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Abstract. We investigate the study of convex, strictly plurisubharmonic
and the special class consisted of convex and strictly plurisubharmonic func-
tions in convex domains of Cn, n ≥ 1.

Let h : C
n → C be pluriharmonic. We prove that {b ∈ C /|h +

b| is a convex function on C
n} = ∅, or {α}, or C, where α ∈ C.

Now let ϕ1, ϕ2, ϕ3 : D → C be three holomorphic functions, D is a
domain of Cn. Put u(z, w) = |w−ϕ1(z)||w−ϕ2(z)||w−ϕ3(z)|, for (z, w) ∈
D × C. We prove that u is psh on D × C if and only if (ϕ1 + ϕ2 + ϕ3) and
(ϕ1ϕ2 +ϕ1ϕ3 +ϕ2ϕ3) are constant on D, or (ϕ1 +ϕ2 +ϕ3) is non constant
and ϕ1 = ϕ2 = ϕ3 on D.

1. Introduction. Let n,N ∈ N\{0}. An original question of complex
analysis is to characterize all the pluriharmonic functions K1, . . . ,KN : Cn → C

such that (|K1|2 + · · · + |KN |2) is convex on C
n, N ≥ 1.
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In Section 2, we study a special family of plurisubharmonic (psh) func-
tions which is invariant by a class of functions. We conclude this section by
Theorem 2.7. Note that we begin this section by a technical remark on strictly
psh functions.

We consider the application of the following technical result (see[4]). Let
f1, . . . , fN , g1, . . . , gN : D → C be 2N holomorphic functions, D is a domain of

C
n and (a1, b1, . . . , aN , bN ) ∈ C

2N . Let ϕ1 =

N
∑

j=1

|gj − fj|2, ϕ2 =

N
∑

j=1

(|fj + aj|2 +

|gj + bj |2). Then ϕ1 and ϕ2 have the same hermitian Levi form on D. Moreover,
ϕ1 is strictly psh on D if and only if ϕ2 is strictly psh on D.

In Section 3, we discuss technical properties between pluriharmonic and
strictly psh functions.

In Section 4, we consider the following problem. Let A1, . . . , AN ∈ C\{0},
B1, . . . , BN ∈ C and g1, . . . , gN : Cn → C be N holomorphic functions, N ≥ 2.
Define u(z, w) = |(A1w+B1)−g1(z)| · · · |(ANw+BN )−gN (z)|, for (z, w) ∈ C

n×C.
Find conditions N, g1, . . . , gN should satisfy such that u is plurisubharmonic (psh)
on C

n × C.

Some technical results between strictly convex functions and the hermi-
tian product are proved. Moreover, at the end we obtain a number of technical
theorems using absolute values, holomorphic functions and analytic polynomials.

The aim of Section 5 is to extend some results concerning psh and strictly
psh functions discussed in section 4.

In section 6 we answer to the following Question. Let g1, g2 : Cn → C be
two holomorphic functions. Put ψ(z, w) = |g1(w + z) + g2(w + z)|, for (z, w) ∈
C
n×C

n. Find exactly all the analytic expressions of g1 and g2 such that v is psh
(or strictly psh) on C

n×C
n. Moreover, the rest of the Section 6 is the study of the

following questions. Now Let h1, h2 : Cn → C be two pluriharmonic functions.
Define ψ2(z, w) = |h1(w+z)+h2(w+z)| for (z, w) ∈ C

n×C
n. Characterize h1, h2

by their analytic expressions such that ψ2 is psh on C
n. Consider f, g : Cn → C be

two holomorphic functions. Define ψ3(z, w) = |w2+f(z)w+g(z)|, (z, w) ∈ C
n×C.

Assume that |f | is convex on C
n. Find f and g by their expressions such that ψ3

is psh on C
n × C.

Deduce all the expressions of the holomorphic functions f, g, h, k : Cn → C

such that |f |, |h| are convex functions and ψ3, ψ4, (ψ3 + ψ4) are psh on C
n ×C.

Where ψ4(z, w) = |w2+h(z)w+k(z)|, for (z, w) ∈ C
n×C. Put ψ5(z, w) = |A1w−

h1(z)|2 + |A2w − h2(z)|2, for h1, h2 : Cn → C be two pluriharmonic functions,
A1, A2 ∈ C\{0} and (z, w) ∈ C

n × C. Characterize all the representations of
h1, h2 such that ψ5 is convex on C

n × C.
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Although we deduce all the representations of the four pluriharmonic
functions ϕ1, ϕ2 : C

m → C and h1, h2 : C
n → C such that ψ6 is convex on

C
n × C. ψ6(z, w) = |ϕ1(w) − h1(z)|2 + |ϕ2(w) − h2(z)|2, (z, w) ∈ C

n × C
m,

n,m ≥ 1.
Consequently, now it is possible to characterize n,m and all the functions

ψ6, ψ7 such that ψ6 and ψ7 are convex functions on C
n×C; and v = (ψ6 +ψ7) is

strictly psh on C
n×C

m. Here ψ7(z, w) = |ϕ3(w)−h3(z)|2+|ϕ4(w)−h4(z)|2, where
ϕ3, ϕ4 : Cm → C and h3, h4 : Cn → C be four pluriharmonic (prh) functions. Let
k1, k2 : Cn → R be two pluriharmonic functions (of real values). Note that, in
the sequel, an important problem of complex analysis is to characterize all the
holomorphic functions F1, F2 : Cn → C such that (|F1|2 + |F2|2) is convex on C

n.
Now it is possible to find all the representations of k1 and k2 such that (k21 + k22)
is convex on C

n.
Let f, g : Cn → C be two functions. Define ψ8(z, w) = |w2+f(z)w+g(z)|,

for (z, w) ∈ C
n × C. We prove that ψ8 is strictly psh on C

n × C if and only if

n = 1, g =
f2

4
, f is harmonic on C and |∂f

∂z
(z)| > 0, for each z ∈ C. Note that

in this situation, we can study the problem






ψ8 is strictly psh on C
n ×C

ψ9 is strictly psh on C
n ×C

v1 = (ψ8 + ψ9) is convex on C
n × C

where ψ9(z, w) = |w2 + f1(z)w + g1|, f1, g1 : Cn → C be two functions.
In Section 7, we consider the holomorphic differential equation k′′(k+c) =

γ(k′)2 (where (c, γ ∈ C and k : C → C be a holomorphic nonconstant function).
This differential equation plays a technical tool in several problems of real and
complex convexity and their generalizations. Indeed, in the sequel, we can prove

that γ ∈
{

s− 1

s
, 1 / s ∈ N\{0}

}

independently of the constant c.

Section 8 discusses technical properties between real and complex con-
vexity.

The aim of Section 9 is to establish theorem 9.1 and some related top-
ics. Some good references for the study of convex functions and their variations
in complex convex domains are [8, 5, 4, 2, 11]. For the study of holomorphic
functions we cite the references [9, 10, 11, 14]. For the study of the properties
and the extension problems of holomorphic, plurisubharmonic (or quasiplurisub-
harmonic), pluriharmonic functions and the continuation of analytic objects in
several complex variables we cite the references [12, 13, 14, 15, 16, 6, 7] and
others.
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Let U be a domain of Rd, (d ≥ 2) and f : U → C be a function. |f | is the
modulus of f , Re(f) and Im(f) are respectively the real and the imaginary parts
of f . supp(f) is the support of the function f . md is the Lebesgue measure on
R
d. Let g : D → C be an analytic function, D is a domain of C. We denote by

g(0) = g, g(1) = g′ is the holomorphic derivative of g on D. g(2) = g′′, g(3) = g′′′.

In general g(m) =
∂mg

∂zm
is the derivative of g of order m, for all m ∈ N.

Ck(U) = {ϕ : U → C /ϕ is of class Ck in U}, k ∈ N ∪ {∞}\{0}.

C∞
c (U) = {ϕ ∈ C∞(U)/ϕ has a compact support on U}

and
C(U) = {ϕ : U → C/ϕ is continuous on U}.

Let h : U → C
n, h = (h1, . . . , hn). We write ‖h‖2 = (|h1|2 + · · · + |hn|2).

sh(U) is the set of all subharmonic functions on U . Let D be a domain of
C
n, (n ≥ 1). psh(D) and prh(D) are respectively the class of plurisubharmonic

and pluriharmonic functions on D. For all a ∈ C, |a| is the modulus of a. Re(a)
and Im(a) are respectively the real and imaginary parts of a. The habitual
hermitian product over the vector space C

n is denoted by 〈·/·〉. If b ∈ C
n, ‖b‖ is

the Euclidean norm of b, B(b, r) = {z ∈ C
n/‖z − b‖ < r} and ∂B(b, r) = {z ∈

C
n/|z − b| = r}, for r > 0. For n = 1, B(b, r) = D(b, r) and ∂B(b, r) = ∂D(b, r).

Mn(C) is the set of all matrix with coefficients in C and of type (n, n). If p is a
holomorphic polynomial on C, deg(p) is the degree of p.

2. A family of strictly plurisubharmonic functions and the
invariance by a special class of functions. We begin this section by the
following remark.

There exists g1, g2 : C → C be two holomorphic functions, h1, h2 : C → C

be two harmonic functions such that if we put u(z, w) = |w − g1(z)− h1(z)|2 +
|w − g2(z) − h2(z)|2 and v(z, w) = |w − g1(z)|2 + |w − g2(z)|2 for (z, w) ∈ C

2.
Then u is strictly psh on C

2, but v is not strictly psh at every point of C2.
In fact we can choose g1(z) = g2(z) = z2, h1(z) = z2 + z and h2(z) = z2,

for z ∈ C. Although there exists f1, f2 : C → C be holomorphic functions and
k1, k2 : C → C be harmonic functions and if we define u1(z, w) = |w − f1(z) −
k1(z)|2 + |w − f2(z) − k2(z)|2 and v1(z, w) = |w − f1(z)|2 + |w − f2(z)|2, for
(z, w) ∈ C

2. Then u1 is strictly psh on C
2, but v1 is not strictly psh on C

2.
For example let f1(z) = z2, f2(z) = 2z2, k1(z) = k2(z) = Re(z), z ∈ C.

This remark yields and investigate the following technical four theorems
in complex analysis.



Topics on real and complex convexity 153

Theorem 2.1. Let ϕ1, . . . , ϕN : Cn → C be N holomorphic functions,
n,N ≥ 1. Put u(z, w) = |w − ϕ1(z)|2 + · · · + |w − ϕN (z)|2, (z, w) ∈ C

n × C.
Suppose that the function u is strictly psh on C

n × C.
For h1, . . . , hN : Cn → R be N pluriharmonic functions, we define

v(z, w) = |w − ϕ1(z)− h1(z)|2 + · · ·+ |w − ϕN (z) − hN (z)|2

+|w − ϕ1(z)|2 + · · · + |w − ϕN (z)|2,
v1(z, w) = |w − ϕ1(z)− h1(z)|2 + · · ·+ |w − ϕN (z) − hN (z)|2

+|w − ϕ1(z)− h1(z)|2 + · · · + |w − ϕN (z)− hN (z)|2,
v2(z, w) = (h1(z))

2 + |w − ϕ1(z)− h1(z)|2 + · · ·+ |w − ϕN (z)− hN (z)|2,
v3(z, w) = |w − ϕ1(z)|2 + |w − ϕ1(z)− h1(z)|2 + · · · + |w − ϕN (z)− hN (z)|2,
v4(z, w) = |w − ϕ1(z)|2 + |w − ϕ1(z)− h1(z)|2 + · · · + |w − ϕN (z)− hN (z)|2,

for (z, w) ∈ C
n × C. Then the functions v, v1, v2, v3 and v4 are strictly psh on

C
n × C.

P r o o f. We have v, v1, v2, v3 and v4 are functions of class C
∞ on C

n×C.
Denote by w = zn+1 ∈ C. The Levi hermitian form of v is

L(v)(z, w)(α, β) =

n+1
∑

j,k=1

∂2v

∂zj∂zk
(z, w)αjαk,

z = (z1, . . . , zn), α = (α1, . . . , αn) ∈ C
n, β = αn+1 ∈ C. Write hj = fj + fj,

1 ≤ j ≤ n, where fj : C
n → C is holomorphic. By [4, Lemma 2.6], the functions

v and F have the same hermitian Levi form on C
n × C, where

F (z, w) = |w − f1(z)|2 + |f1(z) + ϕ1(z)|2 + · · ·+ |w − fN (z)|2

+ |fN (z) + ϕN (z)|2 + |w − ϕ1(z)|2 + · · ·+ |w − ϕN (z)|2.

F is a function of class C∞ on C
n × C.

L(F )(z, w)(α, β) =

∣

∣

∣

∣

∣

β −
n
∑

j=1

∂f1
∂zj

(z)αj

∣

∣

∣

∣

∣

2

+

∣

∣

∣

∣

∣

n
∑

j=1

∂f1
∂zj

(z)αj +

n
∑

j=1

∂ϕ1

∂zj
(z)αj

∣

∣

∣

∣

∣

2

+ · · ·

+

∣

∣

∣

∣

∣

β −
n
∑

j=1

∂fN
∂zj

(z)αj

∣

∣

∣

∣

∣

2

+

∣

∣

∣

∣

∣

n
∑

j=1

∂fN
∂zj

(z)αj +

n
∑

j=1

∂ϕN

∂zj
(z)αj

∣

∣

∣

∣

∣

2

+

∣

∣

∣

∣

∣

β −
n
∑

j=1

∂ϕ1

∂zj
(z)αj

∣

∣

∣

∣

∣

2

+ · · · +
∣

∣

∣

∣

∣

β −
n
∑

j=1

∂ϕN

∂zj
(z)αj

∣

∣

∣

∣

∣

2

.
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Then L(F )(z, w)(α, β) = 0 implies that

(I)

∣

∣

∣

∣

∣

β −
n
∑

j=1

∂f1
∂zj

(z)αj

∣

∣

∣

∣

∣

2

+

∣

∣

∣

∣

∣

n
∑

j=1

∂f1
∂zj

(z)αj +
n
∑

j=1

∂ϕ1

∂zj
(z)αj

∣

∣

∣

∣

∣

2

+ · · ·

+

∣

∣

∣

∣

∣

β −
n
∑

j=1

∂fN
∂zj

(z)αj

∣

∣

∣

∣

∣

2

+

∣

∣

∣

∣

∣

n
∑

j=1

∂fN
∂zj

(z)αj +

n
∑

j=1

∂ϕN

∂zj
(z)αj

∣

∣

∣

∣

∣

2

= 0

and

(II)

∣

∣

∣

∣

∣

β −
n
∑

j=1

∂ϕ1

∂zj
(z)αj

∣

∣

∣

∣

∣

2

+ · · ·+
∣

∣

∣

∣

∣

β −
n
∑

j=1

∂ϕN

∂zj
(z)αj

∣

∣

∣

∣

∣

2

= 0.

It follows that (I) implies β =

n
∑

j=1

∂f1
∂zj

(z)αj = −
n
∑

j=1

∂ϕ1

∂zj
(z)αj .

(II) implies that β =

n
∑

j=1

∂ϕ1

∂zj
(z)αj . Then β = 0 and

n
∑

j=1

∂ϕ1

∂zj
(z)αj = 0.

...

The last step implies that 0 = β =
n
∑

j=1

∂fN
∂zj

(z)αj = −
n
∑

j=1

∂ϕN

∂zj
(z)αj and

β =

n
∑

j=1

∂ϕN

∂zj
(z)αj . Therefore

n
∑

j=1

∂ϕN

∂zj
(z)αj = 0. Consequently, we have β = 0

and

n
∑

j=1

∂ϕ1

∂zj
(z)αj = 0, . . . ,

n
∑

j=1

∂ϕN

∂zj
(z)αj = 0.

Since now u is strictly psh on C
n × C, then by [3], we have α1 = · · · =

αn = 0, for each (z, w) ∈ C
n×C. It follows that v is strictly psh on C

n×C. The
rest of this proof follows from the above proof. ✷

We have

Theorem 2.2. Let ϕ1, . . . , ϕN : C
n → C be N analytic functions, n,

N ≥ 1. For (z, w) ∈ C
n×C, denote by u1(z, w) = |w−ϕ1(z)|2+· · ·+|w−ϕN (z)|2.

Suppose that u1 is strictly psh on C
n × C. Then we have

(a) For all pluriharmonic functions h1, . . . , hN : C
n → R, the func-

tion v1 is strictly psh on C
n × C, where v1(z, w) = |w − ϕ1(z) − h1(z)|2 + · · ·

+ |w − ϕN (z)− hN (z)|2 for (z, w) ∈ C
n × C.

(b) Let T : Cn → C
n be a C− linear bijective transformation.
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Put u2(z, w) = |w−ϕ1(T (z))|2+· · ·+|w−ϕN (T (z))|2, for (z, w) ∈ C
n×C.

Then u2 is strictly psh on C
n × C and N ≥ (n+ 1).

P r o o f. (a) u1 and v1 are functions of class C∞ on C
n × C. Since

h1, . . . , hN have real values, we can write h1 = g1 + g1, . . . , hN = gN + gN ,
g1, . . . , gN : Cn → C be N holomorphic functions. v1(z, w) = |w−ϕ1(z)−g1(z)−
g1(z)|2 + · · ·+ |w − ϕN (z)− gN (z)− gN (z)|2, for (z, w) ∈ C

n × C.
By [4, Lemma 2.6], v1 and ψ have the same hermitian Levi form on C

n×C.
Where ψ(z, w) = |w − ϕ1(z) − g1(z)|2 + |g1(z)|2 + · · · + |w − ϕN (z) − gN (z)|2 +
|gN (z)|2. ψ is a function of class C∞ on C

n×C. Let (z, w) ∈ C
n×C. Denote by

w = zn+1. Let (α, β) ∈ C
n × C, α = (α1, . . . , αn) and denote by β = αn+1. The

Levi hermitian form of ψ is

L(ψ)(z, w)(α, β) =

n+1
∑

j,k=1

∂2ψ

∂zj∂zk
(z, w)αjαk

=

∣

∣

∣

∣

∣

β −
n
∑

j=1

∂ϕ1

∂zj
(z)αj −

n
∑

j=1

∂g1
∂zj

(z)αj

∣

∣

∣

∣

∣

2

+

∣

∣

∣

∣

∣

n
∑

j=1

∂g1
∂zj

(z)αj

∣

∣

∣

∣

∣

2

+ · · ·

+

∣

∣

∣

∣

∣

β −
n
∑

j=1

∂ϕN

∂zj
(z)αj −

n
∑

j=1

∂gN
∂zj

(z)αj

∣

∣

∣

∣

∣

2

+

∣

∣

∣

∣

∣

n
∑

j=1

∂gN
∂zj

(z)αj

∣

∣

∣

∣

∣

2

.

We have L(ψ)(z, w)(α, β) = 0 implies that

β −
n
∑

j=1

∂ϕ1

∂zj
(z)αj −

n
∑

j=1

∂g1
∂zj

(z)αj = 0 and

n
∑

j=1

∂g1
∂zj

(z)αj = 0.

Therefore,
n
∑

j=1

∂g1
∂zj

(z)αj = 0 and β −
n
∑

j=1

∂ϕ1

∂zj
(z)αj = 0.

...
n
∑

j=1

∂gN
∂zj

(z)αj = 0 and β −
n
∑

j=1

∂ϕN

∂zj
(z)αj = 0.

Since now u1 is strictly psh on C
n × C, then β = 0 and α1 = · · · = αn = 0. ✷

Remark 2.1. In Theorem 2.1, if hj : Cn → C, (1 ≤ j ≤ N), the result
is false in general. There exists several cases where u is strictly psh but k is not
strictly psh on C

n×C, where k(z, w) = (|w−ϕ1(z)−h1(z)|2+ · · ·+ |w−ϕN (z)−
hN (z)|2), for (z, w) ∈ C

n × C. Moreover, if hj : C
n → iR, for each (1 ≤ j ≤ N),

the result is true.
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We have the following technical converse two theorems.

Theorem 2.3. Let h1, k1, . . . , hN , kN : Cn → R be (2N) pluriharmonic
functions, n,N ≥ 1 and (A1, . . . , AN ) ∈ C

N . Assume that (h1 + ik1), . . . , (hN +
ikN ) are holomorphic functions on C

n. Define H1(z, w) = |A1w−h1(z)|2 + · · ·+
|ANw − hN (z)|2, K1(z, w) = |A1w − k1(z)|2 + · · · + |ANw − kN (z)|2, H(z, w) =
|A1w−h1(z)− k1(z)|2 + · · ·+ |ANw− hN (z)− kN (z)|2, for (z, w) ∈ C

n×C. Put
K = (H1 +K1). We have

(I) Suppose that K is strictly psh on C
n × C. Then H, H1 and K1 are

strictly psh on C
n × C.

