj(2) + aj|2 + Bjlw —g,(2) + bj|2),

<.
Il
-

v(z,w) =

M) =

(lw=g;(z)%), for (z,w) € D xC.

<.
Il
-

We have
(I) w is strictly psh on D x C if and only if v is strictly psh on D x C.
(IT1) Assume that N < n. Then u and v are not strictly convex on each
not empty Fuclidean open ball subset of D x C.

Analogously, let D = B(a, R) be an open ball of C", (a € C", R > 0). Let
¢ : D — C be a function. Put ¢(z,w) = |w — p(2)|* + \w ?(z )\2 1 (z,w) =
lw — p(2)|?, Yo(z,w) = |w — B(2)|?, for (z,w) € D x C. Then 1 is convex on
D x C if and only if 1 (respectively 1) is convex on D x C. While we have

Theorem 4.3. Let g1,g2 : C" — C be holomorphic functions. Put

u(z,w)
i (z, w)
uz(z, w)

We have the assertions

lw—g1(2)]* + [w — g2(2)° + [w — FT(2)]* + |w — G2 (2) %,
lw—g1(2)|* + |w — g2(2) %,
lw —g1(2)]* + |w — g2(2)[?, for (z,w) € C" x C.
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(I) w is strictly psh on C" x C if and only if n € {1,2} and uy is strictly
psh on C" x C and there exists several cases where uy is not strictly psh. But

(IT) Suppose that u is strictly convex on C™" xC. Then we can not conclude
that ug (respectively, uy) is strictly convex on C" x C.

(IIT) Assume that u is conver on C" x C. Then we can not deduce that
ug (respectively, uy) is convex on C" x C, for each n > 1.

Proof. (III) Without loss of generality we suppose that n = 1.
We can write

2u1(z,w) = 2w — g1(2) = g2(2)” + 91(2) — g2(2)I7,
2uz(z,w) = 2w —g1(2) = R2(2)]” + 91(2) — 92(2)I,

for (z,w) € C2. In this situation we have

R2(2)° +l91(2) + g2(2)

du(z,w) = [4w — g1(2) — g2(2) — 91(2) — 72
—71(2) =32 +4l91(2) — g2(2) .

Since u is convex on C2, observe now that the functions (g1 + ¢2), (31 + 72),
(91 + 92+ 91+ 92) and (g1 + go — g1 — 2) are affine on C2. 4u (or u) is the sum
of a C™ convex function ¢; on C2

(p1(z,0) = 4w — g1(2) — g2(2) = 71(2) — T2(2)|*)
and a C'*° convex function ¢y on C
(p2(2) = |91(2) + 92(2) = F1(2) = 2(2)|* + 41 (2) — g2(2)[*, = € C).

Now we consider the following example.
1 1
Let g1(2) = z + 5(,22 +1) and g2(2) = 2z — 5(22 + 1), for z € C. Using

the above notation for u, u; and uy. We have u is convex on C2. In fact, because
@2 is strictly convex on C and the function ¢j(z,.) is strictly convex on C, for
cach z € C, it follows that w is strictly convex on C2. But u; is not convex in all

D <O, ?) x C, because for example 9 is not convex in all D <O, ?) where
Y(2) = uy(z, 2), for z € C. Observe that uy is also not convex on C2. O
1

Remark 4.4. For N € N, N > 3, we consider ¢;(z) = iz + 5(,22 - 1),

1
wa(z) =iz — 5(22 —1), p3(z) =---=pn(z) =0, for z € C.
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N
Put vy (2, w) Z|w w;(z (z,w) = Z\w—@(zz)ﬁ for (z,w) € C2.

Let v = (v1 + v2). Then v is convex on CQ, but v; and vy are not convex on C2.
Now, we obtain there some interesting and sharp results in the framework of
theorem 4.3, but in a slightly different direction. We list them as questions.

Question 1. Let ¢ : C — C be a holomorphic nonconstant function and
N > 1. Given f1,91,¢1,%1,---, [N, 9N, N, YN : C* — C be 4N holomorphic
functions. Define

Fj(z,w) = Jp(w) = fi(2)* + lp(w) — g;(2)],
Kj(z,w) = |p(w) = fi(2)* + lp(w) = 75(2),
Si(z,w) = lp(w) = @j(2)° + [o(w) — 9;(2)]%,
Tj(z,w) = lp(w) = B5(2)* + lp(w) = ¥;(2)]%,
for (z,w) e C" xCand 1 <j < N.
Put u; = (F; + Kj), v; = (S; + 1)) U—Zu]andv—Zvj.

Find all the holomorphic functions ¢, f],gj,goj,wj, (1 § j < N), such
that we have the following three conditions.

(a) Fj, Kj, S;j and T; are not convex functions on C" x C, for each
jed{l,...,N}

(b) u; and v; are convex functions on C" x C, for every j € {1,...,N}.

(¢) w and v are not strictly psh on C" x C, but 0 = (u + v) is strictly
psh on C" x C. In the sequel, we can replace all the holomorphic functions by
pluriharmonic (prh) functions.

Question 2. Let n,d € N\{0}. Find all the holomorphic functions
01,09 : CL = C, f1, f2,91,92 : C* — C such that if we put

ur(z,w) = [p1(w) = fi(2)]” + lp2(w) = fa(2)?,
up(z,w) = |p1(w) = fi(2)]” + lp2(w) = fa(2),
vi(z,w) = lp1(w) = g1(2)]” + [2(w) — g2(2)
va(z,w) = |p1(w) = Gi(2)]” + [2(w) - 72(2)

for (z,w) € C" x C%, u = (u1 + uz) and v = (v + v2).

We can study the problem ui, uo, v1 and vy are not convex functions, but
u and v are convex functions with (u + v) is strictly psh on C" x C.

Note that we can consider the same problem if @1, 9, f1, f2, 91,92 are
pluriharmonic functions.
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In the sequel, by theorem 4.3 we observe that we have

Proposition 4.2. For each ¢ € C\{0}, there exists two holomorphic
functions g1,g2 : C" — C such that, (g1 + g2) is an affine function, u is convex
on C" x C, but w1 and us are not convexr on C" x C. Where

u(z,w)
iz, w)
uz(z, w)

But we have

[w = g1(2)° + [w = g2 (2)” + [w — G1(2)]> + |w — G2(2) [,
|w (2:)|2 + |w — gg(z)\2 and
lw —g1(2)]* + |w — ga(2) >, for (z,w) € C" x C.

n 2 _ -
(Za;) (i) - @) 3 T,

Jik=

2
n n a o
<[ Yooy 4|y A0Sl
j=1

for each z = (21,...,2p),a = (a1,...,ap) € C".
Proof. Obvious by the proof of Theorem 4.3. O
Observe that we have

Corollary 4.2. For each ¢ € C\{0}, there exists a holomorphic function
g : C — C such that |g|* is not convex on C, but we have

| +¢"(2)g(2)] < |el” +19'(2)

for every z € C.
In pluripotential theory, we have

Theorem 4.4. For all n > 1, there does not exists a function
u : C" — [—o0, 400 such that K is strictly psh (or conver and strictly psh)
on a not empty Euclidean open ball subset of C" x C", where K (z,w) = u(w— z),
for (z,w) € C™" x C".

Proof. Let w : C" — [—o0,+00[. Put K(z,w) = u(w — 2),
(z,w) € C" x C".

Case 1. u is a function of class C? on C", (then u : C* — R). There-
fore K is a function of class C? on C" x C". Let (z,w) € C" x C" and
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a=(a1,...,0n, 0ni1,...,02,) € CP. The Levi hermitian form of u is
" 9% -
L(u)(2) (g1 — o, ..oy con — a) = Z —(2)(antj — o) (Qmyr — o)
5219850,
" 9% " 9% " 9%
= ———(2)ojo+ ———(2)on4j0n1r—2Re ———(2)j Otk
j;I 0808k j;I O&; 08, j;I O&; 08,
Put z = (z1,...,2n),w = (2p41, .-, 22n). The hermitian Levi form of K is
2n n
PK 0’K
L(K)(Z,’LU)(O{) = 7_(2,11))06'@_]{: 7_(2’,?11)06‘04_]{
J,kzzl 0¢;08 ’ MZ:l 0€;08 !
2n n 2n
0PK PK
Z zwoz]ak—l—z Z zwoz]ozk
j,k= n+1a§38§ j=1k= n+1a§38§

" 0’°K
+ Z Z (z,w)o g
j=n+1k= 1a§Ja§k

n
0%u
= = (w — z)a;a + — 2)0j4nktn
jkzl 86] 8£]€ ]kzl ag] 8£]€
- — 2)0j Q1 — — (W — 2) QO
szl 6,0, P jkzl 0€; 06
= = (w — 2)a;a + — 2)0j4nktn
j;I 0&;0&;, ]kzl 0¢; 0, k
0%u
—2Re — (W — 2)QQpgn | 5
j%;l 0&; 08, .
for each a # 0. But if a1 = 1, ..., @2 = ap, We have
LK) (z,w)(a1, ...,y Qugdy .- Qo)
=L(u)(w — 2)(ap+1 — a1,..., a2, —ay) =0,

independently of (z,w) € C" x C". Consequently, K is not strictly psh at each
point of C™ x C".

Case 2. u: C" — [—o00, +00].
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State 1. Without loss of generality, assume that K is strictly psh on
C™ x C" for the simplicity. For zp, wg € C", we have the functions K (zp,.) # —o0
and K (.,wg) # —oo on C". For example suppose that K(zp,.) = —oc on C",
where zgp € C". Let p : C" — Ry be a function of class C*°| p is a radial function,

supp(p) € BO.1) and [ pl€)dman(€) = 1. Put ps(e) = 530 (ﬁ) for ¢ € C"

(Cn
and 0 € R;\{0}. Note that ps is a function of class C°°, ps is a radial function,
supp(ps) C B(0,9) and/ ps(§)dma, (&) = 1. Then

(Cn

— 0 = (K(20,.) * ps)(w) = / K (20,1 — €)ps(€)dman (€)
- / w(w — € — 20)ps(€)dman (€) = / w(w = € = € — (20 — €))ps(€)dman (©),

for all ( € C". Then K(zy — (,w — () = —o0, Yw € C". Consequently, the
function K(zp — ¢,.) = —oo on C", V¢ € C". Then K = —oo on C" x C". A
contradiction.

