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Abstract. Generalized pseudo-differential operators A(x,∆′

x
) and

A(x,∆′

x
) involving fractional Fourier transform (FrFT) associated with

symbol-classes are defined and respective symbol classes are introduced.
Product and commutators of the generalized pseudo-differential operators
are investigated.

1. Introduction and motivation. The fractional Fourier transform
is a generalization of the Fourier transform with a parameter α. It has many ap-
plications in several areas including Communications, Optics, Quantum Physics
and Signal processing. For more details of the fractional Fourier transform,
see [1, 2, 15]. The one dimensional fractional Fourier transform [13, 14] with
parameter α, ϕ(x) is denoted by (Fαϕ)(ξ) = ϕ̂α(ξ) and given in L1(R) by

(1.1) (Fαϕ)(ξ) = ϕ̂α(ξ) =

∫

R

Kα(x, ξ)ϕ(x)dx

2020 Mathematics Subject Classification: 35S05, 46E10, 46E35, 46F05, 47G30, 46F12.
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where the kernel Kα(x, ξ) =





Cαe
i(x2+ξ2) cotα

2
−ixξ cscα, α 6= nπ, nǫZ

1√
2π

e−ixξ, α =
π

2
δ(x− ξ), α = 2nπ
δ(x+ ξ), α = (2n+ 1)π

and

Cα = (2πi sin α)−
1
2 e

iα
2 =

√
1− i cotα

2π
.

The corresponding inversion formula of (Fαϕ)(ξ) is given by

(1.2) ϕ(x) =

∫

R

Kα(x, ξ)(Fαϕ)(ξ)dξ

Kα(x, ξ) = C ′
αe

−i(x2+ξ2) cot α
2

+ixξ cscα

and

C ′
α = Cα = (2πi sinα)−

1
2 e−

iα
2 =

√
1 + i cotα

2π
= C−α.

Hence,

Kα(x, ξ) = K−α(x, ξ).

The inverse of a FrFT with the parameter α is the FrFT with the parameter −α.

In 1960 to 1965, the pseudo-differential operators were studied by Kohn
and Nirenberg [4] and Lars Hörmander [3] by using the theory of Fourier trans-
form which established their importance in the theory of partial differential equa-
tions [9, 10, 11]. Our research work is motivated by the works of Zaidman [11]
and Pathak, Prasad and Kumar [6, 7].

In this paper, we will define the generalized pseudo-differential operator
A(x,∆′

x) and A (x,∆′
x) involving the fractional Fourier transform for any function

ϕ ∈ G and symbol a(x, ξ) ∈ Λ (see Definitions 1 and 2 and Section 2 for more
details). In addition we investigate product and commutators of these operators.

Definition 1. A tempered distribution ϕ belongs to the Sobolev space

Hs(R), s ∈ R if its fractional Fourier transform Fαϕ corresponding to a locally

integrable function (Fαϕ)(ξ) over R satisfies

(1.3) ‖ϕ‖s =
(∫

R

∣∣∣(1 + |ξ|2) s
2 (Fαϕ)(ξ)

∣∣∣
2
)1

2

< ∞.
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This space is complete with respect to the norm ‖ ‖s.
Definition 2. The space G , the so-called space of smooth functions of

rapid descent, is defined as follows: ϕ is member of G if and only if it is a

complex valued C∞-function on R and for all of non-negative integers β and γ it

satisfies

Γβ,γ(ϕ) = sup
x∈R

∣∣∣xβDγϕ(x)
∣∣∣ < ∞.

Lemma 1 (Peetre). For any real number s and for all ξ, η ∈ R, the

estimate

(1.4)

(
1 + |ξ|2
1 + |η|2

)s

≤ 2s
(
1 + |ξ − η|2

)|s|
,

is satisfied.

P r o o f. See [12]. ✷

Theorem 1. Let Kα(x, ξ) be the kernel of fractional Fourier transform

and ∆x =

(
∂

∂x
− ix cotα

)
. Then

(i) ∆n
xKα(x, ξ) = (−iξ cscα)nKα(x, ξ), ∀n ∈ N.

(ii) Let ϕ ∈ G . Then
(
Fα(∆

′
x)

nϕ(x)
)
(ξ) = (−iξ cscα)n(Fαϕ(x))(ξ), ∀n ∈ N;

where ∆′
x = −

(
∂

∂x
− ix cotα

)
.

P r o o f. See [7]. ✷
The rest of the paper is organized as follows. In Sections 2 various use-

ful definitions, lemmas, theorems, symbols and relations are given, which have
been used throughout the paper. In Sections 3 and 4, two generalized pseudo-
differential operators A(x,∆′

x) and A (x,∆′
x) are introduced. Lastly, Section 5

deals with the product and commutators of these generalized pseudo-differential
operators with some lemmas and theorems.

In [8], Prasad and Singh has defined a novel version of the pseudo-
differential operators involving fractional Fourier cosine (sine) transform and dis-
cussed some of their properties. The fractional Fourier cosine (sine) transform is
a generalization of ordinary Fourier cosine (sine) transform. The Fourier-cosine

transform can be obtained by putting α = β = −1

2
in the Fourier-Jacobi trans-

form.
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But, in our work, we have introduced pseudo-differential operators with
the use of fractional Fourier transform. In [5], the fractional Fourier transform is
an elegant generalization of ordinary Fourier transform.

2. Symbols. Let a(x, ξ) : S → C be a complex valued function, where
S ⊂ R × R and the a(x, ξ) ∈ C∞(R × R) is said to be an element of the class Λ
if and only if a(x, tξ) = a(x, ξ) for t > 0,

lim
|x|→∞

a(x, ξ) = a(∞, ξ)

exists for |ξ| = 1 and a(∞, ξ) is C∞-function. We define e
i
2
x2 cotαa′(x, ξ) =

a(x, ξ) − a(∞, ξ) assuming that ∀ l, p, q ∈ N, there exits Dl,p,q > 0 satisfuing

(2.1) (1 + |x|2)l
∣∣∣Dp

xD
q
ξa

′(x, ξ)
∣∣∣ < Dl,p,q, ∀x ∈ R.

Theorem 2. (i) We have

|a(∞, ξ) − a(∞, η)| ≤ C

( |ξ − η|
|ξ|+ |η|

)
, ∀ξ, η ∈ R.

(ii) For any symbol e
i
2
x2 cotαa′ and l ∈ N, there exists a positive constant Dl such

that

|â′α(ξ, η)| ≤ Dl

(
1 + ξ2 csc2 α

)−l
2 , ∀ξ, η ∈ R,

and

(iii)

|â′α(λ, ξ) − â′α(λ, η)| ≤ Cl

(
1 + λ2 csc2 α

)−l
2

, ∀ξ, η, λ ∈ R,

where Cl is a positive constant.

P r o o f. (i) See [11]. (ii) Similar proof of the Lemma 3.1 of [7]. (iii) It
can be easily proved from (ii). This completes the proof. ✷

3. The operator A(x,∆′

x
). Here, we define the symbol a(x, ξ) =

a(∞, ξ) + e
ix2 cotα

2 a′(x, ξ) and

â′α(λ, ξ) =

∫

R

Kα(x, λ)a
′(x, ξ)dx, ∀λ, ξ ∈ R.