(II) Suppose that H is strictly psh on C
n×C. Then H1 and K1 are strictly

psh on C
n × C.

(III) In fact we have H1 is strictly psh on C
n × C if and only if K1 is

strictly psh on C
n × C.

Theorem 2.4. Let h1, . . . , hN : Cn → R be N prh functions and (A1, . . . ,
AN ) ∈ C

N . Put v(z, w) = |A1w − h1(z)|2 + · · · + |ANw − hN (z)|2, for (z, w) ∈
C
n × C. Suppose that v is strictly psh on C

n × C. Then for all holomorphic
functions ϕ1, . . . , ϕN : Cn → C, the function v1 is strictly psh on C

n × C, where
v1(z, w) = |A1w − h1(z) − ϕ1(z)|2 + · · · + |ANw − hN (z) − ϕN (z)|2 for (z, w) ∈
C
n × C.

P r o o f. We have v and v1 are functions of class C∞ on C
n ×C. Now if

(z, w) ∈ C
n×C such that the hermitian Levi form of v1 satisfies L(v1)(z, w)(α, β)=

0, where (α, β) ∈ C
n×C. We prove by ([4], lemma 2.6), that L(v)(z, w)(α, β) = 0

and then α = 0, β = 0. Observe that if we denote by

v2(z, w) = |A1w − h1(z) − ϕ1(z)|2 + · · ·+ |ANw − hN (z)− ϕN (z)|2,

for (z, w) ∈ C
n × C. Then there exists several cases where v2 is not strictly psh

on C
n × C. ✷

Note that the complex structure plays a classical role on the above four
theorems. We can use the previous theorems several times in the exercises and
complex analysis problems.

Moreover, the four above theorems are not true for convex and strictly
convex functions in convex domains. But we have

Theorem 2.5. Let (A1, . . . , AN ) ∈ C
N and g1, . . . , gN : Cn → C be N

holomorphic functions, n,N ≥ 1. Put u(z, w) = |A1w − g1(z)|2 + · · · + |ANw −
gN (z)|2 and v(z, w) = |A1w−g1(z)|2+ · · ·+ |ANw−gN (z)|2, for (z, w) ∈ C

n×C.
(I) Assume that u is strictly psh on C

n×C. Then for all holomorphic func-
tions ϕ1, . . . , ϕN : Cn → C, the function u1 is srictly psh on C

n × C. u1(z, w) =



Topics on real and complex convexity 157

|A1w − g1(z)− ϕ1(z)|2 + · · · + |ANw − gN (z) − ϕN (z)|2, for (z, w) ∈ C
n × C.

(II) Assume that v is strictly psh on C
n × C. Then for all ϕ1, . . . , ϕN :

C
n → C analytic functions, the function v1 is srictly psh on C

n × C. v1(z, w) =
|A1w − g1(z)− ϕ1(z)|2 + · · · + |ANw − gN (z) − ϕN (z)|2, for (z, w) ∈ C

n × C.

Moreover, we have

Theorem 2.6. Let N, s ∈ N\{0}. Consider (A1, . . . , AN ) ∈ C
N ,

(B1, . . . , Bs) ∈ C
s and let f1, . . . , fN , g1, . . . , gs : Cn → C be holomorphic func-

tions. Put u(z, w) = |A1w−f1(z)|2+ · · ·+ |ANw−fN (z)|2+ |B1w−g1(z)|2+ · · ·+
|Bsw−gs(z)|2, for (z, w) ∈ C

n×C. Assume that u is strictly psh on C
n×C. Then

for all (c1, . . . , cs) ∈ C
s and for each holomorphic functions ϕ1, . . . , ϕN : Cn → C,

the function v is strictly psh on C
n ×C.

v(z, w) = |A1w − f1(z)− ϕ1(z)|2 + · · ·+ |ANw − fN (z)− ϕN (z)|2

+ |B1w − g1(z) − c1|2 + · · ·+ |Bsw − gs(z)− cs|2,

for (z, w) ∈ C
n × C.

Example. Let n,N ∈ N\{0} and (A1, . . . , AN ) ∈ C
N . Let g1, ϕ1, . . . ,

gN , ϕN : D → C be 2N holomorphic functions, D is a domain of Cn. Define

u(z, w) = |A1w − g1(z)− ϕ1(z)|2 + · · ·+ |ANw − gN (z)− ϕN (z)|2 and

u1(z, w) = |A1w − g1(z)|2 + · · ·+ |ANw − gN (z)|2, for (z, w) ∈ D × C.

Assume that u is strictly psh on D×C. In general we can not conclude that u1 is
strictly psh onD×C. Indeed, let N = 1, v(z, w) = |w−z−z|2, v1(z, w) = |w−z|2,
for (z, w) ∈ C

2. f(z) = z, k(z) = 2z, z ∈ C. f and k are analytic functions on
C. v and v1 are functions of class C∞ on C × C. v is strictly psh on C

2, but v1
is not strictly psh at each point of C2. For (z, w) ∈ C

2, put

K(z, w) = |A1w − g1(z)|2 + · · ·+ |ANw − gN (z)|2 + |A1w − g1(z)|2 + · · ·
+|ANw − gN (z)|2,

K1(z, w) = |A1w − g1(z)− ϕ1(z)|2 + · · ·+ |ANw − gN (z)− ϕN (z)|2
+|A1w − g1(z)− ϕ1(z)|2 + · · · + |ANw − gN (z) − ϕN (z)|2,

K2(z, w) = |A1w − g1(z)− ϕ1(z)|2 + · · ·+ |ANw − gN (z)− ϕN (z)|2

+|A1w − g1(z)− ϕ1(z)|2 + · · · + |ANw − gN (z) − ϕN (z)|2,
K3(z, w) = |A1w − g1(z)− ϕ1(z)|2 + · · ·+ |ANw − gN (z)− ϕN (z)|2

+|A1w − g1(z)− ϕ1(z)|2 + · · · + |ANw − gN (z) − ϕN (z)|2.



158 J. Abidi

If K is strictly psh on D × C, then K1, K2 and K3 are strictly psh on D × C.
Moreover, we can study the problem

(P )

{

|w − ϕ1|2 + |w − ϕ2|2 is strictly psh on C
2

|w − ϕ1||w − ϕ2| is psh on C
2

where ϕ1, ϕ2 : C → C be two analytic functions.

In general we can study for N functions the above system, for N ≥ 2.

Question. Suppose that (P ) is true. Then there exists an infinite number
of harmonic functions h : C → R such that

{

|w − ϕ1 − h|2 + |w − ϕ2 − h|2 is strictly psh on C
2, and

|w − ϕ1 − h||w − ϕ2 − h| is psh on C
2.

We can in fact investigate this problem for N -functions on C
n, n ≥ 1.

Note that we have the following remark.
Let ϕ1, ϕ2 : C → C be two analytic functions. Put u(z, w) = |w −

ϕ1(z)|2 + |w − ϕ2(z)|2, (z, w) ∈ C
2. Given h : C → R be an harmonic function.

Put v(z, w) = |w−ϕ1(z)−h(z)|2+ |w−ϕ2(z)−h(z)|2. Suppose that u is strictly
psh on C

2. Then v is strictly psh on C
2. The converse is also true.

In the sequel, Combining the above theorems, we deduce the following
technical result.

Theorem 2.7. Let ϕ1, . . . , ϕN , g1, . . . , gN : Cn → C be 2N holomorphic
functions, n,N ≥ 1. Put

u(z, w) = |w − ϕ1(z)|2 + · · · + |w − ϕN (z)|2 + |w − ϕ1(z)|2 + · · · + |w − ϕN (z)|2,
v(z, w) = |w − ϕ1(z)|2 + · · · + |w − ϕN (z)|2,
u1(z, w) = |w − ϕ1(z)|2 + · · · + |w − ϕN (z)|,

v1(z, w) = |w − ϕ1(z)− g1(z)|2 + · · · + |w − ϕN (z)− gN (z)|2,
v2(z, w) = |w − ϕ1(z)− g1(z)|2 + · · · + |w − ϕN (z)− gN (z)|2, (z, w) ∈ C

n × C.

(a) Suppose that u is strictly psh on C
n × C. Then v is strictly psh on

C
n × C and N ≥ (n+ 1). The converse is also true.

(b) Assume that u1 is strictly psh on C
n × C. Then v1 is strictly psh on

C
n × C, but in general v2 is not strictly psh on C

n × C.
(c) Let h : Cn → C be prh. Then v1 is not strictly convex on every not

empty Euclidean open ball subset of Cn × C, if n ≥ N + 1.
Moreover, there exists several cases for n = N +1, where F is strictly psh

on C
n ×C, where F (z, w) = |w − ϕ1(z)|2 + · · ·+ |w − ϕN (z)|2 + |w − h(z)|2, for

(z, w) ∈ C
n × C.
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Remark 2.2. Let ϕ1(z) = z, ϕ2(z) = z2, z ∈ C. u1(z, w) = |w−ϕ1(z)|2+
|w − ϕ2(z)|2, u(z, w) = |w − ϕ1(z)|2 + |w− ϕ2(z)|2, (z, w) ∈ C

2. u is strictly psh

on C
2. But u1 is not strictly psh on D

(

1

2
, 1

)

× C. That is antiholomorphic

functions are a good class (instead of holomorphic functions) for the study of the
class of strictly plurisubharmonic functions and their properties.

We have

Corollary 2.1. Let ϕ1, . . . , ϕN : Cn → C be N holomorphic functions,
n,N ∈ N\{0}. Put

u(z, w) = |w − ϕ1(z)|2 + · · ·+ |w − ϕN (z)|2,
v(z, w) = |w − ϕ1(z)|2 + · · ·+ |w − ϕN (z)|2,

for (z, w) ∈ C
n ×C. Suppose that u is strictly psh on C

n ×C. Then v is strictly
psh on C

n × C and N ≥ (n+ 1). The converse is unfortunately false.

3. Pluriharmonicity and strictly psh functions. We have

Theorem 3.1. Let f1, . . . , fN : Cn → C be N pluriharmonic (prh) func-
tions, n,N ∈ N\{0}. Let fj = gj + kj , where gj , kj : Cn → C are two analytic
functions for each j ∈ {1, . . . , N}. Put

u(z, w) = |w − f1(z)|2 + · · ·+ |w − fN (z)|2,
u1(z, w) = |w − g1(z)− k1(z)|2 + · · ·+ |w − gN (z)− kN (z)|2,
v(z, w) = |w − f1(z)− f1(z)|2 + · · ·+ |w − fN (z)− fN (z)|2,
ϕ(z, w) = |w − f1(z)|2 + · · ·+ |w − fN (z)|2, for (z, w) ∈ C

n × C.

(a) Suppose that u1 is strictly psh on C
n × C. Then u is strictly psh on

C
n × C. Indeed, the converse is false in general.

(b) Assume that v is strictly psh on C
n ×C. Then (u+ ϕ) is strictly psh

on C
n × C. Moreover, if (u+ ϕ) is strictly psh on C

n × C, we can not conclude
that v is strictly psh on C

n ×C. Indeed, if f1, . . . , fN are holomorphic functions,
we have v is strictly psh on C

n×C if and only if (u+ϕ) is strictly psh on C
n×C.

P r o o f. Since u, u1, v and ϕ are functions of class C∞ on C
n × C, the

proof is obvious by using the Levi form of each function. ✷
Example. Let f(z) = 2z + (z2), for z ∈ C. f is harmonic on C. Put

u(z, w) = |w− f(z)|2, v(z, w) = |w− f(z)− f(z)|2 and ϕ(z, w) = |w− f(z)|2, for
(z, w) ∈ C

2. u, v and ϕ are functions of class C∞ on C
2. Let (z0, w0) = (−1, 0).

We have v is not strictly psh at (0,−1), but (u+ ϕ) is strictly psh on C
2.
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We have

Proposition 3.1. Let g, k : C → C be two analytic functions. Define

u1(z, w) = |w − g(z)− k(z)|2,
u2(z, w) = |w − g(z)− k(z)|2 and

u3(z, w) = |w − g(z)− k(z)|2, for (z, w) ∈ C
2.

Suppose that u1 is strictly psh on C
2. Then u3 is strictly psh on C

2.
Suppose that u2 is strictly psh on C

2. Then u3 is strictly psh on C
2.

Suppose that u1 is strictly psh on C
2. We can not conclude that u2 is

strictly psh on C
2 and conversely.

If u3 is strictly psh on C
2, we can not in general conclude that u1 or u2

is strictly psh on C
2.

Moreover, let h1, . . . , hN : Cn → C be N pluriharmonic functions, N ,
n ≥ 1. Put

ϕ(z, w) = |w − h1(z)|2 + · · ·+ |w − hN (z)|2 and

ψ(z, w) = |w − h1(z)|2 + · · ·+ |w − hN (z)|2, for (z, w) ∈ C
n × C.

If ϕ is strictly psh on C
n×C, we can not deduce that ψ is strictly psh on C

n×C.
Note that the above proposition have many applications in problems and

exercises.

Claim 3.1. Let h : C → C be a harmonic function. Put u(z, w) =
|w − h(z)|2 + |w − h(z)|2, for (z, w) ∈ C

2. Suppose that u is strictly psh on C
2.

Then we can not conclude that |w − h|2 or |w − h|2 is strictly psh on C
2.

Example. Let u1(z, w) = |w−z
2

2
−z2−z|2+|w−z2−z−z

2

2
|2, (z, w) ∈ C

2.

The function u1 is strictly psh on C
2. Put h1(z) =

z2

2
+z2+z; then h1 is harmonic

on C. But |w − h1|2 and |w − h1|2 are not strictly psh on C
2. Recall that for

analytic functions we have the following. If v(z, w) = |w − g(z)|2 + |w − g(z)|2
is strictly psh on C

2, then |w − g|2 is strictly psh on C
2, where g : C → C is

holomorphic.
Moreover, strictly plurisubharmonic functions plays a fundamental role in

the theory of holomorphic or antiholomorphic partial differential equations and
some interesting results in a slightly different direction are obtained in [3] and [4].

The following theorem is a technical result which is a necessary tool in
function theory and related topics.
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Theorem 3.2. Let g : C → C be a holomorphic function, g = h + ik,
h = Re(g) and k = Im(g). Put u1(z, w) = |w − g(z)|2, u2(z, w) = |w − h(z)|2,
u3(z, w) = |w − k(z)|2, u4(z, w) = |w − h(z)− k(z)|2 and u5(z, w) = |w − g(z)|2,
for (z, w) ∈ C

2.
The following statements are equivalent
(I) u1 is strictly psh on C

2;
(II) u2 is strictly psh on C

2;
(III) u3 is strictly psh on C

2;
(IV) u4 is strictly psh on C

2;
(V) u5 is strictly psh on C

2.

P r o o f. Obvious. Moreover, we can see [3]. ✷
Observe that we have the following simple technical remark.
Let g, h : D → C be two functions, D is a domain of Cn, n ≥ 1. Suppose

that g is holomorphic and h is pluriharmonic on D. Put u(z, w) = |w − g(z)|2
and v(z, w) = |w − h(z)|2, for (z, w) ∈ D × C. Then u is not strictly psh at any
point of D×C, for all n ≥ 1. Moreover, if n = 1, there exists several cases where
v is strictly psh on D × C.

Actually Section 2 is a generalization of Theorem 3.2.

Remark 3.1. Let f, g : Cn → C be two holomorphic functions. Put
u(z, w) = |w − f(z)|4 + |w − g(z)|4, for (z, w) ∈ C

n × C. u is not strictly psh on
C
n × C, for each n ≥ 1.

Recall that there exists ϕ,ψ : C → C be two holomorphic functions such
that v is strictly psh on C

2, where v(ξ, ζ) = |ζ−ϕ(ξ)|2+|ζ−ψ(ξ)|2 for (ξ, ζ) ∈ C
2.

Moreover, for all holomorphic functions ϕ1, ψ1 : C → C, the function v1
is not strictly psh at the point (z0, w0) ∈ C

2 (for each z0 ∈ C with ϕ′
1(z0) = 0 and

w0 = ψ1(z0)), where v1(z, w) = |w − ϕ1(z)|4 + |w − ψ1(z)|4, for (z, w) ∈ C
2. But

if v2(z, w) = |w −K(z)|2, K : C → C be a holomorphic function, |K ′| > 0 on C.
Then v2 is strictly psh on C

2. On the other hand, there exists two holomorphic
functions ϕ2, ψ2 : C → C, such that v3(z, w) = |w − ϕ2(z)|2 + |w − ψ2(z)|2 and
v4(z, w) = |w − ϕ2(z)|4 + |w − ψ2(z)|4. v3 is strictly psh on C

2 but v4 is not.
Example. ϕ2(z) = ψ2(z) = z, for z ∈ C.
Indeed, there exists three holomorphic functions f1, g1, k1 : Cn → C such

that u1 is strictly psh on a neighborhood of (z0, w0) = (0,−i), but u2 is not
strictly psh at (z0, w0). Here u1(z, w) = |w− f1(z)|4 + |w− g1(z)|4 + |w− k1(z)|4,
u2(z, w) = |w − f1(z)|4 + |w − g1(z)|4 + |w − k1(z)|4, for (z, w) ∈ C

n ×C. In the
sequel, let f1(z) = z + i, g1(z) = 2z + i and k1(z) = −z + i, for z ∈ C.

Put u3(z, w) = |w − f1(z)|4 and u4(z, w) = |w − f1(z)|4. Then u3
and u4 are functions of class C∞ on C

2. The hermitian Levi form of u3 is
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L(u3)(z, w)(α, β) = |w − f1(z)|2|β − f ′1(z)α|2, and also L(u4)(z, w)(α, β) = 2| −
f ′1(z)(w−f1(z))α+β(w−f1(z))|2+2|f ′1(z)|2|w−f1(z)|2+2|w−f1(z)|2|β|2. Now
let θ1, . . . , θN : Cn → C be N pluriharmonic functions, n ≥ 1 and N ≥ 2.

Put u5(z, w) = |w−θ1(z)|2+· · ·+|w−θN (z)|2, for (z, w) ∈ C
n×C. Observe

that the exponent 2 is a technical tool for the study of the strict plurisubhar-
monicity of the function u5.

Example. For s ∈ N\{0, 1}, N ∈ N\{0}, put fj(z) = jz + i, for
1 ≤ j ≤ N . fj is a holomorphic function on C. Let (z0, w0) = (0,−i).
Put u(z, w) = (|w − f1(z)|2s + · · · + |w − fN (z)|2s) and v(z, w) = u(z, w) for
(z, w) ∈ C×C. Then u is strictly psh on a neighborhood of (0,−i), but v is not
strictly psh at (0,−i).

This example yields and investigate the problem of the study of strongly
psh functions on C

n × C defined like u and v.

Remark 3.2. Let f(z) = 1 + ez, g(z) = 1 − ez, z ∈ C. f and g
are holomorphic functions on C. Put u(z, w) = |w − f(z)|4 + |w − g(z)|4,
for (z, w) ∈ C

2. We have

(I) u is strictly psh on C
2, because |f − g| > 0, |f ′| > 0, |g′| > 0 on C.

(II) u1 is not strictly psh on C
2, for all holomorphic functions f1, g1 : C →

C, where u1(z, w) = |w − f1(z)|4 + |w − g1(z)|4. Indeed,
(III) Put ϕ1(z) = ez, ϕ2(z) = 2ez and ϕ3(z) = 3ez and v(z, w) = |w −

ϕ1(z)|4 + |w−ϕ2(z)|4 + |w−ϕ3(z)|4, for (z, w) ∈ C
2. ϕ1, ϕ2, ϕ3 are holomorphic

functions on C and v is strictly psh in all the domain C
2.

We have

Lemma 3.1. Let f1, . . . , fN : D → C be holomorphic functions, D is a
domain of Cn, n,N ≥ 1. Put

u(z, w) = |w − f1(z)|4 + · · ·+ |w − fN (z)|4,
v(z, w) = |w − f1(z)|4 + · · ·+ |w − fN (z)|4,
u1(z, w) = |w − f1(z)|2 + · · ·+ |w − fN (z)|2 and

v1(z, w) = |w − f1(z)|2 + · · ·+ |w − fN (z)|2, for (z, w) ∈ D × C.

We have

(I) Assume that u is strictly psh on D × C. Then u1 is strictly psh
on D × C.

(II) Suppose that v is strictly psh on D × C. Then v1 is strictly psh
on D × C.
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(III) Suppose that u1 is strictly psh on D ×C. Then v1 is strictly psh on
D × C. But u is strictly psh on D × C, does not imply that v is strictly psh on
D × C. (Also v1 is strictly psh does not implies that u1 is strictly psh).

P r o o f. Obvious. ✷
In the sequel, thanks to the above properties, our framework in another

paper, we are interested in the study of the structure (convex and strictly psh)
of the above special classes of functions.

