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Abstract. Harmonious coloring of graph G is a proper vertex coloring,
where each pair of colors occurs at most on one pair of adjacent vertices.
Minimum number of colors required for Harmonious coloring of G is the
harmonious chromatic number, χH (G). Here we determine the Harmonious
chromatic number of the line graph of commuting graph and non-commuting
graph of the dihedral group, D2n.

1. Introduction. Graph coloring is a method of assigning colors to
vertices of a graph so that no two vertices that are adjacent get the same color;
this is called a vertex coloring. In the same way, an edge coloring is assignment of
color to each edge so that no two adjacent edges get same color. Graph coloring
has many practical appications as well as theoretical challenges. It is still an
interesting field of research, with different types of coloring. One such type is
Harmonious coloring.
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Harmonious coloring of graph G is a proper vertex coloring, where each
pair of colors appears at most on one pair of adjacent vertices. Minimum num-
ber of colors required for Harmonious coloring of G is the harmonious chromatic
number, χH (G) . It has many applications in radio Navigation systems, address-
ing the blocks, communication networks etc. This coloring was introduced by
Hopcroft and Krishnamoorthy [5] in 1983.

The graphs considered here are simple without loops and multiple edges.
The line graph of G, denoted by L (G) has vertices as lines of G, and any two
points of L (G) are adjacent whenever the corresponding lines of G are adja-
cent. If x and y are the vertices adjacent in G, then the corresponding ver-
tex in L (G) is denoted by {x, y}. We refer [4] for definitions that are not
defined here. For any integer n ≥ 3, the Dihedral group D2n is given by
D2n =

〈

r, s : s2 = rn = 1, rs = sr−1
〉

. For algebraic definitions not defined here,
we refer [3].

In this paper we determine the Harmonious Chromatic number of the
Line Graph of the Commuting graph and Non-Commuting graph of the Dihedral
Group D2n. Other properties of the Line Graph of the Commuting graph of D2n

were recently established by us in [2].

2. Harmonious coloring of line graph of commuting graph

on D2n. The commuting graph of D2n and its properties were studied by T.
Tamizh Chelvam, K. Selvakumar and S. Raja in [6]. The commuting graph of
D2n denoted by C (D2n) has vertices as elements of D2n with any two vertices
are adjacent iff xy = yx, x, y ∈ D2n. Line graph of Commuting Graph of the
Dihedral Group denoted by L (C (D2n)) has vertices as edges of C (D2n) and
any two vertices are adjacent whenever the corresponding edges of C (D2n) are
adjacent. In the following theorems, we find the Harmonious coloring of the Line
graph of Commuting graph of the D2n.

Theorem 2.1. Let G : L (C (D2n)) where n ≥ 3 is an odd integer. Then

χH (G) =
n (n+ 1)

2
.

P r o o f. Let G : L (C (D2n)) where n ≥ 3 is an odd integer. The vertex
set of the graph is

V =
{{

1, rk
}

,
{

ri, rj
}

,
{

1, srl
}}

such that 1 ≤ k ≤ n− 1, i < j, 1 ≤ i ≤ n− 2, 2 ≤ j ≤ n− 1, 1 ≤ l ≤ n.
Let

A =
{{

1, rk
}

: 1 ≤ k ≤ n− 1
}

.
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The induced subgraph 〈A〉 ∼= Kn−1. Hence one needs n − 1 colors to color that
subgraph.

Now, let

A1 = {{r, ra} : 2 ≤ a ≤ n− 1} .

The subgraph induced by the vertex set A1 is complete and each vertex of A1 is
adjacent with exactly two vertices of the set A. Hence the vertices of the set A1

cannot be colored with the above n−1 colors. So one needs n−2 colors different
from the above n− 1 colors to color the vertices in the set A1.

Now, let

A2 =
{{

r2, rb
}

: 3 ≤ b ≤ n− 1
}

.

The subgraph induced by the set A2 is also complete and each vertex of A2 is
adjacent with exactly two vertices of the set A and A1. Hence the above 2n− 3
colors cannot be used to color the vertices of the set A2. Hence one needs n − 3
colors different from the above 2n − 3 colors to color the vertices in the set A2.