Since fractional Fourier transform is a continous linear map of G onto itself [13],
this implies that â′α(λ, ξ) ∈ G (R) uniformly for ξ ∈ R. Let us define, for any
ϕ ∈ G and x ∈ R, a function ϑ(x) = [A(x,∆′

x)ϕ](x), by

(3.1) [A(x,∆′
x)ϕ](x) =

∫

R

Kα(x, ξ)Gα(ξ)dξ, ∀ x ∈ R.
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The function Gα(ξ) is given by

(3.2) Gα(ξ) = a(∞, ξ)ϕ̂α(ξ) + C ′
α

∫

R

e−i(η2−ξη) cotαâ′α(ξ − η, ξ)ϕ̂α(η)dη.

Evidently, it has to be proved that Gα(ξ) is fractional Fourier transformable. In
fact, we have Gα(ξ) ∈ L1(R) as

|a(∞, ξ)ϕ̂αξ| ≤ max
|ξ|=1

|a(∞, ξ)||ϕ̂α(ξ)| ∈ L1(R),

then obviously, it is sufficient to show that
∫

R

∫

R

|â′α(ξ − η, ξ)ϕ̂α(η)|dηdξ < ∞.

Since

â′α(ξ − η, ξ) =

∫

R

Kα(x, ξ − η)a′(x, ξ)dx,

then using Theorem 2 (ii), we obtain
∫

R

|â′α(ξ − η, ξ)ϕ̂α(η)|dη ≤ Dl

∫

R

(1 + |ξ − η|2 csc2 α)−l
2 |ϕ̂α(η)|dη.

The last expression is the convolution between (1+ |ξ|2 csc2 α)−l
2 and |ϕ̂α(ξ)| both

integrable for l sufficiently large.

Hence ∫

R

|â′α(ξ − η, η)||ϕ̂α(η)|dη < ∞.

Thus Âα(x,∆
′
x)ϕ is continous and bounded on R. Hence we can say that

[Fα(A(x,∆
′
x))ϕ](ξ) = a(∞, ξ)ϕ̂α(ξ) + C ′

α

∫

R

e−(η2−ξη) cotαâ′α(ξ − η, η)ϕ̂α(η)dη,

is verified the fractional Fourier transform being in G
′.

Theorem 3. If a(x, ξ) is a symbol, we have

[A(x,∆′
x)ϕ](x) =

∫

R

Kα(x, ξ)

{∫

R

Kα(y, ξ)a(y, ξ)ϕ(y)dy

}
dξ,

for every ϕ ∈ G , x ∈ R.

P r o o f. It will be sufficient to prove that

(i) The integral

∫

R

Kα(x, ξ)a(x, ξ)ϕ(x)dx is absolutely convergent.

(ii) We have Gα(ξ) =

∫

R

Kα(y, ξ)a(y, ξ)ϕ(y)dy, ∀ξ ∈ R.
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In fact to obtain (i), as a(x, ξ) = a(∞, ξ) + e
ix2 cot α

2 a′(x, ξ), it is sufficient
to prove the absolute convergence of∫

R

Kα(x, ξ)a(∞, ξ)ϕ(x)dx = a(∞, ξ)

∫

R

Kα(x, ξ)ϕ(x)dx

= a(∞, ξ)ϕ̂α(ξ), for ϕ ∈ G

and ∫

R

Kα(x, ξ)e
ix2 cotα

2 a′(x, ξ)ϕ(x)dx, for ϕ ∈ G .

As

|a′(x, ξ)| ≤ Dp(1 + |x|2)−p for every p,

we have∣∣∣∣
∫

R

Kα(x, ξ)e
ix2 cot α

2 a′(x, ξ)ϕ(x)dx

∣∣∣∣ ≤
∫

R

|Kα(x, ξ)||a′(x, ξ)||ϕ(x)|dx

≤ Dp√
2π

1√
sinα

∫

R

|ϕ(x)|
(1 + |x|2)p dx.

It implies that

∫

R

Kα(x, ξ)a(x, ξ)ϕ(x)dx is absolutely convergent. In order to

prove (ii), we can use that

C ′
α

∫

R

e−i[(ξ−λ)2−ξ(ξ−λ)] cotαâ′α(ξ − λ, ξ)ϕ̂α(λ)dλ

=

∫

R

Kα(y, ξ)e
iy2 cotα

2 a′(y, ξ)ϕ(y)dy.

Now, we have∫

R

Kα(y, ξ)e
iy2 cotα

2 a′(y, ξ)ϕ(y)dy

=

∫

R

Kα(y, ξ)e
iy2 cotα

2

[∫

R

Kα(y, µ)â
′
α(µ, ξ)dµ

]
ϕ(y)dy

=

∫

R

∫

R

CαC
′
αe

i[(ξ−µ)2+y2] cotα
2

−iy(ξ−µ) cscαei[ξµ−µ2] cotαâ′α(µ, ξ)ϕ(y)dydµ.

By making in the internal the substitution ξ − µ = λ

=

∫

R

∫

R

CαC
′
αe

i[λ2+y2] cotα
2

−iyλ cscαei[ξ(ξ−λ)µ−(ξ−λ)2] cotαâ′α(ξ − λ, ξ)ϕ(y)dydλ

= C ′
α

∫

R

e−i(λ2−λξ) cotαâ′α(ξ − λ, ξ)ϕ̂α(λ)dλ.

This completes the proof. ✷
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Theorem 4. We have the inequality

(3.3) ‖A(x,∆′
x)ϕ‖s ≤ C(α)‖ϕ‖s,

∀s ∈ R, ∀ϕ ∈ G (R), for a certain constant C(α).

P r o o f. We have in fact the immediate decompositition

A(x,∆′
x) = A(∞,∆′

x) +A′(x,∆′
x).

We must remark that for ϕ ∈ G , by definition we have
[
Âα(∞,∆′

x)ϕ
]
(ξ) = a(∞, ξ)ϕ̂α(ξ),

and from [6], we have

[Fα(A
′(x,∆′

x))ϕ](ξ) = C ′
α

∫

R

e−i(η2−ηξ) cotαâ′α(ξ − η, ξ)ϕ̂α(η)dη.

Then, we see that first of all

‖A(∞,∆′
x)ϕ‖2s =

∫

R

(1 + |ξ|2) s
2 |a(∞, ξ)||ϕ̂α(ξ)|2dξ

≤
(
sup
|ξ|=1

|a(∞, ξ)|
)2 ∫

R

[(1 + |ξ|2) s
2 |ϕ̂α(ξ)|]2dξ

=

(
sup
|ξ|=1

|a(∞, ξ)|
)2

‖ϕ‖2s .

Therefore,

‖A(∞,∆′
x)ϕ‖s ≤ C1‖ϕ‖s.