Concerning the product of pluriharmonic functions, we have

Lemma 3.2. Let ϕ1, . . . , ϕN : C
n → C be holomorphic functions, n,

N ≥ 1. Put u(z, w) = |w − ϕ1(z)| · · · |w − ϕN (z)|, (z, w) ∈ C
n × C. Then u is

strictly psh on C
n×C if and only if n = 1, N = 2, ϕ2 = ϕ1 and |∂ϕ1

∂z
| > 0 on C.

P r o o f. Recall that if we put ψ(w) = |w − a1| · · · |w − as|, where
s ∈ N\{0}, a1, . . . , as ∈ C and w ∈ C. Then ψ is strictly sh on C if and only
if s = 2 and a1 = a2. Therefore N = 2 and ϕ1 = ϕ2 on C

n. Consequently,
u(z, w) = |w − ϕ1(z)|2, for each (z, w) ∈ C

n × C. u is a function of class C∞ on
C
n × C. Now the hermitian Levi form of u is

L(u)(z, w)(α, β) = |β|2 + |
n
∑

j=1

∂ϕ1

∂zj
(z)αj |2 > 0

for each z ∈ C
n and (α, β) = ((α1, . . . , αn), β) ∈ C

n × C\{0}. It follows that

n = 1 and
∂ϕ1

∂z
(z) 6= 0, for every z ∈ C. ✷

Although, using technical results of the below section 4, we can study the
problem of the characterization of all holomorphic functions f1, ϕ1, f2, ϕ2, g1,
ψ1, g2, ψ2 : Cn → C, such that u1 and u2 are psh and u = (u21 + u22) is strictly
psh on C

n ×C.

u1(z, w) = |w − f1(z)− ϕ1(z)||w − f2(z) − ϕ2(z)|,
u2(z, w) = |w − g1(z)− ψ1(z)||w − g2(z)− ψ2(z)|, for (z, w) ∈ C

n × C.

For the study of this problem, note that the function u1 is psh on C
n ×C if and

only if we have the following two cases (see section 4).
Case 1. (ϕ1+ϕ2) is constant on C

n. In this case we have (f1+ϕ1−f2−ϕ2)
2

is pluriharmonic (prh) on C
n. Therefore (ϕ1−ϕ2) or (f1− f2) is constant on C

n.
Case 2. (ϕ1 + ϕ2) is nonconstant on C

n. Then (f1 + ϕ1 − f2 − ϕ2) = 0
on C

n. We obtain then f1 − f2 = ϕ2 − ϕ1 = c, where c ∈ C. In general, an open
problem is the following.
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Let n ≥ 1, N ≥ 2 and D be a domain of Cn. Let fj, gj , ϕj , ψj : D → C

be holomorphic functions, for each 1 ≤ j ≤ N . Put

vj(z, w) = |w − fj(z)− ϕj(z)||w − gj(z)− ψj(z)|, for (z, w) ∈ D × C.

Define v =
N
∑

j=1

v2j . Find conditions on n,N , f1, g1, ϕ1, ψ1, . . . , fN , gN , ϕN , ψN such

that
(a) For each j ∈ {1, . . . , N}, vj is psh on D × C, and
(b) v is strictly psh on D × C.

4. On the product of plurisubharmonic functions and related

topics. Recall that it is well known that the product of several psh functions
is in general not psh. In this section, we consider essentially the question of the
product of several absolute values of pluriharmonic functions and we study the
question of their plurisubharmonicity, or convexity (also, we are interested and
we consider a precise estimate of the strict convexity of a special class which is
well defined).

We need the following additional lemma

Lemma 4.1. Let a, b, c ∈ C. Put K(α, β) = aαα + bββ + 2Re[cαβ],
(α, β) ∈ C

2. We have
(I) (K(α, β) > 0,∀(α, β) ∈ C

2\{0}) if and only if (|c|2 < ab and a > 0,
b > 0).

(II) (K(α, β) ≥ 0,∀(α, β) ∈ C
2) if and only if (|c|2 ≤ ab and a ≥ 0,

b ≥ 0).

P r o o f. Obviously follows from Abidi [2], (we can see also [3]). ✷
The next proposition gives the exact characterization of the first study in

the sequel.

Proposition 4.1. Let ϕ1, ϕ2 : Cn → C be two holomorphic functions,
n ≥ 1. Put u(z, w) = |w − ϕ1(z)||w − ϕ2(z)|, for (z, w) ∈ C

n × C.
The following are equivalent

(I) u is psh on C
n × C;

(II) ϕ1 = ϕ2 on C
n, or (ϕ1 + ϕ2) is constant on C

n.

P r o o f. We choose the following analysis proof.
Without loss of generality, we assume that n = 1 in this proof.
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(I) implies (II). Let v(z, w) = (u(z, w))2, for (z, w) ∈ C
2. Then v is

a function of class C∞ and psh on C
2. v(z, w) = |w2 − (ϕ1(z) + ϕ2(z))w +

ϕ1(z)ϕ2(z)|2. Now we can observe that if the function (ϕ1 + ϕ2) is constant on
C, then u(z, w) = |h(z, w)|, where h is a prh function on C

2. Consequently, u is
psh on C

2. Now assume that (ϕ1 + ϕ2) is nonconstant on C. Observe that we

have
∂2v

∂z∂z
(z, w) ≥ 0 and

∂2v

∂w∂w
(z, w) ≥ 0, for (z, w) ∈ C

2. Since the hermitian

Levi form of v, denoted by L(v)(z, w)(α, β), satisfy

L(v)(z, w)(α, β) =
∂2v

∂z∂z
(z, w)|α|2+ ∂2v

∂w∂w
(z, w)|β|2+2Re

(

∂2v

∂w∂z
(z, w)αβ

)

≥ 0,

for each (z, w), (α, β) ∈ C
2.

By Lemma 4.1, we have then | ∂
2v

∂w∂z
(z, w)|2 ≤ ∂2v

∂z∂z
(z, w)

∂2v

∂w∂w
(z, w),

for each (z, w) ∈ C
2. Therefore,

| − (ϕ′
1(z) + ϕ′

2(z))[w
2 − (ϕ1(z) + ϕ2(z))w + ϕ1(z)ϕ2(z)]|2

≤ | − (ϕ′
1(z) + ϕ′

2(z))w + (ϕ1ϕ2)′(z)|2|2w − (ϕ1(z) + ϕ2(z))|2,

for each (z, w) ∈ C
2.

Now, fix z ∈ C such that
∂(ϕ1 + ϕ2)

∂z
(z) 6= 0. Since the following two

holomorphic nonconstant polynomials (of the complex variable w),

−(ϕ′
1(z) + ϕ′

2(z))[w
2 − (ϕ1(z) + ϕ2(z))w + ϕ1(z)ϕ2(z)] and

(−(ϕ′
1(z) + ϕ′

2(z))w + (ϕ1ϕ2)′(z))(2w − (ϕ1(z) + ϕ2(z)))

satisfies the last above inequality for each w ∈ C, then there exits c ∈ C\{0} such
that

−(ϕ′
1(z) + ϕ′

2(z))[w
2 − (ϕ1(z) + ϕ2(z))w + ϕ1(z)ϕ2(z)] =

c[−(ϕ′
1(z) + ϕ′

2(z))w + (ϕ1ϕ2)′(z)][2w − (ϕ1(z) + ϕ2(z))],

for each w ∈ C. Then c =
1

2
. By identification, we have then

1

2
(ϕ′

1(z) + ϕ′
2(z))(ϕ1(z) + ϕ2(z)) = (ϕ1ϕ2)

′(z), and

(ϕ′
1(z) + ϕ′

2(z))ϕ1(z)ϕ2(z) =
1

2
(ϕ1(z) + ϕ2(z))(ϕ1ϕ2)

′(z).
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Therefore,
1

4
(ϕ1(z) +ϕ2(z))

2 = ϕ1(z)ϕ2(z), because (ϕ
′
1(z)+ϕ′

2(z)) 6= 0. Conse-

quently, ϕ1(z) = ϕ2(z), for each z ∈ C such that (ϕ′
1(z)+ϕ

′
2(z)) 6= 0. Since ϕ1 and

ϕ2 are holomorphic functions on C and the set E = {ξ ∈ C/(ϕ′
1(ξ) +ϕ′

2(ξ)) = 0}
is polar on C, then C\E is dense in C. It follows that ϕ1 = ϕ2 on C.

(II) implies (I). Obvious. The proof is now complete. ✷

Now the following theorem have a great importance in complex function
theory. In the sequel, It plays a key role in several future problems in complex
analysis.

Theorem 4.1. Let ϕ1, ϕ2, ϕ3 : Cn → C be analytic functions, n ≥ 1.
Put v(z, w) = |w − ϕ1(z)||w − ϕ2(z)||w − ϕ3(z)|, (z, w) ∈ C

n ×C. The following
assertions are equivalent

(I) v is psh on C
n ×C;

(II) (ϕ1 +ϕ2 +ϕ3) and (ϕ1ϕ2 +ϕ1ϕ3 +ϕ2ϕ3) are constant functions on C
n, or

ϕ1 = ϕ2 = ϕ3 on C
n.

P r o o f. Throughout in all of the proof we assume that n = 1, because
the case n ≥ 2 follows from the previous case by using the fibration problem.
Define u = v2. Then u is a function of class C∞ on C

2.

(I) implies (II). Note that the hermitian Levi form of u satisfies

L(u)(z, w)(α, β) ≥ 0, for all (z, w), (α, β) ∈ C
2.

Therefore,

L(u)(z, w)(α, β) =
∂2u

∂z∂z
(z, w)|α|2 + ∂2u

∂w∂w
(z, w)|β|2 +2Re(

∂2u

∂w∂z
(z, w)αβ) ≥ 0,

for each (z, w), (α, β) ∈ C
2.

By Lemma 4.1, for all w ∈ C, we have the inequality (E)

| − 2(ϕ′
1 + ϕ′

2 + ϕ′
3)w + (ϕ1ϕ2 + ϕ1ϕ3 + ϕ2ϕ3)

′|2|w3 − (ϕ1 + ϕ2 + ϕ3)w
2

+(ϕ1ϕ2 + ϕ1ϕ3 + ϕ2ϕ3)w − ϕ1ϕ2ϕ3|2
≤ | − (ϕ′

1 + ϕ′
2 + ϕ′

3)w
2 + (ϕ1ϕ2 + ϕ1ϕ3 + ϕ2ϕ3)

′w − (ϕ1ϕ2ϕ3)
′|2×

|3w2 − 2(ϕ1 + ϕ2 + ϕ3)w + ϕ1ϕ2 + ϕ1ϕ3 + ϕ2ϕ3|2, on C.

Case 1. (ϕ1 + ϕ2 + ϕ3)
′ = 0 on C.

State 1. (ϕ1ϕ2 +ϕ1ϕ3 +ϕ2ϕ3)
′ = 0 on C. Then v = |h|, where h is a prh

function on C
2. It follows that v is psh on C

2.
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State 2. (ϕ1ϕ2 + ϕ1ϕ3 + ϕ2ϕ3)
′ 6= 0 on C. Now let z ∈ C such that

(ϕ1ϕ2 + ϕ1ϕ3 + ϕ2ϕ3)
′(z) 6= 0. From the inequality (E), we can see that there

exists c ∈ C such that for each w ∈ C, we have (P)

(ϕ1ϕ2 + ϕ1ϕ3 + ϕ2ϕ3)
′[w3 − (ϕ1 + ϕ2 + ϕ3)w

2

+(ϕ1ϕ2 + ϕ1ϕ3 + ϕ2ϕ3)w − (ϕ1ϕ2ϕ3)]

= c((ϕ1ϕ2 + ϕ1ϕ3 + ϕ2ϕ3)
′w − (ϕ1ϕ2ϕ3)

′)(3w2 − 2(ϕ1 + ϕ2 + ϕ3)w
+ϕ1ϕ2 + ϕ1ϕ3 + ϕ2ϕ3), on C.

Then c =
1

3
. Now let q(w) = (w−ϕ1(z))(w−ϕ2(z))(w−ϕ3(z)), for w ∈ C. q is a

holomorphic polynomial on C of degree three. Note that ϕ1(z), ϕ2(z), ϕ3(z) are
only the three zeros of q on C. From the equality (P) and since the holomorphic
polynomial q2 is of degree one on C, where

q2(w) = [(ϕ1ϕ2 + ϕ1ϕ3 + ϕ2ϕ3)′(z)w − (ϕ1ϕ2ϕ3)′(z)];

then ϕ1(z), or ϕ2(z), or ϕ3(z) is a zero of the polynomial q1(w) = q′(w). Suppose
that ϕ1(z) is a zero of q1. Therefore ϕ1(z) is a zero of q of order ≥ 2. It
follows that ϕ1(z) = ϕ2(z) or ϕ1(z) = ϕ3(z). Assume that ϕ1(z) = ϕ2(z) and
ϕ1(z) 6= ϕ3(z). Therefore, ϕ3(z) is a zero of q of order one. Consequently,
ϕ3(z) is not a zero of q1. By the equality (P), we deduce that ϕ3(z) is the only
zero of the holomorphic polynomial q2 and {ϕ1(z), ϕ3(z)} is the set of all zeros
of the holomorphic polynomial q1q2 on C. Then ϕ1(z) is a zero of q1 of order
2. Therefore ϕ1(z) is a zero of q of order 3. Consequently, ϕ3(z) = ϕ1(z). A
contradiction.

Therefore, ϕ1(z) = ϕ2(z) = ϕ3(z). It follows that ϕ1 = ϕ2 = ϕ3 on
C. Now since (ϕ1 + ϕ2 + ϕ3)

′ = 0, on C. Then ϕ′
1 = 0 on C. Consequently,

(ϕ1)
′ϕ1 = 0 on C. Now since (ϕ1ϕ2 + ϕ1ϕ3 + ϕ2ϕ3)

′ 6= 0 on C. We get a
contradiction.

Finally, we conclude that the state 2 is impossible.
Case 2. (ϕ1 + ϕ2 + ϕ3)

′ 6= 0, on C. Fix z ∈ C such that
(ϕ1+ϕ2+ϕ3)

′(z) 6= 0. From the inequality (E) and using properties of holomor-
phic functions in one variable, we have

[−2(ϕ′
1(z) + ϕ′

2(z) + ϕ′
3(z))w + (ϕ1ϕ2 + ϕ1ϕ3 + ϕ2ϕ3)

′(z)][w3 − (ϕ1(z) + ϕ2(z)

+ϕ3(z))w2 + (ϕ1(z)ϕ2(z) + ϕ1(z)ϕ3(z) + ϕ2(z)ϕ3(z))w − ϕ1(z)ϕ2(z)ϕ3(z)]

= c[−(ϕ′
1(z) + ϕ′

2(z) + ϕ′
3(z))w

2 + (ϕ1ϕ2 + ϕ1ϕ3 + ϕ2ϕ3)
′(z)w − (ϕ1ϕ2ϕ3)

′(z)]

× [3w2 − 2(ϕ1(z) + ϕ2(z) + ϕ3(z))w + ϕ1(z)ϕ2(z) + ϕ1(z)ϕ3(z) + ϕ2(z)ϕ3(z)],

for each w ∈ C, where c ∈ C\{0}, (c is independent of w).
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By identification we can prove that c =
2

3
. Now define

q1(w) = (w − ϕ1(z))(w − ϕ2(z))(w − ϕ3(z)), for w ∈ C.

q1 is a holomorphic polynomial on C of degree three. Note that ϕ1(z), ϕ2(z),
ϕ3(z) are only the three zeros of q1 on C. Let q2 = q′1 and q4 = q′3, where

q3(w)=[−(ϕ′
1(z) + ϕ′

2(z) + ϕ′
3(z))w

2+(ϕ1ϕ2 + ϕ1ϕ3 + ϕ2ϕ3)′(z)w−(ϕ1ϕ2ϕ3)′(z)].

We have q1q4 =
2

3
q2q3 on C. Indeed, q2, q3 and q4 are holomorphic polynomials

on C of degree respectively 2, 2 and 1.
State 1. The set {ϕ1(z), ϕ2(z), ϕ3(z)} have a cardinal equal 3. Then

ϕ1(z), ϕ2(z) and ϕ3(z) are zeros of q1 of order 1. Therefore, ϕ1(z), ϕ2(z) and

ϕ3(z) are not zeros of q2. Since q1q4,=
2

3
q2q3, then ϕ1(z), ϕ2(z) and ϕ3(z) are

three zeros of q3. But q3 is a holomorphic polynomial of degree 2. A contradiction.
Consequently, this state is impossible.

State 2. ϕ1(z) = ϕ2(z) and ϕ1(z) 6= ϕ3(z). Then ϕ1(z) is a zero of q′1 = q2

of order 1. ϕ3(z) is not a zero of q2. Since q1q4 =
2

3
q2q3, we conclude that the

set of all zeros of q1 is equal to the set of all zeros of q3 on C. Since the degree of
q3 is 2, then {ϕ1(z), ϕ3(z)} is the set of all zeros of q3 on C. Now observe that

ϕ1(z) and w0(z) =
1

3
(ϕ1(z) + 2ϕ3(z)) are the two zeros of the polynomial q2.

Now we have ϕ1(z) 6= w0(z). Because if there is equality, then ϕ1(z) is a zero of
q1 of order 3 and we conclude a contradiction. Observe also that ϕ3(z) 6= w0(z).
Because if w0(z) = ϕ3(z), then ϕ3(z) is a zero of q2 = q′1, which contradict the

hypothesis ϕ3(z) is not a zero of q2. Now since q1q4 =
2

3
q2q3 on C, then w0(z)

is a zero of q4. Therefore w0(z) =
(ϕ1ϕ2 + ϕ1ϕ3 + ϕ2ϕ3)′(z)

2(ϕ′
1(z) + ϕ′

2(z) + ϕ′
3(z))

. Now we have

ϕ1(z)+ϕ3(z) =
(ϕ1ϕ2 + ϕ1ϕ3 + ϕ2ϕ3)′(z)

(ϕ′
1(z) + ϕ′

2(z) + ϕ′
3(z))

, because ϕ1(z) and ϕ3(z) are the two

zeros of q3. Observe now that ϕ1(z) + ϕ3(z) = 2w0(z). Since w0(z) =
1

3
(ϕ1(z) +

2ϕ3(z)), then ϕ1(z) + ϕ3(z) =
2

3
(ϕ1(z) + 2ϕ3(z)). Consequently, ϕ1(z) = ϕ3(z).

A contradiction.
Therefore this state is impossible.
In this case, we conclude that ϕ1(z) = ϕ2(z) = ϕ3(z). Now since the

set {ξ ∈ C / (ϕ1 + ϕ2 + ϕ3)
′(ξ) 6= 0 } is a domain dense on C, we deduce that

ϕ1 = ϕ2 = ϕ3 on C.
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(II) implies (I). Obvious. ✷

Let now n,m ≥ 1. It is clear to see that the problem is open when we
consider the product of N absolute values of prh functions for each N ≥ 2 in the
following form. Let n,m ≥ 1. Given gj : C

n → C, hj : C
m → C, gj is holomorphic

nonconstant and hj is prh, for 1 ≤ j ≤ N . We can study the structure of u
defined by u(z, w) = |g1(z) − h1(w)| · · · |gN (z) − hN (w)|, for (z, w) ∈ C

n × C
m.

Moreover, let ϕ1, . . . , ϕs : D → C be holomorphic functions, D is a domain of Cn

and s ∈ N\{0, 1}. A technical question in complex analysis and geometry is the

study of the plurisubharmonicity of u1 defined by u1(z, w) =
∏

1≤j≤s

|w − ϕj(z)|,

for (z, w) ∈ D×C. Note that in the sequel, when s ≥ 4, the proof is independent
in my proof for the product of three or two modulus of pluriharmonic functions
described as above.

For instance, in the sequel, basing on the above situation, we can study the
complex structure (plurisubharmonicity) of the function v, defined by v(z, w) =
|wk + fk−1(z)w

k−1 + · · · + f1(z)w + f0(z)|, for (z, w) ∈ D × C. Here D is a
domain of Cn, f0, f1, . . . , fk−1 are holomorphic (respectively prh) functions on D
and k ≥ 2.

Now we have,

Remark 4.1. Let g : C → C be analytic and nonconstant. Then there
exists 3 holomorphic nonconstant functions g1, g2, g3 : C → C, such that g1g2g3 =
g3, (g1 6= g2, g1 6= g3, g2 6= g3), (g1 + g2 + g3)

′ = 0, (g1g2 + g1g3 + g2g3)
′ = 0 and u

is psh on C
2. Where u(z, w) = |w − g1(z)||w − g2(z)||w − g3(z)|, for (z, w) ∈ C

2.