Proceeding similarly, let

An−2 =
{{

rn−2, rn−1
}}

.

The vertex of An−2 is adjacent with exactly two vertices of each vertex sets A,
A1, A2, . . . , An−3. So the vertex of An−2 requires a new color.

Now, consider

B =
{{

1, srl
}

: 1 ≤ l ≤ n
}

.

The induced subgraph 〈A ∪B〉 ∼= K2n−1. Hence by definition of Harmonious
coloring, the vertices of the set B needs n new colors.

Hence, χH (G) =
n (n+ 1)

2
. ✷

Theorem 2.2. Let G = L (C (D2n)) where n ≥ 3 is an even integer.
Then

χH (G) =
n (n+ 3)

2
.

P r o o f. Let G : L (C (D2n)) where n ≥ 3 is an even integer. The vertex
set of the graph is

V =
{{

1, rk
}

,
{

ri, rj
}

,
{

1, srl
}

,
{

r
n

2

}

,
{

srl, srl⊕n

n

2

}}

such that 1 ≤ k ≤ n− 1, i < j, 1 ≤ i ≤ n− 2, 2 ≤ j ≤ n− 1, 1 ≤ l ≤ n.
Let

B =
{{

1, rk
}

: 1 ≤ k ≤ n− 1
}

.
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The induced subgraph 〈B〉 ∼= Kn−1. Hence one needs n−1 colours to colour that
subgraph.

Now, let

B1 = {{r, ra} : 2 ≤ a ≤ n− 1} .

The subgraph induced by the set B1 is complete and each vertex of B1 is adjacent
with exactly two vertices of the set B. Hence the vertices of the set B1 cannot
be colored with the above n− 1 colours. So one needs n− 2 colors different from
the above n− 1 colors to color the vertices in the set B1.

Now, let

B2 =
{{

r2, rb
}

: 3 ≤ b ≤ n− 1
}

.

The subgraph induced by the vertex set B2 is also complete and each vertex of
B2 is adjacent with exactly two vertices of the set B and B1. Hence the above
2n− 3 colors cannot be used to color the vertices of the set A2. Hence one needs
n − 3 colors different from the above 2n − 3 colors to color the vertices in the
set B2.

Proceeding similarly, let

Bn−2 =
{{

rn−2, rn−1
}}

.

The vertex of Bn−2 is adjacent with exactly two vertices of the sets B, B1, B2,. . . ,
Bn−3. So the vertex of Bn−2 requires a new color.

Now, consider C =
{{

1, srl
}

: 1 ≤ l ≤ n
}

. The induced subgraph

〈B ∪ C〉 ∼= K2n−1. Hence by definition of Harmonious colouring, the vertices
of the set C needs n new colours.

Now, consider the subset D =
{{

r
n

2 , srl
}

: 1 ≤ l ≤ n
}

. The subgraph

induced by the set D is complete. Also the vertices of the set D is adjacent with
{

1, r
n

2

}

,
{

ri, rj
}

for i =
n

2
or j =

n

2
and with

{

1, srl
}

for equal values of l. Let us

consider the vertex set D1=
{{

rc, rd
}

: a, b 6=
n

2
, 1 ≤ c ≤ n− 2, 2 ≤ d ≤ n− 1

}

,

such vertices will be adjacent with
{

r
n

2 , re
}

for e=a or b. Hence by definition

of Harmonious colouring, n new colours must be assigned to the vertices of the
set D.

Let us consider the vertex set E =
{{

srl, srl⊕
n

2

}

: 1 ≤ l ≤ n
}

. The sub-

graph induced by the set E is totally disconnected and the vertices of E is not

adjacent with
{

rj, rk
}

, j < k, j, k 6=
n

2
, 1 ≤ j ≤ n − 2, 2 ≤ k ≤ n − 1. Hence

any one colour of
{

rj, rk
}

, j < k, j, k 6=
n

2
, 1 ≤ j ≤ n− 2, 2 ≤ k ≤ n− 1 can be
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assigned to these vertices.

