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ABSTRACT. Generalized pseudo-differential operators A(z,A’) and
A(x, Al)) involving fractional Fourier transform (FrFT) associated with
symbol-classes are defined and respective symbol classes are introduced.
Product and commutators of the generalized pseudo-differential operators
are investigated.

1. Introduction and motivation. The fractional Fourier transform
is a generalization of the Fourier transform with a parameter a. It has many ap-
plications in several areas including Communications, Optics, Quantum Physics
and Signal processing. For more details of the fractional Fourier transform,
see [1, 2, 15]. The one dimensional fractional Fourier transform [13, 14] with
parameter «, ¢(z) is denoted by (Fo9)(§) = Pa(€) and given in Li(R) by

(1.1) (Fap)(§) /K (z, &)
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Key words: fractional Fourier transform, symbol classes, tempered distribution, pseudo-
differential operators, Sobolev space.
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Caew_mgcsw, a # nw, nel
1 —ix€ o I
where the kernel K, (z,§) = \/ﬁe ) a=g
(5(% - 5)7 a = 2nm
(z + &), a=2n+ 17w

and

1 o 1—icota
C, = (2misina) 2ez =/ ————.
o= (2misina) 2e -

The corresponding inversion formula of (Z,¢)(§) is given by

(1:2) o(@) = /R Ko, €)(Fag) (€)dE
— —1 12 2 cot « .
R = Cle e agsca
and
T T ia 1+ 72cot
Cl=0C,= (27risina)_%e*T = UM =C_,.
2
Hence,

Ka(xv 6) = Kfa(l‘7 f)
The inverse of a FrFT with the parameter « is the FrFT with the parameter —a.

In 1960 to 1965, the pseudo-differential operators were studied by Kohn
and Nirenberg [4] and Lars Hormander [3] by using the theory of Fourier trans-
form which established their importance in the theory of partial differential equa-
tions [9, 10, 11]. Our research work is motivated by the works of Zaidman [11]
and Pathak, Prasad and Kumar [6, 7].

In this paper, we will define the generalized pseudo-differential operator
A(z,Al) and o7 (x, Al) involving the fractional Fourier transform for any function
¢ € ¢4 and symbol a(z,&) € A (see Definitions 1 and 2 and Section 2 for more
details). In addition we investigate product and commutators of these operators.

Definition 1. A tempered distribution ¢ belongs to the Sobolev space
H?(R), s € R if its fractional Fourier transform F,p corresponding to a locally
integrable function (Fap)(€) over R satisfies

(13) lelle = ([ o+ \§|2)3(%90)(§)(2>% <o
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This space is complete with respect to the norm || ||s.

Definition 2. The space ¢, the so-called space of smooth functions of
rapid descent, is defined as follows: ¢ is member of ¥ if and only if it is a
complex valued C*°-function on R and for all of non-negative integers B and -~y it
satisfies

I's4(¢) =sup ‘xﬁDvgo(a:)‘ < 00.
z€R

Lemma 1 (Peetre). For any real number s and for all £,m € R, the

estimate

1 2\° s
(1.4) (11;32) <2° (146 — )",

is satisfied.
Proof. See[12]. D
Theorem 1. Let K, (x,£) be the kernel of fractional Fourier transform

and A, = (g — ix cot a) . Then
ox

(1) ALKy (x,&) = (i€ csca)" Ky (z,€), Vn € N.
(13) Let o € 4. Then
(Fa(AL)"p(@)) (§) = (—i€ csc ) (Fap(2))(€),  VneEN;

where A, = — (% — iz cot a).

Proof. See[7]. D

The rest of the paper is organized as follows. In Sections 2 various use-
ful definitions, lemmas, theorems, symbols and relations are given, which have
been used throughout the paper. In Sections 3 and 4, two generalized pseudo-
differential operators A(z,Al) and & (x, A!) are introduced. Lastly, Section 5
deals with the product and commutators of these generalized pseudo-differential
operators with some lemmas and theorems.

In [8], Prasad and Singh has defined a novel version of the pseudo-
differential operators involving fractional Fourier cosine (sine) transform and dis-
cussed some of their properties. The fractional Fourier cosine (sine) transform is
a generalization of ordinary Fourier cosine (sine) transform. The Fourier-cosine

transform can be obtained by putting a = § = —5 in the Fourier-Jacobi trans-

form.



250 A. Shekhar, N. K. Agrawal

But, in our work, we have introduced pseudo-differential operators with
the use of fractional Fourier transform. In [5], the fractional Fourier transform is
an elegant generalization of ordinary Fourier transform.