Less trivial is estimate for A′(x,∆′
x)ϕ. Its fractional Fourier transform in G

′

equals

C ′
α

∫

R

e−i(η−ξ)ξ cotαâ′α(ξ − η, ξ)ϕ̂α(η)dη,

and then (using the definition of Hs), we will have to estimate the norm in L2(R)
of the expression

(1 + |ξ|2) s
2C ′

α

∫

R

e−i(η−ξ)ξ cotαâ′α(ξ − η, ξ)ϕ̂α(η)dη,

which is equal to Us(ξ). Now using Lemma 2 and Theorem 2(ii), then we have

|Us(ξ)|

= |C ′
α|
∣∣∣∣
∫

R

(1 + |ξ|2) s
2 (1 + |η|2)−s

2 e−i(η−ξ)ξ cotαâ′α(ξ − η, ξ)(1 + |η|2) s
2 ϕ̂α(η)

∣∣∣∣ dη
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≤ |C ′
α|Dl2

|s|
2

∫

R

(1 + |ξ − η|2)
|s|
2 (1 + |ξ − η|2 csc2 α)−l

2 (1 + |η|2) s
2 |ϕ̂α(η)|dη

≤ |C ′
α|Dl2

|s|
2

∫

R

gα(ξ − η)fα(η)dη (say)

= |C ′
α|Dl2

|s|
2 (gα ∗ fα)(ξ).

If l is large, gα ∈ L1(R). Also since ϕ̂α ∈ G (R), fα(η) ∈ L2(R), then (gα ∗ fα)(ξ)
belongs to L2(R) and following inequality holds:

‖gα ∗ fα‖L2(R) ≤ ‖gα‖L1(R)‖fα‖L2(R).

It implies that

‖Us(ξ)‖L2(R) ≤ |C2(α)|‖ϕ‖s.
Now,

‖A(∞,∆′
x)ϕ+A′(x,∆′

x)ϕ‖s ≤ ‖A(∞,∆′
x)ϕ‖s + ‖A′(x,∆′

x)ϕ‖s
‖A(x,∆′

x)ϕ‖s ≤ C1‖ϕ‖s + |C2(α)|‖ϕ‖s = C(α)‖ϕ‖s.
This completes the proof. ✷

4. The operator A (x,∆′

x
). Let a(x, ξ) be a symbol. We define an

operator A (x,∆′
x) of G in G

′ by means of the formula

A (x,∆′
x)ϕ =

∫

R

Kα(x, ξ)Hα(ξ)dξ

where, for ϕ ∈ G , the function Hα(ξ) is defined by the relation

Hα(ξ) = a(∞, ξ)ϕ̂α(ξ) + C ′
α

∫

R

e−(η2−ξη) cotαâ′α(ξ − η, η)ϕ̂α(η)dη,

∀ϕ ∈ G and ξ ∈ R \ {0}.
With the same proof used for A(x,∆′

x) we have the function A (x,∆′
x)ϕ

is continous and bounded for x ∈ R. Besides, we see that if the symbol a(x, ξ)
does not depend on x, we have A(∆′

x) = A (∆′
x).

Theorem 5. We have
[
A (x,∆′

x)ϕ
]
(x) =

∫

R

Kα(x, η)a(x, η)ϕ̂α(η)dη, ∀x ∈ R, ∀ϕ ∈ G .

P r o o f. As a(x, η) = a(∞, η) + e
ix2 cotα

2 a′(x, η) and ϕ̂α(η) ∈ G , the
integral is absolutely convergent.

Moreover, then:

(4.1)

∫

R

Kα(x, ξ)

[
C ′
α

∫

R

â′α(ξ − η, η)ϕ̂α(η)e
iη(ξ−η) cotαdη

]
dξ,
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is absolutely convergent because
∫

R

Kα(x, η)e
ix2 cotα

2 a′(x, η)ϕ̂α(η)dη =

∫

R

∫

R

C ′
αKα(x, ξ)â′α(ξ − η, η)

× ϕ̂α(η)e
iη(ξ−η) cotαdηdξ,

∣∣∣∣
∫

R

Kα(x, η)e
ix2 cotα

2 a′(x, η)ϕ̂α(η)dη

∣∣∣∣

=

∣∣∣∣
∫

R

∫

R

C ′
αKα(x, ξ)â

′
α(ξ − η, η)ϕ̂α(η)e

iη(ξ−η) cotαdηdξ

∣∣∣∣

≤
∫

R

∫

R

|C ′
α||Kα(x, ξ)||â′α(ξ − η, η)||ϕ̂α(η)|dηdξ

≤ Dl

2π| sinα|

∫

R

|ϕ̂α(η)|
(∫

R

(1 + |ξ − η|2 csc2 α)−l
2 dξ

)
dη < ∞,

for l large enough.

Furthermore, we see that (4.1) equals

C ′
α

∫

R

e
−i
2
[x2+(ξ−η)2] cotα+ix(ξ−η) cscα+ iη

2
(η−2ξ) cotα+ixη cscα

×
(
C ′
α

∫

R

â′α(ξ − η, η)ϕ̂α(η)e
iη(ξ−η) cotαdη

)
dξ

= C ′
α

∫

R

e
ix2 cotα

2

(
C ′
α

∫

R

e
−i
2
[x2+(ξ−η)2] cotα+ix(ξ−η) cscαa′α(ξ − η, η)dξ

)

× e
−i
2
(x2+η2) cotα+ixη cscαϕ̂α(η)dη

=

∫

R

e
ix2 cotα

2 a′(x, η)Kα(x, η)ϕ̂α(η)dη.

This proves Theorem 5. ✷

Theorem 6. Let a(x, ξ) be a symbol and a(x, ξ),its complex conjugate,

operator A(x,∆′
x) associated to a(x, ξ), operator A (x,∆′

x) associated to a(x, ξ).
Then, we have the equality

(
A(x,∆′

x)ϕ, φ
)
L2(R)

=
(
ϕ,A (x,∆′

x)φ
)
L2(R)

, ∀ϕ, φ ∈ L2(R).

P r o o f. It will be sufficient to show this for ϕ, φ ∈ G . We have first of
all
[
A (x,∆′

x)φ
]
(x) =

∫

R

Kα(x, η) a(x, η)φ̂α(η)dη, ∀φ ∈ G , (Theorem 5).
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Hence we get, when

(ϕ, φ)L2(R) =

∫

R

ϕ(x)φ(x)dx

the equality

(
ϕ,A (x,∆′

x)φ
)
=

∫

R

ϕ(x)

(∫

R

Kα(x, η) a(x, η)φ̂(η)dη

)
dx

=

∫

R

ϕ(x)

∫

R

Kα(x, η)a(x, η)φ̂α(η)dηdx

=

∫

R

∫

R

ϕ(x)Kα(x, η)a(x, η)φ̂α(η)dηdx.

Now by Parseval’s formula and using also Theorem 3, we obtain
(
A(x,∆′

x)ϕ, φ
)
L2(R)

=
(
Fα

[
A(x,∆′

x)ϕ
]
, φ̂α

)
L2(R)

=

∫

R

Fα

[
A(x,∆′

x)ϕ
]
(η)φ̂α(η)dη

=

∫

R

∫

R

Kα(x, η)a(x, η)ϕ(x)φ̂α(η)dηdx.