We deduce now that for all z € C", the function K(z,.) # —oo on C". By
the same method we conclude that for all w € C", the function K(.,w) # —oo
on C". Consequently, the functions K(z,.) and K(.,w) are psh on C".

State 2. Let § > 0. Consider now

(K (z,.) * ps)(w) = / K (2w — €)p5 (€)dman (€) = / w(w — € — 2)ps(E)dman (€)

= ux ps(w — 2) = ps(w — 2) = K;(z,w)

for (z,w) € C" x C". @5 = u * ps is then a C* function on C". Ks(z,w) =
(K(z,.) * ps)(w). Since K is strictly psh on C" x C", then Kj is strictly psh on
C" x C™.

By the case 1, we have a contradiction. Therefore K is not strictly psh
on each Euclidean not empty open ball subset of C" x C™. O

Corollary 4.3. For all u : C" — R, define v(z,w) = u(w — z) for
(z,w) € C" x C". Then the function v is not strictly conver on each not empty
Euclidean open ball subset of C" x C".

Note that there exists several cases where v is strictly psh (or convex and
strictly psh) on C™ x C™.

Proof. Assume that v is strictly convex on a convex domain

GcCC'"xC" G#0. Consider T : C" x C" — C" x C", defined by T'(z,w) =
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(Z,w), for (z,w) € C" x C". Then T is an R— linear bijective transformation.
It follows that v; = voT is strictly convex on T~1(G). But vi(z,w) = u(w — 2).
Therefore vy is strictly psh on T7}(G) and T-Y(G) # 0. A contradiction by
Theorem 4.4. O

There exists a fundamental relation between pluriharmonicity and the
strict plurisubharmonicity, however we deduce the next useful theorem.

Theorem 4.5. Let hy,...,hy : C* = R be N pluriharmonic functions
(of real valued), where n,N,s € N\{0}. Suppose that N < n —1. Then u =
(h%S 4+ 4 h%\?) is mot strictly psh at each point of C". Consequently, u is not
strictly psh on every not empty Euclidean open ball subset of C™.

Proof.  Obvious by using the Levi hermitian form of the C'*° func-
tion u. O

The next theorem gives a characterization to obtain the real strict con-
vexity, using the classical hermitian product and recall some properties of the
geometry, which we shall use later. This properties reveals both the originality
and richness of this inequalities in complex function theory.

Theorem 4.6. Let n, N > 1.
(T) Put u(z) = |(z/a) + (b/z) + ¢, for z € C", where a,b € C", ¢ € C.
Then, u is strictly convex on C" if and only if n =1 and |2ab| < |a|® + |b*.
(I1) Let ay,...,an € C", ¢1,...,cy € C. Put
v(z) = [(z/a1) + {a1/z) + a1 + - + [(z/an) + (an/2) + en .
Assume that N < 2n. Then v is strictly convex on C" if and only if N = 2n and

N

(a/aj)*(ar/a)? Z e/ az) Plar/a) %,

Jk=1 j,k=1
for each o € C"\{0}. We can also consider
U(2) = [(z/a1) — (a1/2) + 1’ + - + [(z/an) = (an/2) + en]*.

But we have the following.
(III) Let ay,...,a, € C*, ¢1,...,¢, € C. Then there exists by,...,b, €
C", such that v is strictly convex on C". Where

v(z) = [(z/ar) + (b1/2) + c1’ + - + [(2/an) + (bn/2) + cal?,

for z € C".
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(IV) Let ay,...,an € C"*, ¢1,...,¢, € C. Put
v(z) = (z/a1) + a1 + - 4 [(z/an) + cnl?,

for z € C". Then v is strictly convex on C" if and only if (a1,...,ay) is a basis

of C™.

Proof. (I) We have u is a function of class C*° on C". Now assume
that w is strictly convex on C". Then

for each z = (21,...,2,) € C", a = (au,...,a,) € C"\{0}. Therefore,

2(a/a){a/b)] < (a/a)]* +[{a/b)?,

for every a € C"\{0}. Thus (|(a/a)|* — |{a/b)[*)? > 0, for each a € C™\{0}.

Suppose that n > 2. Let a € C"\{0}, such that (o/a—b) = 0, since (a—b)
is a one vector in the complex vector space C" and n > 2. Then (a/a) = (a/b)
and consequently, [(a/a)| = |{a/b)|. A contradiction. It follows that n = 1.

We have 2|agab| < |a@|* + |ab|?, Va € C\{0}. Then 2|ab| < |a|* + |b]*.
The converse is obvious.

(IT) v is a function of class C* on C". Assume that v is strictly convex

on C". Therefore,
N N

Z a/a;)?| <) lla/ay)?

=1 j=1
for every o = (avq, ..., ) € C"\{0}. Thus

N
Z 0‘/% (ax/a)? Z‘GJ/C” [{ev/ar)]?
Jk=1 4, k=1

for each v € C"\{0}.
Assume that N < 2n. Consider now ¢ : C* — RY, defined by

(@) = ({o/ar) + (ar/a), ... (a/an) + (an /@),

for « € C". 9 is R— linear on C", (we consider C" an R vector space of real
dimension 2n). Since N < 2n, then 1 is not injective. Therefore, there ex-
ists a € C"\{0}, such that ¢¥(o) = 0. Then (a/a;) + (a;/o) = 0, for each
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j € {l,...,N}. Thus [{a/a;) + (aj/a)|* = 0, for every 1 < j < N. It follows
that 2|(a/a;)* + 2Re({a/a;)?) = 0 and then |(a/a;)[* = —Re((a/a;)?), for all
N N
je{l,...,N}. Thus ¥ [(a/a;)]* = —Re [ > (a/a;)* | > 0. We obtain
j=1 j=1

N N N

N
> Hajaj)PP=|-Re [ D {a/a;)® || <D (afa;)?| < Y lla/ay)l.
j=1

j=1 j=1 j=1
A contradiction. Consequently, 2n < N. Since N < 2n, then N = 2n. O
We have

Claim 4.1. Let ¢ : R® — RY be R— linear, 1 = (¢1,...,¢n), n,N > 1.
We have the following assertions.

(A) |[¢0||? is strictly convex on R™ if and only if ||1||? is strictly convex at 0,
(because &—Qa/jk(a:) is independent of x = (x1,...,x,) € R", for each j € {1,...,n},

j
ke{l,...,N}).
. PN N _ o - aQ/Jk

(B) Let ¢ : R" - RY, o = (p1,...,0N), where pp(b) = %(O)bj, for
g=1""/
b=(br,....by) €ER", 1<k <N.

Then ||| is strictly convex on R™ if and only if ¢ is injective (therefore n

IN

N).
Proof.  We use the bilinear form associate to |[1||> and the above

proof. O

In the sequel, we conclude the following analysis corollary.

Corollary 4.4. Letn,N € N, N <2n—1. Then for all a,...,an € C",
there exists o € C"\{0} such that

N N
> lafaya/a)? = D [afag)lak/a).
Gk=1 jk=1

Remark 4.5. Let
u(z) = [(z/ar) + (ar/z) + e1” + (2/az) + (aa/z) + c2” + |(2/as) + (as/z) + e3]?,

z € C?. Then u is not strictly convex at any point of C2. But there exists
Ay, By, Ay, By, (A1, o) € C?, such that v is strictly convex on C?, where

v(z,w) = [(2/A1) + (B1/z) + M|* + [(2/A2) + (Ba/z) + X\o|?, for z € C*



180 J. Abidi

Remark 4.6. For the complex structure, let fq,..., fN C"—>ChbeN
holomorphic functions, n, N > 1. We have (|f1|? + --- 4 | fx|?) is strictly psh on
C" if and only if (|f1 + fil* + - + |fx + fn|?) is strictly psh on C" (if and only
if (|f1—fi]>+---+|fn — fn]?) is strictly psh on C"). But for the real convexity,
this result is not true.

Example. n = 2. Let f(2) = 21, fa2(2) = 20, for z = (21, 29) € C% Put
zj = x; +iyj, x5,y €R, 1< 5 <2 u=(|f1]* + | f2|?) is strictly convex on C2.
But if we put v(z) = (|f1(2) + f1(2)]* + | f2(2) + f2(2)]?) = 42% + 4x3. Observe
that v is not strictly convex at each point of C2.

Remark 4.7. Let m,N € N\{O} aiy...,0m,b1,...,by € C.

Let u(z,w) = ZA\w—z+a]|2+ZB\w—z+b\ where A; > 0, By > 0,
7j=1 k=1

m N
1<j5<m,1< k<N, such that ZAj > 0, ZBj > 0. u is strictly psh and
j=1 k=1
convex on C2, but u is not strictly convex on each not empty Euclidean open ball
of C2.
4.1. The absolute value and holomorphic or plurisubharmonic
functions.

Proposition 4.3. Let ¢ : D — C and g : C" — C be two analytic
functions, D is a domain of C", n > 1 and X € R.
Denote by (€, w) = [w—|@(©)]], v(2) = |g(z)~Alg(2)|[2, for (&, 2,w) € DxC"xC.
We have

(I) Suppose that u is psh on D x C. Then ¢ is constant on D.
(IT) v is psh on C", for each \ € R.

Proof. (I) Since u is psh on D x C, then |g| is prh on D, by Abidi [1].
Assume that ¢ # 0. Therefore ¢(§) # 0, for each £& € D\FE, where E is a
pluripolar subset of D. Now since ¢ is holomorphic on D, it is easy to prove that
 is constant on D.