2. Symbols. Let a(z,£) : S — C be a complex valued function, where
S C R x R and the a(z,€&) € C°(R x R) is said to be an element of the class A
if and only if a(x,t§) = a(x,§) for t > 0,

lim a(z,&) = a(c0,§)

|z| =00
exists for |¢] = 1 and a(co,€) is C™®-function. We define e2™ %/ (z,¢) =
a(z, &) — a(oo, &) assuming that V [, p, ¢ € N, there exits Dy, , > 0 satisfuing
(2.1) (1+ o) |DEDYA (2,6)| < Dipgy Yz €R

Theorem 2. (i) We have

€ =l
o(0,6) —aloon] < € (£, vener

(i) For any symbol e by’ and | € N, there exists a positive constant D; such
that
=l
g (€Ml <Dy (148 esc’a) Ve mER,
and

(i)

2
laL (X, €) —alb, (A n)| < C <1 + A% csc? a> . VEMAER,
where C} is a positive constant.
Proof. (i) See [11]. (ii) Similar proof of the Lemma 3.1 of [7]. (iii) It

can be easily proved from (ii). This completes the proof. O

3. The operator A(x,A!). Here, we define the symbol a(z,§) =
ia:2coto¢

a(o0,&) +e 2 d(x,€) and
@08 = [ Koo Va0, 8)ds, U ¢ER
R

Since fractional Fourier transform is a continous linear map of ¢ onto itself [13],
this implies that a,,(\,&) € (R ) uniformly for £ € R. Let us define, for any
p €% and x € R, a function ¥(z) = [A(x, AL)p](z), by

(3.1) [A(z, ALy /K 7,0Ga(6)dE,  VazeR.



Generalized pseudo-differential operators . .. 251

The function G,(§) is given by

(32)  Gal(€) = a(00,8)pa(l) + C, /]R e~ =g eotag! (¢ . €)pa (n)dn.

Evidently, it has to be proved that G, () is fractional Fourier transformable. In
fact, we have G,(§) € L1(R) as

|a(o0, §)Pad| < {nfix\a(oo OlPa(@)] € Li(R),

then obviously, it is sufficient to show that

[ [t - nopzatnlande < o
RJR
Since

(€ =18 = [ Kalog =2,

then using Theorem 2 (ii), we obtain
BN
[ttt = . < Dy [ (14 16 = nf ese* ) ¥ Bl

The last expression is the convolution between (14 |¢|? csc? a)_Tl and | P (§)| both
integrable for [ sufficiently large.
Hence

[ tte = nnliza ol < o.

Thus A\a(a:, Al ) is continous and bounded on R. Hence we can say that

[Za(Alz, AL))](6) ZG(OOaf)@a(f)JrC&/R e eotoq (€ — n,n)@a(n)dn,

is verified the fractional Fourier transform being in ¢’.

Theorem 3. If a(x,§) is a symbol, we have

A, AL /sz{/xyg y&)()dy}ds,

for every p € G, x € R.

Proof. It will be sufficient to prove that
(i) The integral / Kq(z,&)a(x,&)p(x)dx is absolutely convergent.
R

(i) We have G (€) = /R Kol ©)aly, €)p(y)dy, Y€ € R.
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7.1‘ cot o /

In fact to obtain (i), as a(z,§) = a(o0,§) +
to prove the absolute convergence of

| Kate a0, )(0) / Ko, €)p

= a(00,§)@a(§), for €%

a'(x,§), it is sufficient

and
/ (7, 8)e is” gote d (z,&)p(z)dz, for pe9.
R
As
|d'(z,€)| < Dp(1+|z[*)7P for every p,
we have

/R Ko(2,€)e™ 5 d/ (2, O)p(w)da

< / K a2, €) |’ (2, )| 9 ) dax

da:

_\/ﬁ\/mT/ 1+\$|

It implies that / Kq(z,8)a(x,&)p(x)dx is absolutely convergent. In order to

R
prove (ii), we can use that

c /R e HEN-EENIeotagr (¢ ) £)zm(\)dA

- /RKa<y,5>e”2 2 (y, ) p(y)dy

Now, we have

/RKa<y,5>e”2%°°“a/<y,5>so<y>dy
z/Ka(y,i)eiﬁ;M U Ka(y,u)&;(m&)du} o(y)dy
R R

(6= +y?| cota

N /R /R CoCle ot miv(emm escagiléniit]eotag) (11 €)o(y)dydp.

By making in the internal the substitution & — pu = A
= [ [ Gt el N €N eteg (¢ p(y)dyd
R JR

e /R IR etag! (€ \ )5, (A)dA.