Therefore,
(
A(x,∆′

x)ϕ, φ
)
L2(R)

=
(
ϕ,A (x,∆′

x)φ
)
L2(R)

.

This completes the proof. ✷

Remark 1. Let a(x, ξ) be a symbol of special type: a(x, ξ) = a(x)b(ξ).
Then we have A (x,∆′)ϕ = a(x)b(∆′)ϕ, A(x,∆′) = b(∆′)(a(x)ϕ(x)), ∀ϕ ∈ G .

In fact, we see that

[
A (x,∆′

x)ϕ
]
(x) =

∫

R

Kα(x, η)a(x)b(iη cscα)ϕ̂α(η)dη = a(x)b(∆′
x)ϕ

and

Fα

[
A(x,∆′

x)ϕ
]
(ξ) =

∫

R

Kα(y, ξ)a(y)b(iξ cscα)ϕ(y)dy

= b(iξ cscα)Fα [aϕ] (ξ)

= Fα

[
b(∆′

x)(aϕ)
]
(ξ).

Theorem 7. We have the relation

‖
[
A(x,∆′

x)− A (x,∆′
x)
]
ϕ‖s ≤ C(α)‖ϕ‖s, ∀ϕ ∈ G , s ∈ R.
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P r o o f. We have
[
Fα

(
A(x,∆′

x)
)
ϕ
]
(ξ)

= a(∞, ξ)ϕ̂α(ξ) +C ′
α

∫

R

e−iη(η−ξ) cotαâ′α(ξ − η, ξ)ϕ̂α(η)dη,

(Fractional Fourier transform in G
′). The same is valid for A (x,∆′

x)ϕ and

[
Fα

(
A (x,∆′

x)
)
ϕ
]
(ξ) = a(∞, ξ)ϕ̂α(ξ) + C ′

α

∫

R

e−iξ(ξ−η) cotαâ′α(ξ − η, η)ϕ̂α(η)dη.

Hence, we obtain, with fractional Fourier transform in G
′

[
Fα

(
A(x,∆′

x)− A (x,∆′
x)
)
ϕ
]
(ξ)

= C ′
α

∫

R

[
e−iη(η−ξ) cotαâ′α(ξ − η, ξ)− e−iξ(ξ−η) cotαâ′α(ξ − η, η)

]
ϕ̂α(η)dη.

Therefore, we will have to estimate the norm L2(R) of expression

Us(ξ) = (1 + |ξ|2) s
2C ′

α

∫

R

[
e−iη(η−ξ) cotαâ′α(ξ − η, ξ)− e−iξ(ξ−η) cotαâ′α(ξ − η, η)

]

× ϕ̂α(η)dη,

= C ′
α

∫

R

(1 + |ξ|2) s
2

(1 + |η|2) s
2

[
e−iη(η−ξ) cotαâ′α(ξ − η, ξ)− e−iξ(ξ−η) cotαâ′α(ξ − η, η)

]

× (1 + |η|2) s
2 ϕ̂α(η)dη,

|Us(ξ)| ≤ |C ′
α|2

|s|
2

∫

R

(1 + |ξ − η|2)
|s|
2 |â′α(ξ − η, ξ)||(1 + |η|2) s

2 ||ϕ̂α(η)|dη

+ |C ′
α|2

|s|
2

∫

R

(1 + |ξ − η|2)
|s|
2 |â′α(ξ − η, η)||(1 + |η|2) s

2 ||ϕ̂α(η)|dη

= 2|C ′
α|Dl2

|s|
2

∫

R

(1 + |ξ − η|2)
|s|
2 (1 + |ξ − η| csc2 α)−l

2 (1 + |η|2) s
2 |ϕ̂α(η)|dη

=

∫

R

hα(ξ − η)fα(η)dη (say)

= (hα ∗ fα)(ξ).
If l is large, hα ∈ L1(R). Also, since ϕ̂α ∈ G , fα(η) ∈ L2(R). Then (hα ∗ fα)(ξ)
belongs to L2(R) and the inequality

‖hα ∗ fα‖ ≤ ‖hα‖L1(R)‖fα‖L2(R),

implies that

‖Us(ξ)‖L2(R) ≤ C(α)‖ϕ‖s.
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Hence,

‖[A(x,∆′
x)− A (x,∆′

x)]ϕ‖s ≤ C(α)‖ϕ‖s, ∀ϕ ∈ G , s ∈ R. ✷

5. Product and commutators of generalized pseudo-differen-
tial operators.

Theorem 8. Let a(x, ξ), b(x, ξ) be two symbols belonging to the class Λ.
Then c(x, ξ) = a(x, ξ)b(x, ξ) is also a symbol in the class Λ.

P r o o f. We have c(x, ξ) ∈ Λ as a(x, ξ) and b(x, ξ) are in the space.
Besides, ∀t > 0, we have c(x, tξ) = a(x, tξ)b(x, tξ). As

lim
|x|→∞

a(x, ξ) = a(∞, ξ),

lim
|x|→∞

b(x, ξ) = b(∞, ξ),

and the same is valid for c(x, ξ),

lim
|x|→∞

c(x, ξ) = c(∞, ξ),

which exists for ξ ∈ R. If we put

c′(x, ξ) =
(
a′(x, ξ) + a(∞, ξ)

) (
b′(x, ξ) + b(∞, ξ)

)

= a′(x, ξ)b′(x, ξ) + a(∞, ξ)b′(x, ξ) + a′(x, ξ)b(∞, ξ) + a(∞, ξ)b(∞, ξ),

then we show that c′(x, ξ) possesses the property (2.8) as

(1 + |x|2)l
∣∣∣Dp

xD
q
ξc

′(x, ξ)
∣∣∣

≤ (1 + |x|2)l
∣∣∣Dp

xD
q
ξa

′(x, ξ)b′(x, ξ)
∣∣∣ + (1 + |x|2)l

∣∣∣Dp
xD

q
ξa(∞, ξ)b′(x, ξ)

∣∣∣

+ (1 + |x|2)l
∣∣∣Dp

xD
q
ξa

′(x, ξ)b(∞, ξ)
∣∣∣ + (1 + |x|2)l

∣∣∣Dp
xD

q
ξa(∞, ξ)b(∞, ξ)

∣∣∣

≤
p∑

s=0

(
p

s

) q∑

r=0

(
q

r

)
(1 + |x|2)l

∣∣∣Dp−s
x D

q−r
ξ a′(x, ξ)

∣∣∣
∣∣Ds

xD
r
ξb

′(x, ξ)
∣∣

+

p∑

s=0

(
p

s

) q∑

r=0

(
q

r

)
(1 + |x|2)l

∣∣∣Dp−s
x D

q−r
ξ b′(x, ξ)

∣∣∣
∣∣Ds

xD
r
ξa(∞, ξ)

∣∣

+

p∑

s=0

(
p

s

) q∑

r=0

(
q

r

)
(1 + |x|2)l

∣∣∣Dp−s
x D

q−r
ξ a′(x, ξ)

∣∣∣
∣∣Ds

xD
r
ξb(∞, ξ)

∣∣

+

p∑

s=0

(
p

s

) q∑

r=0

(
q

r

)
(1 + |x|2)l

∣∣∣Dp−s
x D

q−r
ξ a(∞, ξ)

∣∣∣
∣∣Ds

xD
r
ξb(∞, ξ)

∣∣
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(1 + |x|2)l
∣∣∣Dp

xD
q
ξc

′(x, ξ)
∣∣∣ ≤

p∑

s=0

(
p

s

) q∑

r=0

(
q

r

)
[C1,l,p,q + C2,l,p,q + C3,l,p,q + C4,l,p,q]

≤ Dl,p,q.