The construction. Put g1(z) = ag(z), g2(z) = bg(z), g3(z) = cg(z),
where a, b, c ∈ C to construct satisfying the above conditions. We choose a, b,
c ∈ C, such that a+ b+ c = 0, ab+ ac + bc = 0. Take a = 1. Then b+ c = −1,
bc = −(b+ c). We solve the equation X2 − (b+ c)X + bc = X2 +X + 1 = 0, on
C.

For example, b =
−1− i

√
3

2
, c =

−1 + i
√
3

2
. In this case g1(z) = g(z),

g2(z) = (
−1− i

√
3

2
)g(z), g3(z) = (

−1 + i
√
3

2
)g(z), for z ∈ C. We have then

u(z, w) = |w − g1(z)||w − g2(z)||w − g3(z)|. Therefore u is psh on C
2.

Example. Define the three holomorphic functions on C by,

g1(z) = z + 1, g2(z) =

(

−1− i
√
3

2

)

z + 1 and g3(z) =

(

−1 + i
√
3

2

)

z + 1,

z ∈ C. We have g1(z)g2(z)g3(z) = (z3 + 1) and then (g1g2g3)
′ 6= 0, on C.

(g1 6= g2, g1 6= g3, g2 6= g3). (g1 + g2 + g3) = 3 and then (g1 + g2 + g3)
′ = 0 on C.
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(g1g2+g1g3+g2g3) = 3 on C and therefore the function (g1g2+g1g3+g2g3)
′ = 0.

But v(z, w) = |w− g1(z)||w − g2(z)||w − g3(z)| = |w3 − 3w2 +3w − (z3 + 1)|, for
(z, w) ∈ C

2. Therefore, v is psh on C
2.

Remark 4.2. Let ϕ1(z) = ϕ2(z) = z, ϕ3(z) = −z, for z ∈ C. ϕ1, ϕ2 and
ϕ3 are holomorphic functions on C. Put

u(z, w) = |w − ϕ1(z)||w − ϕ2(z)||w − ϕ3(z)|,
u1(z, w) = |w − ϕ1(z)||w − ϕ2(z)|,
u2(z, w) = |w − ϕ1(z)||w − ϕ3(z)| and
u3(z, w) = |w − ϕ2(z)||w − ϕ3(z)|, for (z, w) ∈ C

2.

Then u1, u2 and u3 are psh functions on C
2. But u is not psh on C

2.

Remark 4.3. For 4 functions, Theorem 4.1 is not true.
Example. g1(z) = z = g2(z), g3(z) = g4(z) = −z, for z ∈ C. g1, g2, g3

and g4 are holomorphic functions on C. Let

v(z, w) = |w − g1(z)||w − g2(z)||w − g3(z)||w − g4(z)|
= |w − z|2|w + z|2 = |w4 − 2z2w2 + z4| = |w2 − z2|2,

for (z, w) ∈ C
2. v is psh on C

2, but g1 6= g3, g2 6= g4. Indeed, we have

(g1 + g2 + g3 + g4)
′ = 0,

(g1g2 + g1g3 + g1g4 + g2g3 + g2g4 + g3g4)
′ 6= 0,

(g1g2g3 + g1g2g4 + g1g3g4 + g2g3g4)
′ = 0,

(g1g2g3g4)
′ 6= 0, on C.

But v is psh on C
2. In particular we have

Example. Let ϕ1(z) = z, ϕ2(z) = −z, ϕ3(z) = 1 and ϕ4(z) = −1, for
z ∈ C. ϕ1, ϕ2, ϕ3 and ϕ4 are holomorphic functions on C. Define

u(z, w) = |w − ϕ1(z)||w − ϕ2(z)||w − ϕ3(z)||w − ϕ4(z)|,
u1(z, w) = |w − ϕ1(z)||w − ϕ2(z)||w − ϕ3(z)|,
u2(z, w) = |w − ϕ1(z)||w − ϕ2(z)||w − ϕ4(z)|,
u3(z, w) = |w − ϕ1(z)||w − ϕ3(z)||w − ϕ4(z)| and

u4(z, w) = |w − ϕ2(z)||w − ϕ3(z)||w − ϕ4(z)|, for (z, w) ∈ C
2.

We have u1, u2, u3 and u4 are not psh functions on C
2. But u is psh on C

2.
Consequently, for 4 functions there exists another characterization.
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Let us fix N ∈ N, N ≥ 4. Thanks to the above situations, for N holo-
morphic functions, we have another conditions to describe separately and which
are different from the above situations studied in different cases (Proposition 4.1,
Theorem 4.1 and the three above remarks).

Theorem 4.2. Let D be a domain of Cn, n ≥ 1. Consider g1, . . . , gN :
D → C

n be N analytic functions, N ≥ 1. Let

u(z, w) =

N
∑

j=1

(‖w − gj(z)‖2 + ‖w − gj(z)‖2), v(z, w) =

N
∑

j=1

(‖w − gj(z)‖2),

(z, w) ∈ D×C
n. Then u is strictly psh on D×C

n if and only if v is strictly psh
on D × C

n.

Corollary 4.1. Let g1, . . . , gN : D → C be N analytic functions, D is a
domain of Cn, n,N ≥ 1. Given Aj , Bj ∈ R+\{0} and aj, bj ∈ C, 1 ≤ j ≤ N .
Define

u(z, w) =

N
∑

j=1

(Aj |w − gj(z) + aj|2 +Bj |w − gj(z) + bj|2),

v(z, w) =
N
∑

j=1

(|w − gj(z)|2), for (z, w) ∈ D × C.

We have
(I) u is strictly psh on D × C if and only if v is strictly psh on D × C.
(II) Assume that N ≤ n. Then u and v are not strictly convex on each

not empty Euclidean open ball subset of D ×C.

Analogously, let D = B(a,R) be an open ball of Cn, (a ∈ C
n, R > 0). Let

ϕ : D → C be a function. Put ψ(z, w) = |w − ϕ(z)|2 + |w − ϕ(z)|2, ψ1(z, w) =
|w − ϕ(z)|2, ψ2(z, w) = |w − ϕ(z)|2, for (z, w) ∈ D × C. Then ψ is convex on
D × C if and only if ψ1 (respectively ψ2) is convex on D × C. While we have

Theorem 4.3. Let g1, g2 : C
n → C be holomorphic functions. Put

u(z, w) = |w − g1(z)|2 + |w − g2(z)|2 + |w − g1(z)|2 + |w − g2(z)|2,
u1(z, w) = |w − g1(z)|2 + |w − g2(z)|2,
u2(z, w) = |w − g1(z)|2 + |w − g2(z)|2, for (z, w) ∈ C

n × C.

We have the assertions
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(I) u is strictly psh on C
n × C if and only if n ∈ {1, 2} and u2 is strictly

psh on C
n × C and there exists several cases where u1 is not strictly psh. But

(II) Suppose that u is strictly convex on C
n×C. Then we can not conclude

that u2 (respectively, u1) is strictly convex on C
n × C.

(III) Assume that u is convex on C
n × C. Then we can not deduce that

u2 (respectively, u1) is convex on C
n ×C, for each n ≥ 1.

P r o o f. (III) Without loss of generality we suppose that n = 1.
We can write

2u1(z, w) = |2w − g1(z)− g2(z)|2 + |g1(z)− g2(z)|2,
2u2(z, w) = |2w − g1(z)− g2(z)|2 + |g1(z)− g2(z)|2,

for (z, w) ∈ C
2. In this situation we have

4u(z, w) = |4w − g1(z)− g2(z)− g1(z)− g2(z)|2 + |g1(z) + g2(z)

− g1(z)− g2(z)|2 + 4|g1(z) − g2(z)|2.

Since u is convex on C
2, observe now that the functions (g1 + g2), (g1 + g2),

(g1 + g2 + g1 + g2) and (g1 + g2 − g1 − g2) are affine on C
2. 4u (or u) is the sum

of a C∞ convex function ϕ1 on C
2

(ϕ1(z, w) = |4w − g1(z)− g2(z)− g1(z)− g2(z)|2)

and a C∞ convex function ϕ2 on C

(ϕ2(z) = |g1(z) + g2(z)− g1(z)− g2(z)|2 + 4|g1(z)− g2(z)|2, z ∈ C).

Now we consider the following example.

Let g1(z) = z +
1

2
(z2 + 1) and g2(z) = z − 1

2
(z2 + 1), for z ∈ C. Using

the above notation for u, u1 and u2. We have u is convex on C
2. In fact, because

ϕ2 is strictly convex on C and the function ϕ1(z, .) is strictly convex on C, for
each z ∈ C, it follows that u is strictly convex on C

2. But u1 is not convex in all

D

(

0,

√
3

3

)

× C, because for example ψ is not convex in all D

(

0,

√
3

3

)

where

ψ(z) = u1(z, z), for z ∈ C. Observe that u2 is also not convex on C
2. ✷

Remark 4.4. For N ∈ N, N ≥ 3, we consider ϕ1(z) = iz +
1

2
(z2 − 1),

ϕ2(z) = iz − 1

2
(z2 − 1), ϕ3(z) = · · · = ϕN (z) = 0, for z ∈ C.
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Put v1(z, w) =
N
∑

j=1

|w−ϕj(z)|2, v2(z, w) =
N
∑

j=1

|w−ϕj(z)|2, for (z, w) ∈ C
2.

Let v = (v1 + v2). Then v is convex on C
2, but v1 and v2 are not convex on C

2.
Now, we obtain there some interesting and sharp results in the framework of
theorem 4.3, but in a slightly different direction. We list them as questions.

Question 1. Let ϕ : C → C be a holomorphic nonconstant function and
N ≥ 1. Given f1, g1, ϕ1, ψ1, . . . , fN , gN , ϕN , ψN : Cn → C be 4N holomorphic
functions. Define

Fj(z, w) = |ϕ(w) − fj(z)|2 + |ϕ(w) − gj(z)|2,
Kj(z, w) = |ϕ(w) − fj(z)|2 + |ϕ(w) − gj(z)|2,
Sj(z, w) = |ϕ(w) − ϕj(z)|2 + |ϕ(w) − ψj(z)|2,
Tj(z, w) = |ϕ(w) − ϕj(z)|2 + |ϕ(w) − ψj(z)|2,

for (z, w) ∈ C
n × C and 1 ≤ j ≤ N .

Put uj = (Fj +Kj), vj = (Sj + Tj), u =
N
∑

j=1

uj and v =
N
∑

j=1

vj .

Find all the holomorphic functions ϕ, fj, gj , ϕj , ψj , (1 ≤ j ≤ N), such
that we have the following three conditions.

(a) Fj , Kj , Sj and Tj are not convex functions on C
n × C, for each

j ∈ {1, . . . , N}.
(b) uj and vj are convex functions on C

n × C, for every j ∈ {1, . . . , N}.
(c) u and v are not strictly psh on C

n × C, but θ = (u + v) is strictly
psh on C

n × C. In the sequel, we can replace all the holomorphic functions by
pluriharmonic (prh) functions.

Question 2. Let n, d ∈ N\{0}. Find all the holomorphic functions
ϕ1, ϕ2 : Cd → C, f1, f2, g1, g2 : Cn → C such that if we put

u1(z, w) = |ϕ1(w)− f1(z)|2 + |ϕ2(w)− f2(z)|2,
u2(z, w) = |ϕ1(w)− f1(z)|2 + |ϕ2(w)− f2(z)|2,
v1(z, w) = |ϕ1(w)− g1(z)|2 + |ϕ2(w)− g2(z)|2,
v2(z, w) = |ϕ1(w)− g1(z)|2 + |ϕ2(w)− g2(z)|2,

for (z, w) ∈ C
n × C

d, u = (u1 + u2) and v = (v1 + v2).
We can study the problem u1, u2, v1 and v2 are not convex functions, but

u and v are convex functions with (u+ v) is strictly psh on C
n × C

d.
Note that we can consider the same problem if ϕ1, ϕ2, f1, f2, g1, g2 are

pluriharmonic functions.
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In the sequel, by theorem 4.3 we observe that we have

Proposition 4.2. For each c ∈ C\{0}, there exists two holomorphic
functions g1, g2 : Cn → C such that, (g1 + g2) is an affine function, u is convex
on C

n × C, but u1 and u2 are not convex on C
n × C. Where

u(z, w) = |w − g1(z)|2 + |w − g2(z)|2 + |w − g1(z)|2 + |w − g2(z)|2,
u1(z, w) = |w − g1(z)|2 + |w − g2(z)|2 and

u2(z, w) = |w − g1(z)|2 + |w − g2(z)|2, for (z, w) ∈ C
n × C.

But we have
∣

∣

∣

∣

∣

∣

c2

(

n
∑

j=1

αj

)2

+ 4(g1(z)− g2(z))

n
∑

j,k=1

∂2(g1 − g2)(z)

∂zj∂zk
αjαk

∣

∣

∣

∣

∣

∣

≤ |c|2
∣

∣

∣

∣

∣

∣

n
∑

j=1

αj

∣

∣

∣

∣

∣

∣

2

+ 4

∣

∣

∣

∣

∣

∣

n
∑

j=1

∂(g1 − g2)(z)

∂zj
αj

∣

∣

∣

∣

∣

∣

2

for each z = (z1, . . . , zn), α = (α1, . . . , αn) ∈ C
n.

P r o o f. Obvious by the proof of Theorem 4.3. ✷

Observe that we have

Corollary 4.2. For each c ∈ C\{0}, there exists a holomorphic function
g : C → C such that |g|2 is not convex on C, but we have

|c2 + g′′(z)g(z)| ≤ |c|2 + |g′(z)|2

for every z ∈ C.

In pluripotential theory, we have

Theorem 4.4. For all n ≥ 1, there does not exists a function
u : C

n → [−∞,+∞[ such that K is strictly psh (or convex and strictly psh)
on a not empty Euclidean open ball subset of Cn×C

n, where K(z, w) = u(w−z),
for (z, w) ∈ C

n × C
n.

P r o o f. Let u : C
n → [−∞,+∞[. Put K(z, w) = u(w − z),

(z, w) ∈ C
n × C

n.
Case 1. u is a function of class C2 on C

n, (then u : Cn → R). There-
fore K is a function of class C2 on C

n × C
n. Let (z, w) ∈ C

n × C
n and
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α = (α1, . . . , αn, αn+1, . . . , α2n) ∈ C
2n. The Levi hermitian form of u is

L(u)(z)(αn+1 − α1, . . . , α2n − αn) =

n
∑

j,k=1

∂2u

∂ξj∂ξk
(z)(αn+j − αj)(αn+k − αk)

=

n
∑

j,k=1

∂2u

∂ξj∂ξk
(z)αjαk+

n
∑

j,k=1

∂2u

∂ξj∂ξk
(z)αn+jαn+k−2Re





n
∑

j,k=1

∂2u

∂ξj∂ξk
(z)αjαn+k



 .

Put z = (z1, . . . , zn), w = (zn+1, . . . , z2n). The hermitian Levi form of K is

L(K)(z, w)(α) =

2n
∑

j,k=1

∂2K

∂ξj∂ξk
(z, w)αjαk =

n
∑

j,k=1

∂2K

∂ξj∂ξk
(z, w)αjαk

+

2n
∑

j,k=n+1

∂2K

∂ξj∂ξk
(z, w)αjαk +

n
∑

j=1

2n
∑

k=n+1

∂2K

∂ξj∂ξk
(z, w)αjαk

+

2n
∑

j=n+1

n
∑

k=1

∂2K

∂ξj∂ξk
(z, w)αjαk

=
n
∑

j,k=1

∂2u

∂ξj∂ξk
(w − z)αjαk +

n
∑

j,k=1

∂2u

∂ξj∂ξk
(w − z)αj+nαk+n

−
n
∑

j,k=1

∂2u

∂ξj∂ξk
(w − z)αjαk+n −

n
∑

j,k=1

∂2u

∂ξj∂ξk
(w − z)αn+jαk

=

n
∑

j,k=1

∂2u

∂ξj∂ξk
(w − z)αjαk +

n
∑

j,k=1

∂2u

∂ξj∂ξk
(w − z)αj+nαk+n

−2Re





n
∑

j,k=1

∂2u

∂ξj∂ξk
(w − z)αjαk+n



 ,

for each α 6= 0. But if αn+1 = α1, . . . , α2n = αn, we have

L(K)(z, w)(α1, . . . , αn, αn+1, . . . , α2n)

= L(u)(w − z)(αn+1 − α1, . . . , α2n − αn) = 0,

independently of (z, w) ∈ C
n × C

n. Consequently, K is not strictly psh at each
point of Cn × C

n.

Case 2. u : Cn → [−∞,+∞[.
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State 1. Without loss of generality, assume that K is strictly psh on
C
n×C

n for the simplicity. For z0, w0 ∈ C
n, we have the functions K(z0, .) 6= −∞

and K(., w0) 6= −∞ on C
n. For example suppose that K(z0, .) = −∞ on C

n,
where z0 ∈ C

n. Let ρ : Cn → R+ be a function of class C∞, ρ is a radial function,

supp(ρ) ⊂ B(0, 1) and

∫

Cn

ρ(ξ)dm2n(ξ) = 1. Put ρδ(ξ) =
1

δ2n
ρ

(

ξ

δ

)

, for ξ ∈ C
n

and δ ∈ R+\{0}. Note that ρδ is a function of class C∞, ρδ is a radial function,

supp(ρδ) ⊂ B(0, δ) and

∫

Cn

ρδ(ξ)dm2n(ξ) = 1. Then

−∞ = (K(z0, .) ∗ ρδ)(w) =
∫

K(z0, w − ξ)ρδ(ξ)dm2n(ξ)

=

∫

u(w − ξ − z0)ρδ(ξ)dm2n(ξ) =

∫

u(w − ζ − ξ − (z0 − ζ))ρδ(ξ)dm2n(ξ),

for all ζ ∈ C
n. Then K(z0 − ζ, w − ζ) = −∞, ∀w ∈ C

n. Consequently, the
function K(z0 − ζ, .) = −∞ on C

n, ∀ζ ∈ C
n. Then K = −∞ on C

n × C
n. A

contradiction.

We deduce now that for all z ∈ C
n, the function K(z, .) 6= −∞ on C

n. By
the same method we conclude that for all w ∈ C

n, the function K(., w) 6= −∞
on C

n. Consequently, the functions K(z, .) and K(., w) are psh on C
n.

State 2. Let δ > 0. Consider now

(K(z, .) ∗ ρδ)(w) =

∫

K(z, w − ξ)ρδ(ξ)dm2n(ξ) =

∫

u(w − ξ − z)ρδ(ξ)dm2n(ξ)

= u ∗ ρδ(w − z) = ϕδ(w − z) = Kδ(z, w),

for (z, w) ∈ C
n × C

n. ϕδ = u ∗ ρδ is then a C∞ function on C
n. Kδ(z, w) =

(K(z, .) ∗ ρδ)(w). Since K is strictly psh on C
n × C

n, then Kδ is strictly psh on
C
n × C

n.

By the case 1, we have a contradiction. Therefore K is not strictly psh
on each Euclidean not empty open ball subset of Cn ×C

n. ✷

Corollary 4.3. For all u : C
n → R, define v(z, w) = u(w − z) for

(z, w) ∈ C
n × C

n. Then the function v is not strictly convex on each not empty
Euclidean open ball subset of Cn ×C

n.

Note that there exists several cases where v is strictly psh (or convex and
strictly psh) on C

n × C
n.

P r o o f. Assume that v is strictly convex on a convex domain
G ⊂ C

n × C
n, G 6= ∅. Consider T : Cn × C

n → C
n × C

n, defined by T (z, w) =
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(z, w), for (z, w) ∈ C
n × C

n. Then T is an R− linear bijective transformation.
It follows that v1 = voT is strictly convex on T−1(G). But v1(z, w) = u(w − z).
Therefore v1 is strictly psh on T−1(G) and T−1(G) 6= ∅. A contradiction by
Theorem 4.4. ✷

There exists a fundamental relation between pluriharmonicity and the
strict plurisubharmonicity, however we deduce the next useful theorem.

Theorem 4.5. Let h1, . . . , hN : Cn → R be N pluriharmonic functions
(of real valued), where n,N, s ∈ N\{0}. Suppose that N ≤ n − 1. Then u =
(h2s1 + · · · + h2sN ) is not strictly psh at each point of Cn. Consequently, u is not
strictly psh on every not empty Euclidean open ball subset of Cn.

P r o o f. Obvious by using the Levi hermitian form of the C∞ func-
tion u. ✷

The next theorem gives a characterization to obtain the real strict con-
vexity, using the classical hermitian product and recall some properties of the
geometry, which we shall use later. This properties reveals both the originality
and richness of this inequalities in complex function theory.

Theorem 4.6. Let n,N ≥ 1.
(I) Put u(z) = |〈z/a〉 + 〈b/z〉 + c|2, for z ∈ C

n, where a, b ∈ C
n, c ∈ C.

Then, u is strictly convex on C
n if and only if n = 1 and |2ab| < |a|2 + |b|2.