(IT) Without loss of generality, we assume that n = 1. If g = 0 on C, then g is
constant and the proof is finished. Assume that g # 0 on C. Let z € C such that
g(2) #0. v=(1+X?)|g]* — Mg|(g +7), on C. We have then,

0%
020%Z

3 9+3,_ 9P
— g - PP =

gl

(L4 X2)]g] — SARe(g)]
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2
in a neighborhood of z. Now since ﬁ < 3’ then
3, A 3, A
> > |=(——= > 4=
912 IRe(9)] = |5 (55 IRe()] 2 +5 (17 Rel9),

2

v_(z) > 0 in a small neighborhood of z.
207

Since the function [(1 + A?)|g|> — Ag|(g + g)] is continuous on C and the set
E ={¢ € C/g(&) = 0} is polar in C, the proof is complete. O

Note that proposition 4.3 is only true for analytic functions. For example
if we take h(z) = 1, u(z,w) = |w — |h(2)]|, for (z,w) € G x C, z = (x1 +iy1) €

1
G = D(1, 5), where 1 = Re(z). Then h is harmonic on G. The function u is

psh on G x C. But h is not constant on the domain G.

Example. Let h;(z) = Re(el®)), hy(z) = Re(el™)), 2z = (21,...,2,) €
C". Put z1 = x1 + iy1, 21,51 € R. Then hy(2)ho(z) = [cos(yl)]2 > 0, for each
z € C™. Note that h; and ho are real valued pluriharmonic functions on C". But
ha # Ahq, for each A € R. In general we have the following technical extension in
the theory of functions. Moreover, it is important to consider the global domain
c™.

in a neighborhood of z. Thus

Theorem 4.7. Let h : C" — C be harmonic. Put u(z,w) = |w — |h(2)|],
for (z,w) € C" x C. Suppose that u is psh on C" x C. Then h is constant on C".

Comparing with the above situations, this theorem proves the importance
of the classical global domain C" (which plays a key role in several problems of
complex analysis).

Proof. By [1], it follows that |h| is pluriharmonic on C". Since |h| > 0

2 h 2
on C", then |h| = ¢, c € Ry. Then al ‘_ =0, on C", for each j € {1,...,n}.
aZjaZj
n @2‘h|2
Therefore, Z — = (. But we have
— ZjaZj
" 9%|hf? L " 9%h “on|? | on|?
IhlZ _ ') a+ ) P ) F2 I o el
jzlaZjaZj jzlazjﬁzj jzlé)zjazj = 82]' = 8zj

Now since h is harmonic on C", it follows that

j=1

n

D

j=1

2

oh
=0, on C".

02

on
0%
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2 2

Therefore, =0and |[=——| =0, for each j € {1,...,n}. It follows that
Zj Zj

oh  Oh . . n

— =— =0, for every j € {1,...,n}. Consequently, h is constant on C". O

8Zj aZj

Corollary 4.5. Let hi,...,hy : C* — C be N harmonic functions,
n, N > 1. Put v(z,w) Z\w — |hj(2)|?, for (z,w) € C" x C. Suppose that v

is psh on C" x C. Then hl, ..., hy are constant on C™.

Proof. By [1], we have then w = (|hi|+--- + |hn|) is pluriharmonic on
C". Since u > 0 on C", it follows that u is constant on C". We have

Now since |h;| is continuous and |h;| is subharmonic on C", for each j € {1,...,n},

0?(|h h
the condition g ( 1‘; E -+ [ ) = 0 on C" implies that we have
ZjO%j

7j=1

Ol ) for each k e {1,...,NY} and in all C". Therefore |hy], ..., |hy|

= aZj 85
are harmonic nonnegative functions on C". Consequently, |hi],...,|hyN]| are con-
stant on C". By the above proof we conclude that hj is constant, for every
ke{l,...,N}. O

But we have

Theorem 4.8. Let ¢ : G — C be analytic, G is a domain of C". Define
w(zw) = Jw— g + o — ()] P, us(zw) = wn(zw) + o] — o),
uz(z,w) = ug(z,w) + [Jw| — p(2)%, (z,w) € G x C. We have u is psh on G x C
if and only if ¢ is constant on G. us is psh on G x C if and only if o =0 on G.
us s psh on G x C if and only if ¢ is constant, ¢ = Re(p) < 0.

Proof. Obvious by [1]. O

Remark 4.8. Theorem 4.8 is not true for pluriharmonic functions.

Example. Let h(z) =z, for z € C, z = (v + iy), © = Re(z), y = Im(2).
Put v(z,w) = |w—h(2)|*+|w—|h(2)|]?, for (z,w) € (C\E)xC, E = {iy / y € R}.
h is harmonic on C\E, v is psh on (C\E) x C, but h is not constant on C\E.
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Corollary 4.6. Let g1,...,98 : C* — C be N holomorphic functions,
a,be C™, n,m>1, N >2. Put
2w = gn (2)]? + [w = |g1(2) [P
1%,

u(z,w) = Jw —g1(2)*|w — ga(2)

~lg2(2)[I” -+ |w — lgn (2)

ui(z,w) = [w —[g1(2)[[w = g2(2)[] - - - |w = |gn (2)]],
v(2,€) = [(€/a) = g1(2)]* + [(€/b) = |g1 (2)I,

for (z,w,€) € C" x Cx C™. Then have
(I) w is psh on C" x C if and only if ¢1,...,gn are constant on C".
(I1) uy is psh on C" x C if and only if g1,...,gn are constant functions.
(III) v is psh on C" x C™ if and only if g1 is constant, or b = 0.

Proof.  Obvious by ([2], page 336), Theorem 4.8 and the proof of
Corollary 4.5. O
Using the notation of Corollary 4.6, we can study the complex structure
of the function
D(zw) = (|w—gi(2) - Jw —gn(2)]?
Hw — g1 [w = [gn ()1 ([w = 1(2) -+ Jw — o (2))]
Hw =1 ()|P - [w = lon (2)]7),

2

where N > 1, ¢1,...,¢on : C" — C be holomorphic functions.
An extension of the results. Now let ¥1,..., YN, f1,..., /N :C" — C
be 2N holomorphic functions, N > 2. Put

P(z,w) = Jw =1 (2)] [ Jw = [ (2)] [ -+ Jw = [¥n (2)] ],
fzw) = lw = fi(2)l[|w — fa(2)] - [w = [ (2)],

for (z,w) € C™ x C. Observe that, using potential theory methods, we can prove
that 7 is psh implies that v1,...,¥yN are constant functions. But it is difficult
to deduce the exact conditions satisfies by the functions fi,..., fx such that f is
psh on C" x C, if N has a decomposition in product of ¢ prime numbers, g > 2.

4.2. Some properties of plurisubharmonic functions. In this sub-
section, we would like to extend Proposition 4.2 in the following situation.

Theorem 4.9. Let g, ...,pr_1: D — C be k analytic functions, D is a
domain of C" and k € N\{0}. Define

u(z,w) = [w* + |pp1 (2)[ W+ e (2)lw + o (2)]],
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for each (z,w) € D x C. The following are equivalents
(I) w is psh on D x C;
(I1) wk—1,...,p0 are constant functions on D.

Proof. (I)implies (II). By [2], we have |pg_1]| is prh on D. Therefore
pr_1 1s constant on D. We conclude in fact that, in this order, @i _o,..., ¢ are
constant on D.

(IT) implies (I). Obvious. O

Remark 4.9. For an infinite sequence of analytic functions, the above
theorem is false.
[ee]
k=0

(z,w) € C%, 1 = Re(z) and y; = Re(w). Then u is psh on C?. But the function

z
¢k is holomorphic nonconstant on C for all k£ € N, where py(z) = C for 2 e C,

k!
for each k£ € N.

r1+y1

e’ = |e*]le¥| = e , where

k
Example. Consider u(z,w) = %

The following two lemmas are technical tools in the proof of the below
theorem.

Lemma 4.2. Let k£ € N\{0} and co,...,ck—1 € R;. Let
q(z) = ¥ — e 1a® L — .. —¢g, for x € R. Then there exists a € Ry, such

that q(a) = 0.

Proof. Note that g is a polynomial with real coefficients in R. There-
fore the function ¢ is continuous on R. We have ¢(0) = —co < 0. Since
lim ¢(z) = 400. Then there exists a € Ry, such that ¢(a) = 0. O

T—+00

Lemma 4.3. Let k& € N\{0} and co,...,ck.1 € Ry.  Put
u(w) = [Jw|f — ep_1|w*~t — .- = ¢g|, for each w € C. Then u is subharmonic
(sh) on C if and only if cx—1 = -+ =co = 0.

Proof. Assume that v is sh on C. Observe that u is a radial function
on C. By lemma 4.2, there exists a € Ry, such that u(a) = 0. Assume that

a > 0. Since u is subharmonic on C, then sup u(w) = u(a) = 0. Now by the
|lw|=a
maximum principle we have sup u(w) = sup u(w) = 0. Since v > 0 on C, then

lw|=a lw|<a
u = 0, on the open disc D(0,a). It follows that ¢(x) = 0, for each x €] — a,al,
where 1) is the polynomial on R, defined by, (x) = 2% — ¢zt — ... — ¢, for

x € R. Therefore the polynomial v satisfies 1) = 0, on R. This is a contradiction.
Therefore a = 0. ¥(0) = 0 implies that ¢ = 0. If k£ = 1, the proof is finished.
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Now suppose that k& > 2. It follows that ¢ (z) = z(z" ! — ¢p_12* 2 — .- — ¢1),
for each z € R. Put ¢ (z) = 2t — o122 — oo — ¢y, for every z € R. 4y is
a polynomial on R and we have u(w) = u(|w|) = |w|yr (Jw|) = ¥(|w]). Now we
consider the polynomial 11 in the above state and we prove that ;(0) = 0 and
11 does not have a zero b € R, where b > 0. Therefore ¢; = 0. Consequently,
co=c=--=c¢c,_1=0.0

Moreover, we have

Theorem 4.10. Let ¢q,...,pr—1: D — C be k functions, D is a domain
of C",n>1and k > 1. Let

|k71 .

u(z,w) = [Jwl® — |pr-1(2)]Jw = ler(@)[w] = o (2], (2,w0) € D x C.

Suppose that u is psh on D x C. Then pp_1 =--- =g =0 on D.
Proof. Obvious by the above two lemmas. O

Remark 4.10. For an infinite sequence of holomorphic functions, the
above theorem is false.

_ e |w}?
Example. Let v(z,w) = Z BT
Jj=0
x = Re(z). The function v is psh on C% But p; # 0, for each j € N, where
@j(z) = €* for every z € C and j € N.