This completes the proof. O
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Theorem 4. We have the inequality
(3.3) [A(z, AL)¢lls < Cla)llells,
Vs € R, Yo € 4(R), for a certain constant C(«).
Proof. We have in fact the immediate decompositition
Az, Al) = A(co, AL) + A'(z, AL).
We must remark that for ¢ € ¢, by definition we have
| Aa(00, )] (€) = (00, €)3a(©),

and from [6], we have

(T4 (2, AL)I(€) = C, /R IO ket (¢ €5, ().

Then, we see that first of all

1A(c0, AL)ellZ = /R(l + [€[%)2]a(oo0, €)[1@a(€)dé

2
< (sup \a(oo,ﬁ)\) /[(1+ 1€%)2|Ba (€)[]2dE
€l=1 R

2
= (sup ‘a(OO,g)‘) H90H§

l€]=1
Therefore,
[A(c0, AD)ells < Cillgls-

Less trivial is estimate for A'(z, Al ). Its fractional Fourier transform in %’
equals

c, /R eIt aG] (¢ — . €)3a (n)dn,

and then (using the definition of H?), we will have to estimate the norm in Ls(R)
of the expression

(14 [6R)3CL [ emseoned (¢ — . )3 (i,
which is equal to Us(§). Now using Lemma 2 and Theorem 2(ii), then we have
Us (&)
= |C4]

/R(l +1E2)2 (1 + [nf?) 2 e~ 88t aa) (¢ — . ) (1 + [nf*)2Ba () | dn
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< | D2 /}R (Lt [6— )5 (14 1€ = n2 esc? )T (1 + [0]2)3Baln)ldn
<|c D2 /R Gal€ =) faln)dn (say)

Is|
= |Cé¢|l)l2 2 (ga * fa)(§).
If [ is large, go € L1(R). Also since @, € 9(R), fo(n) € La(R), then (go * fo)(€)
belongs to La(R) and following inequality holds:
g * faHLQ(R) < H9a||L1(R)Hfa||L2(R)-
It implies that

1Us(E) |2y < [Ca(a)][le]]s-

Now,
[ A(00, AL)p + A, AL )¢lls < |A(00, Ap)ells + 14 (z, AL)ells

[A(z, AY)¢ells < Cillells + 1Ca(@)]llells = C(@)llells-
This completes the proof. O

4. The operator &/ (x,A]). Let a(z,£) be a symbol. We define an
operator & (z,Al) of 4 in 4’ by means of the formula

o (z, AL /Kxg (€)d¢

where, for ¢ € ¢, the function H, (&) is defined by the relation

Ha(§) = a(o0, §)@a(S) + C&/ e (rmEmeetag (¢ —p,m)@.(n)dn,

R
Vo € 4 and £ € R\ {0}.
With the same proof used for A(z, Al)) we have the function o (x, A) )¢
is continous and bounded for x € R. Besides, we see that if the symbol a(z, )
does not depend on x, we have A(A!) = o/ (AL).

Theorem 5. We have
[ (2, AL) ] (2) = /R Ralw,Ma(e,n)@a(n)dn, Ve eR, Ve d.

izQ cot o

Proof. As a(x,n) = aloo,n) +e 2 d(z,n) and pu(n) € ¥, the
integral is absolutely convergent.
Moreover, then:

(4.1) [ ®wg [c; [ e = nnga e eoeay] de
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is absolutely convergent because

/ Kol m)e™ 8 d! (2, 1) Ba()dy = / / LRl )i a(€ — 1.1)
R RJR

X Bam)eETD <t e,

_— iz2cota —~
/RKa(w,n)e 2 a/(w,n)soa(n)dn‘

/ / Cl Ko, )i, (€ — 1, m)Pa ()€ C"to‘dndg‘
RJR

— l D, 2 2 it
S o el Pa 1 — 7
27| sin « /]R| (n)] </( + 1€ —n|*csc” o) 2 d§> dn < oo

for [ large enough.

Furthermore, we see that (4.1) equals

C; / e%i [224(6—n)?] cot atiz(é—n) csc onr%n (n—2¢) cot a+izncsc «
R
x (Cé /R a6 (€ = 1,m)Pa () Cowd??) dg

[t (o [ oF P E-n? cotatiz—n) csca
:Ca Re 2 Ca R62 aa(f—n,n)df

(22 t ; —~
X 3 (z?+n*) co a—Hm]CSCQSOa(T])dT]
iz2 cot o

:/ReTa/(x,n)m@a(n)dn.

