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MEASURABILITY OF SETS OF PAIRS OF POINTS IN THE
SIMPLY ISOTROPIC SPACE*

Adrijan Varbanov Borisov, Margarita Georgieva Spirova™*

The measurable sets of pairs of points and the corresponding invariant densities with
respect to the group of the general similitudes and some its subgroups are given.

1. Introduction. The simply isotropic space I3} is defined [6], [8], [9] as a projec-
tive space P3(R) in which the absolute consists of a plane w and two complex conjugate
straight lines f1, fo into w with a (real) intersection point F. All regular projectivities
transforming the absolute figure into itself form the 8-parametric group Gy of the general
simply isotropic similitudes. Passing on to affine coordinates (x,y, z) a similitude of Gg
can be written in the form [6; p.3]

= a+p(zcosp —ysingp),
= b+ p(rsinp+ ycosy),
= c+c1x + ey +c3z,

(1)

N < gl

where p > 0, ¢, a,b, c,c1,co and c3 are real parameters.

A straight line is said to be (completely) isotropic if its infinite point coincides with
the absolute point F'; otherwise the straight line is said to be nonisotropic [6; p.5].

Two points P; and P, are called parallel if the straight line P, Ps is isotropic. The dis-
tance 6(Py, P2) between two nonparallel points P;(z1, 41, 21) and Pa(z2, y2, 22) is defined
by
(2) 3(Pr, Po) = /(w2 — 1) + (y2 — y1)*

If Pi(x,y,21) and Pa(x,y, z2) are parallel points, then the distance s(Py, P») from Py
to P is given by the real number [6; p.6]

(3) S(Pl,PQ):ngzl.

The §-distance (2) between two nonparallel points and the s-distance (3) between two
parallel points in I;V are relative invariants of the group Gs.

We shall consider Gg and the following its subgroups:

I. B C Gg <= p = 1. It is the group of the simply isotropic similitudes of the
d-distance [6; p.5].

II. S; C Gg <= c¢3 = 1. It is the group of the simply isotropic similitudes of the
s-distance [6; p.6].
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III. W7 C Gy <= c3 = p. It is the group of the simply isotropic angular similitudes
[6; p.18].

IV. G7; C Gg <= ¢ = 0. It is the group of the boundary simply isotropic similitudes
[6; p.g].

V. Vs C Gy <= c3p? =1. It is the group of the volume preserving simply isotropic
similitudes [6: p.8].

VI. Gg = G7N V7. Tt is the group of the volume preserving boundary simply isotropic
similitudes [6; p.8].

VII. B¢ = B7 N G7. Tt is the group of the modular boundary motions [6; p.9].

VIIL B = B; N Sy. It is the group of the simply isotropic motions [6; p.6].

IX. By = Bg N Bg™Y. Tt is the group of the unimodular boundary motions [6; p.9].

We emphasize that much of the common material of the geometry of the simply
isotropic space I3 can be found in [6], [8] and [9].

Using some basic concepts of the integral geometry in the sense of M. I. Stoka [7],
G. L. Drinfel’d and A. V. Lucenko [3], [4], [5] we study the measurability of sets of pairs
of points in I3 with respect to Gg and the indicated above subgroups. Analogous
problems for sets of spheres in 13" have been treated in [1].

2. Measurability with respect to Gs. (A) Let (Pi(x1,y1, 21), Pa(22,y2,22)) be
a pair of nonparallel points in Ig(l), i. e.
(w2 — 21)* + (y2 — 11)° # 0.
Unter the action of (1) the pair (P1(x1,y1,21), Po(z2, y2, 22)) is transformed into the pair
(Pl (Z_la ma Z_l)a PQ('T_2; %7 Z_Q)) as

T; = a+p(z;cosp —y;singp),
(4) 7 = b+ p(zisine +y;cosp), i=1,2,
zZi = c+cazi+cy + 3z