Therefore, c′(x, ξ) ∈ Λ. Let C(x,∆′
x), A(x,∆

′
x), B(x,∆′

x) be the operators corre-
sponding to c(x, ξ), a(x, ξ), b(x, ξ) respectively. We have

A(x,∆′
x) = A(∞,∆′

x) +A′(x,∆′
x)

B(x,∆′
x) = B(∞,∆′

x) +B′(x,∆′
x)

A(x,∆′
x)B(x,∆′

x) = A(∞,∆′
x)B(∞,∆′

x) +A′(x,∆′
x)B(∞,∆′

x)

+A(∞,∆′
x)B

′(x,∆′
x) +A′(x,∆′

x)B
′(x,∆′

x).

We denote

a(∞, ξ)b(∞, ξ) = γ(ξ); e
ix2 cotα

2 a′(x, ξ)b(x, ξ) = p(x, ξ)

a(∞, ξ)e
ix2 cot α

2 b′(x, ξ) = p1(x, ξ), b(∞, ξ)e
ix2 cotα

2 a′(x, ξ) = p2(x, ξ).

Then,

C(x,∆′
x) = Γ(∆′

x) + P (x,∆′
x) + P1(x,∆

′
x) + P2(x,∆

′
x),

where, Γ, P , P1 and P2 are generalized pseudo-differential operators with symbols
γ(ξ), p(x, ξ), p1(x, ξ) and p2(x, ξ), respectively. ✷

Theorem 9. We have

Γ(∆′
x)ϕ = A(∞,∆′

x)B(∞,∆′
x)ϕ, for ϕ ∈ G .

P r o o f. In fact, we have

Fα

[
Γ(∆′

x)ϕ
]
(ξ) = γ(ξ)ϕ̂α(ξ),

=

∫

R

γ(ξ)Kα(x, ξ)ϕ(x)dx,

= a(∞, ξ)b(∞, ξ)

∫

R

Kα(x, ξ)ϕ(x)dx,

= a(∞, ξ)b(∞, ξ)ϕ̂α(ξ),

= a(∞, ξ)Fα

[
B(∞,∆′

x)ϕ
]
(ξ),

= Fα

[
A(∞,∆′

x)B(∞,∆′
x)ϕ
]
(ξ),

hence, by inversion formula of fractional Fourier transform valid in G
′, we arrive

at Theorem 9. ✷

Theorem 10. We have

P1(x,∆
′
x) = A(∞,∆′

x)B
′(x,∆′

x).
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P r o o f. In fact, we have for ϕ ∈ G

Fα

[
P1(x,∆

′
x)ϕ
]
(x) = p1(x, ξ)ϕ̂α(ξ)dξ,

= a(∞, ξ)b′(x, ξ)e
ix2 cotα

2 ϕ̂α(ξ)dξ,

= a(∞, ξ)Fα

[
B(x,∆′

x)ϕ
]
(ξ),

= Fα

[
A(∞,∆′

x)B(x,∆′
x)ϕ
]
(ξ),

hence, by inversion formula of fractional Fourier transform, we have the result of
Theorem 10. ✷

Theorem 11. We have

P2(x,∆
′
x) = B(∞,∆′

x)A
′(x,∆′

x).

P r o o f. The proof is similar to that of Theorem 10. ✷

Theorem 12. We have the relation
∥∥[A′(x,∆′

x), B(∞,∆′
x)
]∥∥

s
≤ C(α) ‖ϕ‖s−1 , ∀ϕ ∈ G , s ∈ R;

for a certain constant C(α), where [·, ·] denotes the commutator between the two

operators.

P r o o f. In fact, we have the formula

Fα

[
A′(x,∆′

x)B(∞,∆′
x)ϕ
]
(ξ)

= C ′
α

∫

R

e−i(η2−ηξ) cotαâ′α(ξ − η, ξ)Fα

[
B(∞,∆′

x)ϕ
]
(η)dη

= C ′
α

∫

R

e−i(η2−ηξ) cotαâ′α(ξ − η, ξ)b(∞, η)ϕ̂α(η)dη.

Besides,

Fα

[
B(∞,∆′

x)A
′(x,∆′

x)ϕ
]
(ξ) = b(∞, ξ)Fα

[
A′

α(x,∆
′
x)ϕ
]
(ξ)

= b(∞, ξ)C ′
α

∫

R

e−i(η2−ηξ) cotαâ′α(ξ − η, ξ)ϕ̂α(η)dη;

and hence

Fα

[
A′(x,∆′

x), B(∞,∆′
x)ϕ
]
(ξ)

= C ′
α

∫

R

e−i(η2−ηξ) cotαâ′α(ξ − η, ξ)[b(∞, η) − b(∞, ξ)]ϕ̂α(η)dη,

from [11], we have

|b(∞, ξ)− b(∞, η)| ≤ C|ξ − η|(|ξ| + |η|)−1 ≤ C(1 + |ξ − η|2) 1
2 (1 + |η|2)−1

2 .
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Hence we are obliged to estimate the norm L2(R) of the expression

Us(ξ) = C ′
α(1 + |ξ|2) s

2

∫

R

e−i(η2−ηξ) cotαâ′α(ξ − η, ξ)[b(∞, η) − b(∞, ξ)]ϕ̂α(η)dη.

We have

|Us(ξ)| ≤ |C ′
α|
∫

R

(1 + |ξ|2) s
2 |â′α(ξ − η, ξ)||b(∞, η) − b(∞, ξ)||ϕ̂α(η)|dη

≤ |C ′
α|Dl2

s
2

∫

R

(1 + |ξ − η|2) s+1
2 (1 + |ξ − η|2 cscα)−l

2 (1 + |η|2) s−1
2 |ϕ̂α(η)|dη

=

∫

R

gα(ξ − η)hα(η)dη (say)

= (gα ∗ hα)(ξ).
If l is large, gα ∈ L1(R). Also, since ϕ̂α ∈ G (R), hα(η) ∈ L2(R). Then (gα∗hα)(ξ)
belongs to L2(R) and the inequality

‖gα ∗ hα‖L2(R)
≤ ‖gα‖L1(R)

‖hα‖L2(R)
.

It implies that

‖Us(ξ)‖L2(R)
≤ C(α) ‖ϕ‖s−1 , ∀ϕ ∈ G , ∀s ∈ R.