(II) Let a1, . . . , aN ∈ C
n, c1, . . . , cN ∈ C. Put

v(z) = |〈z/a1〉+ 〈a1/z〉 + c1|2 + · · ·+ |〈z/aN 〉+ 〈aN/z〉+ cN |2.

Assume that N ≤ 2n. Then v is strictly convex on C
n if and only if N = 2n and

N
∑

j,k=1

〈α/aj〉2〈ak/α〉2 <
N
∑

j,k=1

|〈α/aj〉|2|〈ak/α〉|2,

for each α ∈ C
n\{0}. We can also consider

ψ(z) = |〈z/a1〉 − 〈a1/z〉+ c1|2 + · · ·+ |〈z/aN 〉 − 〈aN/z〉+ cN |2.

But we have the following.
(III) Let a1, . . . , an ∈ C

n, c1, . . . , cn ∈ C. Then there exists b1, . . . , bn ∈
C
n, such that v is strictly convex on C

n. Where

v(z) = |〈z/a1〉+ 〈b1/z〉+ c1|2 + · · ·+ |〈z/an〉+ 〈bn/z〉+ cn|2,

for z ∈ C
n.
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(IV) Let a1, . . . , an ∈ C
n, c1, . . . , cn ∈ C. Put

v(z) = |〈z/a1〉+ c1|2 + · · · + |〈z/an〉+ cn|2,

for z ∈ C
n. Then v is strictly convex on C

n if and only if (a1, . . . , an) is a basis
of Cn.

P r o o f. (I) We have u is a function of class C∞ on C
n. Now assume

that u is strictly convex on C
n. Then

∣

∣

∣

∣

∣

∣

n
∑

j,k=1

∂2u

∂zj∂zk
(z)αjαk

∣

∣

∣

∣

∣

∣

<

n
∑

j,k=1

∂2u

∂zj∂zk
(z)αjαk,

for each z = (z1, . . . , zn) ∈ C
n, α = (α1, . . . , αn) ∈ C

n\{0}. Therefore,

|2〈α/a〉〈α/b〉| < |〈α/a〉|2 + |〈α/b〉|2,

for every α ∈ C
n\{0}. Thus (|〈α/a〉|2 − |〈α/b〉|2)2 > 0, for each α ∈ C

n\{0}.
Suppose that n ≥ 2. Let α ∈ C

n\{0}, such that 〈α/a−b〉 = 0, since (a−b)
is a one vector in the complex vector space C

n and n ≥ 2. Then 〈α/a〉 = 〈α/b〉
and consequently, |〈α/a〉| = |〈α/b〉|. A contradiction. It follows that n = 1.

We have 2|αaαb| < |αa|2 + |αb|2, ∀α ∈ C\{0}. Then 2|ab| < |a|2 + |b|2.
The converse is obvious.

(II) v is a function of class C∞ on C
n. Assume that v is strictly convex

on C
n. Therefore,

∣

∣

∣

∣

∣

∣

N
∑

j=1

〈α/aj〉2
∣

∣

∣

∣

∣

∣

<
N
∑

j=1

|〈α/aj〉|2

for every α = (α1, . . . , αn) ∈ C
n\{0}. Thus

N
∑

j,k=1

〈α/aj〉2〈ak/α〉2 <
N
∑

j,k=1

|〈aj/α〉|2|〈α/ak〉|2

for each α ∈ C
n\{0}.

Assume that N < 2n. Consider now ψ : Cn → R
N , defined by

ψ(α) = (〈α/a1〉+ 〈a1/α〉, . . . , 〈α/aN 〉+ 〈aN/α〉),

for α ∈ C
n. ψ is R− linear on C

n, (we consider C
n an R vector space of real

dimension 2n). Since N < 2n, then ψ is not injective. Therefore, there ex-
ists α ∈ C

n\{0}, such that ψ(α) = 0. Then 〈α/aj〉 + 〈aj/α〉 = 0, for each
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j ∈ {1, . . . , N}. Thus |〈α/aj〉 + 〈aj/α〉|2 = 0, for every 1 ≤ j ≤ N . It follows
that 2|〈α/aj〉|2 + 2Re(〈α/aj〉2) = 0 and then |〈α/aj〉|2 = −Re(〈α/aj〉2), for all

j ∈ {1, . . . , N}. Thus
N
∑

j=1

|〈α/aj〉|2 = −Re





N
∑

j=1

〈α/aj〉2


 ≥ 0. We obtain

N
∑

j=1

|〈α/aj〉|2 =

∣

∣

∣

∣

∣

∣

−Re





N
∑

j=1

〈α/aj〉2




∣

∣

∣

∣

∣

∣

≤

∣

∣

∣

∣

∣

∣

N
∑

j=1

〈α/aj〉2
∣

∣

∣

∣

∣

∣

<
N
∑

j=1

|〈α/aj〉|2.

A contradiction. Consequently, 2n ≤ N . Since N ≤ 2n, then N = 2n. ✷

We have

Claim 4.1. Let ψ : Rn → R
N be R− linear, ψ = (ψ1, . . . , ψN ), n,N ≥ 1.

We have the following assertions.
(A) ‖ψ‖2 is strictly convex on R

n if and only if ‖ψ‖2 is strictly convex at 0,

(because
∂ψk

∂xj
(x) is independent of x = (x1, . . . , xn) ∈ R

n, for each j ∈ {1, . . . , n},
k ∈ {1, . . . , N}).

(B) Let ϕ : Rn → R
N , ϕ = (ϕ1, . . . , ϕN ), where ϕk(b) =

n
∑

j=1

∂ψk

∂xj
(0)bj , for

b = (b1, . . . , bn) ∈ R
n, 1 ≤ k ≤ N .

Then ‖ψ‖2 is strictly convex on R
n if and only if ϕ is injective (therefore n ≤

N).

P r o o f. We use the bilinear form associate to ‖ψ‖2 and the above
proof. ✷

In the sequel, we conclude the following analysis corollary.

Corollary 4.4. Let n,N ∈ N, N ≤ 2n−1. Then for all a1, . . . , aN ∈ C
n,

there exists α ∈ C
n\{0} such that

N
∑

j,k=1

〈α/aj〉2〈ak/α〉2 =
N
∑

j,k=1

|〈α/aj〉|2|〈ak/α〉|2.

Remark 4.5. Let

u(z) = |〈z/a1〉+ 〈a1/z〉+ c1|2 + |〈z/a2〉+ 〈a2/z〉+ c2|2 + |〈z/a3〉+ 〈a3/z〉+ c3|2,
z ∈ C

2. Then u is not strictly convex at any point of C
2. But there exists

A1, B1, A2, B2, (λ1, λ2) ∈ C
2, such that v is strictly convex on C

2, where

v(z, w) = |〈z/A1〉+ 〈B1/z〉+ λ1|2 + |〈z/A2〉+ 〈B2/z〉+ λ2|2, for z ∈ C
2.
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Remark 4.6. For the complex structure, let f1, . . . , fN : Cn → C be N
holomorphic functions, n,N ≥ 1. We have (|f1|2 + · · ·+ |fN |2) is strictly psh on
C
n if and only if (|f1 + f1|2 + · · ·+ |fN + fN |2) is strictly psh on C

n (if and only
if (|f1− f1|2+ · · ·+ |fN − fN |2) is strictly psh on C

n). But for the real convexity,
this result is not true.

Example. n = 2. Let f1(z) = z1, f2(z) = z2, for z = (z1, z2) ∈ C
2. Put

zj = xj + iyj , xj , yj ∈ R, 1 ≤ j ≤ 2. u = (|f1|2 + |f2|2) is strictly convex on C
2.

But if we put v(z) = (|f1(z) + f1(z)|2 + |f2(z) + f2(z)|2) = 4x21 + 4x22. Observe
that v is not strictly convex at each point of C2.

Remark 4.7. Let m,N ∈ N\{0}, a1, . . . , am, b1, . . . , bN ∈ C.

Let u(z, w) =

m
∑

j=1

Aj|w − z + aj |2 +
N
∑

k=1

Bj|w − z + bj |2, where Aj ≥ 0, Bk ≥ 0,

1 ≤ j ≤ m, 1 ≤ k ≤ N , such that
m
∑

j=1

Aj > 0,
N
∑

k=1

Bj > 0. u is strictly psh and

convex on C
2, but u is not strictly convex on each not empty Euclidean open ball

of C2.

4.1. The absolute value and holomorphic or plurisubharmonic

functions.

Proposition 4.3. Let ϕ : D → C and g : C
n → C be two analytic

functions, D is a domain of Cn, n ≥ 1 and λ ∈ R.
Denote by u(ξ, w) = |w−|ϕ(ξ)||, v(z) = |g(z)−λ|g(z)||2 , for (ξ, z, w) ∈ D×C

n×C.
We have

(I) Suppose that u is psh on D × C. Then ϕ is constant on D.

(II) v is psh on C
n, for each λ ∈ R.

P r o o f. (I) Since u is psh on D × C, then |ϕ| is prh on D, by Abidi [1].
Assume that ϕ 6= 0. Therefore ϕ(ξ) 6= 0, for each ξ ∈ D\E, where E is a
pluripolar subset of D. Now since ϕ is holomorphic on D, it is easy to prove that
ϕ is constant on D.
(II) Without loss of generality, we assume that n = 1. If g = 0 on C, then g is
constant and the proof is finished. Assume that g 6= 0 on C. Let z ∈ C such that
g(z) 6= 0. v = (1 + λ2)|g|2 − λ|g|(g + g), on C. We have then,

∂2v

∂z∂z
= (1 + λ2)|g′|2 − 3

4
λ|g′|2(g + g

|g| ) =
|g′|2
|g| [(1 + λ2)|g| − 3

2
λRe(g)],
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in a neighborhood of z. Now since
λ

1 + λ2
<

2

3
, then

|g| ≥ |Re(g)| ≥ |3
2
(

λ

1 + λ2
)||Re(g)| ≥ +

3

2
(

λ

1 + λ2
)Re(g),

in a neighborhood of z. Thus
∂2v

∂z∂z
(z) ≥ 0 in a small neighborhood of z.

Since the function [(1 + λ2)|g|2 − λ|g|(g + g)] is continuous on C and the set
E = {ξ ∈ C/g(ξ) = 0} is polar in C, the proof is complete. ✷

Note that proposition 4.3 is only true for analytic functions. For example
if we take h(z) = x1, u(z, w) = |w − |h(z)||, for (z, w) ∈ G× C, z = (x1 + iy1) ∈
G = D(1,

1

2
), where x1 = Re(z). Then h is harmonic on G. The function u is

psh on G× C. But h is not constant on the domain G.
Example. Let h1(z) = Re(e(z1)), h2(z) = Re(e(−z1)), z = (z1, . . . , zn) ∈

C
n. Put z1 = x1 + iy1, x1, y1 ∈ R. Then h1(z)h2(z) = [cos(y1)]

2 ≥ 0, for each
z ∈ C

n. Note that h1 and h2 are real valued pluriharmonic functions on C
n. But

h2 6= λh1, for each λ ∈ R. In general we have the following technical extension in
the theory of functions. Moreover, it is important to consider the global domain
C
n.

Theorem 4.7. Let h : Cn → C be harmonic. Put u(z, w) = |w − |h(z)||,
for (z, w) ∈ C

n×C. Suppose that u is psh on C
n×C. Then h is constant on C

n.

Comparing with the above situations, this theorem proves the importance
of the classical global domain C

n (which plays a key role in several problems of
complex analysis).

P r o o f. By [1], it follows that |h| is pluriharmonic on C
n. Since |h| ≥ 0

on C
n, then |h| = c, c ∈ R+. Then

∂2|h|2
∂zj∂zj

= 0, on C
n, for each j ∈ {1, . . . , n}.

Therefore,
n
∑

j=1

∂2|h|2
∂zj∂zj

= 0. But we have

n
∑

j=1

∂2|h|2
∂zj∂zj

=





n
∑

j=1

∂2h

∂zj∂zj



h+





n
∑

j=1

∂2h

∂zj∂zj



h+
n
∑

j=1

∣

∣

∣

∣

∂h

∂zj

∣

∣

∣

∣

2

+
n
∑

j=1

∣

∣

∣

∣

∂h

∂zj

∣

∣

∣

∣

2

.

Now since h is harmonic on C
n, it follows that

n
∑

j=1

∣

∣

∣

∣

∂h

∂zj

∣

∣

∣

∣

2

=

n
∑

j=1

∣

∣

∣

∣

∂h

∂zj

∣

∣

∣

∣

2

= 0, on C
n.



182 J. Abidi

Therefore,

∣

∣

∣

∣

∂h

∂zj

∣

∣

∣

∣

2

= 0 and

∣

∣

∣

∣

∂h

∂zj

∣

∣

∣

∣

2

= 0, for each j ∈ {1, . . . , n}. It follows that

∂h

∂zj
=

∂h

∂zj
= 0, for every j ∈ {1, . . . , n}. Consequently, h is constant on C

n. ✷

Corollary 4.5. Let h1, . . . , hN : C
n → C be N harmonic functions,

n,N ≥ 1. Put v(z, w) =

N
∑

j=1

|w − |hj(z)| |2, for (z, w) ∈ C
n × C. Suppose that v

is psh on C
n × C. Then h1, . . . , hN are constant on C

n.

P r o o f. By [1], we have then u = (|h1|+ · · ·+ |hN |) is pluriharmonic on
C
n. Since u ≥ 0 on C

n, it follows that u is constant on C
n. We have

n
∑

j=1

∂2u

∂zj∂zj
= 0.

Now since |hj | is continuous and |hj | is subharmonic on C
n, for each j ∈ {1, . . . , n},

the condition

n
∑

j=1

∂2(|h1|+ · · ·+ |hN |)
∂zj∂zj

= 0 on C
n implies that we have

n
∑

j=1

∂2|hk|
∂zj∂zj

= 0, for each k ∈ {1, . . . , N} and in all Cn. Therefore |h1|, . . . , |hN |

are harmonic nonnegative functions on C
n. Consequently, |h1|, . . . , |hN | are con-

stant on C
n. By the above proof we conclude that hk is constant, for every

k ∈ {1, . . . , N}. ✷
But we have

Theorem 4.8. Let ϕ : G→ C be analytic, G is a domain of Cn. Define
u1(z, w) = |w − ϕ(z)|2 + |w − |ϕ(z)| |2, u2(z, w) = u1(z, w) + ||w| − |ϕ(z)||2,
u3(z, w) = u2(z, w) + ||w| − ϕ(z)|2, (z, w) ∈ G×C. We have u1 is psh on G×C

if and only if ϕ is constant on G. u2 is psh on G×C if and only if ϕ = 0 on G.
u3 is psh on G× C if and only if ϕ is constant, ϕ = Re(ϕ) ≤ 0.

P r o o f. Obvious by [1]. ✷

Remark 4.8. Theorem 4.8 is not true for pluriharmonic functions.

Example. Let h(z) = x, for z ∈ C, z = (x+ iy), x = Re(z), y = Im(z).
Put v(z, w) = |w−h(z)|2+|w−|h(z)||2, for (z, w) ∈ (C\E)×C, E = {iy / y ∈ R}.
h is harmonic on C\E, v is psh on (C\E) × C, but h is not constant on C\E.
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Corollary 4.6. Let g1, . . . , gN : Cn → C be N holomorphic functions,
a, b ∈ C

m, n,m ≥ 1, N ≥ 2. Put

u(z, w) = |w − g1(z)|2|w − g2(z)|2 · · · |w − gN (z)|2 + |w − |g1(z)||2|w
−|g2(z)||2 · · · |w − |gN (z)||2,

u1(z, w) = |w − |g1(z)|||w − |g2(z)|| · · · |w − |gN (z)||,
v(z, ξ) = |〈ξ/a〉 − g1(z)|2 + |〈ξ/b〉 − |g1(z)||2,

for (z, w, ξ) ∈ C
n × C× C

m. Then have
(I) u is psh on C

n × C if and only if g1, . . . , gN are constant on C
n.

(II) u1 is psh on C
n ×C if and only if g1, . . . , gN are constant functions.

(III) v is psh on C
n × C

m if and only if g1 is constant, or b = 0.

P r o o f. Obvious by ([2], page 336), Theorem 4.8 and the proof of
Corollary 4.5. ✷

Using the notation of Corollary 4.6, we can study the complex structure
of the function

ψ(z, w) = (|w − g1(z)|2 · · · |w − gN (z)|2
+|w − |g1(z)||2 · · · |w − |gN (z)||2)(|w − ϕ1(z)|2 · · · |w − ϕN (z)|2
+|w − |ϕ1(z)||2 · · · |w − |ϕN (z)||2),

where N ≥ 1, ϕ1, . . . , ϕN : Cn → C be holomorphic functions.
An extension of the results. Now let ψ1, . . . , ψN , f1, . . . , fN : Cn → C

be 2N holomorphic functions, N ≥ 2. Put

ψ(z, w) = |w − |ψ1(z)| | |w − |ψ2(z)| | · · · |w − |ψN (z)| |,
f(z, w) = |w − f1(z)||w − f2(z)| · · · |w − fN (z)|,

for (z, w) ∈ C
n ×C. Observe that, using potential theory methods, we can prove

that ψ is psh implies that ψ1, . . . , ψN are constant functions. But it is difficult
to deduce the exact conditions satisfies by the functions f1, . . . , fN such that f is
psh on C

n ×C, if N has a decomposition in product of q prime numbers, q ≥ 2.

4.2. Some properties of plurisubharmonic functions. In this sub-
section, we would like to extend Proposition 4.2 in the following situation.

Theorem 4.9. Let ϕ0, . . . , ϕk−1 : D → C be k analytic functions, D is a
domain of Cn and k ∈ N\{0}. Define

u(z, w) = |wk + |ϕk−1(z)|wk−1 + · · ·+ |ϕ1(z)|w + |ϕ0(z)||,
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for each (z, w) ∈ D × C. The following are equivalents

(I) u is psh on D × C;

(II) ϕk−1, . . . , ϕ0 are constant functions on D.

P r o o f. (I) implies (II). By [2], we have |ϕk−1| is prh on D. Therefore
ϕk−1 is constant on D. We conclude in fact that, in this order, ϕk−2, . . . , ϕ0 are
constant on D.

(II) implies (I). Obvious. ✷

Remark 4.9. For an infinite sequence of analytic functions, the above
theorem is false.

Example. Consider u(z, w) =

∣

∣

∣

∣

∣

∞
∑

k=0

∣

∣

∣

∣

∣

ez
∣

∣

∣

∣

wk

k!

∣

∣

∣

∣

= |ez||ew| = ex1+y1 , where

(z, w) ∈ C
2, x1 = Re(z) and y1 = Re(w). Then u is psh on C

2. But the function

ϕk is holomorphic nonconstant on C for all k ∈ N, where ϕk(z) =
ez

k!
for z ∈ C,

for each k ∈ N.

The following two lemmas are technical tools in the proof of the below
theorem.

Lemma 4.2. Let k ∈ N\{0} and c0, . . . , ck−1 ∈ R+. Let
q(x) = xk − ck−1x

k−1 − · · · − c0, for x ∈ R. Then there exists a ∈ R+, such
that q(a) = 0.

P r o o f. Note that q is a polynomial with real coefficients in R. There-
fore the function q is continuous on R. We have q(0) = −c0 ≤ 0. Since
lim

x→+∞
q(x) = +∞. Then there exists a ∈ R+, such that q(a) = 0. ✷

Lemma 4.3. Let k ∈ N\{0} and c0, . . . , ck−1 ∈ R+. Put
u(w) = ||w|k − ck−1|w|k−1 − · · · − c0|, for each w ∈ C. Then u is subharmonic
(sh) on C if and only if ck−1 = · · · = c0 = 0.

P r o o f. Assume that u is sh on C. Observe that u is a radial function
on C. By lemma 4.2, there exists a ∈ R+, such that u(a) = 0. Assume that
a > 0. Since u is subharmonic on C, then sup

|w|=a
u(w) = u(a) = 0. Now by the

maximum principle we have sup
|w|=a

u(w) = sup
|w|≤a

u(w) = 0. Since u ≥ 0 on C, then

u = 0, on the open disc D(0, a). It follows that ψ(x) = 0, for each x ∈] − a, a[,
where ψ is the polynomial on R, defined by, ψ(x) = xk − ck−1x

k−1 − · · · − c0, for
x ∈ R. Therefore the polynomial ψ satisfies ψ = 0, on R. This is a contradiction.
Therefore a = 0. ψ(0) = 0 implies that c0 = 0. If k = 1, the proof is finished.
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Now suppose that k ≥ 2. It follows that ψ(x) = x(xk−1 − ck−1x
k−2 − · · · − c1),

for each x ∈ R. Put ψ1(x) = xk−1 − ck−1x
k−2 − · · · − c1, for every x ∈ R. ψ1 is

a polynomial on R and we have u(w) = u(|w|) = |w|ψ1(|w|) = ψ(|w|). Now we
consider the polynomial ψ1 in the above state and we prove that ψ1(0) = 0 and
ψ1 does not have a zero b ∈ R, where b > 0. Therefore c1 = 0. Consequently,
c0 = c1 = · · · = ck−1 = 0. ✷

Moreover, we have

Theorem 4.10. Let ϕ0, . . . , ϕk−1 : D → C be k functions, D is a domain
of Cn, n ≥ 1 and k ≥ 1. Let

u(z, w) = ||w|k − |ϕk−1(z)||w|k−1 − · · · − |ϕ1(z)||w| − |ϕ0(z)||, (z, w) ∈ D × C.