The transformations (4) form the so-called associated group Gg of Gg [7; 34]. Gy
is isomorphic to Gs and the invariant density with respect to Gg of the pairs (Py, P2),
if it exists, coincides with the invariant density with respect to Gg of the points with
coordinates (1,1, 21, T2, Y2, 22) in the set of parameters [7; 33]. The group Gg has the
infinitesimal operators

_ 0 o) _ 0 2 _ 9 . 2
Yl*ale“ava YQ*ale“ava Y3*azl+azy
— 0 9 9 9 — 0 0 _ 0 9
(5) Ya=migo + 5, + 2255 T V25, Y= —Vigy + 215, —Y2g,; T 225,

Ys = 9318%1 +£E23iz2, Yr = yla%l +y28%2, Ys = 213%1 +228%2~
We distinguish the following cases:
(i) k2 — x1 # 0. In this case the infinitesimal operators Y7, Ys,Ys, Yy, Y5 and Yg are
arcwise unconnected and

Taz1 — X122 Z2 — 21

Ys = Ys + Ys.
To — I T2 — T1
Since
ToZ1 — L1292 22 — 21
Ya(————) + Yo ) # 0,
To — X1 T2 —T1
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we deduce that a set of pairs of nonparallel points of type (i) is not measurable and it
has not measurable subsets with respect to the group Gs.

(i) y2 — y1 # 0. Now the infinitesimal operators Y1, Y2, Y3, Yy, Ys and Y7 are arcwise
unconnected and

21 — Y12 29 — 2

_ Y221 — Y1 2Y i 2 1

Yz 3
Y2 — 1 Y2 — U1

Y7

It is easy to see that
Y221 — Y122 22 — 21
Yy (AL YE |y
Y2~ Y2 — 4
and therefore a set of pairs of nonparallel points of type (ii) is not measurable and it has

not measurable subsets with respect to the group Gg.

)#0

(B) Let (Pi(x,y,21), P2(x,y, 22)) be a pair of parallel points, i.e.
(6) Z9 — 21 7& 0.
Now the corresponding associated group Gg of Gy has the infinitesimal operators
d ) d )
i=g Y=g, Y=g, +5,

(7) Yy =aY1 +yYs, Y5=—yY1+2aYs, Ys=u1Ys,
Y7 =yYs, Yi=zi5% 42055

From (6) it follows that the infinitesimal operators Y7, Y2,Y3 and Yz are arcwise uncon-
nected, but Yi(x) 4+ Ya2(y) # 0 and consequently a set of pairs of parallel points is not
measurable and has not measurable subsets under the group Gg.

We summarize the foregoing results in the following

Theorem 1. Sets of pairs of points are not measurable with respect to the group Gg
and have no measurable subsets.

3. Measurability with respect to Br7. (A) Considering a set of pairs (P1(z1,y1, 21),

Py (2, ya, 22)) of nonparallel points, we obtain that the associated group By of the group
By has the infinitesimal operators Y1, Y2, Y3, Y5, Y5, Y7 and Yg from (5). The group By acts
intransitively on the set of points (21, y1, 21, Z2, Y2, 22) and therefore the pairs (Py, Py) of
nonparallel points have not invariant density under B7. The system
has an integral

f=(x2—21)* + (y2 — 11)?
and it is an absolute invariant of B7. Consider the subset of pairs of nonparallel points
satisfying the condition
(8) (22 — 21)% + (y2 —11)* = b,
where h = const # 0. The group By induces on the subset (8) the group B;* with the
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infinitesimal operators

) ) _ 8 _ 9 9
Z176_951+6_127 Z2*3_y17 Z378_21+6_z27
Z5=—y16%1-l—maiyl—[yl-|-\/m]6%27
Zs =mpn t 225, Zr=yign + VR (22— 215,

_ 9 o)
g = Zla_zl —+ 226—Z2.
It is easy to verify that
A3+ uZz +vZs =0,

where A = —y1(21 — 22) — z1V/h2 — (2 —21)?, p = 21 — 29, v = /h? — (22 — 1)
Because on the whole h? — (x5 — 21)? # 0 we have Z3(\) + Z7(u) + Zs(v) # 0 and from
here it follows that a set of pairs of nonparallel points satisfying (8) is not measurable
with respect to the group B7 and has not measurable subsets.

