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ABSTRACT. A proper ideal P of a commutative ring with identity is an
almost prime ideal if ab € P\P2 implies a € P or b € P. In this paper
we define almost prime ideals of a noncommutative ring, and provide some
equivalent definitions. We also examine some cases such that all right ideals
of a noncommutative ring are almost prime right ideals.

1. Introduction. We initiate by some basic definitions. Let R be a
noncommutative ring. A right ideal P of R is called prime if AB C P implies
A C Por B C P for all right ideals A, B of R. If the ring R is with identity,
then the previous definition is equivalent to the following. A right ideal P of R
is called prime if aRb C P implies a € P or b € P for all a,b € R. A right ideal
P of R is called weakly prime if 0 2 AB C P implies A C P or B C P, for all
right ideals A, B of R [5]. A right ideal P of R is called idempotent if P? = P.
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1.1. Generalizations of prime ideals in commutative rings. Al-
most prime ideals appear by studying of unique factorization in noetherian do-
mains introduced by Bhatwdekar and Sharma [2] in 2005. They proved in Theo-
rem 2.15 that almost prime ideals are precisely primes in regular domains.

On the other hand Bataineh [1] (2006) handled the generalizations of
prime ideals in his PhD thesis widely, by giving more properties and theorems
about almost prime ideals in commutative rings with identity. He characterized
noetherian rings in which every proper ideal is a product of almost prime ideals,
and proved that there are several equivalent conditions for an ideal to be almost
prime in commutative rings in Theorem 2.8 as follows.

Theorem 1.1. Let P be an ideal of a commutative ring R with identity.
Then the followings are equivalent.

(1) P is almost prime.

(2) If a € R\P, then P : {a} = PU (P*: {a}).

(3) Ifa € R\P, then P: {a} = P or P: {a} = P*: {a}.

(4) If AB C P and AB ¢ P?, then AC P or B C P, for all ideals A, B
of R.

Note that here [ : J = {x € R| Jx C I} for subsets I, J of R.

Also, Theorem 2.20 states that if (a) is an almost prime ideal of R, for
a nonzero nonunit element a, such that 0 : (a) C (a), then (a) is prime. His
another result (Theorem 2.19) gives a criterion on the forms of almost prime
ideals of cartesian product of rings.

Theorem 1.2. Let R and S be two commutative rings with identity. Then
an ideal of R x S is almost prime if and only if it has one of the following three
forms.

(1) I xS, where I is an almost prime ideal of R.

(2) R x J, where J is an almost prime ideal of S.

(3) I x J, where I and J are idempotent ideals of R and S, respectively.

He clarified the relationship between almost prime and weakly prime ideals (The-
orem 2.13): An ideal P of a commutative ring R is an almost prime ideal if and
only if P/P? is a weakly prime ideal of R/P?.

Another result (Corollary 2.8) by [2] states that in a quasilocal domain
R, with maximal ideal M, for an ideal I, with M? C I C M; I is almost prime if
and only if M? = I?. Later, it turned out to be true in any quasilocal ring, see
Proposition 2.23 of [1]. It is also known by [1] that in commutative ring R every
proper ideal is almost prime if and only if R is either von Neumann regular or
quasilocal ring with maximal ideal M such that M? = 0.
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Recall that P is a weakly prime ideal of a commutative ring R, if 0 #
ab € P implies a € P or b € P for all a,b € R. Anderson and Smith [7] studied
weakly prime ideals for a commutative ring with identity in 2003. They proved
that if P is weakly prime but not prime, then P? = 0 (Theorem 1). Also, they [7]
showed in Theorem 3 that for an ideal P of a commutative ring R with identity,
the following statements are equivalent.

(1) P is a weakly prime ideal.

(2) If a € R\P, then P:{a} = PU(0: {a}).

(3) If a € R\P, then P:{a} =P or P:{a} =0:{a}.

(4) 0# AB C P implies A C P or B C P, for all ideals A, B of R.

The previous theorem shows us how similar prime and weakly prime ideals are.
It is well known that an ideal P of a commutative ring R with identity is prime
equivalent that P : {a} = P for all a € R\ P, which in turn, is equivalent to the
condition AB C P implies A C P or B C P, for all ideals A, B of R (see e.g.,
Theorem 2.3, [1]).

It is known by Theorem 7 of [7] that if R = R; x Ry for commutative
rings Ry, Rs with identies, then the ideal P is a weakly prime ideal of R implies
P =0 or P is prime.

1.2. Generalizations of prime ideals in noncommutative rings.
Hirano et al. [5] extended the notion of weakly prime ideals in rings, nonneces-
sarily commutative or with identity in 2010. They defined weakly prime (right)
ideals and proved that for an ideal P in a ring R with identity, the following
statements are equivalent.