This proves Theorem 5. O

Theorem 6. Let a(x,§) be a symbol and a(x,§),its complex conjugate,

operator A(x,Al) associated to a(x,§), operator </ (x, Al) associated to a(x,&).
Then, we have the equality

(A, )0, 6) 5y = (9 @@ BT)D) o Vo, € La(R).

Proof. It will be sufficient to show this for ¢, ¢ € 4. We have first of
all

[%(%A;)cb] (z) = /R Ko(w,n) al,m)¢a(n)dn, Vo€,  (Theorem 5).
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Hence we get, when

(&) 1w = /R (@) (@) de

the equality

(90’”‘2%(95& _/ </K$77 a(z,m)¢(n)d )dﬂﬁ
Z/wa /]RKa z,n)a(z,n)da (n)dndz
= [ [ e@Hutzmate, i ndnds.

Now by Parseval’s formula and using also Theorem 3, we obtain

(A, ML), 0) 1) = (Fa [Alw, AL)] %)L .

= [ Fa (. )] ()3a ()
//K z,m)a(z,n)p(x)pa (n)dndsz.

(A2, L), 9) 1y ) = (07 (@, B0)0)
This completes the proof. O

Therefore,

La(R)

Remark 1. Let a(ac €) be a symbol of special type: a(x,&) = a(z)b(§).
Then we have o (x, A")p = a(z)b(Ap, Az, A") = b(A)(a(z)p(x)), Ve €Y.
In fact, we see that

[ (. A)¢] () = | Ralwmata)blinesca)Ba(ndn = a(ab( L)
and
Fa [ z,Al)p /K y,&)a(y)b(i& csc a)p(y)dy

= b(i csc a) Fo lay] (§)
= Zo [D(A})(a)] (£).
Theorem 7. We have the relation

I[A(z, AY) — o (2, A0)] ¢lls < Cla)]lells, Vo€, seR.
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Proof. We have
[3?0‘ (A(J}, A;)) 90] (5)
— a(00,6)3a(E) + C., / emn=E ot (¢ €5, (n)dn,

R
(Fractional Fourier transform in ¢’). The same is valid for & (z, A!)¢ and

(Fo (o (2, A)) @] (&) = a(00,6)Pa(€) + C) /[R e Emmeotag] (& —n n)Ba(n)dn.

. . . . . /
Hence, we obtain, with fractional Fourier transform in ¢

(Za (A, AL) - (@, 2)) ] (€)
=Cq /R e ot (¢ -, &) — e EE LG, (¢ )| Fam)dn.
Therefore, we will have to estimate the norm Lo(R) of expression
U,(€) = (1+[¢)3C, /R [ ot (¢ . ) — emiSEMeotag) (¢ — )]
X Da(n)dn,
=C, /R % e et ag] (¢ — p,€) — et (¢ gy )]
x (14 [n]*)? Ga(n)dn,
UL(6)] < |Chl2% /R (14 1& = nl?) 2 18 (€ = m N1 + 1) 3 1|@a(n)|dn
]2 /R(1+I£—?7\2)5Id’a(i—nm)l\(l+In\2)3|\¢a(n)|dn
= 2CLDi2E /R (1416 = nf®) 2 (14 ¢ — nl esc® @) F (1 + [n[2)3|@a )| dn

- /R hal€ — 1) fa(mdn  (say)

= (ha * fa)(§)-

If 1 is large, ho € L1(R). Also, since @o € 4, fo(n) € La(R). Then (hq * fa)(§)
belongs to Ls(R) and the inequality

ha * fall < 1hallz, @) I fall o)
implies that

Ul L) < Cla)le]ls-



258 A. Shekhar, N. K. Agrawal

Hence,
I[A(z, A,) — o (2, A)]ells < Cla)llells, Ype¥, seR. m

5. Product and commutators of generalized pseudo-differen-
tial operators.

Theorem 8. Let a(x,§), b(x,&) be two symbols belonging to the class A.
Then c(x, &) = a(xz,£)b(x, ) is also a symbol in the class A.