Hence, χH (G) =
n (n+ 3)

2
. ✷

3. Harmonious colouring of line graph of non-commuting

graph on D2n. The non-commuting graph of D2n and its properties were
studied by A. Asghar Talebi in [1]. The non-commuting graph of D2n denoted
by NC (D2n) has vertices as elements of D2n − Z (D2n) with any two vertices
are adjacent iff xy 6= yx, x, y ∈ D2n − Z (D2n). Line graph of non-commuting
graph of the Dihedral Group denoted by L (NC (D2n)) has vertices as edges of
NC (D2n) and any two vertices are adjacent whenever the corresponding edges
of NC (D2n) are adjacent. In the following theorems, we find the Harmonious
coloring of the Line graph of Non-Commuting graph of D2n.

Theorem 3.1. Let G : L (NC (D2n)) where n ≥ 3 is an odd integer.
Then

χH (G) =
3n (n− 1)

2
.

P r o o f. Let G : L (NC (D2n)) where n ≥ 3 is an odd integer. The
vertex set of the graph is

V =
{

{

ri, sr
}

,
{

ri, sr2
}

, . . . ,
{

ri, srn
}

,
{

srj, srk
}}

such that 1 ≤ i ≤ n− 1, j < k, 1 ≤ j ≤ n− 1, 2 ≤ k ≤ n.

Let A1=
{{

ri, sr
}

: 1 ≤ i ≤ n− 1
}

. The induced subgraph 〈A1〉 ∼= Kn−1.
Hence one needs n− 1 colors to color the vertices of the set A1.

Now, let

A2 =
{{

ri, sr2
}

: 1 ≤ i ≤ n− 1
}

.

The subgraph induced by the set A2 is complete and each vertex of A2 is adjacent
with exactly one vertex of the set A1. Hence the vertices of the set A2 cannot be
colored with the above n− 1 colors. So one needs n− 1 colors different from the
above n− 1 colors to color the vertices in the set A2.

Now, let

A3 =
{{

ri, sr3
}

: 1 ≤ i ≤ n− 1
}

.

The subgraph induced by the set A3 is complete and each vertex of A3 is adjacent
with exactly one vertex of the set A1 and A2. Hence the above 2n−2 colors cannot
be used to color the vertices of the set A3. So one needs n − 1 colors different
from the above 2n − 2 colors to color the vertices in the set A3.
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Proceeding similarly, let

An =
{{

ri, srn
}

: 1 ≤ i ≤ n− 1
}

.

The subgraph induced by the set An is also complete and each vertex of An is
adjacent with exactly one vertex of each vertex sets A1, A2, . . . , An−1. Hence
the above (n− 1)2 colors cannot be used to color the vertices of the set An.
So one needs n − 1 colors different from the above (n− 1)2 colors to color the
vertices in the set An.

Now, let us consider the subset

B1 =
{{

sr, srj
}

: 2 ≤ j ≤ n
}

.

The subgraph induced the vertices of the sets B1 and A1 is complete. Also the
vertices of the set B1 is adjacent with

{

ri, srj
}

, 1 ≤ i ≤ n − 1, 2 ≤ j ≤ n for
equal values of j. Hence by definition of Harmonious coloring, the vertices of the
set B1 needs n− 1 new colors.

Now, let us consider the subset

B2 =
{{

sr2, srk
}

: 3 ≤ k ≤ n
}

.

The subgraph induced the vertices of the sets B2 and A2 is complete. Also the

vertices of the set B2 is adjacent with
{

ri, srk
}

, 1 ≤ i ≤ n − 1, 3 ≤ k ≤ n for

equal values of k. Hence by definition of Harmonious coloring, the vertices of the
set B2 needs n− 2 new colors.

Proceeding similarly, let us consider the subset Bn−1 =
{

srn−1, srn
}

. The
subgraph induced the vertices of the sets Bn−1 ∪ An−1 ∪ An is complete. Also

the vertex of Bn−1 is adjacent with
{

ri, srl
}

; 1 ≤ i ≤ n − 1, l = n − 1 and

l = n. Hence by definition of Harmonious coloring, the vertex of Bn−1 needs a
new color.