(1) P is a weakly prime ideal.

(2) If J, K are right ideals of R such that 0 # J.K C P, then J C P or
KCP.

(3) If a,b € R, such that 0 # aRb C P then a € P or b € P.

They [5] also studied the structure of rings, not necessarily commutative, in which
all (right) ideals are weakly prime, as an analogue of the earlier work of Blair and
Tsutsui [3], who studied rings in which every ideal is prime.

Most recently in 2020, Groenewald [4] gave more properties of weakly
prime ideals in noncommutative rings, and introduced the notion of the weakly
prime radical of an ideal. Theorem 1.14 states that for an ideal P of any ring R,
the following statements are equivalent.

(1) P is a weakly prime ideal.

(2) If a € R\P, then P: (a) =PU(0: (a)).

(3) If a € R\P, then P:{(a)=Por P:{a)=0: (a).

Here the set (a) = Ra + Za is the left ideal of R generated by a. Similarly one
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may denote by (a) = aR + Za the right ideal of R generated by a. Clearly if R
is a ring with identity, then (a) = aR, (a) = Ra, and in this case (a) = RaR is
the principle ideal of R generated by a. The theorem above is a generalization of
Theorem 3 of [7] given by Anderson and Smith.

1.3. The objective of the paper. In this paper, we define almost prime
(right) ideals in a noncommutative ring R as follows.

Definition 1.3. A proper (right) ideal P of R is called an almost prime
(right) ideal if AB C P and AB ¢ P? implies either A C P or B C P, for all
(right) ideals A, B of R.

A quick observation gives that our definition and the concept of almost prime
ideals in commutative rings are equivalent. However, the definitions differ in
noncommutative rings. We show in Theorem 2.5 that P is an almost prime ideal
in a noncommutative ring R with identity if and only if aRb C P and aRb ¢ P*
implies either a € P or b € P for all a,b € R.

Note that every (weakly) prime right ideal is an almost prime right ideal.
Hence the concept of almost prime right ideal is a generalization of prime ideals.
However any almost prime right ideal does not need to be a prime right ideal,
see Example 2.1 (7)—(i1).

We give several equivalent conditions for an ideal to be almost prime. We
also show the analogy between almost prime right ideals, prime right ideals, and
weakly prime right ideals. Theorem 2.11 of the present paper is a generalization
of Theorem 2.13 of [1] in a noncommutative setting. We also investigate images
and the inverse images of almost prime right ideals under ring homomorphisms.

Finally, we define fully almost prime right rings. Example 2.1 (i7) is an
example of its existence. Also we show some cases in which we get a fully almost
prime right ring.

Throughout this paper all rings are associative, noncommutative, and
without identity unless stated otherwise, and by ideal we mean a proper two
sided ideal.

2. Almost prime right ideals. It is clear by Definition 1.3 that every
prime (weakly prime, idempotent) right ideal is an almost prime right ideal.
However the inverse is not true in general, as indicated in the next example.

Example 2.1. (i) 0 = {0} is an almost prime ideal of any ring. A
ring whose zero ideal is prime (semiprime) is called prime ring (semiprime ring).
Hence in this sense every ring is an almost prime ring.
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(73) Let R = {0,a,b,c} be the noncommutative ring with binary opera-

tions
+10]al|b]|ec .10]lal|b|c
0l0|a]|b]|c 0{0|0|O0O]O
alal|l0|c|b a|0]lalal0
b|lblc|0]a bl0O|b|b]|O
clc|blal0 c|0|lc|c]|O

It is straightforward to show that I = {0,b}, J = {0,¢}, P = {0,a} are all right
ideals of R. Moreover, IJ =0C P, I Z P, and J € P. Hence the right ideal P
is not a prime right ideal. On the otherhand, P is an almost prime right ideal as
a consequence of the fact that P? = P.
(7i7) An application of our previous example is the subring R of My(Zs),
where
R = {0,e11 + e12,e21 + €22, €11 + €12 + €21 + €22}

The right nonzero ideals of R are I = {0, ea1 +e22}, J = {0,e11 +e12+e21 + €22},
and P = {0,e11 + e12}. Then P is an almost prime right ideal of R which is not
prime. Notice that the ideals I, J are also almost prime right ideals. Hence all
the right ideals of the ring R are almost prime right ideals.

(iv) In the ring R = {ae11 + beia + cea | a,b,c € R} with identity, the
right ideal P = {ae22 | a € R} is an almost prime right ideal, but it is not a prime
right ideal, since eja(aeq; + beja + cego)2e12 = 0, and thus 0 = (e12)R(2e12) C P;
hOWGVGI', €12, 2612 ¢ P.