Therefore,
∥∥[A′(x,∆′

x), B(∞,∆′
x)
]
ϕ
∥∥
s
≤ C(α) ‖ϕ‖s−1 , ∀ϕ ∈ G , ∀s ∈ R.

This completes the proof. ✷

Theorem 13. We have the relation
∥∥(A′(x,∆′

x)B
′(x,∆′

x)− P (x,∆′
x)
)
ϕ
∥∥
s
≤ C(α) ‖ϕ‖s , ∀ϕ ∈ G , ∀s ∈ R.

P r o o f. Let us consider the operator P (x,∆′
x) associated with p(x, ξ),

then
[
Fα

(
P (x,∆′

x)ϕ
)]

(ξ) = C ′
α

∫

R

e−i(η2−ηξ) cotαKα(ξ − η, ξ)ϕ̂α(η)dη.

But we have for p(x, ξ) = e
ix2 cotα

2 a′(x, ξ)b′(x, ξ) that

(Fαp)(λ, ξ) = C ′
α

∫

R

e−i(µ2−µξ) cotαâ′α(λ− µ, ξ)b̂′α(µ, ξ)dµ;

whence we arrive at
[
Fα

(
P (x,∆′

x)ϕ
)]

(ξ)

= C ′
α

∫

R

e−i(η2−ηξ) cotα

(∫

R

e−i(µ2−µξ) cotαâ′α(ξ − η − µ, ξ)b̂′α(µ, ξ)dµ

)
ϕ̂α(η)dη
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= C ′
α

∫

R

∫

R

e−i[η2+µ2−ξ(η+µ)] cotαâ′α(ξ − η − µ, ξ)b̂′α(µ, ξ)ϕ̂α(η)dηdµ.

In the interior integral, we make: η + µ = τ ; dη = dτ ; it follows that
[
Fα

(
P (x,∆′

x)ϕ
)]

(ξ)

= C ′
α

∫

R

(∫

R

e−[µ2+(τ−µ)2−ξτ ] cotαâ′α(ξ − τ, ξ)ϕ̂α(τ − µ)dτ

)
b̂′α(µ, ξ)dµ.

And once more in the interior, we make τ − µ = ν;−dµ = dν. We have now
[
Fα

(
P (x,∆′

x)ϕ
)]

(ξ)

= C ′
α

∫

R

e−i[(τ−ν)2+ν2−ξτ ] cotαâ′α(ξ − τ, ξ)

(∫

R

b̂′α(τ − ν, ξ)ϕ̂α(ν)dν

)
dτ

= C ′
α

∫

R

∫

R

e−i[(τ−ν)2+ν2−ξτ ] cotαâ′α(ξ − τ, ξ)b̂′α(τ − ν, ξ)ϕ̂α(ν)dνdτ.

Now we replace ν = η. Then we get
[
Fα

(
P (x,∆′

x)ϕ
)]

(ξ)

= C ′
α

∫

R

∫

R

e−i[(τ−η)2+η2−ξτ ] cotαâ′α(ξ − τ, ξ)b̂′α(τ − η, ξ)ϕ̂α(η)dηdτ.

On the other hand, we have
[
Fα

(
A′(x,∆′

x)B
′(x,∆′

x)
)
ϕ
]
(ξ)

= C ′
α

∫

R

e−i(η2−ηξ) cotαâ′α(ξ − η, ξ)Fα

[
B′(x,∆′

x)ϕ
]
(η)dη

and besides

Fα

[
B′(x,∆′

x)ϕ
]
(η) = C ′

α

∫

R

e−(τ2−ητ) cotαb̂α(η − τ, η)ϕ̂α(τ)dτ ;

and hence we shall obtain
[
Fα

(
A′(x,∆′

x)B
′(x,∆′

x)
)
ϕ
]
(ξ) = C ′

α

∫

R

e−i(η2−ηξ) cotαâ′α(ξ − η, ξ)

×
(
C ′
α

∫

R

e−(τ2−ητ) cotαb̂′α(η − τ, η)ϕ̂α(τ)dτ

)
dη

= (C ′
α)

2

∫

R

∫

R

e−i[η2+τ2−η(ξ+τ)] cotαâ′α(ξ − η, ξ)

× b̂′α(η − τ, η)ϕ̂α(τ)dτdη.

By making substitution η = τ , τ = η, we arrive at
[
Fα

(
A′(x,∆′

x)B
′(x,∆′

x)
)
ϕ
]
(ξ) = (C ′

α)
2

∫

R

∫

R

e−i[η2+τ2−τ(ξ+η)] cotαâ′α(ξ − τ, ξ)
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× b̂′α(τ − η, τ)ϕ̂α(η)dτdη.

The absolute convergence of the double integrals here, using the result from
equation (2.1), estimates

(5.1) |â′α(ξ − τ, ξ)| ≤ Dl(1 + |ξ − τ |2 csc2 α)−l
2 ;

(5.2) |b̂′α(τ − η, τ)| ≤ Dl(1 + |τ − η|2 csc2 α)−l
2 ;

where l ∈ N.
Therefore, we can express the difference
[
Fα

(
A′(x,∆′

x)B
′(x,∆′

x)− P (x,∆′
x)
)
ϕ
]
(ξ)

= (C ′
α)

2

∫

R

∫

R

â′α(ξ − τ, ξ)[e−i(η2+τ2−τ(ξ+η)) cotαb̂′α(τ − η, τ)

− e−i((τ−η)2+η2−ξτ) cotαb̂′α(τ − η, ξ)]ϕ̂α(η)dτdη.

Let us examine here the norm L2(R) of expression

Us(ξ) = (C ′
α)

2

∫

R

∫

R

(1 + |ξ|2) s
2 â′α(ξ − τ, ξ)[e−i(η2+τ2−τ(ξ+η)) cotαb̂′α(τ − η, τ)

− e−i((τ−η)2+η2−ξτ) cotαb̂′α(τ − η, ξ)]ϕ̂α(η)dτdη.

Using equation (5.1) and (5.2), we get

|Us(ξ)|

≤|C ′
α|2
∫

R

∫

R

(1+|ξ|2) s
2 |â′α(ξ−τ, ξ)|[|b̂′α(τ−η, τ)|+|b′α(τ−η, ξ)|]|ϕ̂α(η)|dτdη

≤Dl|C ′
α|2
∫

R

∫

R

(1+|ξ|2) s
2 (1+|ξ−τ |2 csc2 α)−l

2 (1+|τ−η|2 csc2 α)−l
2 |ϕ̂α(η)|dτdη

+Dl|C ′
α|2
∫

R

∫

R

(1+|ξ|2) s
2 (1+|ξ−τ |2 csc2 α)−l

2 (1+|τ−η|2 csc2 α)−l
2 |ϕ̂α(η)|dτdη

=2Dl|C ′
α|2
∫

R

∫

R

(1+|ξ|2) s
2 (1+|ξ−τ |2 csc2 α)−l

2 (1+|τ−η|2 csc2 α)−l
2 |ϕ̂α(η)|dτdη

=Ts(ξ) (say).

Firstly, we want to show that

‖Us(ξ)‖L2(R)
≤ ‖Ts(ξ)‖L2(R)

.