Proof. We have c¢(z,&) € A as a(x,€) and b(z,§) are in the space.
Besides, Vt > 0, we have c(z,t§) = a(z, t&)b(x, t§). As
lim a(z,§) = a(c0,§),

|z|—o00

lim b(z,&) = b(x, &),

|| —o00
and the same is valid for ¢(z,€),
lim ¢(z, &) = ¢(00,£),

|z| =00
which exists for £ € R. If we put
d(x,€) = (d(z,8) + a(00,§)) (V' (x,€) +b(c0,€))
= d' (2, (2,£) + a(c0, V' (2,€) + a'(z, §)b(00, §) + a(00, £)b(c0, £),
then we show that ¢/(z, &) possesses the property (2.8) as

(1+ o) [D2DE (3, 6)|

< (1+ [z

DEDLa (@, )Y (2,€)| + (1 + [af*)! [ DEDEa(o0, )V, )|

_l’_

(1+ [2?)! | DEDZa (2, )b(00, )| + (14 |o]*)' | DEDZa(oc, ©)b(o0,€)|

p q
=2 <p> 2 (q) (1+ |o) | D2~*DE ! (2, €)| | DEDE (2, €)|
=0

30 (1) 32 (%) ey [ pr e o IpzDzace. )
s=0 r=0

£ (1) 32 (£ e | preng e | |D20p(.)

+ Z (p) Z (q) (1+ [2[2)! | D2~*D{"a(o0,€)| [DIDEb(o0,€)|
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p q
p q
1+ o) 0202 .| < 3 (7) 2 (7) 1Cutma + Catpa + Cat + Cial

s=0 o r=0
< Dl,p,q'
Therefore, ¢ (x,£) € A. Let C(z,Al), A(z,Al,), B(z,Al) be the operators corre-
sponding to c(x,§),a(x, ), b(x,£) respectively. We have

Az, Al) = A(co, AL) + A'(z, AL)
B(z,Al) = B(co,AL) + B'(z,AL)
Az, AL)B(x,AL) = A(oo, Al,)B(co, AL) + A'(z, AL) B(oo, AL)
+ A(oo, AL)B'(z,AL) + A'(z, AL )B'(z, AL).
We denote
a(00,)b(00, &) = 1(&); e ¥ "/ (w,O)b(w, &) = p(x,€)
( 76) e CO“" ($7§) :pl(x7£)7 ( 76) = CO“! (x,{) :p2($7§)'
Then,

Clz,A,) =T(A}) + Pz, AL) + Pu(z, A}) + Pa(x, A,
where, I', P, P; and P, are generalized pseudo-differential operators with symbols
7(5)7 p(l‘, 5)7 b1 (l‘, 5) and b2 (JL‘, 5)7 respectively. O

Theorem 9. We have
T(A})p = A(oco, AL)B(oo, AL, forpe 9.

Proof. In fact, we have

Fo [T(AL)6] (€) = 1(E)3a(E).
/R () Ka (2, €) pla)d

- @)b(oo,@/K (2.€)p
=< )b(00,£)a )
) F4 [B(oo,

)¢ (€),
= % [A( ,AL)B(oo ,A;) v] (6),
hence, by inversion formula of fractional Fourier transform valid in ¢’, we arrive
at Theorem 9. O
Theorem 10. We have
Py(z,Al) = A(co, AL)B'(z, AL).
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Proof. In fact, we have for ¢ € ¢4
Fo [Pr(z, M,)] (2) = par(,6)Pa(§)dE,
= a(o0, &)1z, €)™ F Gal£)de,
= a(00,8) o [B(z, A}) ] (&),
= ya [A(OO, A;)B(l‘, A:IB)QD] (5))

hence, by inversion formula of fractional Fourier transform, we have the result of
Theorem 10. O

Theorem 11. We have
Py, A,) = Bloo, AL)A'(z, AL).
Proof. The proof is similar to that of Theorem 10. O
Theorem 12. We have the relation
[[A"(z, AL), B(oo, AY)]|], < C(@) [lpll,_y, Vo€, seR;

for a certain constant C(«), where [-, ] denotes the commutator between the two
operators.

Proof. In fact, we have the formula

Fo [A'(, AL)B(oo, AL)g] (€)
¢, / =i =n)eotag! (¢ _ o €).7, [B(oo, Ab)g] (n)dn
R

_c, / ¢RI LG (6 b0, 1) (n)dn.
R
Besides,
Fo [Bloo, AL A'(z, AL)g] (€) = b(0o, €)Fw [AL(x, AL)g] (€)
~ b(oo, 6)C, /IR P Ot (€ )3, (n)diy:

and hence

ﬁa [A,(J},A;:), B(OO,A;)QO] (5)
_c /R e~ =nObag! (6 — . €)[b(oo, ) — b(00, £)]aln)dn,

from [11], we have

1b(00, ) — b(oo,n)| < Cl& = nl([€] + [n) ™' < CA+ € — P21+ )=
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Hence we are obliged to estimate the norm Lo(R) of the expression