Proposition 2.2. Let R be a ring with identity, and P be an ideal of R.
Then the following statements are equivalent.

(1) P is an almost prime right ideal.

(2) P is an almost prime ideal.

Proof. (1) = (2) Trivial by definition.

(2) = (1) Suppose that AB C P, and AB ¢ P2, for right ideals A and B
of R. Since R is with identity, then AR = A, and

(RA)(RB) = RABC RP =P
for ideals RA and RB. On the other hand, if (RA)(RB) C P?, then
AB C RAB = (RA)(RB) C P?

is a contradiction. Thus (RA)(RB) € P?, and by (2) we have either A C RA C P
or BCRBC P.O
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In the following we give some similarities between almost prime right
ideal, weakly prime right ideal and prime right ideal. Initially, let us remind the
next definition.

Definition 2.3. Let R be a ring and I, J right ideals of R. The right ideal
I :J (known as colon right ideal) of R is defined as I : J ={x € R | Jx CI}.
Similarly we define the set (I : J)* = {x € R|xJ CI}. Recall that in case of
I,J being ideals, so are I :J and (I :J)*.

The following proposition is well known.

Proposition 2.4. For the right ideals A, B, P of any ring R, if P C AUB
then either P C A or P C B. In particular, if P = AU B then either P = A or
P =B.

Now we provide several equivalent conditions of being an almost prime
ideal.

Theorem 2.5. Let R be ring with identity, and P be an ideal of R then
the following statements are equivalent:
(1) P is an almost prime ideal.

(2) If (a)(b) C P, (a >(>§ZP2, then eithera € P orb € P, where a,b € R.

()IfaRbCP aRb ¢ P2, then either a € P or b € P, where a,b € R.

(4) P : (a)= PU(P2'<>) and (P : {a))* = P U (P? : (a))* for all
a € R\P.

(5) Either P : (a) = P or P : (a) = P?: (a), and either (P : (a))* = P
or (P: {a))* = (P?: (a))* for alla € R\P.

Proof. (1) = (2) Let a,b € R such that (a)(b) C P, (a)(b) € P%. This
implies that

(RaR)(RbR) = R(a)R(b) = R(a)(b) C RP = P.
Assume that (RaR)(RbR) C P?. Then
(a)(b) C R(a)(b) = (RaR)(RbR) C P?
contradicts with (a)(b) ¢ P?. Hence, (RaR)(RbR) € P?. Thus, by (1) either
RaR C P or RbR C P, which implies that either a € P or b € P.
(2) = (3) Let a,b € R such that aRb C P, aRb ¢ P?. Then

(a)(b) = aRbR C PR = P.
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Assuming that (a)(b) C P?, we get
aRb C aRbR = (a)(b) C P?,

which is a contradiction. Hence, (a)(b) € P?, and by (2) either a € P or b € P.

(3) = (4) Let a € R\P and b € P : (a). Then, by definition of colon
ideals we get aRb C (a)b C P. If aRb € P2, then by (3) we have b € P, since
a € R\P. If aRb C P?, then (a)b = RaRb C RP? = P2 Hence, b € P? : (a).
Consequently, P : (a) C P U (P?: (a)).

Now let b € PU (P?: (a)). If b € P, then (a)b C (a)P C P, and thus
be P:{a). If b€ P?: (a), then {(a)b C P? C P, which implies that b € P : {(a).
Therefore, P U (P?: {a)) € P : {(a), and hence P : (a) = PU(P?: (a)). One may
prove the second equality similarly.

(4) = (5) The proof is a consequence of Proposition 2.4.

(5) = (1) Let A and B be two ideals of R such that AB C P. Assume
that A ¢ P and B ¢ P. Hence, we have to show that AB C P2

Let a € A\P. Then, we have (a) B C AB C P, which implies by definition
of colon ideal that B C P : (a). Now by (5) we get B C P?: (a) = P : (a), since
B ¢ P. Therefore, aB C (a)B C P%. Consequently, (A\P)B C P>.

Let b € B\P. Then, A(b) C AB C P, and so A C (P : (b))*. Now by
(5) we get A C (P%: (b))* = (P : (b))*, because A € P. Thus, Ab C A(b) C P2,
which implies that A(B\P) C P?. Finally, we get that

)
AB = (A\P)B+ (AN P)(B\P)+ (ANP)(BNP)
C (A\P)B+ A(B\P) + (AN P)(BNP) C P,

which completes the proof. O

Note that an almost prime right ideal does not have to be a prime right
ideal or a weakly prime right ideal. In the next two theorems, we examine some
cases such that the statements above are equivalent.