For,

|Ts(ξ)|

= 2|Dl||C ′
α|2
∫

R

∫

R

(1+|ξ|2) s
2 (1+|ξ−τ |2 csc2 α)−l

2 (1+|τ−η|2 csc2 α)−l
2 |ϕ̂α(η)|dτdη.
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Let us denote now,

H(ξ, η, τ) = (1 + |ξ − τ |2 csc2 α)−l
2 (1 + |τ − η|2 csc2 α)−l

2

Ls(ξ, η) =
(1 + |ξ|2) s

2

(1 + |η|2) s
2

∫

R

H(ξ, η, τ)dτ.

We remark that it follows, ∀ξ ∈ R

|Ts(ξ)| ≤ 2|Dl||C ′
α|2
∫

R

∫

R

(1 + |ξ|2) s
2H(ξ, η, τ)|ϕ̂α(η)|dτdη.

Therefore, we have only to prove the inequality
(∫

R

(∫

R

∫

R

(1 + |ξ|2) s
2H(ξ, η, τ)|ϕ̂α(η)|dτdη

)2

dξ

) 1
2

≤ C(α) ‖ϕ‖s , ∀ϕ ∈ G .

In order to do that we shall prove here a more general result, which is given in
the following Lemma.

Lemma 2. Let r(ξ, η, τ) > 0 be function such that

∫

R

r(ξ, η, τ)dτ < ∞
for every ξ, η fixed in R. Let us denote

ρs(ξ, η) =
(1 + |ξ|2) s

2

(1 + |η|2) s
2

∫

R

r(ξ, η, τ)dτ,

and suppose ∫

R

ρs(ξ, η)dξ ≤ L,

∫

R

ρs(ξ, η)dη ≤ L, ∀ ξ, η ∈ R.

Then, there is a constant C(α) such that the inequality

(∫

R

(∫

R

∫

R

(1 + |ξ|2) s
2 r(ξ, η, τ)|ϕ̂α(η)|dτdη

)2

dξ

) 1
2

≤ C(α) ‖ϕ‖s ,

∀ϕ ∈ G for s ∈ R is verified.

P r o o f. We remark that in fact we have∫

R

∫

R

(1 + |ξ|2) s
2 r(ξ, η, τ)|ϕ̂α(η)|dτdη =

∫

R

ρs(ξ, η)(1 + |η|2) s
2 |ϕ̂α(η)|dη.

Let us put ϑ(η) = (1 + |η|2) s
2 |ϕ̂α(η)|. We get∫

R

ρs(ξ, η)ϑ(η)dη =

∫

R

√
ρs(ξ, η)

√
ρs(ξ, η)ϑ(η)dη

≤
(∫

R

ρs(ξ, η)dη

) 1
2
(∫

R

ρs(ξ, η)ϑ
2(η)dη

) 1
2
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≤
√
L

(∫

R

ρs(ξ, η)ϑ
2(η)dη

) 1
2

.

Hence, we have
∫

R

∫

R

(1 + |ξ|2) s
2 r(ξ, η, τ)|ϕ̂α(η)|dτdη ≤

√
L

(∫

R

ρs(ξ, η)ϑ
2(η)dη

) 1
2

∥∥∥∥
∫

R

∫

R

(1 + |ξ|2) s
2 r(ξ, η, τ)|ϕ̂α(η)|dτdη

∥∥∥∥
L2(R)

≤
√
L

(∫

R

(∫

R

ρs(ξ, η)ϑ
2(η)dη

)
dξ

) 1
2

≤ L

(∫

R

ϑ2(η)dη

) 1
2

= L ‖ϕ‖s . ✷

We shall apply Lemma 2, taking r(ξ, η, τ) = H(ξ, η, τ) and ρs(ξ, η) =

Ls(ξ, η). We see that

∫

R

H(ξ, η, τ)dτ < ∞, and it remains to prove following

Lemma 3. We have

∫

R

Ls(ξ, η)dξ ≤ L ,

∫

R

Ls(ξ, η)dη ≤ L , in fact

Ls(ξ, η) =
(1 + |ξ|2) s

2

(1 + |η|2) s
2

∫

R

(1 + |ξ − τ |2 csc2 α)−l
2 (1 + |τ − η|2 csc2 α)−l

2 dτ.

P r o o f. It is given that

Ls(ξ, η) =
(1 + |ξ|2) s

2

(1 + |η|2) s
2

∫

R

(1 + |ξ − τ |2 csc2 α)−l
2 (1 + |τ − η|2 csc2 α)−l

2 dτ

≤ 2
|s|
2 (1 + |ξ − η|2)

|s|
2

∫

R

(1 + |ξ − τ |2 csc2 α)−l
2

× (1 + |τ − η|2 csc2 α)−l
2 dτ.

Now from [11], we have

(1 + |ξ − η|2)
|s|
2 ≤ C(1 + |ξ − τ |2)

|s|
2 (1 + |τ − η|2)

|s|
2 ;

and hence

Ls(ξ, η)

≤ 2
|s|
2 C

∫

R

(1+|ξ−τ |2)
|s|
2 (1+|τ−η|2)

|s|
2 (1+|ξ−τ |2 csc2 α)−l

2 (1+|τ−η|2 csc2 α)−l
2 dτ.



266 A. Shekhar, N. K. Agrawal

We denote at this stage:

λ(t) =

∫

R

(1 + |u|2)
|s|
2 (1 + |u|2 cscα)−l

2 (1 + |t− u|2)
|s|
2 (1 + |t− u|2 cscα)−l

2 du,

t ∈ R,

where l is large enough. We see that λ(t) ∈ L1(R) as convolution of two integrable
functions; hence, putting t = ξ − η, we have

λ(ξ − η)

=

∫

R

(1+|u|2)
|s|
2 (1+|u|2 csc2 α)−l

2 (1+|ξ−η−u|2)
|s|
2 (1+|ξ−η−u|2 csc2 α)−l

2 du.

By putting u = ξ − τ , we get

λ(ξ − η)

=

∫

R

(1+ |ξ−τ |2)
|s|
2 (1+ |ξ−τ |2 csc2 α)−l

2 (1+ |τ−η|2)
|s|
2 (1+ |τ−η|2 csc2 α)−l

2 dτ.

Hence we get

Ls(ξ, η) ≤ Csλ(ξ − η);

and obviously:
∫

R

λ(ξ − η)dξ < ∞,

∫

R

λ(ξ − η)dη < ∞,

which proves Lemma 3. ✷

Hence, by Lemma 3 we have that

‖Ts(ξ)‖L2(R)
≤ C(α) ‖ϕ‖s .

Therefore,

‖Us(ξ)‖L2(R)
≤ C(α) ‖ϕ‖s , ∀ϕ ∈ G and ∀s ∈ R.

and this proves Theorem 13. ✷

Corollary 1. If A(x,∆′
x), B(x,∆′

x) are generalized pseudo-differential

operators, the commutator [A(x,∆′
x), B(x,∆′

x)] is of order ≤ 0.