Suppose that u is psh on D × C. Then ϕk−1 = · · · = ϕ0 = 0 on D.

P r o o f. Obvious by the above two lemmas. ✷

Remark 4.10. For an infinite sequence of holomorphic functions, the
above theorem is false.

Example. Let v(z, w) =

∣

∣

∣

∣

∣

∣

∑

j≥0

− |ez ||w|j
j!

∣

∣

∣

∣

∣

∣

= |ez|e|w| = ex+|w|, (z, w) ∈ C
2,

x = Re(z). The function v is psh on C
2. But ϕj 6= 0, for each j ∈ N, where

ϕj(z) = ez for every z ∈ C and j ∈ N.

5. Absolute values and strictly plurisubharmonic functions.

We have

Theorem 5.1. Let g1, . . . , gN : D → C be N holomorphic functions, D
is a domain of Cn, n,N ≥ 1. Put

u(z, w) = |w−|g1(z)|2|2+ · · ·+ |w−|gN (z)|2|2+ |w− g1(z)|2 + · · ·+ |w− gN (z)|2,

for (z, w) ∈ D × C. Then u is not strictly psh in D × C.

P r o o f. Without loss of generality suppose that n = 1. Note that u is a
function of class C∞ on C

2. Assume that u is strictly psh on C
2. Let (z, w) ∈ C

2.
We have

∂2u

∂z∂z
(z, w) = 4|g′1(z)|2|g1(z)|2 + · · · + 4|g′N (z)|2|gN (z)|2 − (|g′1(z)|2 + · · ·

+|g′N (z)|2)(w + w) + |g′1(z)|2 + · · ·+ |g′N (z)|2.
∂2u

∂z∂w
(z, w) = −g′1(z)g1(z)− · · · − g′N (z)gN (z)− g′1(z)− · · · − g′N (z)
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∂2u

∂w∂w
(z, w) = 2N.

Since u is strictly psh on C
2, then by Lemma 4.1,

| ∂
2u

∂z∂w
(z, w)|2 < ∂2u

∂z∂z
(z, w)

∂2u

∂w∂w
(z, w)

for each (z, w) ∈ C
2. Therefore the function ψ is bounded below on R, (for every

z fixed in C), where ψ(x) = −2(|g′1(z)|2 + · · · + |g′N (z)|2)x, for x ∈ R. It follows
that (|g′1(z)|2 + · · · + |g′N (z)|2) = 0, for any z ∈ C.
Consequently, g′1 = · · · = g′N = 0 on C. A contradiction.

In fact we have proved that if there exists j ∈ {1, . . . , N} such that gj is
nonconstant, then u is not psh on C

2. ✷
In the sequel, we prove now

Theorem 5.2. Let f, g : D → C, D is a domain of C
n, n ≥ 1. Put

u(z, w) = |w2 + wf(z) + g(z)|, for (z, w) ∈ D × C. The following conditions are
equivalent

(I) u is strictly psh on D × C;

(II) g =
f2

4
on D, n = 1, f is harmonic on D and

∂f

∂z
(z) 6= 0, for each

z ∈ D.

P r o o f. (I) implies (II). Fix z ∈ D. Then the function u(z, .) is strictly

sh on C. Now let v(w) = |w2 + aw + b| = |(w +
a

2
)2 − a2

4
+ b| for w ∈ C, where

a, b ∈ C. Recall that v is strictly sh on C if and only if b =
a2

4
. It follows that

g =
f2

4
on D. Therefore, u(z, w) = |w+

f(z)

2
|2. Since u is strictly psh on D×C,

then u is psh on D ×C.
By [1], f is prh on D. Let now z0 ∈ D and R > 0, such that B(z0, R) ⊂ D. Write
now f = f1 + f2, on B(z0, R), where f1 and f2 are holomorphic functions on
B(z0, R). Now since u is a function of class C∞ and strictly psh on B(z0, R)×C,
the hermitian Levi form of u denoted by L(u)(z, w)(α, β) satisfies

L(u)(z, w)(α, β) = |β +
1

2

n
∑

j=1

∂f1
∂zj

(z)αj |2 +

∣

∣

∣

∣

∣

∣

1

2

n
∑

j=1

∂f2
∂zj

(z)αj

∣

∣

∣

∣

∣

∣

2

> 0

for each (z, w) ∈ B(z0, R)×C, and (α, β) = (α1, . . . , αn, β) ∈ C
n×C\{0}. There-

fore L(u)(z, w)(α, β) = 0, implies that

n
∑

j=1

∂f1
∂zj

(z)αj = −2β and

n
∑

j=1

∂f2
∂zj

(z)αj = 0.
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It follows that the condition

n
∑

j=1

∂f2
∂zj

(z)αj = 0 implies that α1 = · · · = αn = 0.

Therefore, the family

{

∂f2
∂z1

(z), . . . ,
∂f2
∂zn

(z)

}

is a free family in the complex vec-

tor space C. Then n = 1 and
∂f2
∂z

(z) 6= 0, for each z ∈ D. In particular, g is a

function of class C∞.
(II) implies (I). Obvious. ✷
Now using the below theorem 6.2 for the convexity of prh functions, we

can prove

Theorem 5.3. Let f, g : Cn → C be two functions. Let

u(z, w) = |w2 + f(z)w + g(z)|, for (z, w) ∈ C
n × C.

Assume that u is strictly psh on C
n ×C and |f | is convex on C

n. Then we have

n = 1, g =
f2

4
, f is harmonic on C, f = f1 + f2, where f1, f2 are holomorphic

functions on C, such that f1 and f2 are affine functions and f ′2 6= 0, or f1 is
constant and f2(z) = e(Az+B) − f1(0), for z ∈ C, where A,B ∈ C, A 6= 0.

The question posed now is to study the following problem. Characterize
exactly all the 2N holomorphic functions fj, gj : Cn → C such that uj is a psh

function for each 1 ≤ j ≤ N , N ≥ 2; v =

N
∑

j=1

uj is convex on C
n × C. Where

uj(z, w) = |Ajw
2 + fj(z)w + gj(z)|, Aj ∈ C\{0}, j = 1, . . . , N , (z, w) ∈ C

n × C.
As application of Section 4, recall that if we put

u(z, w) = |w − ϕ1(z)|N1 |w − ϕ2(z)|N2 , for (z, w) ∈ D × C,

where N1, N2 ∈ N\{0}, D is a domain of Cn, ϕ1, ϕ2 : D → C be two holomorphic
functions. u is psh on D × C if and only if we have the following two possible
cases.

Case 1. N1 = N2. Then ϕ1 = ϕ2, or (ϕ1 + ϕ2) is constant on D.
Case 2. N1 6= N2. Therefore, ϕ1 and ϕ2 are constant functions, or

ϕ1 = ϕ2 on D. Now let ϕ1, ϕ2, ϕ3, ϕ4 : Cn → C be holomorphic functions. Put
v = (v1 + v2), where

v1(z, w) = |w − ϕ1(z)| |w − ϕ2(z)|, v2(z, w) = |w − ϕ3(z)| |w − ϕ4(z)|,

for (z, w) ∈ C
n ×C. Note that we can study the problem of the characterization

of ϕ1, ϕ2, ϕ3, ϕ4 such that v1 and v2 are psh functions and v is convex on C
n×C.
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We have

Theorem 5.4. Let k, s, t ∈ N\{0, 1}. Let f0, . . . , fk−1, g0, . . . , gs−1,
ϕ0, . . . , ϕt−1 : Cn → C be holomorphic functions. Define u = u1u2u3, where

u1(z, w) =
∣

∣

∣wk + fk−1(z)w
k−1 + · · ·+ f0(z)

∣

∣

∣ ,

u2(z, w) =
∣

∣ws + gs−1(z)w
s−1 + · · · + g0(z)

∣

∣ ,

u3(z, w) = wt +
∣

∣ϕt−1(z)w
t−1 + · · ·+ ϕ0(z)

∣

∣ ,

for (z, w) ∈ C
n × C. Assume that u1, u2 and u3 are convex functions and u is

psh on C
n × C.

Then we have

u1(z, w) =

∣

∣

∣

∣

w − fk−1(z)

k

∣

∣

∣

∣

k

, u2(z, w) =

∣

∣

∣

∣

w − gs−1(z)

s

∣

∣

∣

∣

s

, u3(z, w) =

∣

∣

∣

∣

w − ϕt−1(z)

t

∣

∣

∣

∣

t

,

for each (z, w) ∈ C
n×C. u is psh on C

n×C if and only if we have the following
two cases.

Case 1. t = s = k. Then (fk−1+gk−1+ϕk−1) and (fk−1gk−1+fk−1ϕk−1+
gk−1ϕk−1) are constant on C

n, or (fk−1 + gk−1 + ϕk−1) is non constant and
fk−1 = gk−1 = ϕk−1 on C

n.
Case 2. k 6= s, or k 6= t, or s 6= t. Then fk−1, gs−1 and ϕt−1 are constant

functions, or fk−1 = gs−1 = ϕt−1 on C
n.

P r o o f. We can see section 4 and the paper [2]. ✷

6. The analysis of holomorphic and convex functions in one

and several complex variables. There exist a fundamental relation between
holomorphic functions, partial differential equations and the convexity property.
Exactly we have the technical result.

Theorem 6.1. Let g : C → C be analytic nonconstant and c ∈ C. Put
v(z, w) = |g(w− z) + c|, for (z, w) ∈ C

2. The following conditions are equivalent
(a1) The function |g + c| is convex on C;
(a2) There exists γ ∈ C such that g′′(g + c) = γ(g′)2 on C;

(a3) There exists γ ∈ S =

{

0,
s− 1

s
, 1/s ∈ N{0, 1}

}

such that

g′′(g + c) = γ(g′)2 on D, where D is a not empty domain subset of C;
(a4) v is psh on C

2;
(a5) There exists an harmonic not analytic function ϕ : C → C such that u

is psh on C
2, where u(z, w) = |g(w − ϕ(z)) + c|, for (z, w) ∈ C

2;
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(a6) There exists an harmonic nonconstant function ψ : C → R such that
u1 is psh on C

2, where u1(z, w) = |g(w − ψ(z)) + c|, for (z, w) ∈ C
2.

For a proof of this theorem, we can see [2]. Note that we can find exactly
g by each of its analytic expression (also we can see [2]).

6.1. Some technical problems. We have






h : Cn → C be nonconstant
u(z, w) = |w − h(z)| is psh on C

n ×C;
v(z, w) = |h(w − z)| is psh on C

n × C

this is the first technical problem.
The second problem is now







h : Cn → C be nonconstant
u(z, w) = |w − h(z)| is strictly psh on C

n × C;
v(z, w) = |h(w − z)| is psh on C

n × C.

Now we begin this study by one of the following technical result between real and
complex convexity.

Theorem 6.2. Let g1, g2 : Cn → C be two analytic functions. Suppose
that u = |g1 + g2| is convex on C

n.
Then we have an only one assertion of the following conditions

(I) g1 and g2 are nonconstant functions. Then g1 and g2 are affine functions
on C

n.

(II) g2 is constant on C
n. Then |g1 + g2(0)| is convex on C

n. Note that in this
case (g1 + g2(0)) is a holomorphic function and we can find exactly g1 by
its expression by [2], (see also [3]).

(III) g1 is constant on C
n. Then |g2 + g1(0)| is convex on C

n.

P r o o f. Let T1(z) = z, T2(z) = z, for z ∈ C
n. Then T1 and T2 are two

R− linear transformations on C
n. The family {T1, T2} is in fact C− linearly free

on C
n, when we consider C

n a complex vector space of dimension n. Note that
g1(z) depend only in the variable z. g2(z) depend only in the variable z. For
each α, β ∈ C, the condition |αg1(z) + βg2(z)| = 0, (for every z ∈ C

n), implies
that α = β = 0, if g1 and g2 are nonconstant functions. Then the condition u is
convex on C

n implies that the new function, defined by v(z, w) = |g1(z) + g2(w)|
for (z, w) ∈ C

n × C
n, satisfies v is convex on C

n × C
n. Therefore we have the

following cases.
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Case 1. g2 is constant on C
n. Then |g1 + g2(0)| is convex on C

n. Since
(g1 + g2(0)) is a holomorphic function on C

n, then by [2], (see also [3]), we have
the following two states. g1(z) = (< z/a1 > +b1)

m − g2(0), where a1 ∈ C
n,

b1 ∈ C, m ∈ N, for each z ∈ C
n, or g1(z) = e(<z/c1>+d1) − g2(0), where c1 ∈ C

n

and d1 ∈ C, for every z ∈ C
n.

Case 2. g1 is constant on C
n. The conclusion is now by the case 1.

Case 3. g1 and g2 are nonconstant functions on C
n. Let α, β ∈ C, (α 6= β),

{α, β} ⊂ g2(C). Since v is convex on C
n × C

n, then the functions |g1 + α| and
|g1 + β| are convex on C

n. By [2], we conclude that g1 is affine on C
n. It follows

that g2 is affine on C
n. The proof is now complete. ✷

Several applications of this theorem can be obtained in complex analy-
sis, convex analysis, representation theory, harmonic analysis in several complex
variables and holomorphic partial differential equations.

Remark 6.1. (I) Let h1, h2 : Cn → C be two pluriharmonic functions.
Let u(z) = |h1(z) + h2(z)| and v(z, w) = |h1(z) + h2(w)|, for (z, w) ∈ C

n × C
n.

Assume that u is convex on C
n. Then we can not conclude that v is convex on

C
n × C

n, because h1(z) and h2(z) depend of the two variables z and z.

Example. Let h1(z) = (z + 1)2, h2(z) = (z + 1)2, for z ∈ C. Put
u1(z) = |h1(z) + h2(z)|, u2(z, w) = |h1(z) + h2(w)|, (z, w) ∈ C

2. We have h1 and
h2 are harmonic functions on C. The function u1 is convex on C. But v is not
convex on C

2.

(II) Let f1(z) = 4x2 + 2x, f2(z) = −2x, z = (x + iy) ∈ C, x = Re(z),
w ∈ C. We have u1(z) = |f1(z) + f2(z)|2 = 16x4. Then u1 is convex on
C. But u2(z, w) = |f1(z) + f2(w)|, satisfies u2 is not convex on C

2. In fact
f1(z) = (f(z)+f(z))2+(f(z)+f(z)), f2(z) = −2x = −Re(f(z)), where f(z) = z.
Note that f is holomorphic on C. In fact f(z) is independent of z. We have for
example, f1(z) does not depend only in the variable z, f2 does not depend only
in the variable z, but f1 and f2 are linearly independent on C.

Now by the following proposition and the paper [4], we obtain an answer
of the problem of the characterization of all real valued pluriharmonic functions
k1, k2 : C

n → R such that ψ is psh on C
n × C

n, where ψ(z, w) = [(k1(w − z))2 +
(k2(w − z))2], for (z, w) ∈ C

n ×C
n.

Proposition 6.1. Let h1, h2 : Cn → R be two pluriharmonic (prh) func-
tions. Put u = h21+h

2
2. Assume that u is convex on C

n. Then we can find exactly
all the functions h1 and h2 by their analytic expressions.

P r o o f. Observe that u = |h1+ih2|2 on C
n. Now since h1 and h2 are prh

functions on C
n, then there exists two holomorphic functions g1, g2 on C

n, such
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that h1 = (g1 + g1) and h2 = (g2 + g2). Therefore u = |g1 + g1 + i(g2 + g2)|2 =
|g1 + ig2 + (g1 − ig2)|2 on C

n. Now note that (g1 + ig2) and (g1 − ig2) are
holomorphic functions on C

n. By Theorem 6.2, we have the following three
states.

State 1. (g1 + ig2) is affine nonconstant on C
n. In this case (g1 − ig2) is

an affine function. Consequently, we can find g1 and g2 by their expressions.

State 2. (g1 + ig2) is not an affine function on C
n. In this case (g1 − ig2)

is a constant function. Then |g1 + ig2 + (g1 − ig2)(0)|2 is a convex function on
C
n. Therefore, we can find g1 and g2 by their expressions.

State 3. (g1+ig2) is constant on C
n. In this case |(g1−ig2)+(g1 + ig2)(0)|2

is a convex function. Therefore, we can find g1 and g2 by their expressions. ✷

But in general if the number of real valued prh functions is N ≥ 3, the
problem remains open.

Corollary 6.1. Let g1, g2 : Cn → C be two holomorphic functions. As-
sume that for each α = (α1, . . . , αn) ∈ C

n, we have the inequality,

∣

∣

∣

∣

∣

∣

n
∑

j,k=1

∂2g1
∂zj∂zk

αjαk(g2 + g1) +
n
∑

j,k=1

∂2g2
∂zj∂zk

αjαk(g1 + g2) + 2
n
∑

j,k=1

∂g1
∂zj

∂g2
∂zk

αjαk

∣

∣

∣

∣

∣

∣

≤

∣

∣

∣

∣

∣

∣

n
∑

j=1

∂g1
∂zj

αj

∣

∣

∣

∣

∣

∣

2

+

∣

∣

∣

∣

∣

∣

n
∑

j=1

∂g2
∂zj

αj

∣

∣

∣

∣

∣

∣

2

on C
n.

Then we have the following three states.

State 1. g2 is constant and

{

g1(z) = (< z/a1 > +b1)
m1 − g2(0), or

g1(z) = e(<z/c1>+d1) − g2(0)

for each z ∈ C
n, where a1, c1 ∈ C

n, b1, d1 ∈ C,m1 ∈ N.

State 2. g1 is constant and

{

g2(z) = (< z/a2 > +b2)
m2 − g1(0), or

g2(z) = e(<z/c2>+d2) − g1(0)

for each z ∈ C
n, where a2, c2 ∈ C

n, b2, d2 ∈ C,m2 ∈ N.

State 3. g1 and g2 are affine functions on C
n.
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Theorem 6.3. Let h1, h2 : C
n → C be two pluriharmonic functions.

h1 = f1 + g1, h2 = f2 + g2, where f1, g1, f2, g2 are holomorphic functions on C
n.

Assume that |h1 + h2| is convex on C
n. Then we have only the following three

cases.

Case 1. (f1 + f2) and (g1 + g2) are affine functions on C
n.

Case 2. (g1 + g2) is constant on C
n and |f1 + f2 + g1(0) + g2(0)| is a

convex function on C
n.

Case 3. (f1 + f2) is constant on C
n and |g1 + g2 + f1(0) + f2(0)| is a

convex function on C
n.

P r o o f. Obvious by Theorem 6.2. ✷

Observe that if k : Cn → C be prh, the condition |k| is convex on C
n,

implies that k is affine, or k is holomorphic, or k is holomorphic on C
n. Now we

can prove that the complex structure is important in the richness of the above
results.

Example. For h : Cn → C be harmonic such that |h| is convex on C
n,

n ≥ 2. We can not conclude that h is in the above form. Put h1(z) = (z1 + z2)
2,

z = (z1, z2) ∈ C
2. h1 is 2− harmonic and |h1| is convex on C

2. But h1 is not
affine, h1 is not holomorphic and h1 is not holomorphic in C

2.
Indeed, let k(z) = x1 + i(|z1|2 − |z2|2), z = (z1, z2) ∈ C

2, x1 = Re(z1). k is
harmonic on C

2. |ek| is convex on C
2. But k is not prh on C

2.

Recall also that we have the following.

Let k1 : Cn → C be harmonic, n ≥ 2. Let T = (T1 + iT2) : C
n → C

n be
R linear and bijective. Assume that T1 and T2 have real values. If T1(k1) and
T2(k1) are psh functions. Then h is prh on C

n.

Remark 6.2. Let h1(z1, . . . , zn) = e((z1)
2+···+(zn)2), h2(z1, . . . , zn) = (z1)

2,
h3(z1, . . . , zn) = (z1 + · · ·+ zn), (z1, . . . , zn) ∈ C

n, n ≥ 1. h1, h2 and h3 are pluri-
harmonic functions on C

n. We have

{a ∈ C / |h1 + a| is a convex function on C
n} = ∅.

{a ∈ C / |h2 + a| is a convex function on C
n} = {0}.

{a ∈ C / |h3 + a| is a convex function on C
n} = C.