= |e?|el?l = e"Hl (2, w) € C2,

5. Absolute values and strictly plurisubharmonic functions.
We have

Theorem 5.1. Let g1,...,g9n : D — C be N holomorphic functions, D
is a domain of C*, n, N > 1. Put

u(z,w) = Jw =g ()PP + -+ |w =gy ()PP + lw = g1 ()] + -+ [w = g (2) ],

for (z,w) € D x C. Then u is not strictly psh in D x C.

Proof. Without loss of generality suppose that n = 1. Note that u is a
function of class C°> on C2. Assume that wu is strictly psh on C2. Let (z,w) € C2.
We have

2u
U (2 w) = A P () + - + Al () Pla ()~ (1gh ()P + -
+Hon ()P (w+w) + |6 (2)]* + - + lgn (2)]*
0%u

Soaz W) = —91(2)F() = = gv ()TN (2) — 91(2) = - — g (2)
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0%u
= 2N.
8w8@(z’ w)
Since u is strictly psh on C2, then by Lemma 4.1,

0?u 5 0% 0u
52w = < 5252 purw

for each (z,w) € C%. Therefore the function v is bounded below on R, (for every
z fixed in C), where ¢(2) = —2(|g1 (2)]* + --- + gy (2)[})z, for 2 € R. Tt follows
that (g7 (2)|* +--- + |gh(2)[*) = 0, for any z € C.
Consequently, ¢ = -+ = gy = 0 on C. A contradiction.

In fact we have proved that if there exists j € {1,..., N} such that g; is
nonconstant, then v is not psh on C2. O

In the sequel, we prove now

Theorem 5.2. Let f,g : D — C, D is a domain of C", n > 1. Put
u(z,w) = |w? + wf(z) + g(2)|, for (z,w) € D x C. The following conditions are
equivalent

(1) w is strgctly psh on D x C;

(I1) g = fz on D, n =1, f is harmonic on D and
zeD.

Proof. (I)implies (II). Fix z € D. Then the function u(z,.) is strictly

(2, w)

of

£(z) # 0, for each

2
3)2 — az + 0| for w € C, where
2

a,b € C. Recall that v is strictly sh on C if and only if b = az. It follows that

2
g= fz on D. Therefore, u(z,w) = |w + @‘2

sh on C. Now let v(w) = |w?® 4+ aw + b| = |(w +

. Since w is strictly psh on D x C,

then u is psh on D x C.
By [1], fis prhon D. Let now zp € D and R > 0, such that B(zp, R) C D. Write
now f = fi + fa, on B(zg, R), where f; and fy are holomorphic functions on
B(zp, R). Now since u is a function of class C°° and strictly psh on B(zp, R) x C,
the hermitian Levi form of u denoted by L(u)(z,w)(a, B) satisfies

2

" Of " 0fy

L)z w)(e,8) = 18+ 5 G sl + 525 ey >0

for each (z,w) € B(zy, R) x C, and (oz,ﬁ) = (aq,. .. ,an,ﬁ) € C"xC\{0}. There-
o —~0f1 —0f>
fore L(u)(z,w)(a, 8) = 0, implies that jz:;&—zj(z)aj = —2f and ;a—zj(z)aj =0.
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It follows that the condition g 8 z)a; = 0 implies that a1 = -+ = o, = 0.
df2 8f2 . -
Therefore, the family (z), ..., =—(2) ¢ is a free family in the complex vec-
07 0z,

0
tor space C. Then n = 1 and %(z) = 0, for each z € D. In particular, g is a
2

function of class C'*°.

(IT) implies (I). Obvious. O

Now using the below theorem 6.2 for the convexity of prh functions, we
can prove

Theorem 5.3. Let f,g: C" — C be two functions. Let
w(z,w) = w? + f(2)w+ g(2)], for (s,w) €C" x C.

Assume that u is strictly psh on C" x C and |f| is convex on C". Then we have
2

n=1,¢9= fz, f is harmonic on C, f = fi + fa, where f1, fo are holomorphic

functions on C, such that fi and fo are affine functions and f5 # 0, or fi is
constant and fy(z) = eA*TB) —F(0), for z € C, where A,B € C, A 0.

The question posed now is to study the following problem. Characterize
exactly all the 2N holomorphic functions f;,g; : C" — C such that u; is a psh
N

function for each 1 < j < N, N > 2; v = Zuj is convex on C" x C. Where
j=1

ui(z,w) = |Ajw? + f;(2)w +g;(2)|, A; € C\{0}, j =1,...,N, (z,w) € C" x C.

As application of Section 4, recall that if we put

U(Z,’U)) = |’U) - @('Z)‘qu - @(Z)V\bv for (va) €D x Ca

where N1, Ny € N\{0}, D is a domain of C", 1,99 : D — C be two holomorphic
functions. u is psh on D x C if and only if we have the following two possible
cases.

Case 1. Ny = Ny. Then 1 = @9, or (¢1 + ¢2) is constant on D.

Case 2. Np # Ns. Therefore, ¢1 and @y are constant functions, or
©1 = @2 on D. Now let 1,2, p3,p4 : C* — C be holomorphic functions. Put
v = (v1 + v2), where

vi(z,w) = Jw = p1(2)] [w =Pa(2)],  v2(z,w) = [w —P3(2)] |w - Pa(2)],

for (z,w) € C" x C. Note that we can study the problem of the characterization
of 1,2, 3, ps such that v; and vy are psh functions and v is convex on C" x C.
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We have
Theorem 5.4. Let k,s,t € N\{0,1}. Let fo,..., fk—1, 90,---,9s—1,
©0,---,0t—1 : C* — C be holomorphic functions. Define u = ujusus, where

ui(z,w) = ‘wk —I—E(z)wk_l + -+ fo(2)

uz(z,w) = ‘ws +Ga()w - —I—g_o(z)‘ ,
usz(z,w) = w' + ‘got_l(z)wtfl + - —I-%(zﬂ ,

for (z,w) € C" x C. Assume that ui, ug and ug are convex functions and u is

psh on C" x C.
Then we have
—_— k __ s . t
Ul(zaw) = "U) B fk_klj(Z) ’ UQ(Z,IU) = "U) N 9871(2) ’ u?)(sz) = "U) B wt;(Z) )
s

for each (z,w) € C" x C. w is psh on C" x C if and only if we have the following
two cases.

Case 1. t = s = k. Then (fr—1+gr—1+vr—1) and (fr—19k—1+ fr—10k—1+
gi—19k—1) are constant on C", or (fx—1 + gr—1 + Prk—1) s non constant and
fr—1=gr—1= k1 on C".

Case 2. k# s, ork #t, ors#t. Then fr_1, gs—1 and ps_1 are constant
functions, or fr_1 = gs—1 = -1 on C".

Proof. We can see section 4 and the paper [2]. O

6. The analysis of holomorphic and convex functions in one
and several complex variables. There exist a fundamental relation between
holomorphic functions, partial differential equations and the convexity property.
Exactly we have the technical result.

Theorem 6.1. Let g : C — C be analytic nonconstant and ¢ € C. Put
v(z,w) = |g(w —Z) + |, for (z,w) € C%. The following conditions are equivalent
(a1) The function |g + ¢| is convex on C;
(as) There exists v € C such that ¢"(g+ ¢) = v(¢')* on C;
(a3)

-1
as) There ezists v € S = {0, 8—,1/8 € N{0, 1}} such that
s
d"(g+c) =~(¢")?* on D, where D is a not empty domain subset of C;
(aq) v is psh on C%
(as) There exists an harmonic not analytic function ¢ : C — C such that u
is psh on C?, where u(z,w) = |g(w — ¢(2)) + ¢|, for (z,w) € C?;



Topics on real and complex convexity 189

(ag) There exists an harmonic nonconstant function ¢ : C — R such that
uy is psh on C2, where uy(z,w) = |g(w — ¥(2)) + ¢, for (z,w) € C%

For a proof of this theorem, we can see [2]. Note that we can find exactly
g by each of its analytic expression (also we can see [2]).

6.1. Some technical problems. We have

h : C" — C be nonconstant
u(z,w) = |w — h(z)] is psh on C" x C;
v(z,w) = |h(w —Z)|is psh on C" x C

this is the first technical problem.
The second problem is now

h : C" — C be nonconstant
u(z,w) = |w — h(z)] is strictly psh on C" x C;
v(z,w) = |h(w —Z)| is psh on C" x C.

Now we begin this study by one of the following technical result between real and
complex convexity.

Theorem 6.2. Let g1,g92 : C* — C be two analytic functions. Suppose
that u = |g1 + G2| is conver on C".
Then we have an only one assertion of the following conditions

(I) g1 and g2 are nonconstant functions. Then g1 and g are affine functions
on C™.

(IT) g2 is constant on C". Then |g1 + G2(0)| is convex on C". Note that in this
case (g1 + 92(0)) is a holomorphic function and we can find exactly g1 by
its expression by (2], (see also [3]).

(III) g1 is constant on C". Then |g2 + g1(0)| is conver on C".

Proof. Let Ty(z) = z, Ta(z) = Z, for z € C". Then T} and T, are two
R— linear transformations on C". The family {7%,75} is in fact C— linearly free
on C", when we consider C" a complex vector space of dimension n. Note that
g1(z) depend only in the variable z. g2(z) depend only in the variable Z. For
each «a, € C, the condition |ag;i(z) + 8g2(2)| = 0, (for every z € C"), implies
that « = 8 =0, if g; and go are nonconstant functions. Then the condition u is
convex on C" implies that the new function, defined by v(z,w) = |g1(2) + g2(w)|
for (z,w) € C" x C", satisfies v is convex on C" x C". Therefore we have the
following cases.
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Case 1. g is constant on C". Then |g; + g2(0)| is convex on C". Since
(91 +32(0)) is a holomorphic function on C", then by [2], (see also [3]), we have
the following two states. ¢1(z) = (< z/a; > +b1)"™ — 92(0), where a; € C",
by € C, m €N, for each z € C", or gi(z) = e(<#/1>Fd) _ g0, where ¢; € C"
and d; € C, for every z € C™.

Case 2. g1 is constant on C™. The conclusion is now by the case 1.