Us(&) = CL(1+ €72 /IR e~ e cotag! (¢ €)[b(oo0, ) — (0o, €)]Ba(n)dn.
We have
Us(9)] < |C] /]R (14 1€1%)2]al, (€ — 1, )| Ib(oo, ) — b(00,&)||Ba(n)ldn

s s+1 =l s—1,
< |C,|D22 /R(l +1E=n?) T L+ € —nlfesca)= (1+|nf*) = [Ba(n)ldn

= /]R 9o (& —=n)ha(n)dn  (say)

= (9a * ha)(§)-
If [ is large, go € L1(R). Also, since @ € 4(R), ho(n) € L2(R). Then (ga*ha)(§)
belongs to Ls(R) and the inequality

190 * ha||L2(R) < ||9aHL1(1R) Hha||L2(R) :
It implies that
1Us@)ll L,y < Cla) llells—y, Vo €9, Vs €R.
Therefore,
1[4 (z,AL), B(co, A)] goHS <Cla)|lolls_q, V€Y, ¥seR.

This completes the proof. O

Theorem 13. We have the relation

(4 (2, ) B' (2, ) = P(a, &) o < Cle) el Voed, VseR

Proof. Let us consider the operator P(x,Al) associated with p(x,§),
then

[Fa (P(z, 80)9)] (€) = C,, /R eI O (€ — 1, &) B (n)d.

izQ cot o /

But we have for p(z,&) =e 2 d(z,&)b (z,€) that

(Zap) (N, €) = CL, /R et mng cotagl (\ — YO, (1, €)dp;

whence we arrive at
[ Zo (P(z,AL)¢)] (€)

e /R ¢t ne) ot ( /R ¢~ RO wotag) (¢ g u,@z%;(u,g)du) Ba(n)dn
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= Cq / / ettt eoteag) (¢ —p — 11, ), (1, €)Ba(n)dndp.
In the intiri]ir integral, we make: n+ p = 7; dn = dr; it follows that
[Fa (P(a,A%)¢)] (6)
= [ ([t 6 )putr - wir ) By

And once more in the interior, we make 7 — y = v; —dp = dv. We have now

[Za (Pl A)0)] (©)
—c, [ et ¢ ) ( [t u,@@a(u)du) i

=), / / emilrmwvi=greotag! (¢ VB (1 — 1,€)Pa(v)dvdr.
Now we replaﬂfceRZ/ = 1. Then we get
[Fa (P(a,A%)¢)] (&)
=i [ [ et erieeg (¢ )i (-~ 0. €)Pa (n)dndr
On the other hand,RweRhave
[ Fo (A2, AL)B'(w, AL)) ¢] (€)
=Cq / e T ONG (€ — 1, €) T [B (2, )] ()
and besides :
o (B8] () = € [ Tt (- rGa(r)ar
and hence we shall obtain ‘

[T (A (2, AL B (2, AL)) 0] (€) = C, /R e otag (¢ g)
< (et [ e, - () dy
Cl // —i[n?+712—n(é+7)] cot o » ,(f 77)5)

x b o — 7,1 P (T)dTdn.
By making substitution n = 7, 7 =1, we arrive at

[Fo (4, AB (@, 80) ] () = (CL)* [ [ et rtrteamlenta) e g
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X by (T = 0, 7) Ba(m)drdn.
The absolute convergence of the double integrals here, using the result from
equation (2.1), estimates

(5.1) (&=, < D1+ 16 — 7P esc® @) 2 ;
(5.2) (7 =1, 7) < Dy(1+ |7 — 2 esc®a) 7 ;
where [ € N.

Therefore, we can express the difference
[Fa (A (2, A7) B (2, AL) = P(x,A})) @] (€)
C/ / / A ’i(ﬂ2+72*7(5+n)) cot ai)/a(T -7, 7_)
- e—z( T—n)24+n? §T)Cotab/ (T —n, 5)]9001( )de’I’].
Let us examine here the norm LQ(R) of expression

= (Ca) / / L+ [e)2a(6 — m§)le T e eotaq) (- — gy 1)

S iy (- )] Ga(n)drdn.
Using equatlon (5.1) and (5.2), we get
|Us (&

<|c’\2 / [ 0HER el = 1B () 1, (=, ) Bl

<DICLE [ [ (41€R) i 1otlg=rl ese? @) F (17—l csc? ) ¥ [ (n)rd
+DICLE [ [ ARl osct )3 (el esc? ) ¥ |pa )l drd
=2DCLPE [ [ (e (tle—rf ose? )T (1tlr—nf esc? ) F |Balardy

=Ts(§) (say).