Theorem 2.6. Let R be ring with identity, and P be a right ideal of R
such that (P? : P) C P. Then the following statements are equivalent.

(1) P is a prime right ideal.

(2) P is an almost prime right ideal.

Proof. (1) = (2) Trivial by definition.

(2) = (1) Assume that the almost prime right ideal P is not a prime right

ideal. Then, there exist right ideals A, B of R such that AB C P with A € P
and B ¢ P. Hence, by (2) we get AB C P?. Let a € A\P and b € B\P. Then,

((a) + P)(b) = (a).(b) + P(b) C AB + P(b) C P.
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If ((a) + P)(b) € P2, then P(b) C P?. This implies that Pb C P? and thus
b € (P?: P) C P. This contradicts with b € B\P. If ((a) + P)(b) € P?, then
by (2) we get that either (a) + P C P or (b) C P, which implies a € P or b € P,
respectively. Contradiction. O

Theorem 2.7. Let R be ring and P be a right ideal of R such that P? = 0.
Then the following statements are equivalent.

(1) P is a weakly prime right ideal.

(2) P is an almost prime right ideal.

Proof. (1) = (2) Follows from definition.

(2) = (1) Suppose that A and B are right ideals of R such that 0 # AB C
P. Then AB ¢ P? = 0. Thus, by (2) we are done. O

The next result is a consequence of Theorem 2.7.

Corollary 2.8. Let R be ring such that R* = 0, and let P be a right ideal
of R. Then the following statements are equivalent.

(1) P is a weakly prime right ideal.

(2) P is an almost prime right ideal.

Recall that (see e.g., [6]) a nonzero right ideal P of a ring R is called a
minimal right ideal, if for any right ideal I of R with 0 C I C P, either I = 0 or
I = P. The next lemma is known as Brauer’s lemma.

Lemma 2.9. [6/ Any minimal right ideal P of a ring R with identity
satisfies P =0 or P = (&) for some idempotent e of R.

It is well known that every right ideal generated by an idempotent element
is an idempotent ideal. Hence, combining Lemma 2.9 and Theorem 2.7 one
obtains the following corollary.

Corollary 2.10. Let P be a minimal right ideal of a ring R with identity.
If P is an almost prime right ideal but not an idempotent ideal, then P is a weakly
prime right ideal.

Note that in Example 2.1 (i), J = {0,c} is an almost prime minimal
right ideal, and J2 = 0. Hence, J is a weakly prime right ideal by Corollary 2.10.

Bataineh [1] proved that an ideal P is an almost prime ideal if and only
if P/P? is a weakly prime ideal of R/P? in a commutative ring R. In the next
theorem, we show that the same holds for almost prime right ideals and weakly
prime right ideals in noncommutative rings.

Theorem 2.11. Let R be a ring and P be an ideal of R. Then, the
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following statements are equivalent.
(1) P is an almost prime right ideal of R.
(2) P/P? is weakly prime right ideal of R/P?.

Proof. (1) = (2) Suppose that I,.J are right ideals of R/P? such that
0#1JCP=P/P.

Thus, there exist right ideals I O P? and J D P? of R such that [ = I /P2 and
J=J/P%. Therefore, P*/P? # (IJ 4+ P?)/P? C P/P?, thus P> # I.J C P. Now
by (1) we have that either I C P or J C P, since IJ ¢ P2 This yields that
either I C P or J C P.

(2) = (1) Suppose that I, J are right ideals of R such that IJ C P and
IJ ¢ P?. Then, I=(I + P?)/P? J = (J + P?)/P? are right ideals of R/P?.
Moreover,

IJ=(J+1P*+P*J+P'+P?/P*C P/P*=P,
and IJ ¢ P?. Thus, 0 # IJ C P and by (2), either I C P or J C P. Conse-
quently, I C Por JC P. O

Let f: R — S be a ring homomorphism for commutative rings R, S, and
P be an ideal of R such that kerf C P. It is well known that P is a prime ideal of
R if and only if f(P) is a prime ideal of S. The next theorem is a noncommutative
analogue of the problem for almost prime right ideals.

Theorem 2.12. Let f : R — S be a ring epimorphism, and P be an
almost prime right ideal of R such that kerf C P. Then f(P) is an almost prime
right ideal of S.

Proof. Supposethat AyBy C f(P) and AsBy Z (f(P))? for right ideals
Ay, By of S. Then, kerf C f~1(Ay) = A; and kerf C f~}(By) = By are right
ideals of R. Hence, f(A;) = Ay and f(B;) = Bs, since f is an epimorphism.
Then, we have that
f(A1B1) = A2B, C f(P),
and
fF(A1BY) € (f(P))? = f(P?).