Case 3. g1 and g9 are nonconstant functions on C". Let o, § € C, (a # ),
{a, 8} C g2(C). Since v is convex on C" x C", then the functions |g; + «| and
|g1 + B| are convex on C". By [2], we conclude that g; is affine on C". It follows
that g9 is affine on C". The proof is now complete. O

Several applications of this theorem can be obtained in complex analy-
sis, convex analysis, representation theory, harmonic analysis in several complex
variables and holomorphic partial differential equations.

Remark 6.1. (I) Let hy,hy : C" — C be two pluriharmonic functions.
Let u(z) = |h1(2) + ho(Z)| and v(z,w) = |h1(z) + ha(w)|, for (z,w) € C" x C".
Assume that u is convex on C". Then we can not conclude that v is convex on
C™ x C", because h;(z) and ha(Z) depend of the two variables z and Z.

Example. Let hi(z) = (2 + 1), ha(z) = (Z+ 1)?, for z € C. Put
ui(2) = |h1(2) + ha(Z)|, uz(z,w) = |h1(2) + ha(w)|, (z,w) € C*. We have h; and
ho are harmonic functions on C. The function u; is convex on C. But v is not
convex on C2.

(IT) Let f1(2) = 4a® + 2z, fo(2) = =2z, z = (x +iy) € C, © = Re(2),
w € C. We have u(2) = |fi(2) + fa(2)|> = 16z%. Then u; is convex on
C. But us(z,w) = |fi(2) + fao(w)|, satisfies uy is not convex on C?. In fact
f1(2) = (F()+T(2)?+(f(2)+ [ (2), fa(2) = =22 = —Re(f(2)), where f(2) = z.
Note that f is holomorphic on C. In fact f(z) is independent of Z. We have for
example, f1(z) does not depend only in the variable z, fo does not depend only
in the variable z, but f; and fy are linearly independent on C.

Now by the following proposition and the paper [4], we obtain an answer
of the problem of the characterization of all real valued pluriharmonic functions
k1, ko : C" — R such that 1 is psh on C" x C", where (2, w) = [(k1(w — %))? +
(ko(w — 7)), for (z,w) € C" x C™.

Proposition 6.1. Let hy, ho : C" — R be two pluriharmonic (prh) func-

tions. Putu = h3+h3. Assume that u is convex on C". Then we can find exactly
all the functions hy and hs by their analytic expressions.

Proof. Observe that u = |hy+iha|? on C". Now since h; and hy are prh
functions on C", then there exists two holomorphic functions g, go on C", such
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that hy = (g1 +g1) and hy = (g2 + G2). Therefore u = |g1 + g1 +i(g2 + 52)> =
lg1 + g2 + (g1 — ig2)|?> on C". Now note that (g, + igs) and (g — igs) are
holomorphic functions on C". By Theorem 6.2, we have the following three
states.

State 1. (g1 + ige) is affine nonconstant on C". In this case (g1 — ig2) is
an affine function. Consequently, we can find ¢g; and gs by their expressions.

State 2. (g1 +ig2) is not an affine function on C". In this case (g1 — ig2)
is a constant function. Then |g; + igs + (91 — 192)(0)|? is a convex function on
C". Therefore, we can find g; and gs by their expressions.

State 3. (g1+1igz) is constant on C™. In this case |(g1 —ig2)+ (g1 + ig2)(0)|?
is a convex function. Therefore, we can find g; and g2 by their expressions. O

But in general if the number of real valued prh functions is N > 3, the
problem remains open.

Corollary 6.1. Let g1,g2 : C" — C be two holomorphic functions. As-
sume that for each a = (a1, ..., ap) € C", we have the inequality,

n
_ 9%g dg1 Dg2
Z 82 ajak(g2 +70)+ Y 570 5 k(g1 + 92) +ZZ 5, 9. I
J jh=1 197k k=170 Ok
2 2

on C".
Then we have the following three states.
State 1. go is constant and

{ 91(2) = (< z/ag > +b1)™ —32(0), or
7 (Z) 6(<z/cl>-|—cl1) - E(O)

for each z € C", where a1,¢1 € C*, by,dy € C,m; € N.
State 2. ¢y is constant and

{ 92(2) = (< z/ag > +b2)™ —71(0), or
92(2) 6(<z/02>-|—cl2) - E(O)

for each z € C", where as,co € C*, by, dy € C,mo € N,
State 3. g1 and go are affine functions on C".
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Theorem 6.3. Let hi,hy : C* — C be two pluriharmonic functions.
h1 = f1+ 1, ha = fo+ G2, where f1,91, f2, 92 are holomorphic functions on C™.
Assume that |hy + ha| is convex on C™. Then we have only the following three
cases.

Case 1. (f1 + f2) and (g1 + g2) are affine functions on C".

Case 2. (g1 + g2) is constant on C" and |f1 + fo + g1(0) + 92(0)| is a
convez function on C".

Case 3. (f1 + f2) is constant on C" and |g1 + g2 + f1(0) + f2(0)| is a
convez function on C".

Proof. Obvious by Theorem 6.2. O

Observe that if £k : C" — C be prh, the condition |k| is convex on C",
implies that k is affine, or k is holomorphic, or k is holomorphic on C". Now we
can prove that the complex structure is important in the richness of the above
results.

Example. For h : C" — C be harmonic such that |h| is convex on C",
n > 2. We can not conclude that h is in the above form. Put hy(z) = (21 + 72),
z = (z1,29) € C2. hy is 2— harmonic and |hi] is convex on C2. But h; is not
affine, h; is not holomorphic and A is not holomorphic in C2.
Indeed, let k(z) = x1 4+ i(|z1]> — |22]%), 2 = (21,22) € C?, 1 = Re(z1). k is
harmonic on C2. [¢¥] is convex on C2. But k is not prh on C2,

Recall also that we have the following.

Let k1 : C" — C be harmonic, n > 2. Let T'= (T} + iT3) : C" — C" be
R linear and bijective. Assume that 77 and T, have real values. If T}(k;) and
T5(k1) are psh functions. Then h is prh on C".

Remark 6.2. Let hy(z1,...,2,) = e((z)2+“'+(%)2), ho(z1,...,2) = (Z1)%,
hs(z1,...,2n) = (Z1+--+2Zn), (21,.+.,2,) € C", n > 1. hy, hy and hg are pluri-
harmonic functions on C". We have

{a € C /|hy + al is a convex function on C"} = {).

{a € C / |ha + a| is a convex function on C"} = {0}.

{a € C/ |hs + a| is a convex function on C"} = C.

The originality and richness of the above characterization and the complex
structure gives the following technical theorem.

Theorem 6.4. Let k : C" — C be a pluriharmonic function. Then
{a € C / |k +a| is a convex function on C"} =0, or{a}, orC,

where o € C.
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Proof. Case 1. |k| is convex on C". If k is affine. Then
{a € C/ |k + a| is a convex function on C"} = C.

Now suppose that k is not _afﬁne.
Then k is holomorphic or k is holomorphic on C", by Theorem 6.2. By [2], we
deduce that,

{a € C / |k + a| is a convex function on C"} = () or {a},

where o € C.
Case 2. |k| is not convex on C". If there exists b € C", such that |k + b
is convex on C". We use the case 1 to obtain

{a € C/ |k + a| is a convex function on C"} = {b}.
If for all £ € C, the function |k + £| is not convex on C". Then
{a € C / |k + a] is a convex function on C"} = ().

The proof is now complete. O
Observe that this theorem extends some results of [2] concerning holo-
morphic functions.

Corollary 6.2. Let g : C" — C be pluriharmonic and a,b € C, (a # b).
Assume that |g + a| and |g + b| are convex functions on C™. Then g is affine on
(O

Remark 6.3. We give some simple examples of smooth functions with
various behavior.

(I) Let h(z) = 2%, z € C. h is harmonic on C. We have, for each € > 0,
for every a € D(0,¢), the function |k + a/* is convex on C\D(0,¢), but & is not
affine on C. Therefore, for all domains U of C, such that C\U have not empty
interior, there exists an harmonic and not affine function k& : C — C, satisfying
|k + ;]* is convex on C\U, for each j € {1,2}, where 81,8, € C, (&1 # d2). This
proves that in the above corollary, all the subset C" is very important, for each
n > 1.

(IT) Let hy, hy : C* — R be prh. Assume that (|hy|> + |ho|?) = (h? + h3)
and ((hy +1)% + (hg)?) are convex functions on C". Then h = (hy + ihsy) is affine
on C". Consequently, hy and hy are affine functions. But if ki, ky : C* — C
be two prh functions satisfying (|k1|* + |k2|?) and (Jk; + 1])? + |k2|?) are convex
functions on C". We can not deduce that k; and ko are affine on C”.
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Example. Let ky(z) = 22 — 1, ky(2) = 22, for z € C. k; and ko are
harmonic functions on C. We have (Jk1|* + |k2|*) and (Jky + 1> + |k2|?) are
convex functions on C. Moreover, (|k; 4+ a|? + |k + B|?) is convex on C, for each
(o, 8) € D(1,1) x C. But ky and k2 are not affine functions on C.

Question. Let h : C" — C be harmonic, n > 2 and «, € C, a # 5.
Assume that |h + | and |h + (| are convex functions on C". Is it true that h is
affine on C"?7

6.2. Applications in pluripotential theory. We have

Theorem 6.5. Let g, : C* — C be 2 analytic functions, n > 1. Denote
by v(z,w) = |g(w — 2) + B(w — 2) %, (z,w) € C" x C". We have

(I) v is strictly psh on C" xC" if and only if n = 1, g and ¢ are affine functions
99, 0 99, vz 199 2
on C and 2|&(z)£(z)| < \&(zﬂ + \a(z)\ , for each z € C.

(IT) Suppose that

(a) g is not an affine function, and

(b) ¢ is nonconstant on C™.

Then v is not psh on C" x C™.

Proof. Obvious by Theorem 4.6 and Theorem 6.2. O

In the sequel, this theorem gives an important family of functions u psh
and strictly n— subharmonic on C", but v is not psh on C" x C". Where
u(z) = g(z) + B(2)|%, v(z,w) = u(w — %) for (z,w) € C" x C", g, : C* — C be
two holomorphic functions; g is not affine and ¢ is nonconstant. Although, using
Theorem 6.2, we can characterize all the holomorphic functions g1, f1,...,9n5, fn :
C" — C, such that uq,...,uy are convex functions on C"™ and u is strictly psh
on C". Where u; = |g; + f;/*, u = (u1 +--- +un), N,s € N\{0}.