Firstly, we want to show that

U L,y < 1T 1, (m) -
For,

1T5(6)]
—2‘D1HC/‘2// 1+\§| %1—|—|£ T|205c Q)2 l(1—|—|7‘—77|2CSCQOé)%Z|g3a(’I7)|de’I7.
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Let us denote now,

H(E,n,m) = (1+]¢ —7)>esc®a) 2 (1+ |7 — nPesc®a) 2

(14 [¢P)3 o
Li&n) = (s )E/ H(E . 7)

We remark that it follows, V¢ € R

T(6)] < 2\Dy]|CL 2 /R /R (1+ |E[2)3 H (€, n,7)|@a (m)]drdn.

Therefore, we have only to prove the inequality

(/R (/R/R(lJr|€\2)§H(§7n,T)\gﬁa(n)\drdn>2d§>% <) llgll,, Voed.

In order to do that we shall prove here a more general result, which is given in
the following Lemma.

Lemma 2. Let r(&,n,7) > 0 be function such that / r(&n,7)dr < oo
R
for every &,n fixed in R. Let us denote

2)3
ps(&,n) = %/T(@%T)dﬂ
n?)2 Jr

and suppose

/ps(é,n)dﬁﬁL, /ps(f,n)dnéL, VEneR.
R R

Then, there is a constant C(a) such that the inequality

( ([ (1+\§|2)%?”(£,U,T)\sﬁa(n)\den>2d£>é < ()l

Yo €9 for s € R is verified.

Proof. We remark that in fact we have
/R /R (1 + [€PY3r(&, m, 7)|Ga (n)\drdn = /R po(€,m) (L + [1[2)3 1 a(m)ldn.
Let us put 9(n) = (1 + [n[2)%|@a ()] We get

/ps(ﬁ, dn—/ Vps(& )/ ps(€,m)

<(/ ps@,n)dn)é (/ ps@,n)ﬁ?(n)dn)é
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< VI ( [ penoin)’

Hence, we have

/R/R(l + 1€ 27 (&, 7)|@a(n)ldrdy < VL (/Rps(fﬂi)w(n)dn)%

H [ [ty nn)igamidndn .

<VI ( / ( / ps@,nw?(n)dn) d£>%

<o/ 192(?7)6177)%

= Lllell, - =

We shall apply Lemma 2, taking r(&,n,7) = H(§,n,7) and ps(&,n) =
Zs(&,m). We see that / H(&,m, T)dr < 00, and it remains to prove following
R

Lemma 3. We have / Zi(&n)dE < £, /,Zs(f,n)dn < .Z,in fact
R R

23
fs(&n)z%/( L= Pesa) T (14 |7 — P esea) T dr.
Proof. It is given that
L&) = 8:::“5:; /( +1€— \ CSCQOé) (1—|—|T—77\2(:sc a)adT
<2¥(1+je—n?)t /<1+\5—T\2csc2a>¥
R

x (14 |7 —n|? csc? oz)_TldT.

Now from [11], we have

L+ -0 <CA+IE—rD)FA+Ir—aP)5;

and hence

Z(&m)
<9l c/ L€)' (1 fr=n]2) 5 (=] csc? @) 7 (14| r—n|? csc? a) - dr-
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We denote at this stage:

A(t) = /(1+\u| )z (1+\u| csca)? (1—|—|t ul?) ‘(1+|t—u\2cscoz)_7ldu,
R
tER,

where [ is large enough. We see that A(t) € L1 (R) as convolution of two integrable
functions; hence, putting ¢ = £ — 1, we have

AME—m)
:/R(1+|u\ V5 (1 ul? ese® @) 7 (14 J6 = —ul) 3 (14 |6 = —ul? ese? @) 7 du.
By putting u = & — 7, we get

AME—m)

/R(mg 7125 (1€ 72 esc® @) T (Lt |7 —nl?) 5 (L4 |7 — P ese? ) 7.

Hence we get

gs(ga 77) < Cs)‘(g - 77);

and obviously:

/M&m%<w /M&m®<w
R R

which proves Lemma 3. O
Hence, by Lemma 3 we have that

172 ey < C@) el
Therefore,

1Us(O)l Ly < Cla)llelly, Vo€ and Vs eR.
and this proves Theorem 13. O

Corollary 1. If A(x, A’) B(x ,A;) are generalized pseudo-differential
operators, the commutator [A(x, AL), B(x,Al)] is of order < 0.