The originality and richness of the above characterization and the complex
structure gives the following technical theorem.

Theorem 6.4. Let k : Cn → C be a pluriharmonic function. Then

{a ∈ C / |k + a| is a convex function on C
n} = ∅, or {α}, or C,

where α ∈ C.
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P r o o f. Case 1. |k| is convex on C
n. If k is affine. Then

{a ∈ C / |k + a| is a convex function on C
n} = C.

Now suppose that k is not affine.
Then k is holomorphic or k is holomorphic on C

n, by Theorem 6.2. By [2], we
deduce that,

{a ∈ C / |k + a| is a convex function on C
n} = ∅ or {α},

where α ∈ C.
Case 2. |k| is not convex on C

n. If there exists b ∈ C
n, such that |k + b|

is convex on C
n. We use the case 1 to obtain

{a ∈ C / |k + a| is a convex function on C
n} = {b}.

If for all ξ ∈ C, the function |k + ξ| is not convex on C
n. Then

{a ∈ C / |k + a| is a convex function on C
n} = ∅.

The proof is now complete. ✷
Observe that this theorem extends some results of [2] concerning holo-

morphic functions.

Corollary 6.2. Let g : Cn → C be pluriharmonic and a, b ∈ C, (a 6= b).
Assume that |g + a| and |g + b| are convex functions on C

n. Then g is affine on
C
n.

Remark 6.3. We give some simple examples of smooth functions with
various behavior.

(I) Let h(z) = z2, z ∈ C. h is harmonic on C. We have, for each ǫ > 0,
for every α ∈ D(0, ǫ), the function |h + α|2 is convex on C\D(0, ǫ), but h is not
affine on C. Therefore, for all domains U of C, such that C\U have not empty
interior, there exists an harmonic and not affine function k : C → C, satisfying
|k + δj |2 is convex on C\U , for each j ∈ {1, 2}, where δ1, δ2 ∈ C, (δ1 6= δ2). This
proves that in the above corollary, all the subset Cn is very important, for each
n ≥ 1.

(II) Let h1, h2 : Cn → R be prh. Assume that (|h1|2 + |h2|2) = (h21 + h22)
and ((h1 +1)2 + (h2)

2) are convex functions on C
n. Then h = (h1 + ih2) is affine

on C
n. Consequently, h1 and h2 are affine functions. But if k1, k2 : Cn → C

be two prh functions satisfying (|k1|2 + |k2|2) and (|k1 + 1|2 + |k2|2) are convex
functions on C

n. We can not deduce that k1 and k2 are affine on C
n.
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Example. Let k1(z) = z2 − 1, k2(z) = 2z, for z ∈ C. k1 and k2 are
harmonic functions on C. We have (|k1|2 + |k2|2) and (|k1 + 1|2 + |k2|2) are
convex functions on C. Moreover, (|k1 +α|2 + |k2 + β|2) is convex on C, for each
(α, β) ∈ D(1, 1) × C. But k1 and k2 are not affine functions on C.

Question. Let h : Cn → C be harmonic, n ≥ 2 and α, β ∈ C, α 6= β.
Assume that |h+ α| and |h+ β| are convex functions on C

n. Is it true that h is
affine on C

n?

6.2. Applications in pluripotential theory. We have

Theorem 6.5. Let g, ϕ : Cn → C be 2 analytic functions, n ≥ 1. Denote
by v(z, w) = |g(w − z) + ϕ(w − z)|2, (z, w) ∈ C

n × C
n. We have

(I) v is strictly psh on C
n×C

n if and only if n = 1, g and ϕ are affine functions

on C and 2|∂g
∂z

(z)
∂ϕ

∂z
(z)| < |∂g

∂z
(z)|2 + |∂ϕ

∂z
(z)|2, for each z ∈ C.

(II) Suppose that

(a) g is not an affine function, and

(b) ϕ is nonconstant on C
n.

Then v is not psh on C
n ×C

n.

P r o o f. Obvious by Theorem 4.6 and Theorem 6.2. ✷

In the sequel, this theorem gives an important family of functions u psh
and strictly n− subharmonic on C

n, but v is not psh on C
n × C

n. Where
u(z) = |g(z) + ϕ(z)|2, v(z, w) = u(w − z) for (z, w) ∈ C

n × C
n, g, ϕ : Cn → C be

two holomorphic functions; g is not affine and ϕ is nonconstant. Although, using
Theorem 6.2, we can characterize all the holomorphic functions g1, f1, . . . , gN , fN :
C
n → C, such that u1, . . . , uN are convex functions on C

n and u is strictly psh
on C

n. Where uj = |gj + fj|2s, u = (u1 + · · ·+ uN ), N, s ∈ N\{0}.
Question. Let N, s ∈ N\{0, 1}. Find all the pluriharmonic functions

h1, . . . , hN , k1, . . . , ks : C
n → C, such that u = (u1+u2) is psh on C

n×C. Where

u1(z, w) = |wN + hN−1(z)w
N−1 + · · ·+ h1(z)w + h0(z)| and

u2(z, w) = |ws + ks−1(z)w
s−1 + · · ·+ k1(z)w + k0(z)|, for (z, w) ∈ C

n × C.
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7. Holomorphic partial differential equations and the con-
vexity of the modulus of a special class of pluriharmonic functions

in several complex variables. We have

Theorem 7.1. Let β, γ ∈ C. Consider g1, g2 : C → C be two holomorphic
functions. Put h = (g1 + g2).
Suppose that h is nonconstant and



















∂2h

∂z2
h = γ

(

∂h

∂z

)2

and

∂2h

∂z2
h = β

(

∂h

∂z

)2

on C.
Then |g1 + g2(0)| and |g2 + g1(0)| are convex functions on C, β or γ ∈ S,

where S =

{

s− 1

s
, 1 / s ∈ N\{0}

}

.

P r o o f. If h is affine on C. Since h is nonconstant, then by [2], β or
γ ∈ S. In fact, if g1 and g2 are nonconstant functions, then β = γ = 0 ∈ S.
Assume now h is not affine in all the rest of this proof.

Case 1.
∂h

∂z
= g′1 6= 0, on C. Therefore, the differential equation

∂2h

∂z2
h = γ

(

∂h

∂z

)2

implies that

g′′1 (z)(g1(z) + g2(z)) = γ(g′1(z))
2,

for each z ∈ C. We prove that g′′1 6= 0. Assume that g′′1 = 0 on C. Then g1

is affine nonconstant. By the differential equation
∂2h

∂z2
h = β

(

∂h

∂z

)2

, we obtain

g′′2 (g1 + g2) = β(g′2)
2 on C. If now g′′2 6= 0, then g1 is holomorphic on C. Since

now g1 is holomorphic on C, it follows that g1 is constant on C. A contradiction.
Then g′′2 = 0 on C. Therefore h is affine on C. A contradiction.

Consequently, g′′1 6= 0 on C. Then g2 is a holomorphic function on C.
Thus g2 is constant. By [2], (see also [3]), since g2 is constant, we conclude that

γ ∈ S, where exactly S =

{

s− 1

s
, 1 / s ∈ N\{0}

}

. In this case |g1 + g2(0)| is
convex on C.

Case 2.
∂h

∂z
= g′2 6= 0, on C. This case is obvious by the above situation.

We prove that β ∈ S and |g2 + g1(0)| is convex on C. ✷
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Theorem 7.2. Let β, γ ∈ C. Given h : C → C be harmonic and not
affine. Suppose that



















∂2h

∂z2
h = γ

(

∂h

∂z

)2

and

∂2h

∂z2
h = β

(

∂h

∂z

)2

on C. Then

h(ξ) =























(a1ξ + b1)
m1 , or

(a2ξ + b2)
m2 , or

eα1ξ+β1, or

eα2ξ+β2

and β or γ ∈ S =

{

0,
s− 1

s
, 1/s ∈ N\{0, 1}

}

, for each ξ ∈ C, where a1, b1, a2, b2,

α1, β1, α2, β2 ∈ C, (a1a2α1α2 6= 0), m1,m2 ∈ N\{0, 1}.
Corollary 7.1. Let γ, β ∈ C. The problem







































h : C → C be not affine

u(z, w) = |w − h(z)| is psh on C
2;

∂2h

∂z2
h = β

(

∂h

∂z

)2

, and

∂2h

∂z2
h = γ

(

∂h

∂z

)2

on C

have only one the solution described in the above theorem.
This problem is in fact equivalent with the following problem











h : C → C be not affine

u(z, w) = |w − h(z)| is psh on C
2; and

v(z, w) = |h(w − z)| is psh on C
2

which is a technical result in complex analysis.

Let n ≥ 1. Recall that, the problem











g : Cn → C be nonconstant

u1(z, w) = log |w − g(z)| is psh on C
n × C, and

v1(z, ζ) = |g(ζ − z)| is psh on C
n × C

n
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is equivalent to the problem
{

g : Cn → C be analytic nonconstant, and
|g| is convex on C

n.

But this is equivalent to the problem














g : Cn → C be analytic nonconstant, and
∣

∣

∣

∣

∣

∣

n
∑

j,k=1

∂2g

∂zj∂zk
(z)g(z)αjαk

∣

∣

∣

∣

∣

∣

≤

∣

∣

∣

∣

∣

∣

n
∑

j=1

∂g

∂zj
(z)αj

∣

∣

∣

∣

∣

∣

2

,

∀z ∈ C
n,∀α = (α1, . . . , αn) ∈ C

n.
Suppose that n = 1. Then we can solve the system

{

g : C → C be holomorphic nonconstant; and

g′′(g + c) = γ(g′)2 on C,

((c, γ) ∈ C
2, γ is to describe exactly). In this case we solve the holomorphic

differential equation g′′(g + c) = γ(g′)2, g is nonconstant. From the paper Abidi

[2], we have exactly γ ∈ S =

{

0,
s− 1

s
, 1 / s ∈ N\{0, 1}

}

. Using this technical

holomorphic differential equation, in fact we can solve several holomorphic (or
antiholomorphic) partial differential equations in C

N , (N ≥ 1).
Example. (I) Let (a, b) ∈ C

2. Find all the holomorphic functions
g : C → C such that u is psh on C

2, where

u(z, w) = |g(w + z) + ag′(w + z) + bg′′(w + z)|, for (z, w) ∈ C
2.

(II) Find all the analytic functions g : C → C such that g(4)(g′′ + c) =
γ(g(3))2, where c ∈ C and (γ ∈ C is to describe exactly). Prove that |g(3)| is
convex on C.

(III) Let N ∈ N\{0} and (A0, . . . , AN ) ∈ C
N+1. Find all the holomorphic

functions k : C → C such that ϕ is psh on C
2, here

ϕ(z, w) = |ANk
(N)(w + z) + · · ·+A0k(w + z)|, for (z, w) ∈ C

2.

Remark 7.1. Let n ≥ 2 and γj, βj ∈ C, for 1 ≤ j ≤ n. The problem


































h : Cn → C be nonconstant
u(z, w) = |w − h(z)| is psh on C

n ×C;

∂2h

∂z2j
h = γj

(

∂h

∂zj

)2

, and

∂2h

∂z2j
h = βj

(

∂h

∂zj

)2

on C
n
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does not imply that |h|2 is convex on C
n. We can consider h(z) = z1z2, for

z = (z1, z2) ∈ C
2. Therefore for the above system, it follows to add another

condition for the study of the real convexity.

8. The comparison between real and complex convexity. We
begin this study by the following.

Lemma 8.1. Let s ∈ R+\{0} and D a convex domain of Cn, n ≥ 1.

(a) Suppose that there exist a nonconstant function f1 : D → C such
that u1 and u2 are psh on D × C,where u1(z, w) = |w + f1(z)|s and u2(z, w) =
|w + f1(z)|s, for (z, w) ∈ D ×C. Then s ≥ 1.

(b) Suppose that the condition u(z, w) = |w + f(z)|s is psh on D × C

implies that v(z, w) = |w+ f(z)|s is psh on D×C ( for all functions f : D → C ).
Then s ≥ 1.

(c) Let s ∈]0, 1[. Denote by v1(z, w) = |w+ f(z)|s, v2(z, w) = |w+ f(z)|s,
(z, w) ∈ D × C. In general v1 is psh on D × C does not imply that the function
v2 is psh on D ×C (for each f : D → C), (and conversely).

We have now the following technical tool comparison.

Proposition 8.1. Let α ∈ R+ and D a convex domain of Cn, n ≥ 1.
Given f : D → C be a function. Let u(z, w) = |w + f(z)|α and v(z, w) =
|w + f(z)|α, for (z, w) ∈ D × C. We have

(a) u is convex on D×C if and only if v is convex on D×C. In this case
we have α ≥ 1.

(b) Let s ∈]0, 1[. Put g(z) = z, u1(z, w) = |w + z|s, v1(z, w) = |w + z|s,
(z, w) ∈ C

2. Then u1 is psh on C
2. But v1 is not psh on C

2.

(c) u is strictly psh on D × C if and only if n = 1, α = 2, f is harmonic

on D and

∣

∣

∣

∣

∂f

∂z

∣

∣

∣

∣

> 0 on D. In this case v is not in general strictly psh on D×C.

Therefore the condition u is strictly psh on D × C does not implies that the
function v is strictly psh on D×C. But u is convex on D×C if and only if v is
convex on D × C.

P r o o f. We can see [1], [2] and [4]. ✷

In the theory of holomorphic and convex functions, we have

Theorem 8.1. For each k ∈ N, let fk : Cn → C be analytic, where n ≥ 1.
Put

u(z, w) = ee
(|∑k≥0 fk(z)wk|)

,
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for each (z, w) ∈ C
n × C. Then we have

(I) Suppose that for each k0 ∈ N, ∃N ≥ k0, such that fN 6= 0. Then u is convex
on C

n × C if and only if

fk(z) =
bk

k!
e(〈z/a〉+c)

for all z ∈ C
n, where a ∈ C

n and b, c ∈ C.

(II) Let

v(z, w) =

∣

∣

∣

∣

∣

∣

∑

k≥1

fk(z)w
k + f0(z)

∣

∣

∣

∣

∣

∣

,

for every (z, w) ∈ C
n×C. Then there exists several cases where v is convex

on C
n × C.

P r o o f. (I). Obvious by [2].

(II). Case 1. f0 is constant on C
n. Put g0 = f0 and gk = fk, for each

k ≥ 1. Let
∑

k≥0

gk(z)w
k = F (z, w) and v = |F |, where F : C

n × C → C is

holomorphic. Since v is convex on C
n × C, then by [2], we have two possible

states.

State 1. There exists N ≥ 0, such that gk = 0, for each k ≥ N + 1. If
gk = 0, for each k ∈ N. The proof is finished. Suppose that gN 6= 0. Then

F (z, w) =

N
∑

k=0

gk(z)w
k, for each (z, w) ∈ C

n × C. Since |F | is convex on C
n ×

C, then F (z, w) = (a1z1 + · · · + anzn + bw + c)N , where a1, . . . , an, b, c ∈ C.
Put (a1, . . . , an) = a ∈ C

n. Note that we can calculate f0, f1, . . . , fN by their
expressions.

State 2. For each k0 ∈ N, there exists k1 ≥ k0, gk1 6= 0. In this case, by
Abidi [2], F (z, w) = e(<z/a>+bw+c), a ∈ C

n, b, c ∈ C. Since F (z, 0) = f0(z), then
fk are constant functions and we can calculate fk, for each k ∈ N.

Case 2. f0 is nonconstant on C
n. Define F1(z, w) =

∑

k≥1

fk(z)w
k, F0(z, w) =

f0(z), (z, w) ∈ C
n × C. F1 and F0 are holomorphic functions on C

n × C.
v = |F1 + F0|, on C

n × C. Since F1 is holomorphic in (z, w), then F1(z, w)
is independent of (z, w). If F1(z, w) = 0, for each (z, w) ∈ C

n × C. This case is
obvious.
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Now assume that F1 6= 0. Since F0 is holomorphic, then F0(z, w) is
independent of the variable (z, w). Now since the variables (z, w) and (z, w) are
C− linearly independent and the condition

|αF1(z, w) + βF0(z, w)| = 0,

for each (z, w) ∈ C
n × C, where (α, β) ∈ C

2, implies that α = β = 0. It follows
that the function v1, defined by

v1(z, w, ξ, ζ) = |F1(z, w) + F0(ξ, ζ)|,

is convex on (Cn×C)×(Cn×C). Therefore ϕ is a convex function on C
n×C×C

n,
where
ϕ(z, w, ξ) = |

∑

k≥1

fk(z)w
k + f0(ξ)|. Now, put ψ(ξ) = f0(ξ), for ξ ∈ C

n. Then ψ is

a holomorphic function on C
n and we have the following two states.

State 1. ψ is affine on C
n. Since F1 6= 0, then F1 is nonconstant on

C
n × C. Consequently, F1 is affine on C

n × C. F1(z, w) = f1(z)w, for each
(z, w) ∈ C

n × C. The condition F1 is affine implies that f1 is constant on C
n.

Therefore the function, defined by

∑

k≥1

fk(z)w
k + f0(z) = (Aw + f0(z))

is affine on C
n × C, where A = f1(z) ∈ C\{0}.

State 2. ψ is not affine on C
n. Since |F1(z, w) + ψ(ξ)| is convex on

C
n × C× C

n, then F1 is constant and consequently, F1 = 0 on C
n × C.

It follows that f0(ξ) = (< ξ/a > +b)m, where a ∈ C
n\{0}, b ∈ C and

m ∈ N\{0}. ✷

9. On convex and plurisubharmonic or subharmonic func-

tions. In this section we study many technical investigations between subhar-
monic, plurisubharmonic and convex functions on C

n, n ≥ 1.
We begin this section by

Remark 9.1. Let u : Cn → R be a function. Put v1(z, w) = u(w + z)
and v(α,β)(z) = u(〈z/α1〉 + 〈β1/z〉, . . . , < z/αn > +〈βn/z〉), for (z, w), (αj , βj) ∈
C
n ×C

n, j ∈ {1, . . . , n} and α = (α1, . . . , αn), β = (β1, . . . , βn). Suppose that v1
is subharmonic on C

n × C
n. Then we can not conclude that u is convex on C

n.
Example. u0(z) = |z| 14 , for z ∈ C. u0 is continuous and not convex on C.

But v0 is subharmonic on C
2, where v0(z, w) = u0(w+ z), for (z, w) ∈ C

2. But if
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v(α,β) is subharmonic (respectively n-sh) on C
n, for each (α, β) ∈ (Cn)n × (Cn)n,

then u is convex on C
n. If v1 is psh on C

n × C
n, then we can prove that u is

convex on C
n. Note that if for each (α, β) ∈ C

n × C
n, the function v(α,β) is psh

on C
n × C

n. We can prove that u is convex on C
n.

We study in this section several problems like the remark and some related
topics.

Theorem 9.1. Let u : Cn → [−∞,+∞[ be a function. Put

u(α,β)(z, ) = u(〈z/α1〉+ 〈β1/z〉, . . . , 〈z/αn〉+ 〈βn/z〉),

for z ∈ C
n, (α1, . . . , αn) = α ∈ (Cn)n, (β1, . . . , βn) = β ∈ (Cn)n. The following

are equivalents
(I) u(Cn) ⊂ R and u is convex on C

n;
(II) For each α, β ∈ (Cn)n, u(α,β) is psh on C

n;
(III) For every α, β ∈ (Cn)n, u(α,β) is subharmonic (sh) on C

n.

P r o o f. (I) implies (II). u is convex on C
n, then for all α, β ∈ (Cn)n,

u(α,β) is convex on C
n. Therefore u(α,β) is psh on C

n.
(II) implies (I). Suppose that there exists z0 ∈ C

n, such that u(z0) = −∞.
Case 1. n = 1. We prove that there exists α0, β0 ∈ C such that

{z ∈ C / α0z + β0z = z0} is not polar on C.
Step 1. z0 ∈ R. We take α0 = β0 = 1.
Step 2. z0 ∈ iR. We take α0 = −β0 = 1.
Step 3. z0 = (a+ ib), a, b ∈ R, with ab 6= 0.
Put z = x1 + ix2, x1 = Re(z). Let α = (α1 + iα2), β = (β1 + iβ2) ∈ C,

α1 = Re(α), β1 = Re(β). We solve the equation αz + βz = z0. Then
{

α1x1 − α2x2 + β1x1 + β2x2 = a
α2x1 + α1x2 − β1x2 + β2x1 = b.