Question. Let N,s € N\{0,1}. Find all the pluriharmonic functions
hi,...,hn,ki,..., ks : C" — C, such that u = (uj +ug) is psh on C" x C. Where

ui(z,w) = [w + hy_1(2)w™ ™1+ 4 hy(2)w + ho(z)| and
ug(z,w) = |w® + ks_1(2)w* ™t + - + k1 (2)w + ko(2)], for (z,w) € C" x C.
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7. Holomorphic partial differential equations and the con-
vexity of the modulus of a special class of pluriharmonic functions
in several complex variables. We have

Theorem 7.1. Let 8,7 € C. Consider g1, g2 : C — C be two holomorphic
functions. Put h = (g1 + 72).
Suppose that h is nonconstant and

&h oh\>

a? 2
8zh B( >

Then |g1 +92(0)| and |g2 +g1(0)| are convex functions on C, B ory € S,
s

where § = {%1 1 /se N\{O}}

on C.

Proof. If h is affine on C. Since h is nonconstant, then by [2], 5 or
~v € S. In fact, if g; and go are nonconstant functions, then 5 =~y =0 € S.
Assume now h is not affine in all the rest of this proof.

h
Case 1. % = g} # 0, on C. Therefore, the differential equation
2
0 hh _ <8h

2

91 (2)(91(2) + 32(2)) = 791 (2))?,
for each z € C. We prove that gf # 0. Assume that g = 0 on C. Then ¢;
0? oh
is affine nonconstant. By the differential equation 77 ——h=0 ( ) we obtain

931 + ) = B(gh)? on C. If now g4 # 0, then gy is holomorphic on C. Since
now ¢; is holomorphic on C, it follows that g; is constant on C. A contradiction.
Then g5 = 0 on C. Therefore h is affine on C. A contradiction.

Consequently, gf # 0 on C. Then gz is a holomorphic function on C.
Thus g2 is constant. By [2], (see also [3]), since g2 is constant, we conclude that

v € S, where exactly S =

. In this case |g1 + g2(0)] is
convex on C.

Case 2. i g_é # 0, on C. This case is obvious by the above situation.
We prove that 8 € S and |g2 + g1(0)] is convex on C. O
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Theorem 7.2. Let 8,7 € C. Given h : C — C be harmonic and not

affine. Suppose that
82h oh\>
h =~ <—> and

022 0z
9%h oh\?
o= o
072 p (82)
on C. Then
(@& +b1)™, or
(a2€ 4+ b2)™2, or
h(f) = a1§+p61
e“1¢ B, or

6012§+52

-1
and § orvy € S = {0, 8—, 1/s € N\{0, 1}}, for each € € C, where a1,b1, a9, b,
s
a1, B1,az, B2 € C, (a1aza1as # 0), m1,me € N\{0, 1}.
Corollary 7.1. Let v,8 € C. The problem

( h:C — C be not affine
u(z,w) = |w — h(z)| is psh on C?;

2 2
8hh:5<8h> and

922 9z
82h on\?

have only one the solution described in the above theorem.
This problem is in fact equivalent with the following problem

h:C — C be not affine
u(z,w) = |w — h(2)| is psh on C*, and
v(z,w) = |h(w —Z)| is psh on C?
which is a technical result in complex analysis.
Let n > 1. Recall that, the problem

g : C" — C be nonconstant

ui(z,w) =log |w — g(z)| is psh on C" x C, and

v1(2,C) = g(¢ — )| is psh on C" x C"
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is equivalent to the problem

g : C" — C be analytic nonconstant, and
lg| is convex on C".

But this is equivalent to the problem

g : C" — C be analytic nonconstant, and

n

Vze C"Va = (a,...,a,) € C".
Suppose that n = 1. Then we can solve the system
g : C — C be holomorphic nonconstant; and
9"(9+¢)=7(g)? onC,
((c,y) € C?, ~ is to describe exactly). In this case we solve the holomorphic
differential equation ¢”(g 4 ¢) = v(¢')?, ¢ is nonconstant. From the paper Abidi

—1
[2], we have exactly v € § = {0, S—, 1 /s eN\{0, 1}} Using this technical
s

holomorphic differential equation, in fact we can solve several holomorphic (or
antiholomorphic) partial differential equations in CV, (N > 1).

Example. (I) Let (a,b) € C2% Find all the holomorphic functions
g : C — C such that u is psh on C?, where

u(z,w) = |g(w + Z) + ag'(w + Z) + bg" (w + Z)|, for (z,w) € C2.

(II) Find all the analytic functions g : C — C such that ¢¥(¢" + ¢) =
v(¢g®)2, where ¢ € C and (y € C is to describe exactly). Prove that |¢©®)] is
convex on C.

(IIT) Let N € N\{0} and (A,...,Ay) € CVTL. Find all the holomorphic
functions k : C — C such that ¢ is psh on C?, here

o(z,w) = [ANEWN) (w +2) + -+ + Agk(w 4+ Z)|, for (z,w) € C%.
Remark 7.1. Let n > 2 and v;,8; € C, for 1 < j < n. The problem

( h: C" — C be nonconstant
u(z,w) = |w — h(z)] is psh on C" x C;

&h oh\?
8—z]2h = ’}/] <a—zj> s and

2 2
0 hh:ﬁj <@> on C"

8—2? 83]'
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does not imply that |h|?> is convex on C". We can consider h(z) = 2129, for
2 = (21,22) € C%. Therefore for the above system, it follows to add another
condition for the study of the real convexity.

8. The comparison between real and complex convexity. We
begin this study by the following.

Lemma 8.1. Let s € Ry\{0} and D a convex domain of C", n > 1.

(a) Suppose that there exist a monconstant function fi : D — C such
that uy and ug are psh on D x C,where ui(z,w) = |w + f1(2)|° and uaz(z,w) =
|w+ f1(2)|°, for (z,w) € D x C. Then s > 1.

(b) Suppose that the condition u(z,w) = |w + f(z)|° is psh on D x C
implies that v(z,w) = |w+ f(2)|® is psh on D x C ( for all functions f : D — C).
Then s > 1.

(¢) Let s €]0,1[. Denote by vy (z,w) = |w+ f(2)|%, v2(z,w) = |w+ f(2)|°,
(z,w) € D x C. In general vy is psh on D x C does not imply that the function
vy is psh on D x C (for each f: D — C), (and conversely).

We have now the following technical tool comparison.

Proposition 8.1. Let « € Ry and D a convex domain of C", n > 1.
Given f : D — C be a function. Let u(z,w) = |w + f(2)|* and v(z,w) =
lw + f(2)|%, for (z,w) € D x C. We have

(a) u is convex on D x C if and only if v is conver on D x C. In this case
we have o > 1.

(b) Let s €]0,1[. Put g(2) = 2, u1(z,w) = |w + 2|, vi(z,w) = |w +Z|*,
(z,w) € C?. Then uy is psh on C?. But vy is not psh on C2.

(¢) u is strictly psh on D x C if and only if n =1, a = 2, f is harmonic

0
on D and —{ >0 on D. In this case v is not in general strictly psh on D x C.

0z
Therefore the condition u is strictly psh on D x C does not implies that the

function v is strictly psh on D x C. But u is convex on D x C if and only if v is
convex on D x C.

Proof. We can see [1], [2] and [4]. O
In the theory of holomorphic and convex functions, we have

Theorem 8.1. For each k € N, let f, : C* — C be analytic, where n > 1.

Put

Sk i (2)wP
a(o ) — eeZE20 )
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for each (z,w) € C" x C. Then we have

(I) Suppose that for each kg € N, AN > kg, such that fx # 0. Then u is convex
on C" x C if and only if

bk
fiu(z) = He((Z/a>+0)

for all z € C", where a € C" and b,c € C.

(1) Let

v(z,w) = |3 fulz2)w’ + fo(2)],

k>1

for every (z,w) € C" x C. Then there exists several cases where v is convex

on C" x C.

Proof. (I). Obvious by [2].

(IT). Case 1. fy is constant on C". Put gy = fo and g = fi, for each
kE > 1. Let ng(z)wk = F(z,w) and v = |F|, where F' : C" x C — C is

k>0

holomorphic. Since v is convex on C" x C, then by [2], we have two possible
states.

State 1. There exists N > 0, such that g = 0, for each £k > N 4+ 1. If
gr = 0, for each k € N. The proof is finished. Suppose that gy # 0. Then

N
F(z,w) = ng(z)wk, for each (z,w) € C" x C. Since |F| is convex on C" x
k=0

C, then F(z,w) = (a121 + -+ + anzn + bw + ¢)V, where ay,...,an,b,c € C.
Put (ay,...,a,) = a € C". Note that we can calculate fy, f1,..., fn by their
expressions.

State 2. For each ky € N, there exists k1 > ko, gr, # 0. In this case, by
Abidi [2], F(z,w) = e(<#/e>Fbw+e) g e C" b, ¢ € C. Since F(z,0) = fo(2), then
f1. are constant functions and we can calculate f}, for each k£ € N.

Case 2. fyis nonconstant on C". Define F(z,w) = ka(z)wk, Fo(z,w) =

k>1

fo(z), (z,w) € C* x C. F; and Fy are holomorphic functions on C" x C.
v = |Fy + Fy|, on C" x C. Since Fy is holomorphic in (z,w), then F(z,w)
is independent of (Z,w). If Fi(z,w) = 0, for each (z,w) € C" x C. This case is
obvious.
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Now assume that Fy # 0. Since Fy is holomorphic, then Fy(z,w) is
independent of the variable (z,w). Now since the variables (z,w) and (Z,w) are
C— linearly independent and the condition

|aFy (z,w) + BFy(z,w)| =0,

for each (z,w) € C" x C, where (a, ) € C2, implies that o = 8 = 0. It follows
that the function vy, defined by

vi(z,w,§,¢) = |Fi(z,w) + Fo(€,C)l,

is convex on (C" x C) x (C" xC). Therefore ¢ is a convex function on C" x Cx C",
where
p(z,w,8) =Y fr(2)w* + fo(€)|. Now, put 4(€) = fo(€), for £ € C". Then ¢ is
k>1

a holomorphic_function on C™ and we have the following two states.