Proof. We have
= [A(z, A}), B(z, A})] — Al(z, AL)B'(z, A}) + P, A}
is of order < 0 by Theorem 12 and Theorem 13. O
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Remark 2. Let A(x,Al) be a generalized pseudo-differential operator
associated with the symbol a(z,&). We assume that py € C is an eigen-value of
A(z, Al)such that|a(z,&) — po| > @ >0 Vr € R, || = 1. Then, any eigen-
vector ¢, corresponding to eigen-value pg is a C'*°-function.

Therefore, b(z,€) = (a(z,€) — po)~! is also a symbol. If B(z,Al) is
associated to it, we get B(z, AL)(A(x, Al))—poE = E+U, where E is the identity
operator and U has order < 0. It follows that § = B(A — poE)po = ¢o + Uwo,
implies that g = —Ugg, wo € L*(R). Therefore Upy € H' and ¢y € H' too.

Let us consider now the operator %, = (1+|A’|?)2, defined by jﬁ\sgo(ﬁ) =
(1+ ¢ esc® @)38a(8), Vo€,

Theorem 14. Let A(x,Al) be a generalized pseudo-differential operator
associated with a symbol a(x,&) and the operator I, = (14 |AL|*)2 is defined by

Top(€) = (L4 (€2 esc® a) 3 Ba(€), Vo € 9.
Then

H[A(95 AL), HL (R) <Cllell_qs Vo € R.

Proof. We have
Fol(A(z, A).I4)e)(€) = a(00, §)(1 + % esc® )23, (€)
+C, / e-mn=E)eotag! (¢ —n &)(1+n? esc® @) 2 Ga(n)dn,
R
and also
Fal(FsA(z, A))@)(€) = (14 & esc? a)
= (1 + &% csc? a)s

—

Az, A)p(€)
a(00,§)Pa(E)

+Cy [ MO (¢ €)1+ osc? ) Galmidy

Nje  Nlw

Fo (A, AL), 7)) (€) = ' /R emin=€) eotag! (¢ ¢)

X [(1 +n2ese?a)s — (14 €2 ese? ) ? | Ga(n)dn

Hence we need to estimate the norm Lo(R) of the expression

(5.3)  [Us(8)]

SDz/R(lJr(ﬁ n2ese?a)® |(1+ [P esc? )i — (1+ €2 ese? ) | |Ba ()] dn
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, : . s — 1]
We consider the elementary inequality for 5 0<f<1:

[s—1] [s=1]

(1+01—nPesc®a) 2 < (14 € —nlfesc’a) 2

whence

s—1
(1+ [nesca+6(¢ —n)csc 0¢|2)T

|s— [s—1]
<2 E (1+\77|QCSC a) 2 o (1+\§ nl? csc? a) =N

)

|€ — 77|\csca\‘grad (1 + &% csc? a)g2 C‘

By Taylor’s formula, we have

J‘r‘rmcn

(14 €)% esc? )2 — (1 +n?esc® )2 = ((f n) csc a, grad (1 + €2 csc? )
where ¢ =ncsca+ 6(§ —n)csca,
(14&%esc?a)? — (1+n?escta)i| =

Since we have

d s s
d§(1—|—£QCSC )z = 2(1+£205c )27 126 esc? a = s esc? a(l + 2 esc® )27,

one obtains

grad(1 + 2 csc? a)2| =

‘gscsc a1+ &% csc? ) ‘ < |8](1 + &% esc® a) kR
and hence

‘(1 + )¢l esc? )z — (1 + |nf? esc? )2

<& —nllescalls|(1 + \ncsca—i—@(f—n) csc al?

< Js|(1+ |€ = nP ese? a)® (1+ \7708004+9(§ n)escal’)
< Is|(1 + |€ — n|* csc? a)i (1+|?7\2csc a)’ T

(5.4) x (1 + & —n)? esc? a)%.

Using (5.3) and (5.4), we get

Us(8)]

‘ —
<Cz,s/R(1+|£ n2csca) T (1+[e—n esc? a) T T3 (1402 ese? @) T Ga(n)ldi

I4]s—1]+1

— s—1 —~
= Cuo [l = n ese? @) T (0 o ese? @) T )l
R

- /R hal€ — ) fa(mdn  (say)
= (ha * fa) (5)
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If [ is large, then hy, € L1(R). Also, (hq * fa) (§) belongs to La(R) and the
inequality

[ fa||L2(R) < HhaHLl(R) ||faHL2(1R)
holds. This implies that

1Us(l ) < Cl) [l 515
hence

I[A(z, A}), 7]

Theorem 14 is proved. O

HLQ(R) <C(a)ll¢ll_y, VoY, seR.
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