(B) Let us consider a set of pairs (Py(z,y, 21), P2(2,y, 22)) of parallel points. The cor-
responding associated group B; of By has the infinitesimal operators Y7, Y, Y3, Y, Yg, Vs
and Yg from (7) and it acts transitively on the set of parameters (z,y, 21, 22). The inte-
gral invariant function f = f(x,y, 21, 22) satisfies the so-called system of R. Deltheil [2;
p-28], [7; p.11]

and has the form
h

(20 — 21)%’

where h = const.

From these considerations, we obtain:

Theorem 2. With respect to the group By
(i) a set of pairs of nonparallel points is no measurable and has not measurable subsets.

(i1) a set of pairs (Pi(x,y,z1), Pa(x,y,22)) of parallel points is measurable and has
the invariant density

1
d(Py, Py) = gdaz ANdy Ndzy A dzs,

where s is the distance (3).

4. Measurability with respect to S7, W, G7, V7, Gg, Bg, Bs™ and Bs. By
arguments similar to the ones used above we examine the measurability of sets of pairs
of points with respect to all the rest groups. We collect the results in the following table:
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with the densities
d(Pl, PQ) = |l‘2 — x1|dx1 A\ dyl ANdzy Ndxo N dzo,
d(Pl, PQ) = |y2 — y1|d$1 A\ dyl ANdz A dys A dzs.

group a set of pairs of nonparallel a set of pairs of parallel
points points
S d(Py, Py) = it is not measurable and
= %d:cl ANdyy Ndzy A dxre Adys A dzo has not measurable subsets
W d(P1, Py) = d(Py, P2) =
= %dml ANdys Adzy ANdxs Adys A dzo = S%dx/\dy/\dzl A dzo
Gy it is not measurable and has it is not measurable and
no measurable subsets has no measurable subsets
\% d(Py, Py) = d(Py, P2) =
=dxy Ndy; ANdzy Ndxg A dys A\ dze :ﬁdx ANdy ANdzy A\ dzg
it is not measurable but has
the measurable subsets
ygfyl:hl(ngxl),ngxl%O,hlzconst d(Pl,PQ):
Ge g —x1 = ho(y2 — y1),y2 — Y1 # 0, ho = const = Fl,‘dx/\dy/\dzl/\d@

|hi| + |ha| # 0 with the density
d(Pl,PQ) = dl‘l /\dyl A le /\dZQ

Bg it is not measurable and has d(Py, Py) =
no measurable subsets = S%da: ANdy ANdzy N\ dzy
it is not measurable but has it is not measurable but
the measurable subset has the measurable subsets
B (o —21)% + (y2 — y1)? = h%, h = const # 0 29— 21 =h,h=const #0
with the density d(Py, P2) = with the density
= édaﬁ /\dyl/\dzl/\dxg/\dZQ d(Pl,Pg) :da:/\dy/\dzl
it is not measurable but has it is not measurable but
the measurable subset has the measurable subset
Bs To —x1 = h1,y2 — y1 = ha, h1, ho = const 29 — 21 = h,h = const # 0

with the density
d(Pl,PQ) = dlE/\dy/\le
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N3MEPMOCT HA MHOXKECTBA OT JABOMKUN TOYKU B
ITPOCTO MN30TPOIIHO ITPOCTPAHCTBO

Anpusu Bbpb6anoB BopucoB, Maprapura I'eopruesa CnmpoBa

Hamepenn ca n3amepummTe MHOMKECTBA OT JBOMKM TOUKU M CHOTBETHUTE UM HHBa-
PUAHTHU I'bCTOTH OTHOCHO OO0IaTa I'pyra Ha IOJO0OHOCTUTE M HSIKOM BarKHU HEIHHI
HOArPYIIH.
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