State 1. 1) is affine on C". Since F; # 0, then Fj is nonconstant on
C"™ x C. Consequently, Fj is affine on C" x C. Fi(z,w) = fi(2)w, for each
(z,w) € C" x C. The condition F} is affine implies that f; is constant on C".
Therefore the function, defined by

D et + folz) = (Aw + fo(2))

k>1

is affine on C" x C, where A = f1(z) € C\{0}.

State 2. 1 is not affine on C". Since |F}(z,w) + ¥(€)| is convex on
C" x C x C", then F; is constant and consequently, F; =0 on C" x C.
It follows that fo(¢) = (< &/a > +b)™, where a € C"\{0}, b € C and
m € N\{0}. O

9. On convex and plurisubharmonic or subharmonic func-
tions. In this section we study many technical investigations between subhar-
monic, plurisubharmonic and convex functions on C*, n > 1.

We begin this section by

Remark 9.1. Let u : C" — R be a function. Put vi(z,w) = u(w + %)
and v(a)(2) = u({zfar) + (B1/2) .. < 2fan > +(Bu)2)), for (z,w), (a7, B;) €
C'"xC" jed{l,...,n} and a = (a1,..., ), B =(B1,...,0n). Suppose that vq
is subharmonic on C" x C". Then we can not conclude that u is convex on C".

Example. uy(z) = \z|%, for z € C. g is continuous and not convex on C.
But vp is subharmonic on C2, where vy (z, w) = ug(w + %), for (z,w) € C2. But if
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V(a,8) 18 subharmonic (respectively n-sh) on C", for each (o, 3) € (C™")" x (C™)",
then u is convex on C". If vy is psh on C" x C", then we can prove that w is
convex on C". Note that if for each (o, ) € C" x C", the function v(, gy is psh
on C" x C™. We can prove that u is convex on C".

We study in this section several problems like the remark and some related
topics.

Theorem 9.1. Let u : C" — [—o0, +00[ be a function. Put

Uap)(2) = ul(z/ar) +(B1/z), .., (z/an) + (Bn/2)),

for z € C", (aq,...,an) = a € (C", (B1,...,8n) = B € (CY)". The following
are equivalents

(I) w(C") C R and u is conver on C";

(IT) For each a, 8 € (C™)", u(qy,g) is psh on C";

(IIT) For every a, B € (C")", w(q,p) is subharmonic (sh) on C".

Proof. (I) implies (II). u is convex on C", then for all a, 8 € (C")",
U(q,p) is convex on C". Therefore u(, gy is psh on C".

(IT) implies (I). Suppose that there exists zp € C", such that u(zp) = —oo.

Case 1. n = 1. We prove that there exists g,y € C such that
{z € C / apz+ PoZ = 20} is not polar on C.

Step 1. zp € R. We take ag = Sy = 1.

Step 2. zg € iR. We take ag = =y = 1.

Step 3. zp = (a +1ib), a,b € R, with ab # 0.

Put z = 21 4+ ixg, 1 = Re(2). Let a = (a1 + i), f = (B1 +ip2) € C,
aj = Re(a), 81 = Re(B). We solve the equation az + 3z = z5. Then

{ a1z — oz + By + Pfore = a
Qox1 + 1o — P1xo + Pox1 = b.

Note that the system

{ (a1 + Br)w1 + (B2 — a2)ra = a
(ag + Bo)xy + (o1 — fr)xa =D

have an infinite number of solutions if
(o + Bo2)z1 + (a1 — Br)xe = K(aq + fr1)z1 + (B2 — a2) ]

and b = Ka, where K € R.
Therefore,
of = Bf + a5 — 53 = 0.



202 J. Abidi

Put oy = B4 = 1. Therefore

{ 2x1 + (52 — Ozg)l‘g =a
(a2 + f2)r1 = b

Take 85 = as. Then 1 = g and as + B2 = 2K. Therefore ay = B2 = K. Now let

b

apg =1+iK = fy, where K = —. It follows that {z € C/ apz+ fpz = 20} = A
a

is not polar on C, because A = {z € C/ 2z; = a} = {g +izy/ w2 € R}. But

a
we know that the real line { 5t iza/ xo € R} is not polar on C. Consequently,

Y(z) = u(apz + PoZ) is not sh on C. A contradiction. Consequently, u(z) > —oo,
for every z € C.

State 1. w is a function of class C? on C. Let a,3 € C. Put
v(2) = u(az + BZ), for z € C. v is a function of class C* on C.

2 2 2 2
;;gz (2) = ;Z(;LC (az + BZ)aa + 8@;{ (az + BZ)BB + 2Re[g—£(az + Bz)aB] >0

for each (a, 8) € C* Deduce that

0%u 1
S ﬁ = ZA(U)

Pu
02

on C. Consequently, u is convex on C.
State 2. u : C — R be a function. Let p : C — Ry, p is a C radial

function, supp(p) € D(0,1) and /p(ﬁ)dmg(g) = 1. Put ps(z) = %p(g), for

0 > 0and z € C. Since u is sh on C, then the convolution u * ps is also
subharmonic, for every § > 0. Let o, 8 € C. Put 0(z) = u(az + z), for z € C.
Then 6 is subharmonic on C. Therefore for each £ € C, 61 is sh on C, where
01(z) = u(az + Bz — ). Therefore the function s, 65(2) = 01(2)ps(€), is also

sh on C. Let ¢, 3)(2) = /Hl(z)p(;({)dmg(ﬁ), for z € C. Then ¢, ) is a C
subharmonic function on C. Note that ¢, )(2) = u * ps(az + %), for z € C.
Since u * ps(¢) = /u(g — &) ps(§)dma(§), then u x ps is a function of class C™

and decreases to u on C (if § decreases to 0).
It follows that 5 = u * ps is a convex function on C, for each § > 0, by

the state 1. Now the sequence (¢)1);en\ o} decreases to u if j increases to +oo.
J
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Since u(C) C R, then w is convex on C. If n = 1, the proof of the theorem is now
finished.

Case 2. n > 2. Let a = (a1,...,a,) € C". If u(a) = —oo, by the case 1,
there exists agj, Bo; € C, such that A; = {z; € C / ag;2zj + Bo;Z; = a;} is not
polar on C, for each j € {1,...,n}. Denote by A ={z = (21,...,2,) € C" [ 25 €
A;j V5 =1,...,n}. We have A = Ay x --- x A,. Then A is not pluripolar in
C"™. Let now ¥(z) = u((z/ag) + (Bo/z)), for z € C", where ag = (a1, .- .,00n),
Bo = (Bo1,---,Pon) € C". ¢ is pshon C" and A C {z € C" / ¢(z) = —o0} is not
pluripolar. A contradiction.

Therefore u(a) > —oo and we have u(C") C R.

State 1. u is a function of class C* on C". Let v = Ua,p), @, B € (C")",

a=(a1,...,an), 8= (B1,...,Bn). v(z) =uw(T'(2) +7(2)),
T(z) = ((z/a1),...,{z/om)), 7(z) = ({2/B1),---,(2/Bn)),
for z = (zl,...,zn) e C". For § = (01,...,0,) € C", we have

Z 82]821€

" 9% _ " 9T, "L 07
=2Re Lml BE. O, (T'(2) +7(2)) (Z 5]-@(,2) (kzék 921 (z))}

_ "L T, " T
+ Z (%Sagm z) +7(2)) (Zéjazj(Z)) (Z(Ska(Z)>

s,m=1 j=1 1
+ Z 2) +7(2)) ig.%(z) n 5, 2 ) >o.
s,m=1 865867” j=1 ’ 8Zj 1 0z, o

Let v = (71,...,7) € C", where for 1 <m <n,
87’m
ZJ 82 Z kaZ]g

o1, OTm
Note that ——(z
ote tha 8J()ak

on C". Therefore we have

(z) are independent of z, because 1" and 7 are C— linear

Z 85 ag 2) +7(z ))7m75] +2 ) 5 86 (T(2) +7(2))Fmrs > 0
s m s,m=1"~">575mM

s,m=1
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for each v = (71,...,7) € C". Let A € C, |\| = 1. Then if we replace v by \v,
we have

for each A\ € 9D(0,1). Therefore, by the next lemma we have

n 82
Z ag 85 2 +7Em| < Y o ;;_<T<z>+7< )T
$ m s,m=1">875m

for each z,v € C". Then u is convex on C".

Lemma 9.1. Let a,b € C. Assume that Re(Aa) < b, for each \ €
0D(0,1). Then b> 0 and |a| <b.

Proof. Obvious. O

State 2. The function u is not of class C*. Fix A, B € M, (C). We have
for each £ € C", the function w; is psh on C", where u1(z) = u(Az + Bz — &),
for z € C". Let p : C" — R, be a function of class C*, supp(p) C B(0,1), p

is a radial function, /p({)dmgn(f) = 1. Put ps(z) = ﬁp(g), for 6 > 0. We
have ps € C°(C™). Therefore the new function ¢ is psh on C", where ¥(z) =

w(Az+ BZ—€)p5(€)dman (€), = € C". Now let 5(2) = / w(z—€)ps(€)dma ©).

s is a function of class €' and psh on C". The sequence (¢1);en {0} decreases
J

to w if j increases to +oo. Let s5(2) = w5(Az + BZ), 6 > 0. Since 1 is psh on
C", then 15 is psh on C". s is a function of class C°° implies that v is also
of class C*° on C". By state 1, p; is convex on C". Since u(C") C R, then u is
convex on C". O

In complex dimension 1, we have the following

Theorem 9.2. Letu : C — R be a function. The following two conditions
are equivalent
(I) u is convex on C;
(IT) For each a, 8 € C, v is sh on C, where v(z) = u(az + BZz), for z € C.