Thus A\B1 € fYf(A1By)) € fYf(P)) = P and A;B; € P?. Now by
assumption, either A1 C P or By C P; i.e., either Ay C f(P) or By C f(P). O

Corollary 2.13. Let f : R — S be a ring epimorphism, and B be a right
ideal of S such that f~Y(B) is an almost prime right ideal of R. Then, B is an
almost prime right ideal of S.
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Proof. Since the inverse image of any right ideal of S is a right ideal of
R containing ker f, the proof follows from Theorem 2.12. O

Theorem 2.14. Let f: R — S be a ring epimorphism, and P be a right
ideal of R such that kerf C P2. If f(P) is an almost prime right ideal of S, then
P is an almost prime right ideal of R.

Proof. Suppose that A;B; C P and A;B; € P? for right ideals A, B;
of R. Then, f(A1)f(B1) = f(A1By) C f(P). If f(A1By) C f(P?), then

A1By C fTHf(ALBY) € fH(F(P?) = PP,

which is a contradiction. Hence, f(A1)f(B1) = f(A1B1) € (f(P))% Since f(P)
is an almost prime right ideal of S, then either f(A;) C f(P) or f(By) C f(P).
Consequently, either A} € f71(f(A1)) C fYf(P))=Por By CP.O

Corollary 2.15. Let f : R — S be a ring epimorphism, and B be an
almost prime right ideal of S such that kerf C (f~1(B))?. Then, f~1(B) is an
almost prime right ideal of R.

Proof. Let P = f~}(B). Then, P is an almost prime right ideal of
R by Theorem 2.14, since kerf C P? and f(P) = f(f~'(B)) = B is an almost
prime right ideal of S. O

Theorem 2.12 and Theorem 2.14 show us how the almost prime charac-
teristic is transferred from one ring to another when they are linked by a homo-
morphism. The following theorem is the transition of almost prime property to
quotient rings.

Theorem 2.16. Let R be a ring, I be an ideal of R. Let P be a right
ideal P of R such that I C P. If P is an almost prime right ideal of R then P/I
is an almost prime right ideal of R/I.

Proof. Suppose that AB C P = P/I and AB ¢ P? for right ideals
A,Bin R/I. Assume that A = A/I and B = B/I for some right ideals A O T
and B D I. Then, (AB+1I)/I C P/I and (AB +I)/I ¢ (P?+ I)/I, which
implies that AB C P and AB ¢ P2 So, either A C P or B C P, and thus
ACPorBCP.O

The converse of Theorem 2.16 is not true in general. For instance, let
P = I be an ideal which is not an almost prime right ideal. However, the zero
ideal 0 = I/I is an almost prime right ideal of R/T .
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3. Fully almost prime right rings.

Definition 3.1. A ring in which every right ideal is an almost prime
right ideal is called a fully almost prime right ring.

Note that every fully prime right ring (fully weakly prime right ring, fully
idempotent right ring) is a fully almost prime right ring. The ring R in Example
2.1 (i7) is a fully almost prime right ring. The next result is a consequence of
Theorem 2.7.

Corollary 3.2. Let R be a ring such that P?> =0 for every right ideal P
of R. Then, the following statement are equivalent.

(1) R is fully almost prime right ring.

(2) R is fully weakly prime right ring.

Remark 3.3. Corollay 2.8 suggests that the assumption of Corollary 3.2
can be replaced by R? = 0.

Theorem 3.4. Let f : R — S be a ring epimorphism. If R is a fully
almost prime right ring, so is S.

Proof. Let P be a right ideal of S. Then f~!(P) D kerf is an almost
prime right ideal of R. Then, by Theorem 2.12 we get that f(f~!(P)) = P is an
almost prime right ideal of S. O

Theorem 3.5. Let f : R — S be a ring epimorphism such that ker f C I2,
for any right ideal I of R. If S is a fully almost prime right ring, so is R.

Proof. Let P be a right ideal of R. Then, f(P) is an almost prime
right ideal of the fully almost prime right ring .S. Hence, by Theorem 2.14 we get
that P is an almost prime right ideal of R. O

Theorem 3.6. Let R be a ring, and I be an ideal of R. If R is a fully
almost prime right ring, so is R/I.

Proof. Suppose 1_5 is a right ideal of R/I. Then, there exist a right
ideal P 2 I of R such that P = P/I. Clearly, P is an almost prime right ideal of
R. Hence, by Theorem 2.16 P is an almost prime right ideal of R/I. O
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