Hence, χH (G) =
3n (n− 1)

2
. ✷

Theorem 3.2. Let G : L (NC (D2n)) where n ≥ 3 is an even integer.
Then

χH (G) =
3n (n− 2)

2
.

P r o o f. Let G : L (NC (D2n)) where n ≥ 3 is an even integer. The
vertex set of the graph is

V =
{

{

ri, sr
}

,
{

ri, sr2
}

, . . . ,
{

ri, srn
}

,
{

srj, srk
}}

such that 1 ≤ i ≤ n− 1, i 6=
n

2
, j < k, k 6= j ⊕

n

2
, 1 ≤ j ≤ n− 1, 2 ≤ k ≤ n.
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Let

B1 =
{

{

ri, sr
}

: 1 ≤ i ≤ n− 1, i 6=
n

2

}

.

The induced subgraph 〈B1〉 ∼= Kn−1. Hence one needs n−2 colours to colour the
vertices of the set B1.

Now, let

B2 =
{

{

ri, sr2
}

: 1 ≤ i ≤ n− 1, i 6=
n

2

}

.

The subgraph induced by the vertex set B2 is complete and each vertex of B2 is
adjacent with exactly one vertex of B1. Hence the vertices of the set B2 cannot
be coloured with the above n − 2 colours. So one needs n − 2 colours different
from the above n− 2 colours to colour the vertices in the set B2.

Now, let

B3 =
{

{

ri, sr3
}

: 1 ≤ i ≤ n− 1, i 6=
n

2

}

.

The subgraph induced by the vertex set B3 is complete and each vertex of B3 is
adjacent with exactly one vertex of B1 and B2. Hence the above 2n − 4 colours
cannot be used to colour the vertices of the set B3. So one needs n − 2 colours
different from the above 2n−4 colours to colour the vertices in the vertex set B3.

Proceeding similarly, let

Bn =
{

{

ri, srn
}

: 1 ≤ i ≤ n− 1, i 6=
n

2

}

.

The subgraph induced by the vertex set Bn is also complete and each ver-
tex of Bn is adjacent with exactly one vertex of each vertex sets B1, B2,. . . ,
Bn−1. Hence the above (n− 1) (n− 2) colours cannot be used to colour the
vertices of the set Bn. So one needs n − 2 colours different from the above
(n− 1) (n− 2) colours to colour the vertices in the set Bn.

Now, let us consider the subset

C1 =
{{

sr, srl
}

: 2 ≤ l ≤ n, l 6= 1⊕
n

2

}

.

The subgraph induced the vertices of the sets C1 and B1 is complete. Also the

vertices of the set C1 is adjacent with
{

ri, srl
}

, 1 ≤ i ≤ n− 1, i 6=
n

2
, 1 ≤ l ≤ n

for equal values of l. Hence by definition of Harmonious colouring, the vertices
of the set C1 needs n− 2 new colours.

Let us consider the subset

C2 =
{

{

sr2, srm
}

: 3 ≤ m ≤ n,m 6= 2⊕
n

2

}

.

The subgraph induced the vertices of the sets C2 and B2 is complete. Also
the vertices of the set C2 is adjacent with

{

ri, srm
}

, 1 ≤ i ≤ n − 1, i 6=
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n

2
, 1 ≤ m ≤ n for equal values of m. Hence by definition of Harmonious

colouring, the vertices of the set C2 needs n− 3 new colours.
Proceeding similarly, let us consider the subset Cn−1 =

{

srn−1, srn
}

. The
subgraph induced the vertices of the sets Cn−1∪Bn−1∪Bn is complete. Also the

vertex of Cn−1 is adjacent with
{

ri, srt
}

, 1 ≤ i ≤ n − 1, i 6=
n

2
, t = n − 1 and

t = n. Hence by definition of Harmonious colouring, the vertex of Cn−1 needs a
new colour.

Hence, χH (G) =
3n (n− 2)

2
. ✷
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