P r o o f. We have

A(x,∆′
x)B(x,∆′

x)− (ab)(x,∆′
x)

= [A′(x,∆′
x), B(x,∆′

x)]−A′(x,∆′
x)B

′(x,∆′
x) + P (x,∆′

x)

is of order ≤ 0 by Theorem 12 and Theorem 13. ✷
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Remark 2. Let A(x,∆′
x) be a generalized pseudo-differential operator

associated with the symbol a(x, ξ). We assume that ρ0 ∈ C is an eigen-value of
A(x,∆′

x),such that|a(x, ξ) − ρ0| > α > 0 ∀x ∈ R, |ξ| = 1. Then, any eigen-
vector ϕo corresponding to eigen-value ρ0 is a C∞-function.

Therefore, b(x, ξ) = (a(x, ξ) − ρ0)
−1 is also a symbol. If B(x,∆′

x) is
associated to it, we get B(x,∆′

x)(A(x,∆
′
x))−ρ0E = E+U , where E is the identity

operator and U has order ≤ 0. It follows that θ = B(A − ρ0E)ϕ0 = ϕ0 + Uϕ0,
implies that ϕ0 = −Uϕ0, ϕ0 ∈ L2(R). Therefore Uϕ0 ∈ H1 and ϕ0 ∈ H1 too.

Let us consider now the operator Is = (1+ |∆′
x|2)

s
2 , defined by Îsϕ(ξ) =

(1 + |ξ|2 csc2 α) s
2 ϕ̂α(ξ), ∀ϕ ∈ G .

Theorem 14. Let A(x,∆′
x) be a generalized pseudo-differential operator

associated with a symbol a(x, ξ) and the operator Is = (1+ |∆′
x|2)

s
2 is defined by

Îsϕ(ξ) = (1 + |ξ|2 csc2 α) s
2 ϕ̂α(ξ), ∀ϕ ∈ G .

Then
∥∥[A(x,∆′

x),Is]
∥∥
L2(R)

≤ C ‖ϕ‖s−1 , ∀ϕ ∈ R.

P r o o f. We have

Fα[(A(x,∆
′
x)Is)ϕ](ξ) = a(∞, ξ)(1 + ξ2 csc2 α)

s
2 ϕ̂α(ξ)

+ C ′
x

∫

R

e−iη(η−ξ) cotαâ′α(ξ − η, ξ)(1 + η2 csc2 α)
s
2 ϕ̂α(η)dη,

and also

Fα[(IsA(x,∆
′
x))ϕ](ξ) = (1 + ξ2 csc2 α)

s
2 ̂A(x,∆′

x)ϕ(ξ)

= (1 + ξ2 csc2 α)
s
2 a(∞, ξ)ϕ̂α(ξ)

+ C ′
α

∫

R

e−iη(η−ξ) cotαâ′α(ξ − η, ξ)(1 + ξ2 csc2 α)
s
2 ϕ̂α(η)dη

Fα

(
[A(x,∆′

x),Is]ϕ
)
(ξ) = C ′

α

∫

R

e−iη(η−ξ) cotαâ′α(ξ − η, ξ)

×
[
(1 + η2 csc2 α)

s
2 − (1 + ξ2 csc2 α)

s
2

]
ϕ̂α(η)dη

= Us(ξ), ξ ∈ R \ {0}.
Hence we need to estimate the norm L2(R) of the expression

(5.3) |Us(ξ)|

≤ Dl

∫

R

(1+(ξ−η)2 csc2 α)
−l
2

∣∣∣(1 + |η|2 csc2 α) s
2 − (1 + |ξ|2 csc2 α) s

2

∣∣∣ |ϕ̂α(η)| dη
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We consider the elementary inequality for
|s− 1|

2
, 0 < θ < 1:

(
1 + θ|ξ − η|2 csc2 α

) |s−1|
2 ≤ (1 + |ξ − η|2 csc2 α)

|s−1|
2

whence
(
1 + |η cscα+ θ(ξ − η) cscα|2

) s−1
2

≤ 2
|s−1|

2 (1 + |η|2 csc2 α)
|s−1|

2 (1 + |ξ − η|2 csc2 α)
|s−1|

2 .

By Taylor’s formula, we have

(1 + |ξ|2 csc2 α) s
2 − (1 + |η|2 csc2 α) s

2 =
(
(ξ − η) cscα, grad(1 + ξ2 csc2 α)

s
2
ξ=ζ

)
,

where ζ = η cscα+ θ(ξ − η) cscα,∣∣∣(1 + ξ2 csc2 α)
s
2 − (1 + η2 csc2 α)

s
2

∣∣∣ = |ξ − η| | cscα|
∣∣∣grad(1 + ξ2 csc2 α)

s
2
ξ=ζ

∣∣∣ .
Since we have
d

dξ
(1 + ξ2 csc2 α)

s
2 =

s

2
(1 + ξ2 csc2 α)

s
2
−12ξ csc2 α = sξ csc2 α(1 + ξ2 csc2 α)

s
2
−1,

one obtains∣∣∣grad(1 + ξ2 csc2 α)
s
2

∣∣∣ =
∣∣∣ξs csc2 α(1 + ξ2 csc2 α)

s
2
−1
∣∣∣ ≤ |s|(1 + ξ2 csc2 α)

s−1
2

and hence∣∣∣(1 + |ξ| csc2 α) s
2 − (1 + |η|2 csc2 α) s

2

∣∣∣

≤ |ξ − η|| cscα||s|(1 + |η cscα+ θ(ξ − η) cscα|2) s−1
2

≤ |s|(1 + |ξ − η|2 csc2 α) 1
2 (1 + |η cscα+ θ(ξ − η) cscα|2) s−1

2

≤ |s|(1 + |ξ − η|2 csc2 α) 1
22

|s−1|
2 (1 + |η|2 csc2 α) s−1

2

× (1 + |ξ − η|2 csc2 α) s−1
2 .(5.4)

Using (5.3) and (5.4), we get

|Us(ξ)|

≤ Cl,s

∫

R

(1+|ξ−η|2 cscα)−l
2 (1+|ξ−η|2 csc2 α)

|s−1|
2

+ 1
2 (1+|η|2 csc2 α) s−1

2 |ϕ̂α(η)|dη

= Cl,s

∫

R

(1 + |ξ − η|2 csc2 α)
−l+|s−1|+1

2 (1 + |η|2 csc2 α) s−1
2 |ϕ̂α(η)|dη

=

∫

R

hα(ξ − η)fα(η)dη (say)

= (hα ∗ fα) (ξ).
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If l is large, then hα ∈ L1(R). Also, (hα ∗ fα) (ξ) belongs to L2(R) and the
inequality

‖hα ∗ fα‖L2(R)
≤ ‖hα‖L1(R)

‖fα‖L2(R)

holds. This implies that

‖Us(ξ)‖L2(R)
≤ C(α) ‖ϕ‖s−1 ,

hence
∥∥[A(x,∆′

x),Is

]∥∥
L2(R)

≤ C(α) ‖ϕ‖s−1 , ∀ϕ ∈ G , s ∈ R.

Theorem 14 is proved. ✷
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