But we can see that we have two observations:

Proposition 9.1. Let u; : C — [—o00,+0o0[ be a function. The following
are equivalent
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(I) w1 (C) C R and u; is convex on C;
(IT) For each o, 8 € C, vy is sh on C, where v1(z) = u(az + fZ), for z € C.

The second observation is the following: On C", n > 2, Theorem 9.2 is
not true.

Example. Let u(z) = |z1(22 + 1), 2 = (21,22) € C*. ulaz + f7) =
|(az1 4+ f77)(azy + fZ2 + 1)| = v(z), for o, B € C. wu is continuous on C?. We
have v(., z2) and v(z1,.) are convex functions on C, for each z9, 2z fixed on C.
Therefore v is continuous and subharmonic on C and consequently, v is sh on
C2, for each o, 8 € C. But u is not convex on C2, because 1 is not convex on
C; ¥(z1) = u(z1,21), for z1 € C. Therefore it should be enable to replace this
property by another in several variables. We have

Proposition 9.2. Let n € C\{0}. Let u : C" — R be a continuous
function (v € C(C")). Given T1,T5 : C* — C" be two C— linear bijective
transformations on C". Put v(z,w) = u(w — 2), ¢(z,w) = u(Te(w) — T1(2))
and K 5)(2,w) = u((w/ar) + (B1/2), . (w]am) + (Bnf2)), (5,0) € C7 x T,
a=(a1,...,ap), B=(P1,...,0n) € (C")". The following conditions are equiv-

(I) w is convexr on C";

(I1) v is convex on C" x C";

(ITI) v is psh on C" x C™;

(IV) ¢ is psh on C" x C™;

(V) for each o, B € (C")", K(4p) is psh on C" x C".

We have also the same result for u € C*(C"), k € NU {c0}\{0}.
Proof. Obvious by Theorem 9.1. O

Remark 9.2. Let ¢ : C" — C be holomorphic, |g| is convex on C".
Observe that for each ¢ : C™ — C" prh, the function |g(¢)| is psh on C™,
n,m > 1. This proves a new technical tool in complex function theory.

In general, we can prove in the next corollary the importance of the point
(—o0) in real convexity and in several complex variables.

Corollary 9.1. Let u : C" — [—00,400] be a function, n > 1. Define
Uy (5 0) = u((10/01) + (B1/2),- - (/) + B 2))s Biap)(2) = Viap)(22)
Kay(z,w) = ulaiwr + b1Z1,... 60w, + bpZy), for (z,w) € C" x C",
2= (21y-y2n), w=(w1,...,wy), a = (a,...,a,) € C", b= (by,...,b,) € C"
and o = (a1,...,an), B=(81,...,0n) € (C")". The following are equivalents

(I) w(C") C R and u is conver on C",
(IT) For every (a,b) € C" x C", the function K4y is psh on C" x C";
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(ITT) v(q,p) is psh on C" x C", for each o, 8 € (C™)";
(IV) ¥(a,3) is subharmonic (sh) on C", for every o, 3 € (C")".

Corollary 9.2. Let u : C" — R be a continuous function, T1,Ts : C* —
C"™ be two C— linear bijective transformations, n > 1. Put v(z,w) = u(Ta(w) —
Ti(2)), (z,w) € C" x C". The following conditions are equivalent
(I) w is conver on C™;
(IT) v is psh on C" x C”
(IH) u(a,p) is sh on C", for each A, B € M,(C), where u(a py(2) = u(Az +
Bz).

Proof. Obvious. We can also see the proof of theorem 9.1. O
We have

Corollary 9.3. Let u: C" — [—o0,4+00[, n > 1 and a,b € C\{0}.
Put v(z,w) = u(aw — bZ), (z,w) € C" x C". Suppose that v is psh on C" x C".
Then u(C") C R and u is continuous on C". Consequently, the function v is
continuous on C™ x C".

Proof. Obvious by the proof of Theorem 9.1. O
In the sequel, we have

Theorem 9.3. Let u : C* — C be a function and D a domain of C™,
n,m > 1. The following assertions are equivalent
(I) For each ¢ : D — C™ prh, the function u(yp) is psh on D;
(I1) w is convexr on C".

Now for the strict inequality, we have then

Theorem 9.4. Let u : C" — R be a function, n > 1 and a,b € C\{0}.
Put v(z,w) = u(aw 4 bZ), (z,w) € C" x C". The following assertions are equiv-
alent
(1) w is strictly convexr on C";
(2) v is strictly psh on C™ x C";
(3) u(Az+ BZ) is strictly sh on C", for each A, B € M, (C), with the deter-
minant det(AB) # 0.

Proof. The proof is based on the proof of Theorem 9.1 and the paper
[4]. O

10. Holomorphic polynomials on real and complex convex-
ity. Consider the polynomial p(z) = 23 +z+1, z € C. There does not exists two
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real constants A,B € R \{0} such that v is psh on C? where
v(z,w) = Alp(w — 2)|* + Blp'(w — %) for (z,w) € C% But we have the fol-
lowing

Theorem 10.1. Let p be a analytic polynomial on C, deg(p) < 2. Then
there exists A >0, B > 0 such that u is psh on C?, where

u(z,w) = Alp(w —2)> + Blp'(w = 2)|* for (z,w) € C2
Proof. Ifdeg(p) =1, wetake A = B = 1. Now suppose that deg(p) = 2.

We have p(z) = az® + bz + ¢, a € C\{0}, b,c € C. Let B € R;\{0}. We study
the convexity of v, v(z) = |az® 4 bz + c|* + B|2az + b|?, for z € C. We have v is

convex on C if
b 2 (b —dac
& 2a 4a2

for each z € C. Take zp = %" Therefore we choose B satisfying the condition
a

2a* < [2az 4 b|* + 4Blal?

8B|al* > [b* — 4ac]|.

In this situation, by the triangle inequality, we have

0%u 0,2 N b 2 B b? — dac
I 2 4a?
2

@(z) = [2a(az® + bz +¢)| =

b\? b? — dac b
2 2 2 2
< 2a <z+%> + 2lal 2 < lda (z—i-%) + 2|a|”(2B)
82
= |2az + b|? + 4BJa|? = az(;;(z),

for each z € C. Consequently, v is convex on C. O

Observe that the above property described in Theorem 10.1 is not true if
p is a holomorphic polynomial on C with deg(p) > 3. But only for holomorphic
polynomials on C, we have

Proposition 10.1. Let p be a holomorphic polynomial on C. Then there
exists a constant A € C, such that u = (|p|*> + |q|?) is convexr on C, where
q(z) = Az, for z € C.
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Proof. Assume that |p|* is not convex on C. Let n = deg(p) > 1. We
have

Therefore, there exists B > 0, such that |p”(2)p(z)] < [p/(2)|*, for each
z € C\D(0, B). Now since the function [p”p| is continuous on the compact set
D(0, B), then there exists A > 0 such that |p” (£)p(€)| < A2, for each € € D(0, B).
Therefore |p”(2)p(z)] < A% + |p/(2)|?, for each z € C. Now put q(z) = Az, for
z € C. Then ¢ is a holomorphic polynomial on C and satisfy v = (|p|* + |¢|?) is
a convex function on C. O

Corollary 10.1. Let p be a analytic polynomial on C, |p| is not convex
and deg(p) = 2. Then there exist a constant ¢ > 0 such that u = (|p|* + c|p'|?) is
convez on C and for all t € [0,¢[, the function v = (|p|* +t|p'|?) is not convex on
C. This constant c is called the constant of the convex stability of the polynomial
p. Moreover, ¢ = min{r > 0 / (|p|* + 7|p'|?) is a convex function on C}.

Proof. Obvious by Theorem 10.1. O

Finally we have

Theorem 10.2. Let p be a analytic polynomial on C, deg(p) < 2 and
m € N\{0,1}. Then we have ezactly one of the following assertions.

(I) For each a,b € R \{0}, the function u is psh on C%, where
u(zw) = alp(w — P + blp'(w — )™, for (z,w) € C2, or

(IT) For each c,d € R, \{0}, the function v is not psh in C?; where
v(z,w) = elp(w = 2)P" + dlp' (w — 2)™, for (z,w) € C*.

Proof. Ifdeg(p) =1, or |p| is convex on C, then for each a,b € R4 \{0},
the function (a|p|* + b|p’|?) is convex on C. Now assume that |p| is not convex
on C. In this case we prove that u = (a|p|*™ + b|p'|*™) is not convex on C,
for a,b € Ry\{0} and m € N\{0,1}. In fact u is a function of class C*° on C.
Assume that u is convex on C. Then

0%u 0%u
—_— <
‘822 (Z)‘ < 202

for each z € C. Therefore,
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lalmp"p™ =+ m(m = D))" E)™ + (m = 1)(m = 2)(p")* ()" ()"
< a‘mp/pm—l‘Q +b|p//(p/)m—1|27 on C.

Case 1. m > 3. Since deg(p) = 2. There exists a € C, such that
P (a) =0, p(a) # 0 and p”(a) # 0. Then we have |amp” (a)p™ ! (a)p™ ()| = 0.
A contradiction.

Case 2. m = 2. Let 8 € C, the only zero of p’. We have p(8) # 0 and
p"(8) # 0. Then |amp”(B)p™ 1(B)p™(B)| = 0. A contradiction. Consequently,
u = u(qyp) is not convex on C, for each a,b € Ry \{0}. O

The question posed now is to characterize all the holomorphic polynomials
p and g on C, such that (|p|* + |g|*) is a convex function on C.
Example. Let g(z) = eeez, z € C. Then for each holomorphic function
k: C — C, we have (|g|* + |k|*) is not convex on C. Another example. Let
g1(2z) = ze®, z € C. Then (|g1|? + |k1]?) is not convex on C, for each holomorphic
function k; : C — C. Note that on C", (n > 2), we have the same property. For
example we can see the following.

Question. characterize all the holomorphic polynomials p and ¢ on C,
such that deg(p) > 2, deg(q) > 2 and (|p|* + |¢|*) is a convex function on C.
The general question is now. Question. Let N € N\{0,1}. Find all the holo-
morphic functions g¢1,...,gny : C" — C, such that v is psh on C" x C", where
v(z,w) = (lgr(w+2)> + -+ + gy (w + 2)[?) for (z,w) € C" x C™.
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