Note that the system
{

(α1 + β1)x1 + (β2 − α2)x2 = a
(α2 + β2)x1 + (α1 − β1)x2 = b

have an infinite number of solutions if

(α2 + β2)x1 + (α1 − β1)x2 = K[(α1 + β1)x1 + (β2 − α2)x2]

and b = Ka, where K ∈ R.
Therefore,

α2
1 − β21 + α2

2 − β22 = 0.
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Put α1 = β1 = 1. Therefore

{

2x1 + (β2 − α2)x2 = a
(α2 + β2)x1 = b

Take β2 = α2. Then x1 =
a

2
and α2+β2 = 2K. Therefore α2 = β2 = K. Now let

α0 = 1 + iK = β0, where K =
b

a
. It follows that {z ∈ C/ α0z + β0z = z0} = A

is not polar on C, because A = {z ∈ C/ 2x1 = a} = {a
2
+ ix2/ x2 ∈ R}. But

we know that the real line {a
2
+ ix2/ x2 ∈ R} is not polar on C. Consequently,

ψ(z) = u(α0z+β0z) is not sh on C. A contradiction. Consequently, u(z) > −∞,
for every z ∈ C.

State 1. u is a function of class C2 on C. Let α, β ∈ C. Put
v(z) = u(αz + βz), for z ∈ C. v is a function of class C2 on C.

∂2v

∂z∂z
(z) =

∂2u

∂ζ∂ζ
(αz + βz)αα +

∂2u

∂ζ∂ζ
(αz + βz)ββ + 2Re[

∂2u

∂ζ2
(αz + βz)αβ] ≥ 0

for each (α, β) ∈ C
2. Deduce that

∣

∣

∣

∣

∂2u

∂ζ2

∣

∣

∣

∣

≤ ∂2u

∂ζ∂ζ
=

1

4
∆(u)

on C. Consequently, u is convex on C.

State 2. u : C → R be a function. Let ρ : C → R+, ρ is a C∞ radial

function, supp(ρ) ⊂ D(0, 1) and

∫

ρ(ξ)dm2(ξ) = 1. Put ρδ(z) =
1

δ2
ρ(
z

δ
), for

δ > 0 and z ∈ C. Since u is sh on C, then the convolution u ∗ ρδ is also
subharmonic, for every δ > 0. Let α, β ∈ C. Put θ(z) = u(αz + βz), for z ∈ C.
Then θ is subharmonic on C. Therefore for each ξ ∈ C, θ1 is sh on C, where
θ1(z) = u(αz + βz − ξ). Therefore the function θ2, θ2(z) = θ1(z)ρδ(ξ), is also

sh on C. Let ϕ(α,β)(z) =

∫

θ1(z)ρδ(ξ)dm2(ξ), for z ∈ C. Then ϕ(α,β) is a C∞

subharmonic function on C. Note that ϕ(α,β)(z) = u ∗ ρδ(αz + βz), for z ∈ C.

Since u ∗ ρδ(ζ) =

∫

u(ζ − ξ)ρδ(ξ)dm2(ξ), then u ∗ ρδ is a function of class C∞

and decreases to u on C (if δ decreases to 0).

It follows that ψδ = u ∗ ρδ is a convex function on C, for each δ > 0, by
the state 1. Now the sequence (ψ 1

j
)j∈N\{0} decreases to u if j increases to +∞.
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Since u(C) ⊂ R, then u is convex on C. If n = 1, the proof of the theorem is now
finished.

Case 2. n ≥ 2. Let a = (a1, . . . , an) ∈ C
n. If u(a) = −∞, by the case 1,

there exists α0j , β0j ∈ C, such that Aj = {zj ∈ C / α0jzj + β0jzj = aj} is not
polar on C, for each j ∈ {1, . . . , n}. Denote by A = {z = (z1, . . . , zn) ∈ C

n / zj ∈
Aj ,∀j = 1, . . . , n}. We have A = A1 × · · · × An. Then A is not pluripolar in
C
n. Let now ψ(z) = u(〈z/α0〉 + 〈β0/z〉), for z ∈ C

n, where α0 = (α01, . . . , α0n),
β0 = (β01, . . . , β0n) ∈ C

n. ψ is psh on C
n and A ⊂ {z ∈ C

n / ψ(z) = −∞} is not
pluripolar. A contradiction.

Therefore u(a) > −∞ and we have u(Cn) ⊂ R.
State 1. u is a function of class C2 on C

n. Let v = u(α,β), α, β ∈ (Cn)n,
α = (α1, . . . , αn), β = (β1, . . . , βn). v(z) = u(T (z) + τ(z)),

T (z) = (〈z/α1〉, . . . , 〈z/αn〉), τ(z) = (〈z/β1〉, . . . , 〈z/βn〉),
for z = (z1, . . . , zn) ∈ C

n. For δ = (δ1, . . . , δn) ∈ C
n, we have

n
∑

j,k=1

∂2v

∂zj∂zk
(z)δjδk

=2Re





n
∑

s,m=1

∂2u

∂ξs∂ξm
(T (z) + τ (z))





n
∑

j=1

δj
∂Tm
∂zj

(z)



 (
n
∑

k=1

δk
∂τs
∂zk

(z))





+

n
∑

s,m=1

∂2u

∂ξs∂ξm
(T (z) + τ(z))





n
∑

j=1

δj
∂Ts
∂zj

(z)





(

n
∑

k=1

δk
∂Tm
∂zk

(z)

)

+

n
∑

s,m=1

∂2u

∂ξs∂ξm
(T (z) + τ(z))





n
∑

j=1

δj
∂τm
∂zj

(z)





(

n
∑

k=1

δk
∂τs
∂zk

(z)

)

≥ 0.

Let γ = (γ1, . . . , γn) ∈ C
n, where for 1 ≤ m ≤ n,

γm =

n
∑

j=1

δj
∂Tm
∂zj

(z) =

n
∑

k=1

δk
∂τm
∂zk

(z) ∈ C.

Note that
∂Tm
∂zj

(z),
∂τm
∂zk

(z) are independent of z, because T and τ are C− linear

on C
n. Therefore we have

2Re





n
∑

s,m=1

∂2u

∂ξs∂ξm
(T (z) + τ(z))γmγs



+ 2

n
∑

s,m=1

∂2u

∂ξs∂ξm
(T (z) + τ(z))γmγs ≥ 0
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for each γ = (γ1, . . . , γn) ∈ C
n. Let λ ∈ C, |λ| = 1. Then if we replace γ by λγ,

we have

−Re



λ2
n
∑

s,m=1

∂2u

∂ξs∂ξm
(T (z) + τ(z))γmγs



 ≤
n
∑

s,m=1

∂2u

∂ξs∂ξm
(T (z) + τ(z))γmγs

for each λ ∈ ∂D(0, 1). Therefore, by the next lemma we have

∣

∣

∣

∣

∣

∣

n
∑

s,m=1

∂2u

∂ξs∂ξm
(T (z) + τ(z))γmγs

∣

∣

∣

∣

∣

∣

≤
n
∑

s,m=1

∂2u

∂ξs∂ξm
(T (z) + τ(z))γmγs

for each z, γ ∈ C
n. Then u is convex on C

n.

Lemma 9.1. Let a, b ∈ C. Assume that Re(λa) ≤ b, for each λ ∈
∂D(0, 1). Then b ≥ 0 and |a| ≤ b.

P r o o f. Obvious. ✷

State 2. The function u is not of class C2. Fix A,B ∈ Mn(C). We have
for each ξ ∈ C

n, the function u1 is psh on C
n, where u1(z) = u(Az + Bz − ξ),

for z ∈ C
n. Let ρ : Cn → R+ be a function of class C∞, supp(ρ) ⊂ B(0, 1), ρ

is a radial function,

∫

ρ(ξ)dm2n(ξ) = 1. Put ρδ(z) =
1

δ2n
ρ(
z

δ
), for δ > 0. We

have ρδ ∈ C∞
c (Cn). Therefore the new function ψ is psh on C

n, where ψ(z) =
∫

u(Az+Bz−ξ)ρδ(ξ)dm2n(ξ), z ∈ C
n. Now let ϕδ(z) =

∫

u(z−ξ)ρδ(ξ)dm2n(ξ).

ϕδ is a function of class C∞ and psh on C
n. The sequence (ϕ 1

j
)j∈N\{0} decreases

to u if j increases to +∞. Let ψδ(z) = ϕδ(Az + Bz), δ > 0. Since ψ is psh on
C
n, then ψδ is psh on C

n. ϕδ is a function of class C∞ implies that ψδ is also
of class C∞ on C

n. By state 1, ϕδ is convex on C
n. Since u(Cn) ⊂ R, then u is

convex on C
n. ✷

In complex dimension 1, we have the following

Theorem 9.2. Let u : C → R be a function. The following two conditions
are equivalent

(I) u is convex on C;

(II) For each α, β ∈ C, v is sh on C, where v(z) = u(αz + βz), for z ∈ C.

But we can see that we have two observations:

Proposition 9.1. Let u1 : C → [−∞,+∞[ be a function. The following
are equivalent
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(I) u1(C) ⊂ R and u1 is convex on C;
(II) For each α, β ∈ C, v1 is sh on C, where v1(z) = u(αz + βz), for z ∈ C.

The second observation is the following: On C
n, n ≥ 2, Theorem 9.2 is

not true.

Example. Let u(z) = |z1(z2 + 1)|, z = (z1, z2) ∈ C
2. u(αz + βz) =

|(αz1 + βz1)(αz2 + βz2 + 1)| = v(z), for α, β ∈ C. u is continuous on C
2. We

have v(., z2) and v(z1, .) are convex functions on C, for each z2, z1 fixed on C.
Therefore v is continuous and subharmonic on C and consequently, v is sh on
C
2, for each α, β ∈ C. But u is not convex on C

2, because ψ is not convex on
C; ψ(z1) = u(z1, z1), for z1 ∈ C. Therefore it should be enable to replace this
property by another in several variables. We have

Proposition 9.2. Let n ∈ C\{0}. Let u : C
n → R be a continuous

function (u ∈ C(Cn)). Given T1, T2 : C
n → C

n be two C− linear bijective
transformations on C

n. Put v(z, w) = u(w − z), ϕ(z, w) = u(T2(w) − T 1(z))
and K(α,β)(z, w) = u(〈w/α1〉 + 〈β1/z〉, . . . , 〈w/αn〉 + 〈βn/z〉), (z, w) ∈ C

n × C
n,

α = (α1, . . . , αn), β = (β1, . . . , βn) ∈ (Cn)n. The following conditions are equiv-
alent

(I) u is convex on C
n;

(II) v is convex on C
n × C

n;
(III) v is psh on C

n × C
n;

(IV) ϕ is psh on C
n × C

n;

(V) for each α, β ∈ (Cn)n, K(α,β) is psh on C
n × C

n.

We have also the same result for u ∈ Ck(Cn), k ∈ N ∪ {∞}\{0}.
P r o o f. Obvious by Theorem 9.1. ✷

Remark 9.2. Let g : C
n → C be holomorphic, |g| is convex on C

n.
Observe that for each ψ : C

m → C
n prh, the function |g(ψ)| is psh on C

m,
n,m ≥ 1. This proves a new technical tool in complex function theory.

In general, we can prove in the next corollary the importance of the point
(−∞) in real convexity and in several complex variables.

Corollary 9.1. Let u : Cn → [−∞,+∞[ be a function, n ≥ 1. Define
v(α,β)(z, w) = u(〈w/α1〉 + 〈β1/z〉, . . . , 〈w/αn〉 + 〈βn/z〉), ψ(α,β)(z) = v(α,β)(z, z),
K(a,b)(z, w) = u(a1w1 + b1z1, . . . , anwn + bnzn), for (z, w) ∈ C

n × C
n,

z = (z1, . . . , zn), w = (w1, . . . , wn), a = (a1, . . . , an) ∈ C
n, b = (b1, . . . , bn) ∈ C

n

and α = (α1, . . . , αn), β = (β1, . . . , βn) ∈ (Cn)n. The following are equivalents
(I) u(Cn) ⊂ R and u is convex on C

n;

(II) For every (a, b) ∈ C
n × C

n, the function K(a,b) is psh on C
n ×C

n;
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(III) v(α,β) is psh on C
n × C

n, for each α, β ∈ (Cn)n;
(IV) ψ(α,β) is subharmonic (sh) on C

n, for every α, β ∈ (Cn)n.

Corollary 9.2. Let u : Cn → R be a continuous function, T1, T2 : Cn →
C
n be two C− linear bijective transformations, n ≥ 1. Put v(z, w) = u(T2(w) −

T1(z)), (z, w) ∈ C
n × C

n. The following conditions are equivalent

(I) u is convex on C
n;

(II) v is psh on C
n × C

n;

(III) u(A,B) is sh on C
n, for each A,B ∈Mn(C), where u(A,B)(z) = u(Az +

Bz).

P r o o f. Obvious. We can also see the proof of theorem 9.1. ✷

We have

Corollary 9.3. Let u : Cn → [−∞,+∞[, n ≥ 1 and a, b ∈ C\{0}.
Put v(z, w) = u(aw − bz), (z, w) ∈ C

n × C
n. Suppose that v is psh on C

n × C
n.

Then u(Cn) ⊂ R and u is continuous on C
n. Consequently, the function v is

continuous on C
n × C

n.

P r o o f. Obvious by the proof of Theorem 9.1. ✷

In the sequel, we have

Theorem 9.3. Let u : Cn → C be a function and D a domain of Cm,
n,m ≥ 1. The following assertions are equivalent

(I) For each ϕ : D → C
n prh, the function u(ϕ) is psh on D;

(II) u is convex on C
n.

Now for the strict inequality, we have then

Theorem 9.4. Let u : Cn → R be a function, n ≥ 1 and a, b ∈ C\{0}.
Put v(z, w) = u(aw + bz), (z, w) ∈ C

n × C
n. The following assertions are equiv-

alent
(1) u is strictly convex on C

n;

(2) v is strictly psh on C
n × C

n;

(3) u(Az+Bz) is strictly sh on C
n, for each A,B ∈Mn(C), with the deter-

minant det(AB) 6= 0.

P r o o f. The proof is based on the proof of Theorem 9.1 and the paper
[4]. ✷

10. Holomorphic polynomials on real and complex convex-

ity. Consider the polynomial p(z) = z3+z+1, z ∈ C. There does not exists two
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real constants A,B ∈ R+\{0} such that v is psh on C
2, where

v(z, w) = A|p(w − z)|2 + B|p′(w − z)|2 for (z, w) ∈ C
2. But we have the fol-

lowing

Theorem 10.1. Let p be a analytic polynomial on C, deg(p) ≤ 2. Then
there exists A > 0, B > 0 such that u is psh on C

2, where

u(z, w) = A|p(w − z)|2 +B|p′(w − z)|2 for (z, w) ∈ C
2.

P r o o f. If deg(p) = 1, we take A = B = 1. Now suppose that deg(p) = 2.
We have p(z) = az2 + bz + c, a ∈ C\{0}, b, c ∈ C. Let B ∈ R+\{0}. We study
the convexity of v, v(z) = |az2 + bz + c|2 + B|2az + b|2, for z ∈ C. We have v is
convex on C if

∣

∣

∣

∣

∣

2a2

[

(

z +
b

2a

)2

−
(

b2 − 4ac

4a2

)

]∣

∣

∣

∣

∣

≤ |2az + b|2 + 4B|a|2

for each z ∈ C. Take z0 =
−b
2a

. Therefore we choose B satisfying the condition

8B|a|2 ≥ |b2 − 4ac|.

In this situation, by the triangle inequality, we have

∣

∣

∣

∣

∂2u

∂z2
(z)

∣

∣

∣

∣

= |2a(az2 + bz + c)| =
∣

∣

∣

∣

∣

2a2

[

(

z +
b

2a

)2

−
(

b2 − 4ac

4a2

)

]∣

∣

∣

∣

∣

≤
∣

∣

∣

∣

∣

2a2
(

z +
b

2a

)2
∣

∣

∣

∣

∣

+ 2|a|2
∣

∣

∣

∣

b2 − 4ac

4a2

∣

∣

∣

∣

≤
∣

∣

∣

∣

∣

4a2
(

z +
b

2a

)2
∣

∣

∣

∣

∣

+ 2|a|2(2B)

= |2az + b|2 + 4B|a|2 = ∂2v

∂z∂z
(z),

for each z ∈ C. Consequently, v is convex on C. ✷

Observe that the above property described in Theorem 10.1 is not true if
p is a holomorphic polynomial on C with deg(p) ≥ 3. But only for holomorphic
polynomials on C, we have

Proposition 10.1. Let p be a holomorphic polynomial on C. Then there
exists a constant A ∈ C, such that u = (|p|2 + |q|2) is convex on C, where
q(z) = Az, for z ∈ C.



208 J. Abidi

P r o o f. Assume that |p|2 is not convex on C. Let n = deg(p) ≥ 1. We
have

lim
|z|→+∞

|p
′′(z)p(z)

(p′(z))2
| = n− 1

n
< 1.

Therefore, there exists B > 0, such that |p′′(z)p(z)| < |p′(z)|2, for each
z ∈ C\D(0, B). Now since the function |p′′p| is continuous on the compact set
D(0, B), then there exists A > 0 such that |p′′(ξ)p(ξ)| < A2, for each ξ ∈ D(0, B).
Therefore |p′′(z)p(z)| < A2 + |p′(z)|2, for each z ∈ C. Now put q(z) = Az, for
z ∈ C. Then q is a holomorphic polynomial on C and satisfy u = (|p|2 + |q|2) is
a convex function on C. ✷

Corollary 10.1. Let p be a analytic polynomial on C, |p| is not convex
and deg(p) = 2. Then there exist a constant c > 0 such that u = (|p|2 + c|p′|2) is
convex on C and for all t ∈ [0, c[, the function v = (|p|2 + t|p′|2) is not convex on
C. This constant c is called the constant of the convex stability of the polynomial
p. Moreover, c = min{τ > 0 / (|p|2 + τ |p′|2) is a convex function on C}.

P r o o f. Obvious by Theorem 10.1. ✷

Finally we have

Theorem 10.2. Let p be a analytic polynomial on C, deg(p) ≤ 2 and
m ∈ N\{0, 1}. Then we have exactly one of the following assertions.

(I) For each a, b ∈ R+\{0}, the function u is psh on C
2, where

u(z, w) = a|p(w − z)|2m + b|p′(w − z)|2m, for (z, w) ∈ C
2, or

(II) For each c, d ∈ R+\{0}, the function v is not psh in C
2; where

v(z, w) = c|p(w − z)|2m + d|p′(w − z)|2m, for (z, w) ∈ C
2.

P r o o f. If deg(p) = 1, or |p| is convex on C, then for each a, b ∈ R+\{0},
the function (a|p|2 + b|p′|2) is convex on C. Now assume that |p| is not convex
on C. In this case we prove that u = (a|p|2m + b|p′|2m) is not convex on C,
for a, b ∈ R+\{0} and m ∈ N\{0, 1}. In fact u is a function of class C∞ on C.
Assume that u is convex on C. Then

∣

∣

∣

∣

∂2u

∂z2
(z)

∣

∣

∣

∣

≤ ∂2u

∂z∂z
(z)

for each z ∈ C. Therefore,
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|a[mp′′pm−1 +m(m− 1)(p′)2pm−2](p)m + (m− 1)(m− 2)(p′′)2(p′)m−3(p′)m|
≤ a|mp′pm−1|2 + b|p′′(p′)m−1|2, on C.

Case 1. m ≥ 3. Since deg(p) = 2. There exists α ∈ C, such that
p′(α) = 0, p(α) 6= 0 and p′′(α) 6= 0. Then we have |amp′′(α)pm−1(α)pm(α)| = 0.
A contradiction.

Case 2. m = 2. Let β ∈ C, the only zero of p′. We have p(β) 6= 0 and
p′′(β) 6= 0. Then |amp′′(β)pm−1(β)pm(β)| = 0. A contradiction. Consequently,
u = u(a,b) is not convex on C, for each a, b ∈ R+\{0}. ✷

The question posed now is to characterize all the holomorphic polynomials
p and q on C, such that (|p|2 + |q|2) is a convex function on C.

Example. Let g(z) = ee
ez

, z ∈ C. Then for each holomorphic function
k : C → C, we have (|g|2 + |k|2) is not convex on C. Another example. Let
g1(z) = zez , z ∈ C. Then (|g1|2 + |k1|2) is not convex on C, for each holomorphic
function k1 : C → C. Note that on C

n, (n ≥ 2), we have the same property. For
example we can see the following.

Question. characterize all the holomorphic polynomials p and q on C,
such that deg(p) ≥ 2, deg(q) ≥ 2 and (|p|2 + |q|2) is a convex function on C.
The general question is now. Question. Let N ∈ N\{0, 1}. Find all the holo-
morphic functions g1, . . . , gN : Cn → C, such that v is psh on C

n × C
n, where

v(z, w) = (|g1(w + z)|2 + · · ·+ |gN (w + z)|2) for (z, w) ∈ C
n ×C

n.
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[7] S. Dinew, Ż. Dinew. On a problem of Chirka. Proc. Amer. Math. Soc.
150, 5 (2022), 2115–2119.
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